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Consistent Discretizations for Vanishing
Regularization Solutions to Image Processing
Problems

Theodoros D. Katsaounis', Stephen L. Keeling? and Michaelos Plexousakis®

Abstract. A model problem is used to represent a typical image processing problem of reconstructing
an unknown in the face of incomplete data. A consistent discretization for a vanishing regularization
solution is defined so that, in the absence of noise, limits first with respect to regularization and then
with respect to grid refinement agree with a continuum counterpart defined in terms of a saddle point
formulation. It is proved and demonstrated computationally for an artificial example and for a realistic
example with magnetic resonance images that a mixed finite element discretization is consistent in the
sense defined here. On the other hand, it is demonstrated computationally that a standard finite element
discretization is not consistent, and the reason for the inconsistency is suggested in terms of theoretical
and computational evidence.
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1 Introduction

Many image processing problems involve reconstructing an unknown in the face of incom-
plete data [13]. A reconstruction may be formulated in terms of an ill-posed problem which
is stabilized through a regularized minimization of the problem residual. To counter the effect
of noise in measured data, one naturally applies nontrivial regularization. For a fixed noise
level and for fixed regularization, standard discretizations of the associated optimality system
have well known convergence characteristics with respect to grid refinement [3]. Also, it is well
known in the infinite dimensional setting that a regularized solution converges to a vanishing
regularization solution provided one coordinates the rates at which regularization and noise are
simultaneously reduced [14]. As discretization of data can be seen as a type of noise, it is a
significant finding in the present work that a vanishing regularization solution to certain dis-
cretized formulations may in fact converge properly with grid refinement, but this convergence
does not hold in general. Numerical methods which do not exhibit this sensitivity to vanishing
regularization are regarded in this work as consistent discretizations of vanishing reqularization
solutions. The purpose of this paper is to demonstrate a consistent and an inconsistent dis-
cretization of a vanishing regularization solution to a model problem. Also, convergence of the
consistent approach with respect to grid refinement is proved, while the reason for the failure
of the inconsistent approach is suggested in terms of theoretical and computational evidence.

Based upon the regularized imaging reconstructions and vanishing regularization solutions
presented for example in [13] and [I1], the concept of consistent discretization of a vanishing
regularization solution is demonstrated here for the model problem which is illustrated in Fig. 1.
Here it is required to estimate a smooth modulation field v from a given unmodulated image s
and a given modulated image @ satisfying xu =~ 4. It is assumed that the data @ and x have
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(a) unmodulated & (b) modulated @ (c) modulation u

Figure 1: (a) An unmodulated image x and (b) a modulated image @ are used to estimate (c) the
smooth modulation u.

the same support

SaCQ, Q>S4 =153 >0 (1)
with characteristic function,
_ 17 Sd
Xd = { 0, else (2)

so the ill-posed computation of u may be stabilized through regularization by minimizing a

functional of the form .
J(u) = / [|/-$u — ﬂ\z + 6|V2u|2] (3)
2 Jo
As the focus is placed here on vanishing regularization solutions in the absence of noise, it is

assumed that there exist @q,uq € H2(Q) and kg € W>(Q) with ;' € W2(Q) which satisfy
XdRkd = K, XdUd = U, KdUd = Ud- (4)

Otherwise, it is assumed that the data satisfy
0<kyg<k<kK;, O<ugg<a<u; in Sqg. (5)

The measured data kj and uy are assumed to be given as pixelwise constant approximations of
k and u, respectively.

In the next sections, it is seen that the unique minimizer u¢ € H*(2) of the functional J¢
in (3) is characterized by the strong necessary optimality condition,

eA%u+ K*u =kt in Q (6)

where the domain of A? is understood to impose natural boundary conditions. Also, u¢ con-
verges weakly in H2({) to a unique limit u* as e — 0. The unique limit u* is termed the
vanishing regularization solution and is shown below to be characterized directly as a weak
solution to the saddle point problem:

1-— A+ k2w = kK .
{( >/<idz))\—|—A2u =0 € @

In the numerical investigations below, (6) is discretized first with a standard finite element
method in which smooth quadratic splines are applied, and second with a mixed finite element
method in which smooth quadratic splines are used for the primal variable and piecewise con-

stants are used for the dual variable. Also, the data are approximated in the usual way as

pixelwise constant. Representative results are shown in Fig. 2. Here, Sq = [%, %] U [%, g], K= Xd
and the dashed curve is @ = xquq, where the quadratic curve uq(z) = (z — 3)? is shown dotted.
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(a) e = O(1), standard (b) € < 1, standard (c) e < 1, mixed

Figure 2: Results obtained with a standard finite element method are shown (a) for e = O(1) and (b)
for e < 1. Also, results for a mixed finite element method are shown (c) for € < 1. Here, k = x4 and the
dashed curve is % = xquq, where the quadratic curve uq is shown dotted. The solid curves are numerical
solutions to (6). For € < 1, only the mixed finite element solution accurately approximates the solution

to (6).

With yo being the characteristic function for [%, %], the vanishing regularization solution satis-
fying (7) is given by u*(z) = (z — $)*x0 + (3|z — 5| — 15)(1 — x0). Note that u* agrees with
uq in the convex hull of Sq and is linear in ©2\Sy. The solid curves are numerical solutions to
(6). For e = O(1), all numerical solutions agree qualitatively with the standard finite element
result shown in Fig. 2a, which is noticably smoothed in relation to the vanishing regularization
solution. For € < 1, the mixed finite element result in Fig. 2c accurately approximates u*, while
the standard finite element result in Fig. 2b departs tremendously from the correct vanishing
regularization solution. In the next sections, the accuracy of the mixed finite element approach
described here computationally is proved theoretically, and the inaccuracy of the standard finite
element is suggested in terms of the convergence framework employed.

Note that all the numerical methods considered provide results such as seen in Fig. 2c when
the data x and u are integrated exactly without quadrature error. However, measured images
are universally stored using an array of values representing pixelwise averaged intensities, as
assumed for xj, and . Therefore, a significant result of this work is that there exist numerical
methods which accommodate the usual data format of image processing while providing con-
sistent discretizations of vanishing regularization solutions. See also [0], [9] and [10] for error
estimates for elliptic problems in the presence of quadrature errors.

2 Optimality and Saddle Point Conditions

Since the functional J€ of (3) is quadratic in u, its variational properties are given in a rather
staightforward way in terms of forms which will be used throughout this work. The Gateaux
derivative of J¢ is obtained as 0.J¢/du(u;v) = ea(u,v) + b(u,v) — d(v), where a, b and d are
given by

a(u,v) = /QVQU : V2o (8)
b(u,v):/ﬂf?uv (9)

d(v) = / KUY (10)
Q
The necessary optimality condition for the minimization of J¢ is given by

ea(u,v) + b(u,v) = d(v), Vv e H*(Q) (11)



whose solvability is guaranteed by Theorem 1 below. For this, the kernel of the form a is
identified as the set of linear functions,

L={ay+a -x:ap€eR acR"}
Lemma 1 There exist constants c1 and co such that
allelsg < av,) +b(0,0) < @lelng), Yo e HAQ). (12

Proof: Boundedness of the forms a and b follows readily with (5). Coercivity is established
using a Poincaré argument since (1) and (5) imply that b coerces the kernel £ of a. [ |

Theorem 1 There exists a unique u¢ € H?(Q) satisfying (11) which is the unique minimizer
for J¢ in (3).

Proof: Boundedness of the form d follows with (5). By Lemma 1, the left side of (11) is bounded
in terms of and coerces the H2(Q2)-norm. By the Lax-Milgram Lemma [3], (11) is uniquely
solvable. For an arbitrary v € H?(), it follows with (11) and (12) that 2[J¢(u¢ +v) — J(uf)] =
ea(v,v) + b(v,v) > cleHip(Q). Thus, J¢(u¢ +v) > J(u) for every nontrivial v € H*(Q). N

The following vanishing regularization result can be established by verifying conditions of
results in [14] in the more general setting, but the result can be established more directly as
follows.

Theorem 2 The solutions {u¢} to (11) converge weakly in H*(Q) to a unique limit u* as € — 0.

Proof: Tt will be first be shown that {u¢} is bounded in H?(f2) independently of e. By (4),
uq satisfies b(v,uq) = d(v), Yv € H?(), which can be subtracted from (11) with v = w® =
u€ — uq to obtain ea(w®, we) + b(we, we) = —ea(uq, we). It follows that a(w®, w) < |a(ug, we)| or
a(w,w) < a(ug,uq) and that b(w®, we) < ela(ug,w)| or b(w, we) < La(uq,uq) + Fa(ws,we)
for € < 1. Hence, 3a(w®, w®) + b(w, w®) < 3a(ug,uq), and with (12), w® is bounded in H?((2).
Thus, u€ is bounded in H?(£2) in terms of w* and uq. Therefore, as € — 0, there is a subsequence
{ut} which converges weakly in H2(f2) to a limit u* € H?(Q).

If there were another weak limit, 4% — @*, then according to (11), w* = u* — @* would
satisfy b(w*,w*) priss b(w*, ut — u®) = Ga(u®,w*) — qa(u,w*) =y . By (1) and (5),
w* = 0 holds in Sy. Hence, d(w*) = 0 and b(w*,¢) = 0, V¢ € L*(Q). It follows that
a(w*, w*) pais a(u® —uft,w*) = {e d(w*) — b(w*, ut)] = — & [d(w*) — b(uf, w*)]—o} = 0. By
(12), |w*||g2(q) = 0, and therefore the weak limit u* = @* is unique. |

A direct characterization of the limit u* to which the primal variables {u} converge is
facilitated by writing the optimality condition for the minimization of J. as (15) below based
upon Fenchel Duality [1]. This approach also allows a characterization of the limit A* to which
the dual variables {\“} converge. The following spaces emerge naturally:

L3(Q) = {v e LX(Q) : (1 - ya)v = 0} (13)
HO(AQ) ={we HQ(Q) cA%w e LQ(Q),a(w,gé) = (A2w,¢)L2(Q),V¢> € HQ(Q)} (14)

Note that the conditions specified for Ho(A?) guarantee that the boundary conditions of (6)
are satisfied in the sense seen below in (16).

Theorem 3 There exists a unique solution (A, u) € LA(2) x Ho(A?) to

{ —eb(p, X) + b(p,u) = d(p), Yue Li(Q) (15)
b(A%,v) +a(u,v) = 0, Vv € H%(Q)

where u® is the unique solution to (11).



Proof: For any p € L?(), decompose p = iy + po with ug € L3(2) and pg € Lﬁ(Q)L. Then
d(p2) = 0 and b(ug,v) = 0, Yo € H?(Q), imply that the first equation in (15) must hold
Vu € L?(Q) and in particular Vu € H%(Q). Setting 1 = v and eliminating A€ from (15) shows
that u¢ must be the unique solution to (11) guaranteed by Theorem 1. Recalling (4) and setting
= €X+xa(ug —u) in the first equation of (15) shows that A° € L3(€2) is uniquely determined
by A€ = xq(u¢ — uq)/e. Again, writing the first equation for arbitrary x4 € H?(Q2) C L?(Q) and
combining this with (11) shows that (A, u¢) also satisfies the second equation in (15). According
to elliptic regularity results [2], the solution to (11) satisfies u¢ € H*(£2). Also, the traces in the
following integration of (11) by parts are adequately defined:

€ {(A2u€, P)r2(0) + /BQ V¢ - 0,Vu — d)(?nAue]} = d(¢) — b(u, ), Vo e H*(Q) (16)

Choosing ¢ in (16) to be concentrated on Jf2 shows that the boundary integral in (16) must
vanish. Subtracting the result from (11) shows that a(u¢,¢) = (A2%u¢, ¢), V¢ € H%(R), and
hence u¢ € Hy(A?). [ |

It will next be shown that in the limit of vanishing regularization, solutions to (15) suffer a
loss of regularity as they converge to a unique limit characterized by (18) below. Specifically,
while {u¢} C Ho(A?%) and {\°} C Lq(A?) hold, the limits satisfy only v* € H?(Q2) and \* €
H7?(Q), where the Hilbert space H; () is a subspace of H~2((2) defined here as the completion
of LA(€2) with respect to the norm

_ Jo xapw
||MHHd—2(Q) = Ssup

= 17
ver2() 1Vl r2(0) (a7)

Theorem 4 The unique solution (A\°,u€) to the system (15) converges weakly in Hy*(Q) x
H?(Q) as € — 0 to a unique limit (\*,u*) satisfying

b(p,w) = d(p) Yue Hi?(Q)

{b(A,v)Jra(u,v) = 0 YweH Q) (18)

Proof: By Theorem 3, u€ is the unique solution to (11), so it follows with Theorem 2 that the
sequence {u¢} converges weakly in H?(Q2) to the limit u*. With this weak convergence of {u},

/Q XaX6 = BN, 6/k3) = —a(u, 6/x3) =3 —a(u*, 6/r2), Vo € HA(Q)

where (4) has been used. It follows that {\°} converges weakly in Hy?(Q), so let \* € H%(Q)
denote the weak limit, where fQ XdA ¢ agrees with the rightmost term in the last equation.
Thus, A* is given uniquely in terms of v*. Furthermore,

b(A",¥) :/QHZ)\*¢:/QXd/\*(1/W§1) = —/QVQu* Vi = —a(u*,y) V¢ € HX(Q)

shows that (\*,u*) satisfies the second equation in (18). Using the weak convergence of {u¢},
then the first equation of (15) and finally the weak convergence of {\}, it follows that

/ K2 (u* —ug)v = lim [ k2(u€ — ug)v = lim e/ XaA<(K3v) = /
Q e—0

N (k2v) lime = 0
e—0 0 QO QXd ( d )E—>0

Vo € H?(Q).
For a given pu € H*(Q), choose {ux} C L3(Q) to converge to p in H;?*() as k — oo, and

then choose {vy} C H2() to converge to puy in L?(Q)) as | — oo. Setting v = vy and
¢ = K3 (u* —ug) € H*(2) in the last equation and then recalling (4), (9) and (10) gives

* l—o00 k—oo %
OI/QHQ(U _Ud)vkl:/QXd¢Ukl =% /Qxddwk = /QXdGﬁM:b(M’u ) —d(p)
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which shows that (A\*,u*) satisfies the first equation in (18). [ |

Note that (18) may be seen as a condition for a saddle point of the Lagrangian functional,
L(Unu) = %(I(U,U) + b(:uv U) - d(:“)) CAS HQ(Q)a e Hg(Q)

which solves ,
UGn}}g(lma(v,v) subject to  b(p,v) = d(p), Y€ Hi*() (19)
Before proceeding to the numerical analysis of vanishing regularization solutions, it is first
indicated that the theory of saddle points in [7] is only partially applicable in this work. In
particular, the loss of regularity in the limit of vanishing regularization is not obtained with
the alternative theory. Furthermore, in the approximation of saddle points by regularization
on p. 65 of [7], the term —eb(u, A°) above in (15) is replaced by a term —ec(u, A°) where c is a
coercive bilinear form on the space containing A*. The simplest choice for this bilinear form ¢
in the present context is the inner product on Hy 2(Q), which can be given explicitly as follows.
For a given \ € H;*(Q) define the operator C' so that CA € H?(Q) is the solution to

Then
(,U,, A)H{;%Q) - (CAa CILL)HZ(Q) = C(,U,, A)? )‘7/1’ € Hd_Z(Q) (21)

However, if (15) is so modified, then the new equation is the optimality condition for a functional
J(v) = ea(v,v) + b(C~ (v — uq), (v — ug)), which does not agree with J¢. Thus, the approach
of this section has been used. Nevertheless, the theory of [7] is applied later for the convergence
of numerical approximations.

3 Analysis of a Mixed Finite Element Method

For Q = (0,1) and with cell interfaces x; = ih, i =0,..., N, h = 1/N, the following spline
bases are defined,

S™(Q) = {s e PH([wiy,zi]),i=1,...,N,s € ck—l(n)} . k=0,1,... (22)

where P¥(D) is the set of polynomials of degree k on D and cellwise constant functions are

meant for the case £ = 0. For Q = (0,1)", n > 1, S,(lk)(Q) is understood as tensor products
of such spline bases. Also, Sf(ch)l(Q) is the subspace of splines in S}(Lk)(Q) which are supported
purely on Sq. As seen above in the analysis of the saddle point formulation of optimality, the
spaces H%(2) and H?(Q) are the suitable settings for the primal variable and the dual variable,

respectively. For the mixed finite element method analyzed here, H?(Q) is approximated by

S}(LQ) (Q) and H;?(Q) is approximated by S,(LO()1 (Q). It is assumed that the data are approximated
with pixelwise averages

Xds o, U € 5;(3()1(9) (23)
which converge in L>°(Q),
k—oo ~ ~ k—oo
15—kl — 0, [|&— @l pooi) —3 0. (24)

and also satisfy the bounds of (5). With these data the integrals (9) and (10) are approximated
according to

bh(u,v):/gﬁzuv (25)



and
dp(v) :/Q/‘Ghﬂhv- (26)

Then a mixed finite element discretization of the primal dual problem (15) is to compute
(A un) € Syp(€2) x S12(9) so that

—ebp(pn, AR) + On(pns uy,) = dn(pn), Vs € 5;(1?()1(9) (27)

bh(AS vp) + a(us,vp) = 0, Vo, € 52(0)

The following technical lemmas are used below.

Lemma 2 b, is symmetric and positive definite on Sf(LO) (Q).

Proof: by, is clearly symmetric on S}(lo) (). Since kp, and @y, satisfy the bounds of (5), by (wn, 1) >
foll a3 ) holds Vi, € S”(9). =

With Lemma 2, define the solution operator By, : L2(2) — S,(L?()l(Q) by

ve L(Q),  bulun, Bav) = bp(un,v), Y € Sy () (28)

Since for an arbitrary fi € S,(lo()l(ﬂ) a corresponding uj, = fin/K3 € S,(LOC)I(Q) may be chosen for

(28), it follows that Bjv is the L?(Q) projection of v € L?(Q) into S}(L?(;(Q). Thus, let o(h)

satisfy o(h) 1290 and
Ixa(Bro = 0)l[120) < o(h)l|vllL2(0) (29)

The next lemma shows that the restriction of By, to S}(LQ) (©2) maps onto S,(l?) Q).

Lemma 3 For every vy, € S,(l?()i(ﬂ) there is a up € S,(f) (Q) satisfying b (Brup, pin) = bp(Vh, tn),

Vn € Sy (92).

Proof: Let x; be the characteristic function for the ith cell so that {x;} is a basis for S,(ZO)(Q).

Given a (tensor product of a) canonical spline supported on three adjacent cells, let translations
{s;} form a basis for S,(?)(Q), which is higher dimensional that S,(LO)(Q). Define the matrices
B= {fQ m%xisj}, P = {fQ Xisj} and C' = {fQ K%Xin} which satisfy B = CP. For v, =), v;X;
and up = };u;s; with coefficient vectors v = {r;} and u = {u;}, the equation to solve for
w is CPu = Cv. For this, define a square submatrix of P by P = {Jo xisj - j € J} where
splines {s; : j € J} have the bulk of their mass in some ith cell, i.e., not outside 2. A
direct calculation shows that for n = 1 the submatrix is given with the lexicographical ordering
by P = tridiag{%, %, %}, which is diagonally dominant and hence invertible. For n > 1 the
submatrix is given by a product of diagonally dominant matrices, e.g., for n = 2, P = Pypm
P, = tridiag{$, 2, 3}, P, = tridiag{},0,...,0,2,0,...,0, :}. Define & = P~'v and pad @ with
zeros for the indices j € J to construct a w satisfying Pu = v and hence CPu = Cv. |

It is further assumed that ki, approximates sii = k?uq sufficiently, so let 7(h) satisfy
h—0

7(h) — 0 and:
d(pp) — dp(p _ -
sup ML=y [ ) < 70l (30
mnesiy@)  IHRIH2 (@) 1h €S () ¢« T

It will be proven in this section that there exists a (A, u}) € S,(L?C)I(Q) X S,(ZQ)(Q) such that the

solution (A5, uf) to (27) satisfies (Af,uf,) 9 (Aj,ur), and that (A7, u}) h=9 (\*,u*), where

(A%, u*) is given by Theorem 4.



Lemma 4 For h sufficiently small there exist constants ¢1 and ¢y independent of h such that

61\\1)]]%]2(9) < a(v,v) + bp(Brv, Bpv) < 62”’[)“121[2(9), Vv € H%(Q). (31)

Proof- By (28), [bn(Byv, Byv)| = |ba(v, Byv)| < [ba(v, v)]2 [b(Brv, Byo)]? so
|bh(BhU, Bhv)| < bh(v,v), Yov € HZ(Q) (32)

With the bounds (5) for x5 and 4, (12) and (32) give é2 = ¢z in (31). Then using (24), (28),
(29) and (32),

|br,(Bpv, Bpv) — b(v,v)] < |bp(v, Bpv) — b(v, Bpv)| + |b(v, Bp,) — b(v,v)]
< kg = &2 | oo 0l 20yl Brvll 2(q)
+162[| oo @ 10l L2 () | Xa (Brv — ) | 12 (e
< &g = B2z @ 10l 2@ [0l L2y + Ixa(Bro — v) || 2(q)]
+ 162 oo @ 10l L2 () I Xa (Brv — ) | 12 (0)
h—0
— 0
and coercivity follows with (12) for h sufficiently small and ¢; € (0, ¢p). [ |

Theorem 5 There exists a unique (Aj,uj) € S}(L()i(Q) X S}(f)(Q) satisfying (27).
Proof: Applying (28) to the first equation of (27) gives by (pn, uj,) = by (pn, Bruj,) or

— ebn(ptns A5) + ba(tn, Buis) = di(un), i € S5 () (33)

Applying (28) to the second equation of (27) gives by(Aj,,vn) = bu(Aj,, Bron), and it follows
with pp = Bpop, in (33) that

br(Bnon, Brug,) — dyp(Brop) + ea(ug,, vy) = ebp(Byon, Aj,) + ea(uj,, vp)
= ebp(vn, A}) + ea(uf,vy) =0, Yoy, € S,(f)(Q)

where the second equation of (27) gives the last equality. Hence uj, must satisfy
b (B, Byvn) + ea(ufy, vp) = di(Byon), Yo, € S (2) (34)
By (4), (5), (26) and (29),

|dr(Bron)| < kitin||xaBronllrz) < krtafllxavllzz) + [Ixa(Brvn — vn)ll 2 (o))
< w1+ o(h)] vl g2y, Yo € SP(9).

Thus, with Lemma 4, it follows with the Lax-Milgram Lemma [3] that uj is uniquely defined
by (34). So with Lemma 2, Aj is uniquely determined by (33). [ |

The vanishing regularization solution uj}, whose existence is established next in Theorem 6,
is characterized precisely below in (36).

Theorem 6 The solutions {uj,} to (27) converge to a unique limit uj € S,(LQ)(Q) as € — 0.

Proof: It will be first be shown that {u§} is bounded in H?((2) independently of e. By Lemma

2, let vy, € S}(L?()i(Q) be chosen so that by, (vp, up) = dn(un), Yun € Sf(L?C)l(Q), and then by Lemma

3, let upq be chosen to satisfy by (Bpun.d, pn) = bn(vh, pn) = dn(pn), Yo, € S,%(Q). Setting

un = Brop, vy € S}(f)(Q), in this equation and subtracting from (34) with v, = w}j, = uj, —upq

8



gives ea(wy,, wy,) + by (Bprwj, Byw;) = —ea(upq,w;,). It follows that a(wj, wf) < |a(up,q,w},)|
or a(ws,w;) < a(upd,unq) and that by(Brwy, Byw;) < €la(upq,w;)| or by(Brw), Bywy,) <
%a(uh,d,uh,d) + %a(wz,wz) for € < 1. Hence, %a(w;,w;) + by (Brw;,, Bhwy) < g (uh,d, Un,d),
and With (31) w¢ is bounded in H?(Q). Thus, uf is bounded in H?() in terms of w§ and up, 4.
Since S ( ) is finite dimensional, there is a subsequence {uj'} which converges in H%(f2) to a
limit u* € S( )(Q) as € — 0.

If there were another limit, &;’ — 4}, then according to (34), wj = uj — 4} would

satisfy by, (Byw?, Byw?) €= bp(Bywt, Bpul — ull) = ga(ull,wt) — qa(ul,w) =3 0. By

Lemma 2, Bywy = 0. It follows that a(wj,w}) i a(u; — ufj,wﬁ) = {e dn(Brw}) —
bh(Bhwz,Bthl)]:o — é;l[dh(wZ) — bh(Bthl,Bth)]:o} = 0. With (31), HwZHHQ(Q) = 0, and
therefore the weak limit uy = 4y is unique. |

For Theorem 7 below, the following constructions analogous to (20) are used. For a given
1y € S}(LO(?{(Q) define the operator C}, so that Cpup € S}(LQ)(Q) is the solution to

(Chttns o) 20y = (i 0n) 20 Von € S5(9) (35)
Then ( ) (on, Contin) 2
HhyVn)L2(0 Uh, Unlin 9)
sup e = up D < | Chtanl 20y
mes@(ay vnlmz@) g0y Iunllazg)

where equality holds for vy, = Cpup. As seen in the proof of Lemma 3, the matrix P has
maximal rank, and hence Cpup = 0 if and only if pp = 0. Thus, the following is a norm on
Sia(),

(,U,h,'l)h)LQ
lnllgo oy = sup =t = o ey

vnes (@) lvnll2(0)
with associated scalar product,
0
(Mh,kh)s;fg(g) = (ChAn, Crpin) m2(9) = (B CrAn)12(0)s Ahs bn € S}(L,()i(Q)'
Next, the vanishing regularization solution is characterized.

Theorem 7 The unique solution (Xj,us,) to the system (27) converges as € — 0 to a unique
limit (N}, u}) € S,(l?()i(Q) X S,(f) (Q) satisfying

{ butn, ) = di(un) Vpn € SpA(9) (36)
bu(Af,vn) + aluf,vn) = 0 up € S5 ()
Proof: By Theorem 6, {uj} converges to the limit u}. Using this convergence of {uj,} in (27),
(’ihAth)S(o ) (@) = (K A5 Onttn) 22() = br(Ng, Cptn) =
—a(uf,, Cppp) =8 —a(uf, Copn), Yoy, € 5;(%(9)

Thus, due to the the finite dimensionality of S ,(l 1(Q), {k2X5} converges to some ki) € S ,(LOQ(Q).
Furthermore,

—a(uy,vp) = — li_{% a(uj,vp) = lin% br( Ay, vn) = br(Ax,vn), Yo, € S,(LQ)(Q)
€ €E—
shows that the second equation of (36) is satisfied and

(KR AR Hh) 50 ) = bn(Mhy Crpin) = —alup, Cppn),  Vun € S



together with (5) imply that A} is uniquely determined in terms of uj. Using the convergence
of {uf}, then the first equation of (27) and finally the convergence of {\}}, it follows that

i € S (%),
bn (s i) — dp(pin) = 10 b (pon, ) — dp () = 1 ebp (s Ay) = ba(pn, Ajy) lime = 0
which shows that (A\*, u*) satisfies the first equation in (36). [ |

Note that (36) may be seen as a condition for a saddle point of the Lagrangian functional,

L(on, ) = Sa(on,on) + 0 (pn,vn) — dn(pn),  wvn € S(Q), ne 52?31(9) (37)
which solves

min  a(vp,vp) subject to  bp(pn,vn) = dp(pun), Vun € S}(L?()i(Q) (38)

u €Sy ()

Due to the approximation of data, the forms by, and dj may not be subtracted directly from
their counterparts b and d for estimations of identical arguments. In particular, the conditions
seen below in Lemma 6 evidently do not hold for b,. For the analysis, it is crucial that (18)
and (36) can be reformulated below as (42) and (45). For this, define

bu.) = | xarn (39)
satisfying b(u,u) = (/J/,U)Hd—Q(Q)’HQ(Q) and
) = [ xavan (10)
satisfying d(p) = b(u, ug). Then set
=2\ € H2(Q) (41)

and {1 = k% € H{?(Q) in (18) so that (\*,u*) satisfies (18) if and only if (A*, u*) satisfies

{ B b(p,u*) = d(p) YpeH*(Q) (42)
b(A*,v) +a(u*,v) = 0 Vv € H?()
Similarly, with

dn(v) = / T (43)
set ’

Vi = KEAG € SiN(Q) (44)

and i, = K} up € S,(l?c)l(Q) in (36) so that (A}, uj) satisfies (36) if and only if (5\;,1@) satisfies

b(jn,uwr) = dn(im) Vﬂhes}(z?()i(ﬂ)

(3% * (2) (45)
b(Ay,vp) +a(uf,vy) = 0 Yoy € S;7(2)

To show that the solution (u¥, \*) to (45) converges with grid refinement to the solution (u*, \*)
to (42), it will be shown that the conditions of Theorem 1.1 on p. 114 of [7] are met, but the
proof will be modified to accommodate the approximation of data. Note that b now appears in
both (42) and (45), so the only new term to be estimated is d — dj,. The first condition to be
proved is that the form a is coercive on

V= {uec H¥Q) : b(p,u) = 0,Yu € H;*(Q)} (46)
and on its approximation

Vi = {un € S,7 () by, un) = 0, € Sy ()} (47)
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Lemma 5 There exists a constant o independent of h such that,
a(u,u) > a||u||§{2(ﬂ), YueV (48)

and,
a(up, up) > aHuhH%{g(Q), Yup, € Vy (49)

Proof: First, (48) is proved with a a Poincaré argument since b coerces the kernel £ of a. For
(49), note that Vj, C V does not hold since a function v, € Vj, need not to vanish in Sy but
rather only to have average value zero in every cell of Sq. To prove (49), suppose Juy, € V}, such
that a(up,un) = 0. Thus, up € L is linear. Since uy € Vj, its average value on every cell in Sy
is zero. These two conditions imply that u; = 0, and it follows that a is positive definite on Vj,.

To show that « in (49) is independent of h, suppose for the sake of contradiction that there
exists a sequence {up, } with up, € Vj, satisfying |us, || g2) = 1 while hy = 27%hy "2 0 and

a(up,,,up,) — "% (. Then the sequence is bounded in H?(€) according to |wny, || 720y = 1, and

weak (subsequential) convergence in H2((2) follows. For convenience, let {up, } again denote the
subsequence. By compactness of H'(2) in H%(Q), the sequence converges strongly in H'(€2).

With a(up,,up,) g 0, it follows that the sequence converges strongly in H?(f2) to some wug.
Since a(ug, uo) = limy_y00 a(un,,, up, ) =0, ug € L. As SF(LZ)H 4(Q) C S}(Lz)d(Q), it follows that VI,

bty o) = lm b(pny,wr) = 0, Vian, € Spy()

Since Ui‘ilS,(l?)d(Q) is dense in L3(€2), the linear function ug vanishes in Sq and hence ug = 0.
However, this contradicts [|uol| 2 ) = limg—eo [[un, | m2(0) = 1. The contradiction shows that
(48) holds for an « independent of h. [ |

The next condition to be demonstrated is that the form b satisfies the Ladysenskaja-Babuska-
Brezzi (LBB) condition on H2(Q) x H; () and on S\7(9) x §\%)(Q).

Lemma 6 There exists a constant B independent of h such that

sup b(p,v)

Z ﬁ 1% -2 R v'u c f[*2 Q 50
ey Tolla = M@ () (50)

and .
b(pn, vn 0
sup I sy Yan € S®) (51)
UhES](f)(Q) thHHQ(Q
The solution operator C defined by (20) is an isomorphism from (Hy?(Q),]| - HH onto
V4 - | m2())- Similarly, the solution operator Cy, defined by (35) is an zsomorphzsm from

0
(SIR), | =2y onto (Vi |- ll=(e)-

Proof: The condition (50) follows immediately with (17). To demonstrate (51), the approach is
to use Lemma 1.1 on p. 117 of [7]. For this, it must be shown that two conditions below, (54)
and (55), are satisfied for an operator II;, from H?(2) into S}(L?C)I(Q) defined by (53) below.
With P,EQ) defined as the projection of H?(2) onto S,(Lg)(Q), note that the operators C' and
C}, of (20) and (35) satisfy Cp, = P,EQ)C on S]S?C)I(Q) according to
9 .
(P )Cﬂhavh)HQ(Q) = (Cin, vn) g2(q) = bpn, vn) = (Chuh,vh)m(ﬂ), (52)
Y € S\(Q), Yo, € 87 (Q)
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With the approximation property of the projection, ||(I — P}Ez))'UHHQ(Q) 1200, vo € H2(Q), it
follows for h sufficiently small, 3¢ > 0 such that

|Chinllirz) = ICHRN 20y — 11 = PPN Crnllieiay = clCunlluz@) > 0, 0 # un € Siy(Q)

where the last inequality follows with (20) and (50). Hence, C}C}, is symmetric and positive
definite on S,%(Q). So for a given v € H%(Q), let \, € S,(LQQ(Q) solve (ChAn, Chitn)g2(Q) =

v, Clr) 20, Vibn € 59(Q). Then define the operator II;, from H?(§2) into Ay by v =
() h,d h
CrA\p, so that

(I, Chitn) 20y = (0, Chin)z(ys i € Spq(Q), Yo € HX(Q). (53)
With (20), (35) and (53),
B(uh,Hhv) = (Hh’U,Ch,uh)}p(Q) = (Cuh,v)HQ(Q) = I;(Mh,v), vﬂh S Sl(z(,)()i(Q)’ Yov € HQ(Q)

(54)
Thus, (54) is the first condition to be demonstrated. Setting Cpup = IIpv in (53) gives

Mol 320y = (0, TT00) 2(9) < 0l g2 Mhollgz@)  or  Mhollgze) < [vllmeg)  (55)

and (55) is the second condition to be demonstrated. The condition (51) follows now from
Lemma 1.1 on p. 117 of [7]. The characterizations of the operators C' and C}, of (20) and (35)
as isomorphisms follow from Lemma 4.1 on p. 58 of [7]. |

The final conditions for Theorem 8 below are given as follows.

Lemma 7 The forms b, d and dy, of (39), (40) and (43) satisfy

; b
sup [6(sn, vn)| < sup oy, v) <1 (56)
€8 (Q),un €S (2) lonll 2@ lenll 2 @)~ vernz@uen; 2@ 10l E2@ 11 12 0
d(p
sip L gy o0
MGHEQ(Q) HM’H;Q(Q)

and 7
d

sup _ldn ()| < [+ 7(W)]lluall m2(0)- (58)

pnes®h (@) a2 )

Proof: Since S,SQ)(Q) C H?(Q) and S}(L?()j(Q) C H (), (56) follows immediately with the
definition (17) of the norm on H}*(2) constructed in terms of bin (39). Similarly, (57) follows
from (17) and (40). For (58), (30) and (57) are combined to give

ldn ()| < 1d(en)| + [d(pn) + dn ()| < (14 7(h)lluall 2oy lanl g2 o) (59)
and (58) follows. [ |

Thus, all the conditions of Theorem 1.1 on p. 114 of [7] are met, and the result is summarized
in Theorem 8 below, with the proof adapted for data approximation.
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Theorem 8 Under the conditions (48)

, (49), (50), (51), (56) and (57), the solution (N}, u})
to (36) converges to the solution (A\*,u*) t

o (18) according to

I = iy + IV = Nillgzroy S K it [ = nllgy + nf X = pnll g
thSh () ,u,hGShd(Q
+7(h)luall 2o
(60)

for a constant K independent of h.

Proof: Define the inhomogeneous counterpart to Vj, in (47) as
Via = {up € 5;(12)(9) L by up) = dp(un), Vin € S;(fc)l(Q)}'

For an arbitrary but fixed vg € Vi, set v) = uf — v,‘i so that by (36), v € Vj, l;()\fl, v)) =0
and

a(vh, v) = aluf, vf) — a(vfl, of) = =b(Nj, of) — alvfl, vf)) = —a(vf, vf).
Then take v = vy in the second equation of (42) and add the result to the right side of the last
equation to obtain

a(vh, vp) = alu” — v, 0f) + (A", ).

Moreover, since v) € Vj, b(,uh,vh) =0 holds Vuy, € Shd( ), and so

a(v), o) = a(u* — v, of) + DO — s of), Van € SEY(Q).

The Vj,-coercivity of a (48) and the continuity of a and b yield:
0
ol < llv* = villm) + IV = mllg2)  Vin € SKAQ).
Thus,

I = w20 < llu” =il + ol 2o
< (L o Dlwr = vhllmzio) +a I = pnll -

0
Vi € Sé,ﬂﬂ)
and since vg € Vj.q is arbitrary it follows that

lu* = uplle@) < (L+a™) inf [ju* —wj g2 + o inf 1A = il g2y (61)

wjE€Vha HRESH Y (Q)
It will next be shown that the V}, 4 term in (61) can be so estimated,

inf |Ju* —willge) < (L+ 87" inf [t —onllgz) + B (W) |udllpz@)-  (62)
wh€Via unes? (@)

Now let 4, € S}(LQ)(Q) be fixed but arbitrary. By Lemma 3, choose z) + zp, = 25, € S,(LQ)(Q),
z2 € Vh, 2n € VhL, so that

bt 2n) = b(pn, 2n) = b, ufy — an), Vo € 5,(1?21(9)- (63)
By Lemma 6, C}, is an isomorphism from (S,(LOA(Q), |- HHd_z(Q)) onto (V.- || - | 72()). Hence the
estimate,
(Chbtns vn) g2 (0 b(1en, v
|Chitnll2) = sup @)~ sup Slpnvn) > Bllinll g
wevt  lvnllae) wevit lvnllaze)

i € Sy ()

13



is equivalent to

i} (kn> Con) g=2(q) (Chttn, vn) H2(02)
HCh’UhHH*Q(Q) = sup d =
d unes () a2 0 eSO a2 e
b(pn, v
= sup blunon) > Bllonlley,  Yon € Vit

unesO@) 1l g2

Since 25, € V;h, it follows from the last estimate together with (42), (45), (30) and (63) that

b by, uk — @
Bl < sup UL gy i)
unesy@) @)y es®o) IR @)

lA)(,uh, u* —up) + B(Mh, uy — u*)

= sup
uhes;ﬁ(ﬂ) ||1uhHHd—2(Q)
b * ) +d —d
_ aup Dt — ) + dalpn) — d(un)
unes (@) a2 e

< lw® = dnll g2i0) + 7(h) [[uall rzo)-
Thus, with w = 25, + 4y, and (45),

bt ) = ben, ufy — ) + b, ) = b(un, wh) = dn(pn), Yo € Sy ()

SO wg € Vh,a. Furthermore,
[u* — will g2y < u* =l g2y + 20l m2) < @+ 87N [u* — anll gy + B~ 7 (R)||uall g2(q)-

Since 4y, € S,(f) (Q) is arbitrary, (62) follows. It remains to estimate |[\* — )\ZHng(Q). From the

second equation in (42) and the second equation in (45),
IA)()\Z — ppyvp) = a(u* —uy,vp) + B(A* — pp,vp), Yo € S,(f) (Q), Vupe S,(Z?c)i(ﬂ)
Using (51) for the left side and the continuity of a and b for the right side,
BIA, = :U«hHHd—Q(Q) < flu* — UZHHQ(Q) + A"~ :uhHHd—Q(Q)
Hence,

IV = Nill2) < B0 —ujllpz) + L+ 871 inf X = pllyag)  (64)
a R Ce) !

Thus, (60) follows from (61), (62) and (64). [ |

Note that S,(f)(ﬂ) is dense in H?(Q2), and S,(L?()i(ﬂ) is dense in L3(f2) and hence in H*().
Therefore, the desired convergence is obtained from (60).

4 Computational Results

The standard finite element method considered here for the approximation of the primal
problem (11) is to compute up, € S,(f)(Q) so that

ea(uh, ’Uh) + bh(vh, uh) = dh(vh), Yy, € S}(f)(Q) (65)
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where a, b, and dj, are given by (8), (25), (26), respectively. With {s;} denoting a basis for
S,(LQ) (Q), define the matrices and vectors,

A=Aal(si,;sg)}, B={bn(si;sj)}, D={dn(si)}, u®={uj}
where uj, = ). uSs;. The linear algebraic formulation of (65) is given by
(eA+ B)u =D (66)

which can also be written in primal-dual form as follows with the dual variable A§ = . Xs;,

X = (x5}, 6
i @)

Representative results are shown in Fig. 2 for the one-dimensional case discussed there. Solutions
to (66) are shown in Fig. 2a for e = O(1) and in Fig. 2b for € < 1. The result for e < 1
evidently exhibits discontinuous derivatives, and it retains this appearance robustly with respect
to h. These discontinuous derivatives apparently depart from a theoretical result analogous

to Theorem 8 above that the limit function uj, 9 uy converges to the continuum solution
u* € H%(Q) with grid refinement. This hypothesis may be tested directly with counterparts
to (36) — (38) instead of choosing e vanishingly small in (66). For this, let uj = >, u’s;,
u* = {u}} be the primal variable and A} =Y. A¥s;, A* = {A\'} the dual variable in the saddle

point problem
o (2

which characterizes the stationary point for the Lagrangian functional,
L(u,A) = 2u"Au + AT (Bu—D), (I-BBH)XA=0

while u* solves

minu®Au subject to Bu = D.
u

Here, BT denotes the pseudo-inverse of B. Since (I — BBT) is the orthogonal projector onto
the kernel K of B = BT, the complementarity condition (I — BBT)X = 0 ensures that A has
no component on K. The numerical result is identical to that shown in Fig. 2b. On the other
hand, when the data are approximated at least with pixelwise linear functions, solutions to (65)
(e < 1) and (68) are identical to that shown in Fig. 2c.

The implementation of (27) will now be considered computationally. With bases for S ,(1021(9)
and S,(f)(Q) denoted by {x;} and {s;}, respectively, define the matrices,

A ={a(si,s5)}, B={bn(xi-s5)}, C={bn(xi,xj)}

and vectors,
D={dn(a)}, u ={ui}, X ={X\}
with uf = > ufs; and Aj = Y. Afx; so that (27) may be written as

o )l ]= (7] ®

P = {<Xi73j>L2(Q)}

Since B = CP, where

is the projection of S,(f)(Q) onto S ,(LO) (©), A can be eliminated from (69) in the following form,
(eA+ PTCP)u=PTD (70)
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Representative results are shown in Fig. 2 for the one-dimensional case discussed there. Solutions
to (69) are shown in Fig. 2a for e = O(1) and in Fig. 2¢ for ¢ < 1. The result for € < 1 evidently
agrees with the vanishing regularization solution u*, and it retains this appearance robustly with
respect to h. This result is apparently consistent with the theoretical result of Theorem 8 above
that the limit function uj, 9 u} converges to the continuum solution u* € H?(Q) with grid
refinement. This hypothesis may be tested directly with counterparts to (36) — (38) instead
of choosing e vanishingly small in (69). For this, let uj = >, uls;, u* = {u}} be the primal
variable and A} = >, Afs;, A* = {A]'} the dual variable in the saddle point problem

2] 2]

which characterizes the stationary point for the Lagrangian functional,

L(u,\) = 2uTAu + AT (Bu— D), (I-BBH)XA=0
while w* solves
mUin uTAu subject to Bu=D

Here, Bf denotes the pseudo-inverse of B. Since (I — BB') is the orthogonal projector onto
the kernel K of BT, the complementarity condition (I — BBT)A = 0 ensures that A has no
component on K. The numerical result is identical to that shown in Fig. 2c.

The standard finite element method (66) and the mixed finite element method (69) are
now compared for the two-dimensional example of Figs. 1 and 3. So that an exact answer

(a) standard (b) mixed

Figure 3: Vanishing regularization (¢ < 1) estimations of u in Fig. 1c using (a) the standard finite
element method (66) and (b) the mixed finite element method (69).

may be known, @ in Fig. 1b is given by the product of x in Fig. la with » in Fig. 1c. For
vanishingly small regularization, ¢ < 1, the solutions to (66) and (69) are shown in Figs. 3a and
3b, respectively. Quantitative measures of the estimation error are several orders of magnitude
larger for the result in Fig. 3a in relation to that in Fig. 3b, but the advantage of the mixed
method in relation to the standard method is visually evident.

In an effort to understand the success of the mixed method in relation to the standard
method, one notes especially the following important clue. As reported above, the results
from the standard method mimic those of the mixed method if the data are represented as
piecewise linear. Apparently, if the data are represented with sufficient accuracy, convergence of
a regularized solution to a vanishing regularization solution can be obtained, which is consistent
with the well-known result cited in Section 1 concerning the rates at which regularization and
noise may be simultaneously reduced [11]. Evidently, when the data are approximated as
piecewise constant, the standard method senses this approximation in the forms b; and dp,
unavoidably as inaccurate data. On the other hand, the mixed method does not sense the
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cellwise constant approximation of data as inaccurate, particularly in the forms dj, or th, because
the test functions are cellwise constant and satisfy

d(pp) = /QMthUd = /Quhft/Fa = /Qﬂhp;i?d) (a/K) ~ /Quhﬂh/ﬁh = dn(pn), Vi € S;(L?()i(Q)
(72)
Here P}EOC% is the L%(Q) projection onto S }(lo()i(Q) and the approximation of the data P}(Lo(i (u/k) =~

h d a/ Plgod)/@ = ap/kp, for (30) and (72) is apparently excellent. Although the projection P}E (i
cannot be used similarly for the form by, the mixed method permits (18) and (36) with by, and
dp, to be reformulated as (42) and (45) with b and dj,, where b contains no data approximation.
For the standard method, the forms b;, and dj, in (65) cannot be reformulated in a way which
mimics (39) and (43). Yet, for the example presented in Fig. 2, b;, = b holds for all methods
presented and thereby emphasizes the importance of the approximation seen in (72). For the
standard method, a counterpart to (72) cannot be written in terms of a projection which is
friendly to a cellwise constant approximation of data. As a result, the counterpart to (30)
apparently does not hold for the standard method, which prevents the desired convergence.

In light of these observations, penalized discontinuous Galerkin methods have also been
considered for this work. The general weak formulation follows that of [2], where the boundary
integrals are not included here because of the natural boundary conditions. Specifically, for
the one-dimensional example of Fig. 2, Q = (0,1) is discretized with cell interfaces x; = ih,
i=0,...,N, h=1/N as described in Section 3, and the bilinear form a is modified to obtain
ap + G, deﬁned as follows using the notation {u} 3(u_ +uy) and [v] =v_ — vy,

Tk

N-1
ao(u,v) = Z/xk ) Ugg Vg + kzl { {vazz V] + {veee Hul — {vaa Hve] — {vee }Hug] }

ay(u,v) = VZ{ ol b ufee] }

While other polynomial bases have also been tested with identical results, let the Chebychev
polynomials

Py(t)=1, Pi(t)=t, Py(t)=2x>—-1, P3(t)=22(22>—-1)—
define the piecewise polynomial basis,
{Br:k=1,..., 4N} = {Pj(2(x —z;)/h—1):i=1,...,N,5=0,...,3}
With this basis define the matrices
A=A+ Ay = {ao(Bi, B;)} + {ay(Bi, )} € RV,
and in terms of (25) and (26),
B = {bn(Bi, 8;)} € RN, D = {dy(8;)} € R*

. . 4N
so that the approximation uj =

to

_ up B, ut = {uk}k 1, to u€ is determined as the solution

[eA+ Blu® = D.

Since the cellwise constant data are in the span of Py and orthogonal to {P; 33 j—1, only the Fy
modes are non-trivial in the form D. Also, only the Py modes are excited in the solution u¢
when € is especially small and + is just large enough for €A + B to be positive definite. In this
case, u¢ is roughly in the kernel of Ay, and A, becomes the discrete Laplacian with natural
boundary conditions. As a result, regularization is effectively only first order, and the numerical
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solution uj, is constant on £\Sq, departing from all results shown in Fig. 2. On the other hand,
if the data are approximated as piecewise linear, i.e., in the span of { Py, P1} and orthogonal to
{Pj}?:Q, then the Py and P, modes are non-trivial in the form D and excited in the solution for
€ and ~y as described above. As a result, the data approximation is sufficiently accurate and the
numerical solution resembles the correct one shown in Fig. 2¢. If the data are only approximated
as cellwise constant, then v can be chosen sufficiently large to obtain a correct result such as
seen in Fig. 2c. However, the correct v for such a result depends upon e. Furthermore, as
v is increased ever larger, then the discontinuous Galerkin method converges to the standard
finite element method, and the result resembles that shown in Fig. 2a. Instead of choosing
€ vanishingly small to approximate the vanishing regularization solution, the primal-dual and
saddle point formulations may be used as for the standard and mixed finite element methods,
but the results agree with the cases described here for € chosen vanishingly small.

5 Conclusions

The model problem demonstrated in Fig. 1 and formulated in (6) has been used to repre-
sent a typical image processing problem of reconstructing an unknown in the face of incomplete
data. A discretization of (6) is defined to be consistent with respect to vanishing regularization

. . . 1. —0 —0
if the numerical solution uj, exhibits the convergence us, = uy as well as uj 2 w*, where the

continuum solution u¢ to (6) exhibits the convergence u* 9 u*. Since vanishing regularization
is of interest only when data fidelity is sufficient, it is assumed that the data are smooth enough
that the continuum limit u* has at least the regularity of the space for the weak formulation
n (11). As the primal characterization of v in (11) permits a primal-dual formulation in (15),
the vanishing regularization limit «* may be characterized explicitly with the saddle point for-
mulation in (18). A mixed finite element discretization of (15) is given in (27), whose vanishing
regularization limit is given in (36), the counterpart to (15). The numerical solutions uj, and uj
for the mixed method are shown in Theorem 8 to be consistent in the sense defined here. This
consistency is also demonstrated computationally in Section 4 in terms of an artificial example
and a realistic example with magnetic resonance images. On the other hand, it is demonstrated
computationally that a standard finite element discretization is not consistent. The reason for
the relative success of the mixed method is explained by a projection property which is friendly
to cellwise constant data approximation, making the forms used for the method nearly exact.
Since the counterpart forms used for the standard method suffer from significant approximation
errors, the method requires that grid refinement be coordinated with the reduction of regular-
ization. Experiments with a penalized discontinuous Galerkin method are consistent with these
observations for the mixed and standard methods.
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