Probabilistic Models for Radioactive Decay

Addendum to: https://imsc.uni-graz.at/keeling/skripten/modnsc.pdf

A central principle of radioactive decay is that radioactive particles have no memory. Specifically,
observations show that the probability that a particle will decay in a forthcoming time interval
is independent of how long it has survived up to the beginning of that time interval without
decaying. Yet observations also show of course that the number of particles which have not decayed
decreases exponentially on time scales comparable to the half-life of the radioactive substance. In
the following, three approaches to the modelling of radioactive decay are considered.

The first and most widely accepted approach is to see radioactive decay as a homogeneous Poisson
process, in which decay events are so rare, at least on a short time scale, that instead of seeing
particles decaying next to each other in space one may as well see one particle decaying after
another in time, with the same waiting time between decay events, since they have no memory and
are independent of each other. The disadvantage of this approach is that it does not produce an
expected number of undecayed particles which decreases exponentially, rather only linearly along
a tangent line at very beginning of the exponential curve!

The second and not so widely accepted approach is to see radioactive decay as a nonhomogenous
Poisson process, in which the exponential curve observed over longer time scales is approximated
by ever more tangent lines, each with a different slope, where the changing slopes correspond to
a higher incentive for the particles to decay when there are more particles. Beyond the rather ad
hoc nature of this approach, there is also the underlying issue here of there being infinitely many
particles: How can half of them decay at the half-life time?

The final and apparently most natural approach is to see radioactive decay as a Bernoulli process,
as if many coins were flipping randomly, independently and without memory. Then the decay of
exactly one particle is more probable when there are more particles, simply because it could be
any one of them. It will be seen below that this approach has the advantages of preserving the
memoryless property, preserving the independence of decays and producing the exponential decay
of the expected number of undecayed particles for time scales on the order of the half-life.

1 Homogeneous Poisson Process

A homogeneous Poisson process is one in which the long-term average event rate is constant. Here
the waiting time 7" between events satisfies

PT>t+s|T>s)=P(T>t).

In words this property implies that in case (7" > s) holds, or that no event occurs during a waiting
time s, then the conditional probability P(T" > t + s | T > s) that no event occurs within the
forthcoming time ¢ is the same P(T > t) as if there had been no waiting time s. As a result
of this memoryless condition it will be seen that the waiting time T is necessarily exponentially
distributed, P(T > t) = e~ .

Since T' > t 4+ s implies that T' > s, it follows with Bayes’ rule,

PIT>t+s&T>s) P(T>t+s)
P(T > s)  P(T>s)

PT>t+s|T>s)=
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According to the memoryless property, the left side is P(T" > t), and the result is
P(T >t+s)=P(T>t)P(T > s).
With the survival function S(t) = P(T" > t) the memoryless property takes the form,
S(t+s)=S(t)S(s).

Observing
S0)=P(T>0)=1

gives the following as a result of the memoryless property,

S(t+dt)—S(t) S(t)S(dt) —S(t)S0) ; S(dt) — S(0)
dt B dt =5 dt '
After setting 0
S'(0 ,
A= _S(O) =-5(0)

and letting dt — 0 gives
S'(t) = —=AS(t), S(0)=1.

Solving this initial value problem shows that the random variable T  has the exponential distribution,
S(t)=P(T >t)=e .

The probability density f(t) is given by

o0
P(T > 1) = / FO)dt or f(t) = Ae
t
und hence,
P(T € [t1,ta]) = e M2 = Mt — M2,
Furthermore, with the Bayes’ rule,

. P(T S [tl,tg] & T > tl) . P(T S [tl,tg])
PTelt ] [T>1) = P(T > 1)) = T PT>h)
=1-e M) = P(T < (t, — t1)).

Now let the random variable N(7) denote the number of events in a homogeneous Poisson process
with parameter A that occur in a time interval of length 7. As a result of the last calculation, the
conditional probability

P(N(t+dt)=k+1|N({t)=k)=P(T c[t,t+dt] | T >1t)
= P(T < dt) =1— e = \dt + o(dt)
is independent of ¢ because of the memoryless property, but it is also independent of k! Hence, the
probability that a given particle will decay in a forthcoming time interval [¢,¢ + dt] is independent

of the behavior of any other particles. The probability distribution of N(7) is given by determining
pr(1) = P(N(1) = k), k € Ny. For there to be k events in the time interval [0, 7], there must be

e k — 1 events in an interval [0, s], s € (0, 7) with probability

P(N(s) =k —1) = pp_1(s)



e 1 event in an interval [s, s + ds| with probability

P(N(s+ds)=k|N(s)=k—1)=P(T €ls,s+ds] | T >s)=
=1- _)‘ds = A\ds + o(ds)

and
e no events in an interval [s + ds, 7] with probability
P(N(t)=k|N(s+ds)=k)=P(T>7|T > s+ds)

— e = P> (7 =5 = ds)) = ) o ofds).

Since these events are independent, the probability of all three is the product of the three, integrated
over all possible intermediate times s,

pr(7) :/ Pr-1(s)(Ads)e M) = 6_)‘7/ pre—1(s)Ae*ds, ke N.
0 0

After differentiating,

P(T) = —/\6)‘7/ Pr_1(s)Aeds + e A App_1(1)e A
0

or

p;g(T) = —)\pk(T) + )\pkfl(T), k e N.
For the case k =0,

po(r) =P(N(r)=0in [0,7]) = P(T >7)=e, or po(T) = —Apo(T).
Since no events can occur in no time, it holds for 7 = 0,
po(0) =1, pg(0)=0, keN.

The solution to this system is

k
P(N(r)=k) = pp(1) = O};) e, keNp.

The expected number n(r) = E(N(7)) of events that occur in a time interval of length 7 in a
homogeneous Poisson process with parameter A is given by:

Z kP(N(r)=k) = i kpi(T) = / ’ i kpr—_1(s)xe N9 ds
/ Z — Dpg—1( (T=5)ds + Zpk 1 )\e_’\(T_S)ds

0 k=1 Okl

=n(s) =

n(t) = e 7 {/ n(s)\eds —|—/ )\e)‘sds} .
0 0

or



After differentiating,

n'(1) = —Xe {/ n(s)Ae*ds +/ )\eksds} +e {n(T))\eAT + Ae)‘T}

0 0

or

n' (1) = =An(1) + An(7) + A, n(0) = 0.

The solution is
n(t) = AT.

Note that this linear growth property is only adequate when 7 is very small, e.g., in relation to the
half-life In(2) /) of the radioactive material. The expected growth pattern is of the form 1 — e™#7,
where e #7 is the fraction of material not yet decayed after time 7.

2 Nonhomogeneous Poisson Process

To obtain an exponential decay pattern, a nonhomogeneuous Poisson process must be considered,
in which the average event rate changes with time. For this purpose let 7' now denote the random
variable representing the waiting time from ¢ = 0 until a decay event occurs, and suppose that the
function S(t) = P(T > t) satisfies

for a time dependent rate A(t). For to > t; > 0,

S(ta2)\ N _ ("
ln(S(tl)>—ln(S(t2)) In(S(t1)) = //\(t)dt

t1
or

S(ts) = S(t1) exp [ /t 52 )\(t)dt] |
With ts = ¢ > 0, {1 = 0 and S(0) = 1,
S(t) = exp [— /O t )\(t)dt} .

Since

to—t1 to
S(ts — 1) = exp [— / )\(t)dt] £ exp [— / )\(t)dt] — S(ts)/S(1)
0 t1
holds, the memoryless property is not satisfied! The probability density f(t) of T is given by
o] t
P(T >1t) —/ f(t)dt or f(t) = A(t)exp [—/ )\(s)ds] :
t 0

and thus




Furthermore, with the Bayes’ rule,

Pt tg] | T 5 by) — P(T egz;ii? >t) P(PT(; Elfjlt;])

—1—exp [— /tt )\(s)ds] |

Now let the random variable N(7) denote the number of events in a nonhomogeneous Poisson
process with rate A(¢) that occur in the time interval [0, 7]. As a result of the last calculation, the
conditional probability

P(N(t+dt)=k+1|N({t)=k)=P(T €[t,t+dt] | T >1)
t+dt
=1—exp [—/ )\(r)dr} = A\(t)dt + o(dt)
t
depends upon ¢ because a particle possess memory in the present context, but the conditional pro-
bability is independent of k! Hence, the probability that a given particle will decay in a forthcoming
time interval [¢,¢ 4 dt] is independent of the behavior of any other particles. The probability dis-

tribution of N(7) is given by determining pi(7) = P(N(7) = k), k € Ny. For there to be k events
in the time interval [0, 7], there must be

e k — 1 events in an interval [0, s], s € (0,7) with probability

P(N(s) =k —1) = pp_1(s)

e 1 event in an interval [s, s + ds| with probability
P(N(s+ds)=k|N(s)=k—1)=P(T € [s,s+ds] | T > s)
s+ds
=1—exp {—/ )\(r)dr} = A(s)ds + o(ds)

and

e 10 events in an interval [s + ds, 7] with probability

P(N(T):kIN(S+d5)=k):P(T>T|T>S+d‘s):P(];(zs>—|—T)cls)

— exp [— /0 T/\(r)dr] Jexp [— /0 8+d8)\(r)dr] — exp [_ / T/\(r)dr] + o(ds).

Since these events are independent, the probability of all three is the product of the three, integrated
over all possible intermediate times s,

pr(T) = /OTpk1(8)()\(8)dS) exp —/ST)\(r)dr}

= exp {— /OT)\(r)dr] /OTpk_l(s))\(S)eXp /O )\(r)dr] ds, keN.

After differentiating,

siir) = A |~ [ o] [Tnaeneen| [Taw]
/ ’ )\(r)dr} Pt (FIA(T) exp { /O ’ )\(r)dr]

+exp [—
0
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or

For the case k = 0,

po(7) = P(N(7) =01in [0,7]) = P(T > 7) = exp {—/ )\(s)ds] , or po(1) = =XT)po(7).
0
Since no events can occur in no time, it holds for 7 = 0,
po(0) =1, pg(0)=0, keN.

The solution to this system is

T

P(N(r) = k) = pi() = exp | / /\(s)ds] «

0
T S1 Sk—1
{/ dsl)\(sl)/ dSQ)\(SQ) . / dsk)\(sk)} R ke N().
0 0 0

The expected number n(7) = E(N(7)) of events that occur in a time interval of length 7 in a
homogeneous Poisson process with parameter A is given by:

= ékP(N Z kpr(T /0 Z kpr—1(s)A(s) exp [ /ST )\(r)dr] ds

=n(s) =1

or

n(r) = exp [_ /OTA(r)dr] {/OTn(s))\(s) exp [/OS)\(T)dr} ds+/OTA(s) exp [/OS)\(T)dr} ds}.

After differentiating,

T

n/(7) = —\(r)exp | - /0 A(r)dr { /0 " n(5)A(s) exp [ /O sA(r)dr} ds + /0 A(s) exp [ /D s)\(r)dr] ds}
+exp |— /0 "Ar)dr {n(f)x(f)exp [ /O T)\(r)d’r} A7) exp [ /0 T/\(r)dr]}

T

or

The solution is

The anticipated form for the inhomogeneous Poisson process is

L= e = n(ejnloe) = [as/ [T
ue_‘”:)\(T)//Ooo A(s)ds
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After differentialting,



or

At) =vpe ™™, v= /000 A(s)ds = n(o0).

Thus, v can be interpreted as the total number of particles to decay. Yet a Poisson process involves
infinitely many particles,
P(N(t)=k) >0, Vr>0, VEkeN,.

3 Bernoulli Process

It appears then to be more natural to model radioactive decay as a Bernoilli process. Based upon
discussions of the survival function above, let X (¢) : [0,00) — {0,1} be a random variable repre-
senting the decay of a single radioactive particle with

[ 1, decay in [0,1]
X(t) = { 0, otherwise

and
P(Xt)=0)=e™, PXt)=1)=1-e t>0.
Then the conditional probability P(X (s +t) =0 | X(s) = 0) satisfies
P(X(s+1) =0 | X(s) = 0) = L ;?X:(S = £=0 _ Pﬁfgj(j)t_zo)o)
e—)\(s-i-t) Y
=5 =¢ M — P(X(t) =0)

Thus, a single particle satisfies the memoryless condition. Now let Xj(¢) be a random variable
representing the decay of the kth particle, k = 1,...,n. Assume that all random variables X are
independent and identically distributed with the same distribution as X (¢). Let

n
N(t) =Y Xk(t)
k=1
be a random variable denoting the number of particles which decay in the time interval [0, ¢]. Then,

as is well-known for a Bernoulli process, N(t) has the binomial distribution

n

P(N(t)=k) = ( L ) (1—e ke Mnk >0

the expected value

and the variance
E((N(t) — E(N(1)))%) = ne (1 — ).

Note that the expected value E(N(t)) = n(1 — e~*) corresponds precisely to the observation of
exponential decay for radioactive substances.

To compare with the Poisson processes, set



for which a system of differential equations is constructed as follows. For k = 0,
po(t) = e At po(t) = —Ane M = _Anpo(t).

For k = n,
pat) = (1= e )" p(t) = n(1 = e )" (#2e™) = Apna(?)

where

pn—l(t) = < " ) (1 — e_)‘t)”_l(g_)‘t)”_("—l) — n(l _ G_M)n_l(e_)‘t),

n—1

Fork=1,....n—1,

p?c(t) = ( Z > [k‘(l — e_At)k_l(—|—)\6_>\t)(€_>‘t)”_k + (’/L _ k)(e—)\t)n—k—l(_)\e—kt)(l _ e—/\t)k:|

n k IV ) o
= < 3 ) |:)\(n—/{7+1)n_k+1(1_e At)k l(e )\t) k+1—)\(n—k‘)(1—e )\t)k(e )\t) k:|

" K ~Xtyk—1(,—At\n—k+1
frnd - 1 _
<k>W—Mﬂ( e e
it follows finally that

pi(t) =A(n—k+ Dpr_1(t) = AM(n — k)pr(t), k=0,...,n.

Once this system is written in integral form,

t
m@=/m4@me+me%W%ak:me,mwzf”
0

the following can be deduced. For there to be k events in the time interval [0, 7], there must be
e k — 1 events in an interval [0, s], s € (0, 7) with probability

P(N(s) =k —1) = pp_1(s)

e 1 event in an interval [s, s + ds| with probability
P(N(s+ds)=k| N(s)=k—1)=(n—k+1)\ds + o(ds)
and

e 1o events in an interval [s + ds, 7] with probability

P(N(t) =k | N(s +ds) = k) = e A=R0E=5) 4 o(ds).

Hence, the probability of some decay in an interval [s, s+ ds]| is ever higher, the more particles there
are which have not yet decayed at time s. If the number of particles is extremely large, and the
time interval ds is extremely small, then the initial decays can be approximated by a homogeneous
Poisson process.



4 Further Reading

e Cory Simon, |The memoryless Poisson process and volcano insurance.
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Robert Gallager, Stochastic Processes, Theory for Applications, Chapter 2: Poisson Processes
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