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Abstract. Counterexamples are used to motivate the revision of the established theory of tracer trans-
port. Then dynamic contrast enhanced magnetic resonance imaging in particular is conceptualized in
terms of a fully distributed convection-diffusion model from which a widely used convolution model is
derived using, alternatively, compartmental discretizations or semigroup theory. On this basis, applica-
tions and limitations of the convolution model are identified. For instance, it is proved that perfusion
and tissue exchange states cannot be identified on the basis of a single convolution equation alone. Yet
under certain assumptions, particularly that flux is purely convective at the boundary of a tissue region,
physiological parameters such as mean transit time, effective volume fraction, and volumetric flow rate
per unit tissue volume can be deduced from the kernel.
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1 Introduction

A major goal in functional magnetic resonance imaging is to evaluate tissue perfusion, or
fluid flow, and the exchange between tissues and blood, or vessel permeability. For instance,
ischemic tissues are characterized by a low oxygen state due to inadequate blood flow. On the
other hand, tumors are characterized by excessive vascularization and a corresponding increase
in blood flow. Further, the transport mechanisms involved may be convection or diffusion
dominated when the volumetric flow rate is large or small, respectively, in relation to vessel
permeability for instance. To evaluate the transport states of tissues, a bolus of contrast agent
is injected into a patient, and rapid magnetic resonance imaging techniques are used to follow
the concentration time course of the contrast agent at a given tissue site. The present paper
grew out of the authors’ efforts to develop estimation techniques by which dynamic contrast
enhanced magnetic resonance imaging (DCE-MRI) data may be used to quantify the transport
states described here [13]. While attempting to clarify precisely what can be determined from
these data, it was discovered that the theory of tracer transport and the convolution model
of DCE-MRI requires revision. The purpose of this paper is to explain the need for revision
and to present a new foundation for the theory. In a follow-up paper [14], the authors present
their nonparametric deconvolution techniques whose applicability is naturally constrained by
the theoretical results reported here.
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In Section 2 simple examples are used to motivate the need for revision of the mathematical
formulation of tracer transport given in the foundational work of [26] and cited in most recent
works, e.g., [10], [11], [15], [18], [23]. Specifically, by means of explicit solutions it is shown in
Section 2 that while the physiological mechanisms of interest in [26] are represented in Fig. 1b,
the mathematical formulation appearing in that work applies to Fig. 1a.

A new theoretical foundation for tracer transport and DCE-MR imaging is presented in
Section 3 in terms of a fully distributed convection-diffusion model; note the emphasis on
distributed parameter modeling of capillary-tissue exchange in [16] and see also further semi-
distributed models in [7] and the references cited therein. A well known convolution model is
newly derived from the present convection-diffusion model using, alternatively, compartmental
discretizations or semigroup theory. In the convolution form of the model, an arterial input
concentration of contrast agent is convolved with a desired convolution kernel, which is the
impulse response of a given tissue region. With the convection-diffusion formulation, the limits of
applicability of the convolution formulation are conveniently illuminated. Specifically, detailed
results established in Appendices A and B are used to characterize the tissue states described
above and to identify them as spectrally distinct. Further, it is shown that the convolution
model requires concentration flux at a tissue boundary to be purely convective. Under this and
other stated conditions, the physiological parameters which have received the most attention in
the literature and which can be computed from the convolution kernel are derived anew. These
include the volumetric flow rate per unit tissue volume, the mean transit time, and the effective
volume fraction; see, e.g., [19].

Examples are also given in [5], and the references cited therein, in which the kernel shape
must be determined accurately. Further, the kernel shape has been fit to parametrized com-
partment models [15] [23], particularly in an effort to identify the tissue states described above
[10], [11], [18]. However, it is shown in the present work that these tissue states cannot be
decided on the basis of a single convolution equation alone. Specifically, it is proved here that a
given transport kernel can be approximated arbitrarily well by one for a tissue in which trans-
port is purely convective. Nevertheless, in the follow-up work [14], nonparametric regularized
deconvolution methods for kernel estimation are presented which permit the determination of
the kernel shape and physiological parameters which can be deduced from it.

2 The Motivating Examples

The aim of this section is to motivate the need for revision of the mathematical formulation
of tracer transport given in the foundational work of [26] and cited in most recent works, e.g.,
[10], [11], [15], [18], [23]. The point can be made clearly by considering the simple compartmen-
tal models shown in Fig. 1, which are chosen for ease of explanation while related distributed

Carr LR Cvor Carr LR —Cvor

Figure 1: Compartment networks with (a) purely convective exchange shown on the left, and (b)
convective and diffusive exchange shown on the right. The parameters in (3.2) may be chosen so that

the respective residue functions are identical.

parameter formulations discussed later would make the point perhaps more realistically. The
typical notation of the established theory is used here and briefly explained but then intro-



duced systematically in Section 3. In both the examples of Fig. 1, a tissue region is divided
into two compartments which are assumed to be well mixed and with constant volumes V.
According to the usual assumptions, transport of a tracer into and out of the tissue region
occurs only through concentration functions Catp and Cyor, respectively, i.e., an arterial input
function and a venous output function. Tracer concentration in compartment 7 is denoted by
C;. The passive transport mechanisms of convection and diffusion are represented respectively
by unidirectional and bidirectional transport paths between compartments. The differential
formulations of transport for Figs. 1a and 1b are given respectively by the following particular
cases of (3.2):

ViG] + Ei(C1—Cawr) = 0 1)

VQCé + /€2(02 — 01) =0 ’
and:

Vlc{ + kl(C1 — CAIF) = klz(CQ — C1) (2 2)

VQCé = k12(01 — 02).

When the first and second compartments are regarded respectively as intravascular and ex-
travascular spaces, Fig. 1b is clearly the more fitting description of perfusion and permeation
in the tissue region. Specifically, perfusion is unidirectional convection, being driven by a fixed
pressure gradient, while permeation is bidirectional diffusion being driven by a varying concen-
tration gradient. Thus, a permeable substance injected into either the intra- or extravascular
space would diffuse into the opposite space where the concentration is lower. Such bidirectional
transport is not permitted in Fig. 1la. While the physiological mechanisms of interest in [26]
are represented in Fig. 1b, the mathematical formulation used in the foundational work, as well
as in others building on this foundation, applies to Fig. 1a. In order to justify this claim, the
respective mathematical formulations must be given explicitly.

According to [26], if hy and hg are the distributions of tracer transit times through the
intravascular and extravascular spaces respectively, and E is the fraction of tracer extracted
from the intravascular space, then the distribution of tracer transit times through the tissue
region is given by:

h(t) = (1 — E)hi(t) + Eha(t) * hi(t) (2.3)

where * denotes convolution. As shown below in relation to (3.25), the distribution of transit
times for a given tissue region is the venous output function for that region resulting from an
impulsive arterial input function. It will be shown by solving (2.2) that the diffusive connection
between compartments 1 and 2 in Fig. 1b creates such a strong coupling between them that
independent impulse responses cannot even be defined for these two compartments. However,
impulse responses are readily defined for the compartments of Fig. 1a, and the solution to (2.1)
agrees with (2.3) as will now be demonstrated.

Under the assumption that the initial tissue concentration is zero, the solution to (2.1) for
an impulsive Carp = § is given by the following particular case of (3.4):

Ci(t) = h(t)

. — .o it 1. -
Colt) = hi(t)sho(ty R i) = e =hi/Vi (2.4)

The tracer concentration in the tissue region is given by the following particular case of (3.23):

Clt) = ViC1 + VaCs k1

k
= Tt g 2oty omhzt] 2.5
Vi+ Vs T R A (25)

As explained in relation to (3.24) and (3.25), the fraction of tracer remaining in the tissue after
time t is R(t) = C(t)/lim,_,q+ C(s) and the distribution of transit times through the tissue
region, or equivalently the impulse response of the tissue region, is given finally by:

h(t) = —R'(t) = (1 — E)hy(t) + Ehy(t) x ha(t), E =ko/ky. (2.6)



Here, h1 and ho can be identified as the impulse responses of compartments 1 and 2 in Fig. la
as they are solutions to V;C/ + k;(C; — §) = 0. Also, since ki and ko are purely convective rate
constants, F is the fraction of the flow into compartment 1 which is extracted into compartment
2 while the flow fraction (1 — E) continues toward the venous output. Clearly, (2.6) agrees with
(2.3), and it will now be shown that the solution to (2.2) does not.

Under the assumption that the initial tissue concentration is zero, the solution to (2.2) for
an impulsive Car is given by the following particular case of (3.4):

_ ki —Ait — Aot
Cl(t) = m |:(k12 — )\1‘/2)6 th— (]{,'12 - )\2V2)€ 2 :|
(2.7)
kikiz Nt ot
Co(t) = 1 — 2
2({) Viva(A2 — A1) (e ¢ )
where:
A= (a+B)/(2Vie), a = kip(Vi+Va)+ ks, 238)
Ay = (a—pB)/(2V1 k), B? = (kiVa+ kio(Vi + Va))? — 4k k1o Vi Va. '
As with (2.5), the tracer concentration in the tissue region is given by:
k
Clt) = Vit + Va0 1 "

[(k12(V1 + Vo) = MVAVR)e M — (ko (Vi + Va) — )\2V1V2)€7)‘2t}
As with (2.6), with R(t) = C(t)/lim,_,¢o+ C(s) the impulse response of the tissue region is given
finally by:

_ A (k12(Vi + Va) — )\1V1V2)e_,\1t ~ Aa(kie(Vi+ Vo) — )\2V1V2)e_,\2t
ViVa(A2 — A1) ViVa(A2 — A1) '

(2.10)

h(t) = —R'(t)

Notice the dependence of the eigenvalues —A; and —\g of the system matrix in (2.2) upon
parameters of both compartments. Thus, the compartments of the system are so strongly
coupled that separate compartmental impulse responses cannot even be defined. Nevertheless,
an extraction fraction can still be defined as seen in the discussion of (A.3).

Notice that the intra- and extravascular spaces may be arbitrarily finely compartmentalized,
even represented by distributed parameter models, and yet so long as the two are in passive
diffusive contact with one another, impulse responses can no more easily be defined for the
two spaces than they can for the simple two-compartment model analyzed above. More serious
still is the fact that one cannot determine by measurement of the impulse response of a tissue
region whether that region is characterized by a model such as Fig. 1a or Fig. 1b. To see this,
note from (2.6) and (2.10) that in both cases h (and R) are a sum of two exponentials. Given
those exponentials, it cannot be determined whether the system eigenvalues are given by (2.4)
or (2.8). This last observation is a special case of a general non-identifiability result established
below in Theorem 2.

3 A Revised Theory

Since it has been shown in the previous section that the theory of [26] and related works
requires revision, a new distributed parameter basis is proposed in this section with particu-
lar interest in deriving the convolution model of DCE-MRI. The derivation of the convolution
model from within this framework critically demonstrates assumptions upon which the convo-
lution model is based, but further allows a characterization of qualitatively distinct convolution



kernels in terms of their spectral properties. Furthermore, this characterization is used below
to show that the associated distinct transport states cannot in general be identified from a
single convolution equation alone, since a convection dominated kernel can be found which is
indistinguishable from a given kernel.

3.1 Distributed Parameter Setting

The importance of distributed parameter modeling of capillary-tissue exchange is empha-
sized in [16], but existing models are semi-distributed in the sense that a system of concentra-
tions is defined for a single capillary with parallel subregions at whose boundaries permeation is
driven by jump discontinuities in concentration; see [7] and the references cited therein. Here,
DCE-MR imaging is conceptualized in terms of a fully distributed convection-diffusion model in
which permeation is driven by concentration gradients. For this, let 2 be a given tissue region
containing both intravascular and extravascular spaces. According to the usual treatment of the
continuum hypothesis [4], distributed quantities are defined pointwise by the limit of stable av-
erages within ever smaller volumes. Specifically, let v be a vector field such that v has the same
orientation as convection when convection is present and [I — vv™] has the same orientation as
permeation when permeation is present. Assume further that v is supported only in regions of
convection or permeation, where vTv = 1 holds, and otherwise v = 0. Let F' (length/time) de-
note the mean fluid velocity supported only on regions of convection, where the measure of this
support depends upon the extent of vascularization in 2. Then the spatiotemporal distribution
of contrast agent concentration C' (mass/volume) is modeled by:

9C +V - (FvC)=V-(D(w)VC), D(v)= Dvv' + P[I —vv"] (3.1)

where D is a diffusivity tensor which includes a convection oriented diffusivity D (area/time)
and a permeation oriented diffusivity P. While D is convection oriented in the lumen, D is
permeation orthogonal in a membrane. Similarly, P is permeation oriented in a membrane
and convection orthogonal in the lumen. Furthermore, in a membrane P = Pt depends upon
a distributed permeability P (diffusivity/depth) and a distributed membrane thickness 7. In
the interstitial space, v = 0 holds and P is the local isotropic diffusivity. Naturally, when
membranes are disrupted, the convective space must be enlarged from the lumen to include the
portion of interstitial space in which flow is present. The diffusivity tensor D(v) may of course be
generalized, but the diffusion mechanisms shown in (3.1) are those which have received the most
attention in the literature [7]. The (contrast agent) influx and outflux portions of the boundary
09 are the subsets where FnTvC < n™D(v)VC and FnTvC > nTD(v)VC hold, respectively,
where n is the outward directed unit normal vector. The (fluid) inflow and outflow boundaries
are the arterial inflow F'nTv < 0 and venous outflow boundaries FnTv > 0, respectively. As
seen in Section 2, diffusive exchange between ) and its surroundings must be assumed zero in
order to define an impulse response for 2, and under this assumption, the influx and outflux
boundaries coincide with the inflow and outflow boundaries respectively.

The tissue states described in Section 1 may be related to the convection-diffusion model as
follows on the basis of the detailed results shown in Appendix A. First assume that transport
is convection dominated. When the tissue is ischemic, F' is supported on a smaller subset of €2,
and a concentration wave entering {2 remains more coherent during transit and exits with a very
narrowly distributed transit time. In case of high vascularization, F' is more widely supported
in €2, and a concentration wave entering ¢} manifests more dispersion during transit and exits
with a widely distributed, yet finite, transit time. Now assume that transport is not convection
dominated so that flux into and out of 2 may occur by diffusion in addition to convection.
In such cases, the mixing resulting from diffusion leads not only to considerable dispersion of
entering concentration waves but the contrast agent clears from () only after infinite time as a
result of upstream diffusion.



One approach to identify these different tissue states, which will be considered in a separate
work, is to identify the coefficients in (3.1) from spatiotemporally distributed concentration
data, see [2] and [3]. Alternatively, (3.1) may be integrated, in a compartmental setting or in a
distributed setting, in order to develop an input-output model of the tissue region €.

3.2 The Measurement Process for DCE-MRI

To develop such an input-output model, consider what can be measured or inferred from
DCE-MRI data. The images shown in Fig. 2 were taken from a series of magnetic resonance
images measured during the injection of a Gadolinium-DTPA based contrast agent, where the

Figure 2: Magnetic resonance images taken from a series of images measured during the injection of a
Gadolinium-DTPA based contrast agent. From left to right the images were taken, respectively, before
and after the appearance of the contrast agent. The first row shows T}-weighted images while the second
row shows T -weighted images.

images shown from left to right were taken, respectively, before and after the appearance of the
contrast agent. Note that the required temporal resolution causes a reduction in the signal-
to-noise ratio. Note further in the Ti-weighted images that the contrast agent causes a local
elevation in the otherwise rather uniform intensity while in the T%-weighted images the contrast
agent causes a local reduction in intensity. In both cases, the change in intensity improves
image contrast, and the degree of intensity change can be quantitatively related to the local
concentration of the contrast agent. Thus, once a tissue region 2 is identified, e.g., one pixel
or a group of pixels, the contrast agent concentration in €2 can be determined from imaging.
On the other hand, all contrast agent exiting {2 cannot be easily measured. Furthermore,
the concentration of contrast agent entering {2 can only be approximated by the measured
concentration in a nearby major artery.

3.3 Modeling Assumptions

Thus, in order to develop the desired input-output model of €2, the following concentrations
must be conceptually separated: the concentration C't within the tissue {2, an arterial input
function C'atp, and a venous output function Cyor. However, it is evident from the solutions
seen in Section 2, Appendix A and Appendix B that in order to avoid diffusive coupling between
Q) and its surroundings and thereby isolate €2 for the desired model, the concentration flux at the
boundary of @ must be assumed to be purely convective. Further, it is assumed that the fluid flow
through every subset of §) is balanced so that [, FvTndz = 0 holds for every D C Q. It is also



assumed that the parameters F', v, P, and D in (3.1) are time-independent, and thus the tissue
exhibits stationarity in the sense of [25]. Finally, it is assumed that the concentrations Carp
and Cyor are spatially constant along the inflow and outflow boundaries respectively. Although
the authors are particularly interested in DCE-MRI applications as described in the previous
subsection, the present analysis is intended to apply generally for all applications in which tracer
is transported passively by convection and diffusion.

3.4 Compartmental Setting

Under these assumptions let {2 be divided into S subregions which are perfusion and perme-
ation conforming, i.e., the subregion boundaries are either parallel or orthogonal to the vector
field v, and the boundary of the support of F is contained in the set of subregion boundaries.
Let the subregions have respective concentrations {C;}?_; which are numbered in such a way
that in the support of F', convective transport proceeds from subregion ¢ — 1 to subregion i, so
that (3.1) may be discretized as follows:

VZCZ/ + kz(CZ — Ci—l) = Z kij(Cj — Cz) (3.2)
J#i

The volume of the ith subregion is V;, and the non-negative coefficients k;/V; and k;;/V; may
be interpreted as rate constants characterizing the kinetic exchange between compartments.
Those compartments j for which k;; # 0 holds are those having diffusive exchange with the ith
compartment. While k;; = kj; holds, the rate constants k;;/V; and kj;/V; are the same only when
the respective compartments have identical volumes. In convective exchange with the upstream
neighbor, the same convective constant k; weights both C; and —C;_1 since the flow through
a given compartment is assumed to be balanced. When the upstream convective reference is
outside €2, k;C;_1 refers to k;Catr. Note that subregions may exist outside the support of F'
which are inaccessible by passive transport so that C; = 0 holds in such subregions; thus, the
associated rate constants k;/V; and kj;/V; vanish. Since the arterial inflow concentration is
assumed to be spatially constant, (3.2) can be written as:

VC' = AC + bCarr (3.3)

where C = (Cy,...,Cs)", V = diag{V;}?_,, b € R? is the vector {kix; : xi = (Ci_1 =
Carr)} and A is the matrix which represents all other multiplications shown in (3.2). Since the
coefficients in (3.1) and thus (3.2) are assumed to be time-independent, the solution to (3.3) is
given by:

C(t) = exp [V At €(0) + /0 exp VA = 5)| VT bCam(s)ds. (3.4)

The average tissue concentration is now given by Ot = eV C/e'Ve, where here and below
e € R® denotes the vector e = (1,1,...,1)T.

3.5 The Semigroup Formulation

The reader who prefers the compartmental analysis treatment of the previous subsection as
the basis for the convolution model presented in the next subsection may wish to jump over
this alternative treatment. Here, a counterpart to (3.4) is formulated with a semigroup in the
distributed parameter setting; see [20] for further details.

The formulation of the associated Cauchy problem is motivated by the following formal
modification of (3.1) which is now forced by the boundary input Carp:

OC +V - (FvC) =V - (D(w)VC) + FoTn(C — Carr)dsn(Fvin < 0) (3.5)



where the J-function is concentrated on the inflow portion of 9€2. The term on the right in
(3.5) is chosen so that influx on I' = {0Q : FoTn < 0} is given by Carr, as demonstrated by
integrating the last equation over €2 and applying the Gauss Theorem:

/ 0, Cdx + FotnCapdx + / FolnCdx = nTD(v)VCdz = 0. (3.6)
Q v

vTn<0 Tn>0 o0

Since diffusive flux is assumed to be negligible on the boundary, the boundary condition
nTD(v)VC = 0 on 09 causes the last term in (3.6) to vanish.

To avoid the technical matters associated with distributional solutions, let the é-function in
(3.5) be replaced by x, the characteristic function vanishing outside a very narrow but smooth
subset of Q which borders on I" with [, yde = 1. Also define n on the support of x by its value
at the nearest point on I', and note from the definition of I' that v™n < 0 holds on a sufficiently
narrow support of x. Then for an arbitrary t* > 0, let the Cauchy problem be formulated as:

o) = Gy (3.7)

{ C" = AC+BCawr, 0<t<t’
where A and B are defined as follows. Here, H™ () is the usual Sobolev space of (measurable)
functions whose (weak) derivatives up to order m are in Lo(2), and H™ () is equipped with the
inner product (-, ), and norm || - ||,,. Also C(U, V') denotes the space of continuous functions
from U into V equipped with the sup-norm, and L. (£2) denotes space of essentially bounded
(measurable) functions equipped with the essential sup-norm || - ||o. See [17] for further details.
Thus, the operator A and its domain Dom(.A) are defined by:

AC = V- (D(w)VC) -V - (FvC)+ FvlnyxC (3.8)
Dom(A) = {C e H?*(Q):nTD(w)VC = 0,00} ‘
and B is defined by:
BC = —Fv'nyC. (3.9)

Now defining formally the semigroup S(t) = exp[At], the counterpart to (3.4) in the present
distributed parameter setting is given by the following solution to the Cauchy problem (3.7):

C(t) = S(t)Co + /Ot S(t — s)BCarr(s)ds (3.10)

as is proved in detail in Theorem 1 below. The average tissue concentration is then given from
(3.10) by Cr = [, C(t)dzx /vol(£2).
For the proof of Theorem 1, uniform ellipticity of the differential operator is required:

0|z|® < "Dz, Vxc R (3.11)

Also, note that (3.7) is said to have a weak solution C for Cap € Lo([0,t*], L2(Q)) if C €
C([0,t*], L2(£2)) and:

t* t*
| (. Cpdt+ [ (V.BCaw)odt + (¥ (0), Colo = 0
0 0
(3.12)
t*
VX e C([0,t"], L2(Q2)), and Y (t)=-— S*(s —t) X (s)ds
t
where A is assumed to generate a semigroup S(t) € C([0,¢*], L2(£2)) and S* denotes the adjoint
of S'in Lo(Q2). Under these assumptions, the unique weak solution to (3.7) is given by the mild
solution (3.10) [8].



Theorem 1 Assume that the operator A satisfies the uniform ellipticity condition (3.11), that
D,P,F € Loo(2) and that 092 is smooth. Then A generates a semigroup S(t) € C([0,00), L2(2))
and satisfies ||S(t)|| < e where w = ||F||%,/(46). Also, for every Carr € La2([0,t*], L2(R2)), the
unique weak solution to (3.7) is given by the mild solution in (3.10).

Proof: It will be shown that the operator A, = A — wl is dissipative and satisfies a range
condition, and thus by the Lumer-Phillips Theorem [20] there exists a semigroup S, (t) €
C([0,0), La(f2)) generated by A, and satisfying [|S,(t)]lo < 1. Then S(t) = e“'S,(t) €
C([0,00), La(Q2)) is the semigroup generated by A, + wl = A and satisfying ||S(t)|lo < e**
[20]. The rest of the theorem follows as discussed in relation to (3.12) [20].

Now, dissipativity of A, is established as follows. Note from the balanced flow assumption
in Subsection 3.3 that V - (Fv) = 0 follows. Also recall from the definition of I" and x that
FvTnyx = —F|vTn|y. Finally, the inequality ab < £2a?/2+e72b%/2 is used below with £? = 20,
and otherwise, the Gauss Theorem is used in the following:

(A,C,C)o = ([V-(DVC)—V - (FvC)+ FvinyC —wC],C)o
= —(DVC,VC)o— (V- (Fv)+ FvTVv(C],C)o — (FlvTn|xC, )y — w(C,C)g
< —OIVCIF+ IF s [VClolCllo = wICIl3

< (E2-0)|VCIF+ (e IFl/2—wlClF = o
(3.13)
Then, a range condition is established for A, as follows. It will be shown that for an
arbitrary f € La(Q2) and A > w, there exists a unique C' € Dom(A) such that [\ — A,]C = f or:

~V - (DVC)+ V - (FvC) + FloTn|xC + (w+NC = f, Q (3.14)
nIDVC = 0, 9. :

For this, define the bilinear form on H!(2) x H!():

B(¢, %) = (DV¢, V))o + (FuT Ve, $)o + (Flv T nlxe, ¥)o + (w + A) (4, ¥)o (3.15)

and the linear form on H'(€):
L(¢) = (f, ®)o- (3.16)

Both forms are bounded:
|B(¢,¢)] < max{[|Dloc, [|[Plloc}VElol VYo + [ Fllecl[VAlloll¥llo + ([[Flee + w)ll%]lo

< max{[|Dlfoo, | Plloc, [| Flloc + w}HIol1 14l
IL(@)] < [lfllollollo < [Ifllolll1-
(3.17)
Using €2 = 6 in the following shows the coercivity of the bilinear form:
B(¢,¢) = 0|Vl§ — IFllVelollgllo +wllglf
> (0-e/2)|IVoIl§ + (w + A — e[| FII5./2) ¢l (3.18)
> min{0/2,\ - w}|¢|.

Thus, by the Lax-Milgram Lemma, there exists a unique weak solution C' to (3.14) [12]. As
shown in [17], given the smoothness of 92 and the assumed properties of the coefficients in
(3.14), the solution C' actually possesses the additional regularity:

1Cll2 < <[l fllo (3.19)
and thus C' € Dom(.A) and [A — A,]C = f. ]



3.6 The Convolution Model

Under the assumption that the initial concentration in €2 is zero, Ct and Catr are related
by a convolution,

Cr(t) = /0 "K(t — $)Cam ()ds (3.20)

with a kernel K which through (3.4) may be considered for large S as the limit of kernels of the
form:
K(t) < e"Vexp[V AtV 'b/e'Ve = el exp[AV 't]b/e' Ve (3.21)

or through (3.10) for vanishing support of x as the limit of kernels of the form:
K(t) « / S(t)Bda Jvol(Q2) = / S(t)FlvTn|xdz /vol(52). (3.22)
Q Q

For an impulsive arterial input Cap(t) = §(¢) the kernel may be seen to give the tissue impulse
response Cp(t) = K(t), a concentration course which is non-increasing and which vanishes as
the contrast agent clears from 2; see Appendix B. Physiological parameters associated with
the kernel may be derived by integrating (3.1) and applying the Gauss Theorem to obtain:

¢
F]an]dac/ Cvor(s)ds
0

(3.23)
since F' and v are assumed to be time-independent and since diffusive flux at 9 is assumed
negligible.

The significance of the initial value K(0) is found by inserting Carr(t) = d(¢) and taking
the limit in (3.23) toward the initial time, when Cyor(0) = 0, to find the volumetric flow rate
JoTneo FlvTn|dz (volume/time) on the right and vol(Q2)K (0) on the left, where:

vol(Q)Cr(t) = /QC(t)d:v = /an<OF|an|d:c /Ot Carr(s)ds —/v

Tn>0

1

Fr=K0)= iy

/ FlvTn|dz (3.24)
vTn<0

(1/time) is the volumetric flow rate per unit tissue volume. The normalized function R(t) =
K(t)/K(0) is called the residue function, as it represents the fraction of contrast agent which
has not yet cleared from the tissue.

The residue function is related as follows to the mean transit time. Because the flow through
Q is assumed to be balanced, [,r,,.o FlvIn|dz = [,r,,-¢ F v n|dz holds. Since Carp and Cyor
are assumed spatially constant, it follows from (3.20), (3.23), and (3.24) that [R x Carr)'(t) =
Carr(t) —Cyor(t). Thus, Catr and Cyor are related by the convolution Cyop(t) = [Carr*h](t)
where R(t) = [ h(s)ds. When h is interpreted as the probability density of the transit time
of a contrast agent particle through 2, the mean transit time is given by:

> K(t)

Tr = /0 " th(t)dt = /O Y R(tydt = o (3.25)

The volume fraction of €2 in which contrast agent is distributed is now obtained by inserting
Car(t) = 6(t) and Cvor = h(t) into (3.23) to find R(t) [,r,,.o F|v n|dz on the right and
vol(Q) K (t) on the left. Integrating for all times and using (3.25) gives T1 [y, <o FlvTn|dz on
the right. This product of mean transit time and volumetric flow rate gives the effective volume
within € in which contrast agent is distributed. Therefore, the effective volume fraction is:

_ [T _ Tt T _
VT_/O Kt = s /an<0F]v n|dz = T+ Fr. (3.26)

The reader familiar with the literature concerning the association between kernel parameters
and transport properties, e.g., [10], [11], [15], [18], [23], may be questioning at this point which
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types of examinations or tracers are characterized by (3.24), (3.25) and (3.26). The answer is
that the present analysis applies to all applications in which tracer is transported passively by
convection and diffusion and the assumptions of Subsection 3.3 are satisfied.

On the other hand, the tissue transport states described in Section 1 may be associated with
the spectral properties of the convolution kernel as follows on the basis of the detailed results
shown in Appendix B. For pure convection the eigenvalues of V1A are clustered, and the
representative kernel is a sum of Erlang distributions. In the ischemic limit that flow is limited
to a narrow convective chain, an Erlang distribution leads to a step function representation of
a plug flow. On the other hand, high vascularization increases the variance in the eigenvalue
cluster. For pure streamline oriented diffusion, the eigenvalues of V! A are widely distributed,
and the representative kernel is a sum of decaying exponential functions. In the limit of high
diffusivity, all but one eigenvalue of V1A give negligibly transient dynamics and the smallest
eigenvalue leads to a mono-exponential kernel. For pure permeation oriented diffusion, the
eigenvalues of V1A are widely distributed and can easily be complex. Such eigenvalues make
the representative kernel a sum of products of trigonometric and decaying exponential functions,
which corresponds to recirculation of contrast agent through €.

3.7 Nonidentifiability

Thus, on the basis of the results presented in Appendix B, the most physiologically mean-
ingful basis with which to represent the desired kernel might consist of the span of decaying
exponential functions, products between polynomials and decaying exponentials, and products
between trigonometric and decaying exponential functions. Ideally, when a kernel is estimated
from the span of such functions, the weights of these different types of span elements might
be correlated to the respective tissue transport states described in Appendix B. However, the
following theorem shows that a kernel which could correspond to any one of these states may
be approximated arbitrarily well by a purely convective kernel, and thus these different tissue
transport states cannot be decided on the basis of the kernel alone; see also the illustration in
Fig. 1. Here and in Appendix B, tridiag{b;, a;,¢;} € RM*N denotes the tridiagonal matrix with
sequential elements {b;, a;, ¢;} in the ith row and by = ¢y = 0. Also, €,¢€; € R" denote the vec-
tors € = (1,1,...,1)T and € = (01,...,1;,...,0n)T. Note that the assumption [;° K(t)dt < 1
in the following is natural since V7 in (3.26) is the effective volume fraction.

Theorem 2 Suppose that K(t) € L1[0,00) is non-negative and non-increasing and satisfies
JoP K(t)dt < 1, and suppose that a constant vol(Q) is given. Then K can be approzimated
arbitrarily well in L1[0,00) for sufficiently large N, M, S = N x (M + 1) by e exp[AV ~'t]b/
e™Ve where V is a block diagonal matriz diag{V,, [}M_, with N x N diagonal blocks Vi, 1,
Vin > 0, satisfying €T Ve = vol(Q), A is a block diagonal matriz diag{ A, }M_, with N x N lower
bidiagonal blocks Ay, = tridiag{km, —km,0}, kmn > 0, and b is the concatenation {kmel}%:[] of
vectors kmer € RY.

Proof: The claim is proved by first constructing a sequence of simple functions which converges
to the given kernel. Then it is shown that each of these simple functions may be approximated
by a weighted sum of Erlang functions (corresponding physiologically to parallel convective
tubes) which can be written in the exponential form stated above.

For a given positive integer L, define t,,, = sup{t : K(t) > m/2'}, m = 1,..., M, where
M, is the largest integer satisfying 0 < My /2% < min{L, K(0)}. Then define the associated
step functions p(t — t,,,) = [° 6(s — tn)ds and the simple function:

My,
Kr(t) =Y [K(tn) = K(tm-1)|p(t — tn) (3.27)

m=1

with the understanding that K (o) = 0. Since { K1} is an increasing sequence of simple functions
such that K; — K a.e. while each K; > 0 is dominated by K > 0, K converges to K in
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L1[0,00) as L — oo by the Dominated Convergence Theorem; see the related construction on
p. 38 in [1].

Given the values {tm}%il and a positive integer N, define k,,, = [K(t;,) — K (tmm—1)]vol(Q2)
and Vi, = kptm/N for 1 < m < My, and note that N M2 v, = vol(Q) Jo© Kr(t)dt. For
m =0, set Vy = (vol(Q)/N)[1— [;° Kr(t)dt] and ko = 0 (so that the subregions with volume V}
are inaccessible by passive transport). Then let V' be the block diagonal matrix diag{V;,,I }i\n/[io
with N x N diagonal blocks V;,I, and note that:

My, 00 S
eVe=NVo+ NS Vi = vol(Q) [1 - /0 KL(t)dt} +vol(Q) /0 Kp(t)dt = vol(Q). (3.28)

m=1

Now let A be the block diagonal matrix diag{Am}%io with IV x N lower bidiagonal blocks
A, = tridiag{k,, —km,0}, and let b be the concatenation {kmel}%io of vectors kn,e; € RY.
Then the following holds:

elexp [AVT1t] b
eTVe

My, L My,
=3 €T exp [Amt/ Vi) elﬁ’&) = > [K(tm) — K(tm—1)]Rm(t)  (3.29)

m=1 m=1

where €' exp[Amt/Vis]€r is the Erlang function Ry, (t) = SN_!(Nt/t,,)"/n! which converges
in L;1]0,00) to the step function p(t — t,,) as N — oco. Thus, for L sufficiently large, (3.27) is
sufficiently close to K, and for N = N (L) sufficiently large, (3.29) is sufficiently close to (3.27).
Therefore, (3.29) satisfies the conditions of the theorem. [

For a simple illustration of Theorem 2, consider the examples of Fig. 1. Recall that the
exchange between compartments in Fig. la is purely convective while the exchange between
compartments in Fig. 1b is also diffusive. Yet the parameters in (3.2) may be chosen so that
their respective residue functions are identical. It follows in general from Theorem 2 that unless
tissues can be shown to satisfy special assumptions, made for the development of models such as
[10], [11], and [18], tissue transport states cannot in general be identified on the basis of a single
convolution equation. In spite of the limitations imposed by the assumptions made to arrive at
a given convolution model, (3.20) is a useful formulation for DCE-MRI and it is applied in [14]
to estimate the physiological parameters given in (3.24), (3.25), and (3.26).

4 Conclusion

In this paper the need for a revision in the theory of tracer transport and the convolu-
tion model of DCE-MRI has been presented along with a new foundation based upon a fully
distributed convection-diffusion model. Compartmental discretizations and alternatively semi-
group theory has been used to freshly derive familiar mathematical relations while illuminating
their limits of applicability. Principal among the assumptions emerging in this analysis is that
the construction of the convolution model depends upon there being no diffusive coupling be-
tween the selected tissue region and its surroundings. Also it was found important to assume
that there are no convective sources in the tissue, that the tissue properties exhibit stationar-
ity, and that the input and output concentrations are spatially constant. On the basis of the
detailed results given in the appendices, distinct tissue transport states are related to the fully
distributed model and to the spectral properties of the convolution kernel. However, it has
been shown in this work that these tissue transport states cannot be identified from the convo-
lution kernel alone. Nevertheless, nonparametric regularized deconvolution methods for kernel
estimation are presented in the follow-up work [14], although their applicability is naturally
constrained by the theoretical results reported here.
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Figure 3: Simple geometry for the solution of the convection diffusion equation (3.1).

A Solutions for the Distributed Parameter Model

In this appendix a simple geometry is defined and explicit solutions to the convection-
diffusion equation (3.1) are discussed; see [6] for further details on the construction of such
classical solutions. Consider the geometry as shown in Fig. 3. Assume that € lies in the
rectangular region —H < x,y < H, 0 < z < L with inflow and outflow boundaries respectively
located at z = 0 and z = L. Suppose here, in contrast to Appendix B, that the concentration
flux at the boundary 02 is not necessarily purely convective. Assume further that v = e, is a
constant vector field everywhere aligned with the z-axis. To generate a nearly impulsive influx
let the initial concentration be given by Co(w,y,2) = X(— g +m](¥)X[—#,+#] (Y)X[-<,0)(2), Where
Xs denotes the characteristic function vanishing outside the set S.

A.1 Pure Convection

First assume that transport is purely convective so that D = P = 0 holds. Assume also that
the mean velocity F' = F(z,y) is a function only of (z,y). The solution to (3.1) is given by:

C(x,y,z,t) = Cyo(z,y,z2 — F(z,y)t). (A.1)

To model ischemia, let F(x,y) be supported on a very narrow interval |z|,|y| < 4, so that
F(z,y) is essentially the constant Fy on its support. Then the influx wave propagates to the
outflow boundary of Q and arrives and exits at the times ¢, = L/Fy and t, = (L + €)/Fy,
respectively. On the other hand, to model high vascularization let F'(z,y) have broad support
and variation. Then the influx wave undergoes considerable dispersion and reaches the outflow
boundary at a great variety of arrival and exit times t, = L/F(z,y) and to = (L +¢)/F(z,y).
The same qualitative result is also achieved for a constant mean velocity F' when the unit vector
field v is not constant and generates trajectories of greatly varying lengths in €.

A.2 Streamline Oriented Diffusion

Now assume that transport is streamline oriented diffusion dominated or that D > 0 and
P =0 hold. The solution to (3.1) is given by:

_ [T Co(z,y,0) (z = ¢ — F(z,y)t)?
Clewzt) = | “Vipr P [— 1Dt ]d< -
A2
_ 1 [W?JW—Z] _1erf[F<m,y>t—z—s}
2 VADt 2 VADit :

As D vanishes, the solution takes a square wave form for fixed (x,y) as seen in (A.1). For D > 0,
the square wave is smoothed in the z direction and has full support on the z-axis. Therefore,
since C(z,y, L,t) is positive for all ¢, infinite time is required for the contrast agent to clear €.
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A.3 Permeation Oriented Diffusion

Now assume that transport is permeation oriented diffusion dominated or that P > 0 and
D = 0 hold. For simplicity, assume that the mean velocity F' is everywhere constant. The
solution to (3.1) is given by:

_ [T [ Goléon, 2 — F) (- +(y—n)?
Clanynt) = /_oo / inpt 0P [_ 4Pt

] dédn =
(A.3)
I 1fCL‘—|—H lfx—H 1fy—|-H 1fy—H
w-cate = F0 {gort | 2] et | o | aert | U] - 2o [
As P vanishes, the solution takes the square wave form seen in (A.1). For P > 0, the square
wave is smoothed in the xz and y directions and has full support in the (z,y) plane. How-
ever, with a constant unit vector field v in this case, the wave always clears 2 in finite time
because of the factor x|_. o (z — F't). On the other hand, when the unit vector field v is not
constant, a positive curvature zone in a convective pathway allows counter-current exchange,
and the contrast agent can move upstream by permeation oriented diffusion alone. Such flows
thereby exhibit recirculation of contrast agent and infinite clearance times. Finally, note that
the extraction fraction E = [Ca1r(0) — Cyvor(ta)]/Carr(0) can be derived from (A.3) by insert-
ing the arrival time ta = L/F at the outflow boundary (z,y,2) = (0,0, L) to obtain the ratio
E=1—erf{[{ T L] }2 which is qualitatively similar to the exponential factor derived in [21]
for an idealized single capillary.

'L+1

4> H —_—
Carr =+ [ C1] -

1—1 7 z +1

kl,NI Ikz,z\H k’z‘jI Cro
knin kn_o na kJJ ] ] 1,5
Cvor~— ’CN‘ :’CNA‘: SR —
]‘CN kN—l J+1

Figure 4: A chain of compartments connecting the arterial input with the venous output, where the
constants k; are purely convective and the constants k;; are purely diffusive.

B Solutions for the Compartmental Model

In this appendix the compartment models leading to qualitatively distinct convolution ker-
nels appearing in (3.4) are summarized. A kernel of the form shown in (3.4), based upon a
finite number of compartments, must be consistent with (3.1) in the sense that compartment
refinement leads to a limit kernel in (3.20) which is equal to [vol(Q)]7! [, C(t)dz when the
arterial input is impulsive and the flux at 02 is purely convective. Nevertheless, the primary
goal here is to differentiate between underlying compartment models in (3.4) on the basis of
their spectral properties.

For the following examples, consider the compartment model shown in Fig. 4, which is a
spatial integration through 2 of a convective tube aligned with the vector field v. For simplicity,
this example admits the possibility of direct counter-current exchange across a stagnation surface
as opposed to a system of intermediate subregions. The constants k; and k;; are as described
in relation to (3.2). From the discretization of (3.1), each of these constants depends upon
geometric parameters such as surface areas. Also, the convective constants k; depend on the
mean velocity F, the diffusive constants k;; inside the convective pathway depend upon the
diffusivity D, and the diffusive constants outside the convective pathway depend upon the
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diffusivity P. This spatial discretization of (3.1) is written in (3.2) and (3.3), with b = k1€; and
A=Ap+ Ap, Ap = Ap + Ap, where A includes the convective constants, Ap includes the
diffusive constants inside the convective pathway, and Ap includes the diffusive constants outside
the convective pathway. The solution to this system can be written in the forms (3.4) and (3.20)
with e = € in (3.21). Here, the kernel (3.22) is necessarily decaying since R{c(V"1A4)} < 0
follows from the fact that V~'A is irreducibly diagonally dominant with negative diagonal
entries [24].

B.1 Pure Convection

Now assume that transport is purely convective so that D = P = 0 holds, and the constants
in Fig. 4 satisfy Ap = 0 and A = Ap = tridiag{k;, —k;,0}. Since A is lower triangular, it has
eigenvalues {—k;}. Further, if the flow is balanced throughout the chain and the compartment
volumes are equal, then A has a single eigenvalue —k; of multiplicity N and (3.22) leads to
the Erlang distribution R(t) = e *1%/V2 "N 1(k 1t /V1)" /n! for the residue function. From the
dependence of k; on geometry, NVi/k; converges as N — oo to a constant which is 7p. Thus,
R(t) converges to the step function [ 6(s—7Tt)ds and h(t) to the delta function §(t—77). Even
if the eigenvalues of V1A are distinct, their accumulation near a point depending upon the
average among mean velocities implies a representative kernel consisting of a sum of products
between polynomials and decaying exponentials.

B.2 Streamline Oriented Diffusion

Now assume that transport is streamline oriented diffusion dominated or that D > 0 and
P = 0 hold. Then diffusion is only lengthwise in the convective chain of Fig. 4, and the
constants satisfy Ap = 0 and A = Ap + Ap, with Ap = tridiag{k;, —k;,0} and Ap =
tridiag{k;i—1, —kii—1 — Kiji+1,kiiv1}. Here, Ap approximates an elliptic operator with Neu-
mann boundary conditions which rule out diffusive flux at the chain boundary as assumed in
(3.20). Since the two off-diagonals of V1A have all positive elements, V1A is symmetriz-
able [9], and thus its spectrum is real. From R{c(V~1A)} < 0 it follows that o(V1A) < 0.
In the limit that A ~ Ap holds, the qualitative properties of K(t) are as described earlier
for pure convection. In the opposite limit that A ~ Ap holds, Ap has a smoothing ef-
fect on V"'A and it spreads an otherwise concentrated spectrum of V"1Ap. To see this,
assume for simplicity that V; = Vi so that V"'A = A/V;. Suppose further that k; = k;
and k;;+1 = ki2 hold, where significant dependencies of k; and k2 can be expressed as
ki1/Vi = O(F)O(N) and k12/V4 = O(D)O(N?). A discrete cosine transform T diagonalizes
Ap to T~YApT = 2kjadiag{cos[n(i — 1)/N] — 1} [22]. By the Gerschgorin Theorem [24], the
spectrum of A is an O(F') perturbation of that of Ap, and thus for sufficiently large D, A has
distinct eigenvalues spread over a negative real interval of length O(D). Since zero is always
in the spectrum of Ap, the eigenvalue of A with the least magnitude is an O(F') perturbation
of zero and thus it has the least transient effect on K(¢). To estimate this eigenvalue A;(D)
as D — oo, let x1(D) be the corresponding eigenvector normalized so that ||x1(D)||2 = 1. For
large D it follows from D~'Apz (D) ~ D~ (Ap + Ap)x1(D) = D7'\(D)x1(D) ~ 0 that
x1(D) — €/V/N as D — co. From \(D) = x1(D)Y(Ap + Ap)z1(D) = x1(D)T Apx (D), it
follows that A\;(D) — —k;/N as D — oo, and the effect on K(t) of the other eigenvalues of
A becomes negligibly transient. Thus, —V;/A1(D) =~ NVi/k1 — Tr as N — oco. Since x1(D)
has identical components, it follows that in the diffusive limit, all compartments in the chain
are instantly brought to the same concentration and may be considered as a single well mixed
compartment with a mono-exponential kernel TT_le*t/ Tt As the diffusion level is reduced, the
next larger eigenvalues become less transient and add additional exponential functions to create
a sum of decaying exponentials for the kernel.
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B.3 Permeation Oriented Diffusion

Now assume that transport is permeation oriented diffusion dominated or that P > 0 and
D = 0 hold. Before considering the full compartment chain shown in Fig. 4, let N = 1 and
otherwise construct a planar array of parallel compartments between Carr and Cyor. For such
an array, A = Ar + Ap where Ap is diagonal and Ap approximates an elliptic operator with
Neumann boundary conditions which rule out diffusive flux at the planar array boundary as
assumed in (3.20). The inequality R{c(V~1A)} < 0 implies that K(t) in (3.22) is necessarily
decreasing, and it follows from the form K(t) = eTV3 eXp[V_%AV_%t]V_%b/eTVe that the
necessarily real eigenvalues of the symmetric matrix V-3AV "3 are negative. Thus, using
analysis such as in the last subsection, it can be shown that the kernel consists of a single
decaying exponential when the planar array is well mixed or else a sum of decaying exponentials
depending upon the magnitude of the next eigenvalues. When this planar array is placed in
series for N > 1, an N-fold convolution of the unit kernel leads to Erlang distributions and
then step functions as discussed for the pure convection case. On the other hand, permeability
leads as follows to qualitative behavior distinct from the cases discussed so far. Assume in
Fig. 4 that N > 1 and that Ap = 0. Then the non-zero constants appearing in Ap + Ap
can be chosen quite naturally to generate complex eigenvalues for A; e.g., let k = 1, v = 1,
and p = 1/2 in Fig. 5. The resulting sums of products between trigonometric and decaying
exponential functions corresponds to contrast agent recirculation in Fig. 4. In fact, conspicuous
oscillations can result in C7 and Cy from an impulsive input when, particularly for large NN,
k1 n is the only positive diffusive constant. Nevertheless, the total sum in (3.22) is decreasing.

K—UV

Carr > [Cr] . [C5 ] - Cor
P
N S

Figure 5: A compartment network implicitly incorporating arbitrarily oriented diffusion at convective
pathway branch points.

B.4 General Compartment Networks

Recall that the characterizations above are reached by deriving the compartment network
in  from spatially integrating the unit vector field v. Consider now a completely general com-
partment network constrained only by the requirement that convective links never point from
higher to lower pressure compartments. Then when compartments are numbered from highest
to lowest pressure, the resulting Ar is lower triangular. Consequently, the conclusions drawn
above for the pure convection case are reached again; moreover, it may be emphasized addi-
tionally here that the scatter of convective constants, or equivalently of system eigenvalues, can
range from narrow, in the case of ischemia, to diffuse, in the case of high vascularization. Next,
since real or complex, accumulated or distributed eigenvalues are realized by the compartment
models described earlier for pure permeation oriented diffusion, the associated qualitative be-
havior is also obtained for more general networks. Finally, consider the compartment model
shown in Fig. 5. With k = 1, v = 3/4, and p = 1/4, A has complex eigenvalues. The definitions
given earlier for the diffusive constants inside and outside the convective pathway imply now
that Ap =0 and A = Ar + Ap hold, and the emergence of complex eigenvalues here contrasts
with the characterization reached earlier for pure streamline oriented diffusion. However, as
compartments are always assumed to be well mixed, the compartments defined in Fig. 5 im-
plicitly incorporate arbitrarily oriented diffusion at branch points in the convective pathway.
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In particular, permeation oriented diffusion is implicitly in effect inside compartments 1 and 3
even though only streamline oriented diffusion is defined explicitly between these compartments.
It may be concluded that the complex eigenvalues emerging in Fig. 5 result from permeation
oriented diffusion, and that streamline oriented diffusion is characterized as shown above by
widely distributed real eigenvalues.
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