"(Wuﬁ

bomet 2) g C{C1,TJ, 8" L. lloker
w/[T) " 4| /7(1)) Té_f‘f,,T] ,yH_oFy,‘ ,

ykﬂ ok - T T»[ HAB}%HK,W()T e{('flm/ 7/(11)] ké/}]’ 9‘5[0/1]
a) W 19ewn, Lo (2) <l2)1_‘(9'%) | 2> %A

E

!

|

l/kﬂ T '7,( A 't. [(1"6//\71( * QA"/*J ‘Q 1

y !

© Aoy YA 1, =t A1), EE

& -2\ gy = (e 110Dy, |

2 2 (1-6) 1267132 ‘
B ST 7_;%;“‘7,( RS CHE Saia T iir &
i B z) gy 0tbi | (1a9)ibbi 7+a+lol‘“z9 i tabbi- 1’9 E
T-ab-pp;  [1~a8)t b Oi (1-4 8)1 — b*&? :

(althY : b ;

5 nw) et e ! a2 ® 3

S o) e 2ol -Ja il A ;
2 1A BlI= (gt tabet T I(H@)’wbleljl | =
o) "249(&“59 (0141;2}'(1“2019 %,Qla‘wl‘j) = ;

N TraoFoisr ' [ 0o | R
201-29(al+1>‘) L*‘LI)M T 1 2a ‘Zelm%b{w#} S

= - b g -
o /%u@)‘fk‘@‘ [(1a6)" + 6202 {1-at) <+blo! 7
= /"f Za +(°‘l+bl};(4*19) kjd/l ~.V%"%>0 ; :
—— [(1-26)* 1} 262 = : 4 ron 3
Lol a< (oY) (6-7) [ PYET-

e ~la 2 o} 1LL) ’] -20) ; i

B 0% Jo t[ali BYITT9) | 2 Yaddn <0 9 nlY <1‘/




b) MMty diptiria sotnn Tin ()40 Jin 3=\t 2 b*0hin 2= gibi

Aot @):%;—”'fﬂi Fa0)t 14 B i w |
reld f1—u9)Tfl119‘+q—9{ﬁ9~ = {7-19)1,519145{:%7 #0 % b¥) ¢
(1ab) 146" |

= Jon (@) 20 = 1 £ 0 4|
c) M&W(m O#0 |
Tt [(7‘@) -,]Z{'fk/lyﬁ re'/ﬁm/ "//m)] ke 6 €[0/’U

= U/(ﬂ~ Uﬁ’ s

(1-680, 1 O BV Uk?’ ézre Py =t 1980, ;z/,; Dikichpncrpink j
@(1—1913)0“ [T+ +1198)y,

Wal B slliofpgmrctind = +37=-B

~("§U="0

Y =i ' e Lk |
= //Ul’-n (/m//Q//U/G! Vger # M_@M = [laknt{z"t’@l) Uk!n” = /!UknT{‘I*'YHG)B/Ué,?‘ _

4

o

)

WVt + (480" S

L0010 s el 1= 10T (T v(1-0) U, =
=1 (T-r68) el =110 sy~ 10 O B [ =1 ( U~y UIV/J 3% = ¢

=] YV =0 U B0 N =M1 4 w001 F Ui

f

5 10k Ut 200 0l ] Ut 290, B

1

3 1550 = p=7




3 th = 3/4;

4 t0 = 0;

5 T-= ¥ pij

6 v0 = [2:2];

3 g = [0 =1:1 0];

S F = B(y) (l-nomm{y,2)"2) * y + Q*y;

13 Yo=[1¢ T =13 m = 0; zugewiesen
2kl

12 for kK = 1:5

I3 M = 2~ (10+4+k) ;

14 vy = y0; yv = y;

15 ta = T/M;

16m for k=2:Mtl

17 v k j = y0;

135 for j=1:10

15 v kijn=vy + ta * {({1-th)*F{y)

20 v kj=y k jn; \
21 end

22 ¥ =% K O3

23 yv = [yv,y]:

24 + end

25 Yv = [Yv, [yv(l, {141):1:end) ";yv(2, (L+1}:1
26 L = 2% = m¥ls

27 Lend

28 err = max(abs(Yv(:,l:m-1)-Yv(:,2:m)),[],1); | Auswertung
25 ord = log2 (mean(err{l:m-2)./err(2:m-1)});

30 disp(sprintf( W 6 1

Variablen bekommen jeweilige Werte

+ th*F(y k j));

10-malige Verfeinerung innerhalb von
y_kaufy k+1

nd) "]];

*cl

0.9798722101

Ergebnis




File: /Thome/keeling/Num1/blattl1l/G2/wave.m

Page 1 of 1

Dieser Code zeigt die Wirkung von theta in der theta-Methode fuer die
Wellengleichung.

Fuer theta in (0,1/2) gibt es keine Stabilitaet fuer dieses Problem.

Fuer theta = 1/2 ist die Methode 2. Ordnung, aber mit nicht glatten
Anfangswerten, die viele Fouerier Komponenten haben, fahren diese
Komponenten numerisch mit verschiedenen Geschwindigkeiten wegen
Dispersion, und Schwingungen entstehen!

Fuer theta in (1/2,1] ist die Methode 1. Ordnung, und mit nicht glatten
Anfangswerten gibt es keine Schwingungen, weil diese durch
Dissipativitaet gedaempft werden!

0° 0% d° o° o o° o° O° o° o°

N = 256; % Anzahl der Zellen
om = 1; % omega
h = 1/N;
x = linspace(0,+1,N+1)"; % Schnittstellen
ta = h; % tau
th = 0.75; % theta
I = speye(2*N-1);
Q = spdiags([-ones(N-1,1),ones(N-1,1)],[0,1],N-1,N)/h;
B = [sparse(N,N),-Q';Q,sparse(N-1,N-1)1;
% theta-Methode
A =1 - th*om*ta*B; % fuer k+1, linke Seite
C =1+ (1-th)*om*ta*B; % fuer k, rechte Seite
% U = sin(pi*x(2:N)); % glatte Anfangswerte
U = sign(x(2:N)-1/4) ... % nicht glatte Anfangswerte
- sign(x(2:N)-3/4);
G = -om*Q'*U; % Gradient
V = zeros(N-1,1); % Geschwindigkeit
W= [G;V]; % Zustand

plot(x,[0;U;0]); axis([0,+1,-3,+3]); drawnow;

for k=2:N+1
Ua = U;
Va = V;
W = A\(C*W);
G = W(1:N);
V. = W(N+1:2*N-1);

U Ua + ta*(th*vV + (1-th)*Va);
plot(x,[0;U;0]); axis([0,+1,-3,+3]); drawnow;
end



File: /Thome/keeling/Num1/blatt11l/G2/bsp4.m

Page 1 of 2

clear;

clc;

%Beispiel 4 Blatt 11
%a

M=100;

T=1;

omeg=0.5;

tau=T/M;

F=I1;

t=linspace(0,T,M+1);

err=[];

N=[50,100,200,400];

for i=1:4
h = 1/N(1i);
x = linspace(0,1,N(i)+1)"
u = kron(sin(pi*x),cos(omeg*pi*t));

Q=zeros(N(i)-1,N(i));

for j=1:N(i)-1
0(jlj)=_1;
Q(j,j+1l)=1;

end

L=(1/h"2)*Q*Q. ";

V_ k = sin(kron((1:(N(i)-1))"',(1:(N(i)-1)))*pi/N(i))*sqrt(2/N(i));

la = sin(pi*(1:(N(1i)-1))"'/(2*N(i)))."2*4/h"2;

u h = sin(pi*x(2:N(i)));

for k=2:M+1
Z = spdiags(cos(-sqrt(la)*omeg*t(k)),0,N(i)-1,N(i)-1);
u h = [u h,V k*¥Z*V _k'*sin(pi*x(2:N(1)))1;

end

u_h = [zeros(1,M+1);u_h;zeros(1,M+1)];
= [err,norm(u_h(:)-u(:),inf)];

end
ord= log2(mean(err(l:4-1)./err(2:4)))
disp(sprintf('pure semi disrete ord = %0.10f',ord));

©.0.0.0.0.0.0.00.00.0000000000000000000000000000000000000000000
767676760606 0060060060060060606°0600600600600600600°060°060°06006006006°006°0606°060°06 0060

b

=100;
M=[50,100,200,40017;
Q=zeros(N-1,N);

h=1/N;

%Q definieren (ohne 1/h)
for j=1:N-1

0(jij)='l/h;
Q(j,j+1)=1/h;

= o°

end
L=0*Q.
B arse(N-1,N-1)1;

v : (N )))*p1/N)*sqrt(2/N);
la ).A2*4/h“2;

[sparse(N N), -
sin(kron((1: (N
sin(pi*(1: (N 1
err=[1];
x=linspace(0,1,N+1)"'
for i=1:4

tau=1/M(1);

t= llnspace(O T,M(i)+1);
sin(pi*x(2:N));
sin(pi*x(2:N));
-omeg*Q'*U;

sp
» (1
*

Q';Q,
)"/ (2*N)

;Q
1))
)/

=< oOCcc
nm=unuu

k = zeros(N-1,1);
[G;V_K];
or k=2:M(1i)+1
Z = spdiags(cos(-sqrt(la)*omeg*t(k)),0,N-1,N-1);
u = [u,V¥Z*V'*sin(pi*x(2:N))1;
W = [W, (speye(2*N-1) - 0.5*tau*omeg*B) \ ((speye(2*N-1) + 0.5*tau*omeg*B)*W(:,
G = [G,W(1:N,k)];
V k = [V_K,W(N+1:2*N-1,k)1;

k-1))1;



File: /Thome/keeling/Num1/blatt11l/G2/bsp4.m

Page 2 of 2

= [U,U(:,k-1) + tau*(V_k(:,k)+V _k(:,k-1))/21;
end
= [zeros(1,M(i)+1);u;zeros(1,M(i)+1)];
= [zeros(1,M(i)+1);U;zeros(1,M(1)+1)];
err = [err,norm(u(:)-U(:),inf)];
end
ord = log2(mean(err(l:4-1)./err(2:4)))
disp(sprintf('fully to semi disrete ord = %0 ,ord)
%C)
N v = [50,100,200,400];
err = [1;
for N=N_
= N;
= linspace(0,1,M+1);
au = 1/M;
= 1/N;
= zeros(M-1,M);
or 1= 1:M-1
(L,1) = -1/h;
(1,1+1) = 1/h;
nd
= Q*Q';

= zeros(2*M-1, 2*M-1);

= <OCAF<CXWWWWrOOoOO=-hOSTH++=X=

(1:M,M+1:2*M-1) = -Q."';
(M+1:2*M-1,1:M) = Q;
= linspace(0,1,N+1)"';
= kron(sin(pi*x),cos(omeg*pi*t));
= sin(kron((1:(N-1))"',(1:(N-1)))*pi/N)*sqrt(2/N);
a = sin(pi*(1:(N- )) /(2*N)).A2*4/hA2;
= sin(pi*x(2:N));
= -omeg*Q'*U;
k = zeros(N-1,1);
= [G;V_KI;
or k=2:M+1
W =
G = [G,W(1:N,k)];
V k = [V k, W(N+1 2*N-1,k)1;
U= [U,U(:,k-1) + tau*(V _k(:,k)+V _k(:, k-
end

U= [zeros(1,M+1);U;zeros(1,M+1)];
err = [err,norm(u(:)-U(:),inf)];
end
ord = log2(mean(err(1l:4-1)./err(2:4)))

disp(sprintf('fully to semi disrete ord = %0.10f

[W, (speye(2*N-1) - 0.5*tau*omeg*B) \ ((speye(2*N-1) + 0.5*tau*omeg*B)*W(:,

1))/721;

‘,ord));

-1))1;



- @ =1[0,-1;1,0]:

1

2 — yo = [1;0]:

3

4 - T=8 * pi;

5 - M=60;

©|= tau = T/M;

7

B — A = [1/24=2grt(3)/6,0;-2grt(3)/3,1/24agrc(3)/6]:

g9 - b= [1/2;1/2]:

10 — theta = [1/2+sgrt(3)/6; 1/2-sgrt(3)/6]:

11

12 - QUOT_INV = invieye(2) - tau*R({1l,1)*Q);

13

14 — vk = v0;

115 = for £k = 1:M

16 — vl = QUOT INV * vyk:

17 — y2 = QUOT INV * (vk - tau*agrt(3)/3*Q%yl):

1R — vk = vk + tau~Q/ /27 (v1+v2);

aliz) = end

20

21 - diff arg = abs(atan(vki2), vk(l)) - atanZ(0,1));
22 - fprintf ("norm diff: %.15f%\n", abs(norm(vk) - norm([1;01))):
23 - fprintf("arg diff: %.15f\n", diff arg):

24

25 Fb

26 % plot(sign({abs(l + (x+i*v)/(1-(x+i*v)*(1/2 + =grt(3)/6)) - =sqgrto(3) 6 * ((x+i*v)/ (l-(x+i*y)*(1/2 + sgrt(3)/6)))"2)-1), x=-10..10, y=-10..10)
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Christoph Raunjak Blatt 11 Numerik | SS20

Aufgabe 8
a.) Jb.) c.) (Jd.)
Phasenraum und Losung der Hysterese-DGL mittels adaptiver RK4/RK5 Methode nach Dormand-Prince:
Phase diagram u(t) v(t)
3 T T T T 1.5 T T T T 3 T T T

-1.56 -1 0.5 0 0.5 1 1.5 ) o] 2 4 [53 8 10 ) o 2 4 6 8 10

Code:
Variblen und Parameter und die zu verwendende Butcher-Table festlegen.



Aufgabe a.)

R o T S S S S

gk
e
Bk
o
e
ok
e
g
gk
Bk
gk
Bk
gk

el

Worksheet 11 ex 8 *

%

Implementing an adaptive Runge—-Kutta Method b

.

We implsment the adaptive RE4/RES5 Method of Dormand-Prince to solwe the =
hysteresis differential eguation. We compare the results with the Matlab *
integrated method ode4S5. We also use just the RE4 and RE5S method and compare®
the results. #
&

Author: Christoph Raunjak &
=mail: christoph.raunjak@edu.uni-graz.at *
vs 2.0, 14.1.2020 -
hhkkhkdkhhkdbhbdhbbbhbbbhbdbhbhbdbdddddhhddddddddddodddddkdd bk kb gk bk dod bk od ok bk dok ok ok kb ok ok bk ek b bk

c,clear;

fmodel the differential egquation

o

th

bt

=.2p-h =2z e = 10 ull =R, 1

= B(t,u) [c *ufl) * (1-ufl)"2) +a * u(2);-b * uil)];

Dormand-Prince Butcher table
b gives the fifth order solution
bt gives the fourth order soclution

[~ 10
=
i
C [=

,

e = B =]

=212/729, .

+49/176,  —5103/1BESE,

; 1254102, —-21B7/6784,

= i +4/5; +8/5;

= +500/1113; +125/152; 2187/6784;

= +7571/16695; +393/640; =
= -71/166 +71/1520,




%a.) ord 4 (correct

%Solve u'=F({t,u(t)) with RE4
uud = [];

o m = 0;

Jfor k = 1

ta =ali22 (7)) e
£ =20ty =%k
u = uld; uv = u;
U = zeros(2,q); %storing the u (k,i}
] while (t<T})
=11 =}
%calculate u_(k,1}
] for i = 2:q
Hized) = g
] for 7 = 1:(i-1)
Uf:inl) = Uz.2) % £a * DL GPeF(E + ta*thilg). UC::3) )7
end
end
Scalculate u {k+1}
] for i = 1:q
u=u+ ta * bt{i}) * Fl(t + ta * th{i), U{:,1));
end
uv = [uv, ul;
t =t + ta; tv = [tv,t];
ta = min{(T-t,ta);

end
U4 = [uu4d, [uv(l, (1+1):1l:end) ";uav(2, (1+1l) :l:end) "1];
I =2%F; m-=-m¥l;

endfor

Ycalculate the order

err = max{abs(UU4(:, l:m—1)-0U04(:,2:m)},[]1,1);
ord = log2{mean(err(l:m-2)./err(Z:m-1)));

disp{sprintf( F4 cord) ) ;

Aufgabe b.)

Exakkt gleicher Code mit Ausnahme dass fiir die Berechnung von 1, der Vektor b anstatt von bt
verwendet wird (2. Zeile unter %calculate u_{k+1})

Adaptive Methode



% Using the adaptive RE4/RES method (REL)
% time stepping parameters

tamin = T/ (2~13); tamax = T/ (2°2):
demin = 0.5; demax = 2.0;

ep = 1.0 ;

Focount = 0; %count calls of function F
ta = tamax;

t = 0; tv = t;

u = uld; v = u;
O = zexos(2,q):
Jwhile (t < T)
refine = true:;
| while (refine)
%RES from bevor
U{:,1) = u;
| for i = Z:qg
Ti{:,1i) = u;
| for j = 1:{i-1)
T(:,i) = T(:,1i) + ta * D(L,J)*F(t + ta*cth(di), T(:,3)):
Fcount += 1;
end
end
un = u;
| for i = 1l:qg
un = un + ta * b{(i)* F(t + ta*cth(i), O(:,1i)):
Fcount += 1;

%fcalculate du (differenze BRE4 and RES)
du = zeros(=sizeu)):
| for i = 1l:qg
duo = dua + dbii) * F(t + ta * th(i), O(:,4i)):
Focount += 1;
end
du = norm{du, inf) ;

talternatciv
2AnfEllig fiir Ausldschung

Fut = u;
Ffor 1 = 1:g
Tut = ut 4+ ta * bt(i) * F(t + ta*th(i), U(:,1i)):

%end

%tdu = norm( (ut-un)/tca, inf) :

% _______________________________________________________________________
%adapt ta

de = max|[demin, min(demax, nthroot(ep / du, nu))]):
tn = min([T-t, tamax, max(tamin, ta¥*de)}]):
| if (de == 1)
refine = false:;
else
ta = tny
end

end

%store finmal sclution for this timestep
u = un; uv = [uv,ul;
T =1t + ta; tv = [tv, t]:
| if (£t »>= T)
break;

Aufgabe c.) und d.)
Verwendet die Ergebnisse der adaptiven Methode.



%c.) mean(|u-u star|_2) < l.8e-3 (correct)
%solve with Matlab

opts = odesetc|'E=1Tol’ ep, "2 21, epl s
[tm,®xm] = oded45(F,[0,T],uld,opts):
tm = tm';
Xm = xm';
u ad = uv;
t_ad = tv;
%interpolate the REA scolution in order to compare to matlab solution
®1 = [interplit_ad,u ad(l,:),tm, ! ! ")
interpl(t_ad,u ad(Z,:),tm, '] '

Vex

disp (sprintf('durchschnictl
mean (sgreo (| (®xi (1

%d.) Fcount = 4453 (incorrect)

% Show Fcount, which was increased every time F got evaluated in the adaptive
% method above

disp{'An=zahl der Evaluierungen:')

disp (Fcount) ;



