On Approximation in Total Variation Penalization
for Image Reconstruction and Inverse Problems’
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Abstract. In this paper, we examine some theoretical issues associated with the use of total variation
based image reconstruction. Our investigations are motivated by problems of inverse interferometry, in
which laser light phase shifts are used to reconstruct medium density profiles in flow field sensing. The
reconstruction problem is posed as a residual minimization with total variation regularization applied
to handle the inherent ill-posedness. We consider numerical approximations of these penalized minimal
residual problems, and we analyze some approximation strategies and their properties. The standard
definition of total variation leads to inconsistent approximations with piecewise constant basis functions,
so we consider alternative definitions which preserve the needed compactness and produce convergent

approximations.

1 Introduction and Motivation

In this paper, we consider image reconstruction techniques via residual minimization with
total variation penalization. Such methods are becoming rather widely used in a variety of
applications; see, e.g., [4], [6], [8], [15], [18]. While much is known in terms of algorithms and
theory, there are still some issues to be addressed associated with numerical approximations
and convergence. We focus here on the use of piecewise constant elements for approximating
the image to be reconstructed, and we analyze solutions of approximate problems with respect
to numerical grid refinement. Crucial issues which we address are the computation and approx-
imation of the total variation and of L' norms involved in the minimum residual approach.

1.1 The Basic Problem

The general problem to be considered involves a theoretical image f € X, an observed image
g € Z, and an observation operator ® : X — Z. For instance, X = L!(F), where F is a bounded
flow-field domain in R¢, and Z = L'(P), where P is a bounded measurement domain in R2.
Alternatively, Z may be a finite dimensional space of pizel values. A typical problem involves
solving for f in ® f = g with observed data g € Z. The problem is treated by minimizing some
measure of the residual, ®f — g, subject to smoothing constraints which de-noise the image f.
In this paper, we consider smoothing via the total variation of the image.

We remark here that the use of the L' residual criterion arises for several reasons. One is
that L! is a natural space for flow-field densities, and the operator ® lies in L(L*(F), L}(P)),
as shown below. Another is that the effectiveness of smoothing via the total variation requires
BV to be compactly imbedded in X, a condition met by X = L' but not X = L? in dimension
d > 2 [7]. Finally, the L' criterion is typically more robust in a statistical sense than the L2
criterion; see, e.g., [3].

A penalized minimal residual functional of particular interest is given by

Ju(f) = I1®f = gllz + pTV(f),
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where the total variation, TV (f), is given by the formula

TV(f) = sup/ V-,
veCJF
with
C={U:F >R,V e} |0, <1}.

Here, C} denotes continously differentiable functions that vanish on the boundary of F, and
| - |¢, is the usual p norm in RY. In one dimension, the total variation is also given by

N
TV(f)=sup Y |f(xr) — f(zr-1)]

k=1

where the supremum is taken over all finite partitions {zy}. It is also important to note that if
the function f has integrable partial derivatives, then

V(1) = [ IVl

In general, however, functions of bounded variation need not be continuous, which is a driving
reason behind the use of total variation penalty terms.

The motivation for the total variation penalty, as opposed to a simpler Hilbert space penalty
such a Sobolev W12 norm, is the level of smoothness imposed. For example, characteristic
functions of sets having finite perimeter have bounded variation but not a finite W2 norm.
However, in most cases the total variation norm is strong enough to provide the compactness
needed in ill-posed problems, as we shall see below.

In order to minimize .J,,, several approximations must be made. First, one must consider a
finite dimensional subspace of approximating “image functions.” As we discuss below, we use
piecewise constant approximations. Another approximation we make (as in [1]) involves slight
perturbations of the L' and the TV functionals in order to have a differentiable cost functional.
Our goal in this paper is to establish stability of the solutions of the minimum residual problem
with respect to these perturbations and approximations. Before we proceed with the theoretical
development, however, we discuss an example inverse problem which motivates our studies in
this paper.

1.2 An Inverse Problem in Interferometry

Many aerodynamic tests require an evaluation of the flow quality or a determination of flow
conditions in the neighborhood of a test article. The intrusive use of probes to measure flow
properties can be impractical because of extremely harsh experimental conditions. Even in mod-
erate testing environments, probes can lead to significant flow interference. Also, probes cannot
be used to obtain instantaneous distributed information about a dynamic flow field. Naturally,
to avoid these problems, nonintrusive measurement systems are preferred when applicable. We
seek to develop and analyze numerical techniques to determine distributed flow-field information
from nonintrusive optical data.

Interferometry is a particular technique in which fluid density variations may be deter-
mined from nonintrusive optical measurements. Specifically, monochromatic laser light is passed
through a fluid medium and then added to a reference signal that is uncorrupted by the medium.
The density variations in the fluid sample cause changes in the light propagation speed and di-
rection; however, the deflection of light can be neglected in the present context. Therefore,
when the light passing through the fluid is combined with the reference light, the two signals
combine to form an intensity map showing interference patterns. In inverse interferometry, the
density distribution is extracted from the intensity map.



If a perfect-gas flow field is axisymmetric, then the density distribution and the intensity map
are related by explicit inversion formulae. With these formulae, it can be shown that the density
does not depend continuously upon interferometric measurements. Therefore, methods built on
such relations, without the incorporation of modern regularization schemes, have suffered from
sensitivity to data error.

Mathematical descriptions of the interferometry process are well understood. The texts of
[17] and [13] provide the background material on interferometric measurements and models.
The basic equation describing the interferometry process is given by (see, e.g., [17] or [12])

G
6=5 [lo=pulat

in which p is the flow-field density, pso is the free-stream density, and ¢ is the fringe shift of
the light. Also, G is a constant depending on the light wavelength and the rate of change of
refractive index with respect to density for the specific medium. Finally, d¢ denotes the line
integral taken over the path traveled by the light passing through the flow field. Assuming that
the flow is axisymmetric and that the light path can be approximated by a straight line, one
obtains the simpler relationship

R
o(z,y) = G/y %Tdr

where f(z,r) is the axisymmetric representation of the flow-field density perturbation, p — pso.
For this expression, it is assumed that df = dz, and that the x-axis is coincident with the axis
of symmetry. Also, r = \/y2 + 22 is the radial variable and R is the radius of the axisymmetric
configuration. The flow-field density perturbation in the region of interest thus determines the
phase difference between the light signal passing through the medium and the reference light
signal. We denote this functional relationship by ®(f).

The goal in inverse interferometry is to determine f based on observed data g. That is,
given a particular observed fringe shift pattern, g(x,y), the requirement is to solve the equation
®(f) = g for the flow-field density perturbation, f(z,r). After introducing a transformation
to make the integral in Eq. (1.1) appear as a convolution, Laplace transforms can be used to
obtain the explicit inversion formula,

(1.1)

2 (R oyg(x,y)

flar)=-—= R 2

With the sequence of phase maps g,,(z,y) = sin(n?y)/n that converge to 0 as n — 0o, the above
formula gives a corresponding divergent sequence of density perturbations f,(x,r). Therefore,
the mapping from g to f is discontinuous and the inverse problem is ill-posed. The conse-
quence of this crucial fact is that small perturbations in g could potentially translate into large
discrepancies in f. This discontinuity property has provided the impetus for a great deal of
research aimed at stabilizing the inversion; see [11]. Much of this work focuses primarily on
some smoothing of the observed data g for the purposes of differentiation. Here, we take a
regularized minimal residual approach to estimating the flow-field density from phase data.

dy.

1.3 Residuals and Minimum Norm Fit-to-Data in Interferometry

Minimal residual methods have been used with great success in many ill-posed inverse
problems; see [2] and the many references therein. Rather than trying to solve the equation
®(f) = g directly via the inversion formula, minimizers of the following cost functional are
sought

J(f) = ®(f) - 9||L1(P)-
Here, g € L'(P) is the observed fringe shift, i.e., the data, and ®(f) denotes the fringe shift
corresponding to the density perturbation f € L!(F) computed using Eq. (1.1). The intention



in the present approach to inverse interferometry is to minimize J over an appropriate collection
of density perturbations.

It is a well-known feature of ill-posed inverse problems that to avoid instabilities, such as
those discussed above, the set of admissible solutions must be carefully restricted [2]. For
example, as a result of the discontinuity property of the inverse map explained earlier, it is
possible that for a sequence of density perturbations, {f,}, the values, {J(f,)}, approach a
minimum of J while the densities diverge. Therefore, the set of admissible solutions should be
selected to prohibit such divergence. Specifically, the set should be compact with respect to
some topology compatible with the cost J.

There are many ways to restrict J to a set of density perturbations which is compact in the
larger set of functions in L'(F). Generally, such a restriction involves a smoothing constraint.
However, to be physically acceptible, the set of admissible densities must not rule out density
fields with shocks. On the other hand, all flow-field variables are commonly assumed to have
bounded total variation. Moreover, as shown in [10], we have that the set

S={feL'F)Ifl <. TV(f) < 5] (1.2)

is a compact subset of L!(F).

Implementation of the minimization of J in inverse problems is made very difficult by the
need for compactness constraints such as in S. The constraints are not easily incorporated
directly into iterative minimization algorithms, so penalty terms are often included in the cost
to obtain compactness implicitly. As in our abstract problem above, we are led to a penalized
minimal residual cost

Ju(f) = J(f) + uTV(f)

in which the penalty term puT'V(f) is added so that the boundedness of J,(f) enforces the
boundedness of TV (f). Note that if u is chosen sufficiently small, then the perturbed cost
functional will be close to the original. Indeed, as u — 0, the cost functional, .J,,, will converge
uniformly on S to J. However, when minimizing .J,,, we do not necessarily obtain an element

of §, unless at least y is very large. Thus, we are led to the study of J, on an unconstrained
set such as BV (F).

1.4 Problems of Approximation

Another crucial issue in the use of penalized residual methods for problems such as interfer-
ometry is that of approximation of the images. As L'(F) is infinite dimensional, one must find
appropriate finite dimensional approximation spaces for computational implementation. That
is, one must minimize an approximate cost, say J/iv , over a finite dimensional subspace XV of
LY(F). The convergence issue then is to determine if the minimizers of J ;]LV over XV converge
to the minimizers of J, over L'(F).

Such problems have been studied by several authors in other contexts; see, e.g., [16], [2],
[14]. Our focus here is on piecewise constant function approximation in L!(F) with respect
to BV (F') penalties. While the use of piecewise constants implies low order approximation
properties, their use is appropriate since the desire is to capture discontinuities in the images, as
observed for transonic flow-field densities. As will be seen below, the use of standard T’V norms
with piecewise constant functions leads to inconsistent, i.e., non-convergent approximations.
We describe below how to correct this problem, and we use these results to build upon the
regularization and total variation results of [1], [16], [14].

2 Regularized Minimal Residual Problems

Many researchers have studied identification via penalized minimal residuals, and many
results are available for application in particular problems. The interested reader may consult



[2] and the extensive bibliography therein. Rather than review the vast literature, we focus on
a few specific results and relate them to the problem at hand.
We begin with the cost functional

Ju(f)=D(@f —g) +pU(f)

where f € X is the quantity to be estimated, g € Z is the observed data, ® : X — Z is a linear
observation operator, D : Z — IR is a measure of the residual ®f —gand U : Y C X — R is
the penalty function. We assume that X, Y, and Z are Banach spaces. For instance, we are
interested in the case that X = LY(F), Y = BV(F), and Z = L*(P), where F is a bounded
flow-field domain in R?, and P is a bounded measurement domain in R2.

For the computational setting, we consider a sequence of approximating cost functionals

JN(fn) = DN(@N fx — gn) + pUN (fn)

where fxy € XV, gy € ZN, ® =~ &N : XV — ZN and D = DV : ZN — R, for finite dimensional
spaces XV Cc X and ZV C Z. Also, it is assumed that XY Cc Y and U ~ UV : XV — R.
We remark here that the motivation for the approximating penalties UY and residuals DV is
in finding differentiable approximations to the L' and TV norms.

2.1 Existence of Minimizers

Here we provide conditions for the existence of minimizers for our cost functionals. We say
that a functional T:Y — R is Y-coercive if T'(y) — oo as |yly — oo. With this definition, we
state and prove the following result.

Theorem 2.1 Assume that Y is compactly imbedded into X, and that .J, and Jflv are Y-
coercive and lower semicontinuous on X amd X¥, respectively. Then J, and JAJLV have mini-
mizers.

Proof. We only consider the infinite dimensional case. Let {f,} be a minimizing sequence for
Jy,. By coercivity, {f,} is Y-bounded. By the compactness of Y in X, there is a subsequence
{fw} and an f € X such that ||f,y — f|lx — 0 as n’ — oco. By lower semicontinuity,

Ju(f) <liminf J,(for) = lim J,(fn) = min J,

so f is a minimizer. ]

2.2 Convergence of Minimizers

Now we provide conditions for the convergence of minimizers for .J flv to minimizers for J,. To
obtain such results, we will need some conditions on the way the approximate cost functionals
and the approximation spaces relate to their infinite dimensional counterparts. Toward that
end, we make the following definitions.

We say that a sequence of functionals 7V: X — R are uniformly Y-coercive if there is a
positive function ' : R — IR bounded on compact intervals with lim; .~ F'(t) = 400, such that
VYN, TN (u) > F(||lully), Vu € dom(T?). Note that this condition is stronger than Y coercivity.
We say that the functionals J;]LV are consistent with J,, if, given B > 0, € > 0, pug > 0, there is
an N such that for N > N

TV () = Ju(x)| < e Y € [0, o), Vx € XV with |x|ly < B.

We say that X Nis a Jy,-approximation of X if, for each f € X with U(f) < oo, there exists a
sequence {fxy} € XV such that .
If = fnllx =0



and )
| Ju(f) = Ju(fn)] — 0, Yu > 0.

Before establishing convergence of minimizers, we prove the following useful lemma.

Lemma 2.1 Assume that for each p > 0, the sequence Jliv together with J, is uniformly Y-
coercive. Also assume that the functionals J, ;]LV are consistent with J,, and that the X N spaces

are a J,-approximation of X. For f € X, let { fN} be chosen to approximate f according to the
J-approximation property. Then, given p > 0, € > 0, there is an Ny such that for N > Ny,

TN (fN) < Ju(f) +e.

Proof. By uniform coercivity, 3 R
Eu(fnlly) < Ju(fw).

According to the J,-approximation property, there is an N; > 0 such that for N > Nj,

Tu(fn) < Ju(f) +e/2.

The last two inequalities imply { fN} is Y-bounded. By consistency, there is an Ny > Nj such
that for N > N, . .
TN (N) < Ju(fn) +e/2.

Combining the last two inequalities gives the result. ]
Under conditions given above, we have the following convergence of minimizers.

Theorem 2.2 Assume that the hypotheses of Theorem 2.1 and Lemma 2.1 hold. Fix p > 0.
Suppose fx minimizes J;]LV over X, Then {fx} has a subsequence that converges in X, and
the limit minimizes J, over X. If J, has a unique minimizer, say f*, then || f3 — f*||lx — 0 as
N — 0.

Proof. Choose an f € X such that J,(f) < co. Let {fx} be chosen to approximate f according
to the J,-approximation property. Given ¢ > 0, Lemma 2.1 guarantees an Ny > 0 such that for
N > N07 _ B

J;];V(fN) < Ju(f) +e

By uniform Y'-coercivity and the definition of f};, for N > Np,

Fu(lfnlly) < IV () < TV () < Jul(f) + &

Thus, {f%} is Y-bounded. By the compactness of Y in X, there is a subsequence {f},} and an
f € X such that ||f — fA/][x — 0 as N’ — co. By lower semicontinuity,

Ju(f) < liminf J,(f)
< limsup |y (F) = 7 (Fe)] + minf 7Y (750)

By consistency, the limsup is zero. Suppose f* minimizes J, and let { fN} be chosen to ap-
proximate f* according to the J,-approximation property. Continuing the last inequality and
using the definition of 3,

r . . N/ * . . N/ F
Ju(f) < liminf J," (fx) < liminf J,~ ()
Given ¢, Lemma 2.1 guarantees an Ny > 0 such that for N > Ny,

TN (Fn) < Ju(f*) +e

6



Combining the last two inequalities gives
Tulf) < Ju(f*) +¢

and hence f is a minimizer for .J,. Now suppose f* is the unique minimizer of .J,. Suppose
{fx} has a subsequence {fx,} such that || f* — fi/||x > € > 0. By the above argument, {f3,}
has a subsequence converging to a minimizer of J,. However, this contradicts the uniqueness
of f*. [ ]

We next establish convergence of minimizers in the limit of increasing data fidelity and
vanishing regularization. In order to allow the regularization parameter to go to 0, we must
make some more assumptions on the specific ingredients of the cost functionals.

(A1) D and DV are continuous on Z and ZV, respectively, with D being uniformly continuous
on Z-bounded sets and D(0) = 0. Also, given B > 0, € > 0, there is an N such that for
N>N

DY () = D)l <e  WypezV with |[v|z<B

Moreover, there exists a constant ¢; > 0 such that
alvllz < D) YveZ

and VN
allvllz < DV@W) Ve zZN

(A2) U and U N are loxlver semicontinuous on Xi and X%, respectively. Also, given B > 0,
g > 0, there is an N such that for for N > N

UN(x) —U)| <e  VxeXxV with |x|ly <B.
Moreover, there is a constant cg > 0 such that
cluly <U(u) VYueY

and VN
calxly <UY(x) vxexV

(A3) ®: X — Z and & : XV — Z¥ are bounded linear operators and the sequence {®"}
converges strongly to ®. Also, ||g — gn|lz — 0.

Some remarks are in order at this point. Lower semicontinuity is implied by the assumptions
(A1-3). Also, the compactness of Y into X, together with (A1-3), imply consistency, in view
of the fact that strong convergence of a sequence of linear operators implies uniform convergence
on compact subsets.

Theorem 2.3 Assume that Y is compactly imbedded into X. Assume that for each p > 0,
the sequence J/ﬂv together with J, is uniformly Y'-coercive. Assume that the X N spaces are a
J~approximation of X. Assume that conditions (A1-3) hold. Suppose there exists a unique
f* such that ®f* = g and U(f*) < oo. Let {fny} be chosen to approximate f* according to the
J~approximation property. Suppose {un} C IR are chosen so that

pny — 0 and  p'DN(@Nfy —gn) — 0 as N — oo, (2.3)

Let f3; denote a minimizer of Ji\]fv over XV. Then ||f* — f¥|lx — 0 as N — oc.



Proof. Let v = max{l,{un}} and let € > 0. By Lemma 2.1, there is an Ny > 0 such that for
N > N07 B
T (fn) < Ju(f) + e (2.4)

By the definition of f};,
DN(@N fx —gn) < TN (fR) < TN () < TN (fn)

From the last two inequalities we have that {D™(®" f% — gn)} is bounded. Again, by the
definition of fy;,

UN(f) < I (Fa) < nt Iy (Fa)

= uyd DY (@Y fy — gn) + UV (fn)

IN

pn DN (@Y fx — gn) + TV (fn).

Combining this with Egs. (2.3) and (2.4), we have that {UY (%)} is bounded. Thus, J,(f%) is
bounded. By uniform coercivity,

E (5 ly) < 27 (fR)

and hence {f%} is Y-bounded. Suppose for the sake of contradiction that there exists a subse-
quence {fx,} such that ||f* — fX/||x > € for some ¢ > 0 . By compactness of the imbedding
Y — X, there exists a subsequence { fx~} and an f € X such that || f— fy.|[x — 0as N — cc.
By (A3),

10f —gllz < 9(f = fAm)llz + 12fxn — gllz

< @llxz-If = farllx + 19 fx — gllz

The first term vanishes and we will now show that the second term must also. By Eq. (2.4) and
uniform coercivity,

FV(HJENHY) < J,iv(f]v) < L(f) +e.

So {fn} is Y-bounded. Set )
B =sup{{[/xlv} Al fxlv}

By consistency, there is an N such that for N > N,

[ (Fhn) = Ji00, ()] < /2

and

‘JMN”(f ”) _J;]l,\j\;//(fN”)’ SE/2
Using the last two inequalities with (A1) and the definition of f,, gives

cal®fir—gllz < D@fyr—9) < Juy, (faw) < TN (frn) +¢/2

N//
S J/i\:\;i/(fN”)+€/2 S J/J]\;//(JE]V”)—|_8

= D(®fnr —g) + puneU(fxn) + e

By (A3), D(® fyn—g) converges to D(®f*—g) and, by the J~approximation property, U(fnr)
converges to U(f*). By (A1), D(®f* —g) = D(0) = 0, so the first term vanishes. Since U(f*)
is bounded, the second term also vanishes because of Eq. (2.3). Since ¢ is arbitrary, ||® fX» —g|lz
vanishes. Hence, ® f = ¢, but this contradicts the uniqueness of f*. ]



We remark here that the compactness assumption, as well as (A1-3), are conditions directly
verifiable for particular problems. In many problems, the J, approximation property is also
straightforward to verify, but in the context of T'V regularization it is much more difficult to
obtain, as well shall see in the next section. The uniform coercivity condition is often obtained
by taking U to be the Y norm. However, when a seminorm is used, the residual part of the
cost functional must be used to help provide the coercivity. The following condition, which is
similar to the conditions used in [1] and [16], will be used to obtain uniform coercivity.

(A4) There are bounded linear operators A : X — N C X and AN : XV — NV c XV such
that
I = Aullx + (I = Aully <esluly  Vue X

and
I — AN)xllx + 110 — AN)xlly <eslxly  VxexV

for some constant c3. Moreover, ® and ®V satisfy
|PAu||z > cal|Aully VYue X

and
@Y ANz > ca ANxlly  Vx € XV

for some constant c4 > 0.

Proposition 2.1 Assume (A1) through (A4). Then, for each x> 0, the sequence Jiv together
with J, is uniformly Y-coercive.

Proof. We only consider the inequality for the finite dimensional spaces. The inequality for the
infinite dimensional setting is established simlarly. First note that

N0 = [PV@Yy )]+ sV 0]

v

A2 x — gn % + B’ |xI¥

v

@ AV x|z 184V 2 — 2107(T — A% - gwlz ) + i

As a result,
T (x) = pealxly (2.5)

By (A3), G = supy{|lgn|lz} is finite. Also, by (A3) and the Principle of Uniform Boundedness,
C = supy{||®"||z(x,2)} is finite. Then, with (A4) we sce that

[@N(I — AN)x —gnllz < Cl(I —AV)xlIx + llgnllz
< Colxly +G
Combining the above, we have that
2
N 00| = eal ANy [eall AN Xy = 2 (Ceslxly + @] + i2SIxF

If the bracketed expression is greater than 1, then

2
Y00 = el AV Xl



Using this with (A4) and Eq. (2.5) gives

A

2
Iy < 1AVl + 1 = AMxlly < e [IY 0] + esldy

IN

2
cl_zclf1 {J,iv(x)} + c;;cg_lu_lju(x).

This establishes uniform Y'-coercivity since none of these constants depend upon N. On the
other hand, if the bracketed expression above is bounded by 1, then using (A4) and Eq. (2.5),

Ixly < 1Ay + (T = AM)x|ly

IN

cit (1+2Ccs|xly +2G) + c3|x|y

< Gt (1426) + (14206 ) ey ' T ().

Again, uniform Y -coercivity is established since none of these constants depend upon . ]

As noted above, the J,-approximation property is surprisingly difficult to analyze in the
context of total variation penalty terms with piecewise constant approximating elements, and
in the next section we study this issue in-depth. For the case of continuous, piecewise linear
elements, the following simple result provides the verification of the J,-approximation property.

Proposition 2.2 Assume (A1-4). Suppose that F ¢ R?, that X = L(F), and that U(f) =
TV (f). Suppose that {X™V} is a sequence of spaces of piecewise linear continuous functions
with the property that

inf ||If = xllwiis —0 as N —oo Ve whi(p).
xeEXN

Then the J,-approximation property holds.

Proof. Let f € X with U(f) < co so f € BV(F). Fix u > 0. According to Theorem 2, p. 172
of [7], there exist functions {¢y;} € C°°(F) N BV (F') such that

1
If = omllom < BT

and

1
T -T < —.
TV ()~ TV (6] < 51
Then for each M, choose N (M) > N(M —1) so that for N’ > N (M), there exists a yarn’ € XV

such that 1

loar = xanllwrey < 5oz
Given any N define M(N) as that M for which N(M) < N < N(M +1). Such an M always
exists since N (M) is strictly increasing without bound. Also, since N (M) is never infinite for
any finite M, M(N) — oo as N — co. Now define fx = xar(nv)n to get

1
larvy — Inllipiry + TV (Sarvy — IN) = 19wy — Inllwiaey < (N
Hence,
1
If = Inllziey S N = omevlloie) + 1éarvy — Nl < M) — 0. (2.6)

10



and

1
M(N)

TV () =TV (NI < [TV () = TV(@rmn)l + TV (dmvy — fy)l <
Now let e > 0. By (A3), and Eq. (2.6), the following is finite,

B = max{||®f — QHZ,SXIP{H(I)fN —9glz}}-

According to (A7) we can choose § > 0 so that
[D(v2) = D(v1)| <e/2 for vz —willz <6, |villz, [lvallz < B.
Then using (A9) and Eq. (2.6), we can choose N such that for N > N

[(@f —g) — (®fn —9)llz = |12(f — fn)llz < || ®llxz|lf — fnllx <6.

Also, by Eq. (2.7), assume N is large enough that for N > N,

plU(f) = U(fn)l < e/2.

Combining the above gives that for N > N

[Ju(f) = Ju(fn)| < [D(®f = 9) = D(®fn — g)l + plU(f) = U(fn)l <€

which establishes the J,-approximation property. ]

Thus, for linear spline approximation, we have verified the J,-approximation property. How-
ever, piecewise constant functions are commonly used in these problems, and it is of interest to
study the J,-approximation property in this context. This is the purpose of the next section.

3 Piecewise Constant Approximation in BV

An important issue in implementation is that of finite dimensional approximation. To ap-
proximate discontinuous functions, piecewise constant functions on a fixed grid are a natural
choice of approximating elements. We shall see, however, that care must be taken to ensure
that in some sense the approximate problems converge to the original problem. In this section
we give an example and propose some alternative approximation approaches. We remark here
that similar results have been derived in [4] in the context of image reconstruction.

3.1 A Simple Example

Here we present an example of a function f approximated by piecewise constant functions
fn in such a way that fy — f uniformly, but TV (fx) does not converge to TV (f). Let F be

discretized with a smooth curvilinear grid defined by cell vertices, {x, 41y 1}, 0<i,5 <N,
27 2

and cell centers, {x;;}, 1 <4,5 < N, where = (x,7). Let the grid be parametrized by &(x)
where, given a Ax along a grid curve, the corresponding A€ gives the length of the grid curve
segment. Specifically, with &;; = £(z;) and & = (§,7), the lengths of grid curves from x;_

1 . 1
273
i+di-1 and from T 11 to T; 1 ;41 are given by Aifi—%,j—% and Aj”i—%,j—%? where A;
and A; denote forward difference operators with respect to ¢ and j. Now, let f € C L(F) so that

TV (f) = [ |V fle,- Define fy by

to x

N 1 gi_%J < S(w) < §Z+%,]7
fN(m) = Z f(mij)xcij ($) with XCij ($) = ni,j—% < n(m) < nz,j—l—%
=1 0 otherwise

11



To compute TV (fxn) we use Theorem 1, p. 183 of [7]. Specifically, let C' be a generic cell from
the grid and let y¢ denote the indicator or characteristic function of C. Then for x1 = wixc¢
and y2 = wa[l — x¢], the function x = x1 + x2 satisfies

TVr(x) =TVe(x1) + TVi-c(x2) + /E)F Ix1 — x|

where the last term is the L!'(0C) norm of the difference of the traces. Thus,
TVr(x) = w1 — w2|H(IC)

where H(0C) is the Hausdorff measure of the boundary of C, i.e., its length. Continuing in this
way, we find that

N-1
V(fN) = Z [|Azf2j|A £2+ j__ 1+ |A f2]|AZ772——]+ }
,5=1

N-1 N-1
+ [‘A fzy‘AJSH- ]__} _ + [’Ajfij’Aini_%,j+% N
i=1 - j=1 =
N-1
A fij 1A fij
= + A1 i1 Agm
ij=1 Aifi_%7j+% Ajni_i_%’j_% LR ) L EY )
N—-1 N—
+ UA fﬁ]‘AJSH- ]——} N Z “A fu!Am,__,ﬁJ N
i=1 j=1

With A denoting the maximum diameter of any cell, we find on passing to the limit that

h—0 I, 19f T
TV () =9 /E [a—g oo || dcn= [ |7, 1aidear
where J is the metric Jacobian,
o¢ o€ g or
o or R T
J = with  (J7)" =
oy o or or
oxr Or on  On

In particular, if the grid is Cartesian, J = I and

TV (1) "2 [ VS lndadr # [ 9 fludedr = TV(P)

On the other hand, if the grid conforms to the level curves of f with

(fxyfr) (_frafx)
RV oy A F

then |J| =1 and Vf = |V f|p, V. Therefore,

(IDVF = [V le () TVE= Ve l ; ]

and

[TV fley = IV £les-
Hence, TV (fn) does converge to TV (f) for the right grid. The fact that TV (fy) does not
converge to TV (f) on a realistic grid is a serious problem for the identification problems of
interest in this paper. We are specifically interested in using Cartesian grids and the above
example indicates that the .J,-approximation property does not hold in this case. However, an
alternative approach is suggested by this example.

12



3.2 Alternative Definitions of the Total Variation

To obtain the appropriate convergence results, one possibility is to redefine the 7'V norm in
terms of the ¢; norm in R%. We set

TV,(f) = Sup/fV v,
vee,

where, with 1/¢ =1 —1/p,
Cp={U:F - R, ¥ e C}, ¥, <1}

Note that the usual TV is TVo. We also note that if f € C'(F), then we have by Hélder’s
inequality,

/fv-\y:/w.qu/ Ve, for W], < 1.
F F F

A limiting argument similar to that given in the standard case yields TV, (f) = [ [V fle, for
all f € CY(F).
Note that T'V,(x) for a piecewise constant x is independent of p provided the grid has the
Cartesian form {(xi_;,xiJrl) X (rj_;,errl)}, 1 <4,j < N. Specifically, let C be a generic cell
2 2 2 2
from a Cartesian grid and let x¢ denote the characteristic function of C'. Then

TV, = sup / xcV - V¥ = sup V.vdH < sup/ |Wg, |v]e,dH < H(OC).
veC, JOC vel, JoC

Here, H denotes the Hausdorff measure and v is an outwardly directed vector with |v|, = 1.
However, since the grid is Cartesian, v has only a single nonzero component necessarily equal
to 1. Thus, |v|,, = 1 for all p > 1. Again, a limiting argument shows that T'V,(x¢) = H(9C).
Continuing in this way, we find that T'V,(x) is independent of p for any piecewise constant x.

Since we are interested in using Cartesian grids, the above results suggest that to obtain
appropriate limiting behavior we should use T'V;. However, we still need many of the well
known T'V5 properties to hold for T'V;, including compactness properties. Many of these T'V5
results also hold for T'V; due to the equivalence of the ¢; and £ norms in R%. In particular, the
set of functions of bounded variation is independent of the choice of p. Note that T'V; has been
employed previously [5] to analyze conservation laws, with compactness in L' obtained through
bounded T'V; sets. By using T'Vi, we obtain the following result which allows us to verify the
J,-approximation property for piecewise constant functions.

Proposition 3.1 Assume (A1-4). Suppose that F' is a rectangle in R?, that X = L'(F), and
that U(f) = TVi(f). Suppose {XV} is a sequence of spaces of piecewise constant functions
defined on Cartesian grids made of identical cells with vanishing diameter as N — oo. Then
the J,-approximation property holds.

Proof. Let f € X with U(f) < oo so f € BV(F). Fix p > 0. According to Theorem 2, p.
172 of [7], f can be approximated by smooth functions {¢;} in the sense that as M — oo,
f — ¢ vanishes in LY(F) while TVa(¢ps) converges to TVa(f). This result holds for TV; as
well and the extension is nearly identical to that given in [7]. After the prescribed changes to
the theorem of [7], choose {¢p} C C°(F) N BV (F) such that

1

If = omllr =5

and

I TVA(f) = TVi(om)| < LM

13



Then, following the example of the previous subsection, define yuny € XV by

N
xun(®) = > ou(mij)xe, (z)
ij=1

where X, is the characteristic function for the cell Cy; = [x; . As before,

z—%7$i+%] X [T

j_% 5 Tj+%]
we find on passing to the limit that

TVi(xarn) =5 /F]VQSM]gldxdr — TVi(énr).

Also, we note that

N—oo
l¢nr — xmnllprry — 0.

Thus, for each M, we can choose N(M) > N(M — 1) so that for N’ > N(M), there exists a

XMN' € XN such that
1
lonr — Xmn ey < oM

and
— ! < _—.
\1 V1(¢M) 1 Vl(XMN) =90

Given any N define M (N) as that M for which N(M) < N < N(M +1). Such an M always
exists since N (M) is strictly increasing without bound. Also, since N (M) is never infinite for
any finite M, M(N) — oo as N — co. Now define fx = xpr(n)n to get

1

H‘ZSM(N) - fN||L1(F) < M)

and 1
TVi@wn) = TVilN)| < gareay
Hence, 1
1f = fnllorey < N = ol + lomey — vl < T 0
and
TVi(F) = TVi(fw)] < [TVi() = TVi(@arn)| + [TVA(Gasc) = TV(fw)| < 'MgN) ~0.

As in the proof of Proposition 2.2, the convergence of the residual term is straightforward, and
we omit the details here. ]

4 Total Variation Regularization

In this section, we apply our results to particular regularized minimal residual problems.
We begin by considering the cost functional

Ju(f) = ®f = gllz + pTVi (). (4.8)
Here, the flow-field domain on which the density is supported is
F={(z,r) : Tmin <2 < Tpax,0 <r < R}
and the measurement domain on which the data is supported is

P = {(l’,y) P Zmin <X SxmamOSySR}-

14



Also, X = LY(F) and Z = L'(P). The forward operator, ®, is the interferometry operator of
Eq. (1.1). Take Y = BV(F') equipped with the seminorm |- |y = TVi(-) and norm || - ||y =
|- lzrpy +TVi(-). Let A be the average value operator, Au = [pu/[R(Zmax — Tmin)]- By
inspection, D(v) = ||[v||z and U(u) = TVi(u).

We also consider the approximating cost functionals

T 00 = 19%x = gnllz + uTVi(x) (4.9)

in addition to others specified later in this section. Here, XV is a space of piecewise constant
functions defined on the Cartesian grid with cell centers at

ﬂj‘zzﬂj‘mm—F(Z—%)hm, TJ:(J_%)hM 1§Z7]§N7

where hy = (Tmax — Tmin)/N and h, = R/N. Similarly, ZV is a space of piecewise constant
functions defined on the Cartesian grid with cell centers at
$Z:3§‘mm+(2—%)hm, yJ:(]_%)hy7 1§Z7]§N7
where h, = R/N. Let II;~ be an operator which, in rough terms, projects Z into Zy,
N

XCi;
M nv = Z ; th g v(z,y) dzdy.
x ij

ij=1
Here Cjj is the cell Cyj = [x;_1, 7, 1] ¥ [yj_l,ijrl]. The discrete forward operator is ®V =
2 2 2 2
Iz, ® and the discrete data is gy = Ilz,g. Let AN = A. By inspection, DV (¢)) = |||z and
UN(x) = TVi(x)-
We now consider these particular choices in relation to assumptions made earlier. First,
we consider the compact imbedding condition. Since the T'V; and TV, seminorms are equiv-

alent, the compact imbedding follows from Theorem 4, p. 176 of [7]. Our next concern is the
verification of (A1-4). First, note that I~ : Z — Z" is a bounded linear operator, satisfying

[Mznvlz < vz
for all v € Z, with equality holding in case v > 0. Also, we have that for every v € L'(P),
[l —=Tyn]vllpipy — 0 as N — oo.

These facts imply that (A1-3) hold. The condition (A4) is obtained via Poincare’s inequality,
together with the following computation. Noting that ®(1) = G/ R? — y?, we have ||®Au||z =
71 Au|TR?G(2max — Tamin)- Also, |Tznvllz = [[0]lz for ¥ >0, so |V ANX|z = || @Ax|z =
%’AX’TFR2G((L'maX — Tin)-

From the verification of these conditions, we have the following convergence result.

Theorem 4.1 J, and Jliv in Eqgs. (4.8) and (4.9) have minimizers in L!(F) and X%, respec-
tively. Let f}; denote a minimizer of Jliv over X~. Then { [} has a subsequence that converges
in L'(F), and the limit minimizes .J, over L'(F). Also, if there exists a unique f* € BV (F)
such that ®f* = g, we can choose {uny} C RT to converge to 0 sufficiently slowly so that
1f* = falleiey — 0as N — oc.

To address the uniqueness issue, we have the following lemma.

Lemma 4.1 Assume ®f; = ®f,. Suppose that for each fixed =,

Fl(é)z{fl(w’M) 0<E<R 4 Fg(g):{gz(x,m) 0<¢<R?

0 otherwise otherwise

have Laplace Transforms and are uniquely recoverable from their respective transforms. Then

f1=fo.
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Proof. Since ®[f, — f1] = 0, it follows with the change of variables, £ = R? — 72, n = R? — ¢,
that

| K- 91R(6) - F©lde = 6o (4.10)

where

K<n>={”ﬁ -y

0 otherwise

and where G is some function satisfying G(n) = 0 for n < R2. Since the left side of Eq. (4.10)
has a Laplace Transform, so does the right side. So, the convolution equation in (4.10) can be
expressed as

K(0)[Bo(a) - Fi(a)] = Gla) (4.11)

wn

where “”” denotes the Laplace Transform of the underlying function. Since the left side of Eq.
(4.10) is uniquely recoverable from the left side of Eq. (4.11), so is G(n) uniquely recoverable
from G(«). Using K(«) = y/m/a in Eq. (4.11) gives

Fy(a) — Fi(a) = \/;G(oz)

Now let Sc(n) be the usual exponential mollifier which vanishes for |n| > e. Then multiplying
the last equation by S:(«) leads to

S-(@)[Rx(e) - F(e)] = 17 {a[S6@)]}.

™

Since G(n) is uniquely recoverable from G(a), S-(n) * G(n) is uniquely recoverable from
S.()G(a). Also, since S.(n)xG(n) is smooth, C;[S (n)*G(n)] is the inverse Laplace Transform

~

of a[S.(a)G(a)]. Continuing in this way, we find that

S.0) * [Falo) = Fa(n)] = 2K () = { 2= (5.0 = G}

Writing these convolutions explicitly gives

[ s-oime - reie =< [T Ko-9 |5 [ se-06@ac|de @)
0 ™ Jo 0

Since G(¢) = 0 for ¢ < R?,

d [ e - ,
i /0 S.(€ = OG(Q)dC = /0 S.(€ — O)G(Q)dC =0 for €< R? — 2.
Thus, ;
/0 K(n—¢§) Lz_g/o Sa(f_C)G(C)dC} d¢ =0 for n< R?>—2e.

By Theorem 1, p. 122 of [7], the left side of Eq. (4.12) converges in L*([0, R?]) to F»(n)—F1(n) as
€ — 0. Since the left side of Eq. (4.12) converges in L'([0, R?]) so does the right side. Moreover,
the right side of Eq. (4.12) converges pointwise to 0 on [0, R?) as ¢ — 0. Thus, f; = fo. |

The nondifferentiability of .J, leads us to consider the smoothed cost functional

f) :/P\/mdajdy-i-,u/F {\/'72+|fm|2+\/72+|f7|2] dadr (4.13)

which rounds off the corner of the absolute values appearing in J, of Eq. (4.8). A similar
1
3

approach is taken in [1] where TV(f) is approximated with [[y* + [V f[7]2. As shown in
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[1] and [9], one may develop a variational formulation of the above penalty which allows its
extension to BV functions. Rather than focusing on this issue, we proceed to the construction
of finite dimensional approximations for Eq. (4.8) based upon Eq. (4.13).

Because of the nature of convenient minimization methods, we now consider the approxi-
mating cost functionals

N
J;]LV(X) = Z hxhy\/7]2\7 + |q>NX - .gN|22j
i,j=1
N-1
+ 12 Z hxhr |:\/'7]2V + h;2’AiXij‘2 + \/7]2\/ + hr_2’Asz'j‘2:| (4.14)
i,j=1
N-1 N-1
oY hahe R R AN 2+ 1Y hahey/ 7 b2 A 2
i=1 J=1

All definitions made for the approximating cost functionals in Eq. (4.9) are used here except

that now for ¢ € ZV,
N
DN () = 3 hahyy/7% + W13

ij=1
and for y € XV,
N-1
U¥(x) = > hahe {\/W% + ha | A 2 + \/712\/ + h;2|Ainj|2}
ij=1
N-1 N-1
Y hah [ B AN 2 Y RV + B2 A X2
i=1 j=1

where vy — 0 as N — oo.
We now consider these new choices in relation to assumptions made earlier. Because of the
similarities between Eq. (4.9) and Eq. (4.14), only (A1) and (A2) require attention. For these

note that since
[z| </ + |z]?

for ¢ € ZN,
N
D) = [¢lpy = D hahyld] < DV()

1,j=1

and for y € XV,

N-1
Ulx) = TVi(x) = Y hahe [hg?l |Aixij| + hy ! |Ainj|]

ij=1
N-1 N-1
+ 3 ke B ANl + D hehe (B [Agxgl] < TN ()
i=1 j=1
Also, the inequality,
P2+ lel —fal| <

implies

’D(”tb) - DN(l/})’ < ’YNR(‘Tmax - xmin) — 0 as N —
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and
\U(x) — UN(X)| < 2yNR(Tmax — Tmin) — 0 as N — 0.

Thus, (A1) and (A2) follow with co = ¢; = 1.
From the verification of these conditions, we have the following convergence result.

Theorem 4.2 J, and J/ﬂv in Eqs. (4.8) and (4.14) have minimizers in L'(F) and X, respec-
tively. Let f3; denote a minimizer of J/ﬂv over XV, Then { [} has a subsequence that converges
in LY(F), and the limit minimizes .J, over L'(F). Also, if there exists a unique f* € BV (F)
such that ®f* = g, we can choose {uny} C RT to converge to 0 sufficiently slowly so that
1f* = fxllpir) — 0as N — oo.

5 Concluding Remarks

We have studied in this paper some approximation issues in estimating images via total
variation regularization. These results are applicable in a wide variety of situations, such as in-
verse interferometry. The issue of convergence of minimizers computed using piecewise constant
basis functions is a difficult matter, one which led us to consider the use of a slightly different
definition of total variation.

One criticism of the use of the 1-norm in R is its lack of rotation invariance, which means
that rotated images will have different cost functional values. There is thus a price to be paid
for obtaining a consistent numerical scheme. It is unclear what the practical effect of rotation
invariance (or lack thereof) really means to image reconstruction. We plan to continue the
investigation of the difference of these two total variation definitions.

We also remark that our preliminary numerical findings in inverse interferometry are very
promising. The penalized minimal residual ideas discussed herein provide substantial improve-
ment over the direct inversion methods based on the inversion of the density-to-phase map.
A complete study of the computational aspects and numerical simulations is underway, with
results to be published elsewhere.
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