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Abstract. The convolution model of DCE-MRI is considered in [2] where a revised theory of tracer
transport is set forth. To arrive at a model which is purely local to the tissue region being examined,
it was assumed in [2] that the selected tissue has only convective and no diffusive coupling with outside
regions. Then the arterial input function was introduced as a forcing term in a distributed convection-
diffusion system. A consequence of this formulation was that a decay estimate was not forthcoming,
which corresponds physically to the natural condition that contrast agent is eventually eliminated from
the tissue region. The purpose of this Addendum is to present a more elegant formulation for which a
natural exponential decay estimate can be proved.
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1 Review of the Problem

The problem of modeling dynamic contrast enhanced magnetic resonance imaging (DCE-
MRI) is considered in [2] where a revised theory of tracer transport is set forth. According to
this technique, a bolus of contrast agent is injected into a patient, and rapid magnetic resonance
imaging techniques are used to follow the concentration time course of the contrast agent as
illustrated in Figure 1. The local changes in intensity seen in such data are used to quantify
the transport properties of the imaged tissue. The transport of contrast agent through an
arbitrary tissue region (1 is illustrated diagramatically in Figure 2. Here, Carr is the arterial
input function which represents the concentration of contrast agent when entering the tissue
region ). The venous output function is Cyor which represents the concentration of contrast
agent when exiting €). The average concentration in the tissue region is denoted by Ct. Since
Car and C7 can be estimated from imaging while Cyor cannot, the modeling goal is to relate
Carr and Ct in such a way that measurements of these quantities permit transport properties
to be estimated.

The distributed concentration C' = C(z, t) in € is formulated in [2] according to the following
convection-diffusion partial differential equation with imposed initial and boundary values:

0,C+V - [FvC] = V-[Dw)VC], Qx(0,T]
0 = n-[DW)VC], Xx(0,T] (1.1)
C = Carr, I' x (O,T] )
cC = Cy, Q x {t =0}
Here, v is a unit vector field, |v(x)| = 1, with the same orientation as convection, and F'

is the fluid velocity. Also, D(v) = dvvT + p[I — vv?] is a diffusivity tensor which includes a
convection oriented diffusivity d and a permeation oriented diffusivity p. The outwardly directed
unit normal vector at the boundary 02 is denoted by n. Thus I' = {& € 9Q : Fv-n < 0} is
the inflow portion of the boundary and the rest of the boundary is denoted by ¥ = 9Q\T.
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Figure 1: Magnetic resonance images taken from a series of images measured during the injection of a
Gadolinium-DTPA based contrast agent. From left to right the images were taken, respectively, before
and after the appearance of the contrast agent. The first row shows T;-weighted images for which the
appearance of contrast agent has caused a local elevation in the otherwise rather uniform intensity. The
second row shows T -weighted images for which the contrast agent causes a local reduction in intensity.
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Figure 2: Contrast agent enters the tissue region 2 with concentration Carp and leaves with concen-
tration C'yvor. The average concentration within the tissue region is Cv. The inflow boundary is I' and
the outflow boundary is a subset of X.

As seen in [2], systems such as (1.1) can be integrated to arrive at a convolution formulation:

Co(t) = /0 "K(t— 1) Cprp (1) (1.2)

where K is a convolution kernel depending upon the transport parameters. To arrive at such a
convolution model, which is purely local to the selected tissue and isolated from its surroundings,
it was assumed in [2] that Q has only convective and no diffusive coupling with outside regions.
Specifically, the boundary condition in (1.1) on ¥ was assumed to hold on the whole of 99
leaving I' = (). Then Car was introduced as a forcing term in the partial differential equation
as a parallel to a compartmental formulation. A consequence of this formulation was that a
decay estimate was not forthcoming, which corresponds physically to the natural condition that
contrast agent is eventually eliminated from ). The purpose of this Addendum is to present a
more elegant formulation in which (1.1) is used directly to establish the characterization (1.2)
for which an exponential decay estimate can be proved.



2 Statement of the Result

Here (1.1) will be written as a Cauchy problem,

X'(t) = —-AX(@)+U((t), t>0
{ X(0) = X (2.1)
which is solved formally with T'(t) = exp[—At] and:
X(t)=T(t)Xo + /Ot T(t —s)U(s)ds (2.2)

For the following note that H™(£2) is the Sobolev space of Lebesgue measurable functions
whose weak derivatives up to order m are in the space L%() of Lebesgue square integrable func-
tions. The space of essentially bounded Lebesgue measurable functions is denoted by L% (€2).
Also, the space of continuous mappings from U into V is denoted by C(U, V) and by C(U) in
case V = R. The space of bounded linear operators from U into V is denoted by L(U, V') and
by L(U) in case V = U. The norm for the Banach space B is denoted by || - |z and the inner
product on the Hilbert space H is denoted by (-, -)g.

To transform (1.1) into the form (2.1), define first the Hilbert space:

HE(Q)={X € H'(Q): X =00nT} (2.3)

which as a closed subspace of H'(2) may be equipped with the usual H'(2) norm. Then by
integrating the convection-diffusion terms in (1.1) by parts define the following bilinear form on
H{(Q) x H{(Q):

CL(X, Y) = <D(’U)VX, VY>L2(Q) + <F’U -VX, Y>L2(Q) (24)
As consequence of Theorem 4 below is that there exists a unique operator A defined by:
a(X,Y) = (AX,Y) 2, X €D(A), Y €HNQ) (2.5)

where

D(A) = {X € H{(Q) : [a(X,Y)| < c|[Y|r2(0), VY € HE(Q)} (2.6)

It is assumed, in the standard way [2], that the boundary condition in (1.1) is spatially invariant,
Carr = Carr(t), and sufficiently regular. Specifically,

Carr € CH7([0,00)), v € (0,1] (2.7)

To extend the boundary condition into the interior of the tissue, define:

C(wat) = CAIF(t)IQ(w)v IQ(m) = 17 é € Clﬁ([ov 00)7L2(Q)) (2'8)

and
U=-C"eC%([0,00),L*(Q)). (2.9)

With C given according to (2.8), a solution C' to (1.1) is transformed to a function satisfying
homogeneous Dirichlet boundary conditions at I'" according to:

X=C-C (2.10)
which satisfies (2.1) with the initial condition,

Xo = Cy— C(0). (2.11)



The technical assumptions required of the transport coefficients are now stated explicitly.
It is assumed that the diffusivity tensor is uniformly coercive in :

S|Ef* < &-[D(v)€], VEe R’ (2.12)

Also, the coefficients are assumed to be temporally invariant, v = v(x), F = F(x),d = d(x),p =
p(x), bounded, F,d,p € L>*(Q) and sufficiently smooth. Further, it is assumed that 0 is
smooth and that the fluid flow is balanced in every subset with smooth boundary:

/ [Fv-nlde =0, VQCQ, = V-.[Fv]=0, Q. (2.13)
Qo

Under the above assumptions the following is proved in the next section.

Theorem 1 The operator A generates a semigroup T(t) € C°([0,00), L(L?(R))). Also there
exists an w > 0 such that
IT(t)| 20 < e (2.14)

Further, for every Xo € L*(Q) and for every U € C%7([0,00), L*(Q)), v € (0,1], X in (2.2)
solves (2.1) and satisfies X € C°([0,00), L?(2)) N C((0,00), L3(R))) and X (t) € D(A) for every
t>0.

Given the solution X to (2.1), the associated solution C' to (1.1) is given according to (2.2),
(2.9) and (2.10):

t
C(t)—C(t)=T()[Co— C(0)] — / T(t—s)C'(s)ds (2.15)
0
which is simplified formally with T'(¢) = exp[—At| by integrating by parts to obtain:
t
Ct) = T(1)Cy + / AT (1 — 8)IoCare (s)ds (2.16)
0

where (2.8) has been used to substitute C. Note in (2.16) the elegant parallel with formula
(2.4) in [2] for the case that  is well mixed leaving A to be a constant. For the more general
case at hand, define:

Cr(t) == [ C(z,t)dx (2.17)
9] Jo
and .
Kt) = — [ AT(t)Iodz (2.18)
€ Jo
to obtain (1.2) from (2.16) provided that
Co = 0. (2.19)

Under the above assumptions the following is proved in the next section.

Theorem 2 Given X in (2.2), the function C = X + C is a solution to (1.1) satisfying C €
C°([0, ), L2(2))NCL((0,00), L?(2)) as well as (2.16). With vanishing initial conditions (2.19),
the functions Ct in (2.17) and K in (2.18) satisfy (1.2).



3 Proof of the Characterization

For completeness, the following theorems from [3], which are cited below, are stated here
explicitly. Adapted for present purposes, Theorem 3.A, p. 89, from [3] follows.

Theorem 3 Necessary and sufficient conditions that an operator B : D(B) C L*(Q) — L*(Q)
be the generator of a semigroup S(t) € C([0,00), L(L*())) satisfying ||S(t)| z(r2q)) < 1, Vt >0,
are that D(B) be dense in L?(Q2) and that the operator (A — B) : D(B) C L*(2) — L?(2) be
a bijection satisfying [|AN(N — B)*1||£(L2(Q)) <1 for all X > 0. [

That these conditions are met for the current problem can be guaranteed according to the
following adaptation of Theorem 6.A, p. 99, from [3].

Theorem 4 Suppose that a in (2.4) is coercive:
a(X, X) > w| X3 0 (3.1)

and bounded:
1a(X,Y)| < all X[ g1 o) | X N 710 (3.2)

Then the operator A is uniquely defined by (2.5) and (2.6) and D(A) is dense in L*(§2). Define
s(0) = {z € C : |arg(z)| < 6}. Then 30y € (0,%) such that (A + A)~" € L(L*(Q)), VA €
s(5 +00). Also V0 € (0,00), AMy such that [N+ A) 7|z 120y < M. In particular, YA > 0
||)‘()‘I+A)_1H£(L2(Q)) <1 holds. |

The conditions (3.1) and (3.2) are established below in Lemma 2. Since (0,00) C s(§ 4+ 6o),
Vo € (0, ), the result of Theorem 4 is that the conditions of Theorem 3 are met. Hence, —A
generates a contraction semigroup T'(t) € C%([0,00), L(L*(2))) satisfying ||T(t)]lzz20)) < 1,
Vt > 0. Nevertheless, it will be shown below that {T'(t)};>0 satisfies an exponential decay
estimate. Furthermore, the next theorem shows that the semigroup is not just continuous but
also analytic. This is an adaptation of Theorem 6.B, p. 100, from [3].

Theorem 5 Let A be defined by (2.5) and (2.6). Let s(8) and 6y be as given in Theorem 4.
Then there is a family of operators {T'(t) : t € s(60)} C L(L?*(Q)) satisfying the following:

a. T(t+s) =T(s)-T(s), Vt,s € s(6p) and VX,Y € L*(2), the function t — (T(t)X,Y)2(o)
is analytic on s(6p).

b. Fort € s(0y), T(t) is linear from L?*(Y) into D(A) and

ar

—— () =A-T(t) € LL*(9)) (3:3)

c. If 6 € (0,6y), then for some constant c(0),
1T 22y < @),  IRAT @) 22y < @), t€s(bo—0) (3.4)
and for X € L*(Q), T(H)X — X ast — 0, t € s(6y — 0). [

Finally, the solution to (2.1) with the required regularity is given by the following adaptation
of Theorem 6.E, p. 103, from [3].

Theorem 6 Let A and T(t) be given as in Theorem 4. Then for each Xo € L*(Q) and
for each U € C%7([0,00), L?(Q2)), X in (2.2) solves (2.1) satisfying X € C°([0,00), L*(Q)) N
CL((0,00), L%(2)) and X (t) € D(A) fort > 0. ]



To establish conditions (3.2) and (3.1) of Theorem 4, the following technical lemma is used.

Lemma 1 Assume that (2.13) holds and that X € HL(). Then
/ XV - [FvX]dx / X?%[Fv -n]ds(x) >0 (3.5)
Proof. According to Green’s theorem [1],

/ XV [FvX]dx = [ X?*Fv-n]ds(x / XFv-VXdz. (3.6)
Q [2/9]

On the other hand, from the product rule,
V- [FvX]=XV.(Fv)+ Fv-VX =Fv-VX (3.7)
where the first term, XV - (Fv) = V - (Fv) = 0, vanishes due to (2.13). Multiplying (3.7) by

X, integrating over 2 and summing with (3.6) gives:

2 /Q XV [FvX]dx = aQX2[F'v-n]ds(:c)
= /X2 [Fv - n|ds(x /X2 [Fv-nlds(x) (3.8)

= /XQ[Fv-n]ds(w)
by

where the integral over I' vanishes since X = 0 holds there. After noting that the integrand is
necessarily non-negative on X, the result (3.5) is obtained. [

Lemma 1 justifies the definition of the energy norm:
IX[% = a(X, X) = (D(v)VX,VX) 120 / X?[Fv - nlds(z) (3.9)

which follows from (2.4) and (3.5). Next, the conditions of Theorem 4 are proved.

Lemma 2 There exist constants oc,w > 0 such that the bilinear form a of (2.4) satisfies (3.2)
and (3.1).

Proof. Coercivity is established by contradiction. If no such constant w exists, there exists a

sequence { Xy} such that || Xy 4 =% 0 while ||Xk||H1 y > € > 0. Setting X = Xk/HXkHHl
gives:

[ Xillgroy =1, Vk (3.10)

and || Xg[[a < GilHXkHA or:
[Xklla — 0, &k — oo (3.11)

Since the sequence {Xj} is bounded in the Hilbert space HL(f2), there is a subsequence (again
denoted by {X}) which converges weakly in HA(Q) to some X € HL(Q) [1]. Since HA(Q) C
H'() is compactly embedded in L?(2), the sequence {X}} converges strongly in L%(Q) to X
[1]. According to (2.12), (3.5) and (3.11),

k—o0
319 Xiel32(@) < (D(©)V i, VX0 2y < X0l = 0 (312)



the sequence {V X} converges to zero in L?(2). Thus, the sequence {X}} actually converges
strongly in H%(Q), and due to the uniqueness of limits, the strong limit is Xe HL(). According
to (3.12), )

0= lim [[VXkllz20) = [VXlL20) (3.13)

so X is a constant. Since X € H}(Q), X = X|r = 0. However, this violates the following
consequence of (3.10):

A~ l A . A
KNI = 1K 22y = Jim K20 =1 (3.14)

The contradiction implies coercivity of a.
Finally, from the estimate,

a(X, V)| < (ldll (o) + 2lpll e @) IV X L2(0) VY || 120

+ [ Fll e IV X | L2 1Y [ 2(02) (3.15)
< ([l (o) + 2[Ipl oo () + 1| Loe @)1 X e @) 1Y 11 (02)
boundedness of a follows. n

With Lemma 2 the results of Theorems 4, 5 and 6 follow immediately. The desired expo-
nential decay estimate is established as follows.

Next, Lemma 1 and 2 are used to prove the following range condition for A.
Lemma 3 The operator B = wl — A satisfies the conditions of Theorem 3.

Proof: Let A > 0 be arbitrary and suppose U € L?(€2). A weak solution to (A — B)X = U is
next constructed. For this, define the bilinear form on HE(Q) x HE(Q),

B(X,Y) = a(X,Y) + (A —w)(X,Y) 120 (3.16)

and the linear form on H{ (1),
u(Y) = (U,Y) 120 (3.17)

The bilinear form is bounded according to (3.2):

(X, Y) < [a(X,Y)[+ A+ w)(X,Y) 20l
< ol X[[m@llY lar@ + A+ )1 X[ 2@ 1Y | 220 (3.18)
< (a+ A+ W) X][g@llY g @
as is the linear form:
)| < NUllL2@yIY 22y < Ul 2@ 1Y |21 (3.19)

The coercivity of the bilinear form is established using (3.1),

b(X, X) a(X, X) + (A — W) (X, X) 120

Vvl

wHXH%[;(Q) +()‘_w)2”X”%2(Q) (3.20)
= WUVXHLz(Q)‘z)‘HXHp(Q)
> min{w, /\}HXHHI(Q)
Thus, by the Lax-Milgram Theorem [1] there exists a unique X € H{(€2) such that
b(X,Y)=u(Y), VY € HEQ) (3.21)



Using (3.16) and (2.5), B is related to b according to:

<—BX, Y>L2(Q) = <AX —(.L)X,Y>L2(Q)
= a(X,Y) - w(X,Y) 20 (3.22)
= (X,Y)+ XX, Y>L2(Q)

Since the bilinear form on the right in (3.22) is bounded and coercive on HE(Q) x HE(S),
Theorem 4 implies that B = wl — A and D(B) are uniquely determined in analogy to (2.5) and
(2.6). Since X satisfies:

6(X,Y) + MX,Y) 20 [u(Y) + MX,Y) 1200

- 3.23
< (WUl + A X o) iy, WY e 2@ 32)
it follows that X € D(B). From (3.21) and (3.22) it follows that

or (Al — B)X = U. Thus, the operator (A — B) : D(B) C L?(2) — L?(2) be a bijection. To
estimate the resolvent of B, note that the following is obtained by discarding w||VX |2, @ >0
from (3.20):

MX[agy < b X) = alX, X) + (A — )| X |20,
— (AX 4+ (A —w)X, X) 20) = (M = B)X, X) 120 (3.25)
< M = B)X |20 [ X [l £2(e)

Therefore, [[A(A — B)_1|’£(L2(Q)) < 1, and the conditions of Theorem 3 are met. [

From the calculation,

h=eMT(h) — 11X = h7Y(e*h = 1)T(h) + (T(h) — 1) X

h—0

S (wl-A)X =BX, XeD(A)=D(B) (3.26)

it follows that the semigroup generated by B = (wl — A), as guaranteed by Lemma 3 and
Theorem 3, is e!T'(t) where T'(t) is the semigroup generated by A, as guaranteed by Theorems
3 and 4. Since B generates a contraction semigroup, [|e*"T(t)||z(r2(q)) < 1 holds, and the decay
estimate (2.14) follows. Thus, Theorem 1 follows with Theorem 6.

According to Theorem 1, the function C' defined in (2.10) satisfies (2.15). The following is
proved in order to justify the formal integration by parts leading to (2.16).

Lemma 4 With C given in (2.8), the function C in (2.15) satisfies (2.16).
Proof. In order to avoid the point s = ¢ in (2.15) at which the differentiability of 7'(t) is not
guaranteed by Theorem 5, (2.15) is divided as follows for 0 < t —e < t:
B B t—e B t _
Ct)—C(t)=T(@)[Co— C(0)] — / T(t—s)C'(s)ds — / T(t —s)C'(s)ds (3.27)
0 t—e

Note that the integral in (3.27) over [0,¢ — €] converges to the full integral in (2.15) as € — 0
since the integral in (3.27) over [t — ¢, t] vanishes according to:

IA

t
/t IT(t — $)Tall 20y |Clare (5)]ds

—€

/t " T(— ) (s)ds

—€

12(9)
(3.28)

IN

t
sup |Cle(s) / et=9) /10]ds %0

0<s<t



Then the integral in (3.27) over [0, —¢| is simplified by noting in Theorem 5b that (0, c0) C s(6p):

/ P —s)C(s)ds = [T(t—)C(s)]E — / D~ )O(s)ds
0 0
(3.29)

0
The last integral in (3.29) converges in L?(f2) as € — 0 since all other terms in (3.29) converge
in L2(). Thus, combining (3.27) — (3.29) gives:
t
C(t) — C(t) = T(t)[Co — C(0)] — [T(0)C(t) — T(t)C(0)] +/ AT(t — 5)C(s)ds (3.30)
0
which simplifies to (2.16). [

Finally, average values in (2.16) are taken over € and Fubini’s Theorem [1] is used to reverse
temporal and spatial integrations to obtain the formulas (2.17) and (2.18). With vanishing
initial conditions in (2.19), the desired convolution formula (1.2) is obtained. Thus, Theorem 2
is proved.
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