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Abstract. A variational method for estimating a magnetic resonance coil sensitivity from its corre-

sponding nonuniform illumination of magnetic resonance images is proposed and analyzed. The esti-

mated sensitivity can then be used to correct nonuniformities and indeed to facilitate high-speed parallel

image acquisition. The data available for estimation include two images of the same field of view but

obtained with and without a uniform coil sensitivity. The nonuniformly illuminated image is ideally

the product of the uniformly illuminated image with the coil sensitivity. Thus, the desired sensitivity is

estimated roughly from a quotient of the two given images over the effective data support. However, the

measurements are corrupted by noise, the data are discontinuous at tissue boundaries, and yet the coil

sensitivity is very smooth. In the selected estimation procedure, the sum of a residual and a high order

penalty is minimized. In this form, the problem is related to the surface estimation problem of early

vision. In the present context, higher coil sensitivity decay rates are captured non-parametrically by

higher order penalties together with natural boundary conditions. The role of alternative penalties and

boundary conditions is investigated both analytically and numerically. Although high order operators

are often approximated numerically with a product of low order factors, such factorizations are shown

here to lead to conspicuously spurious boundary conditions for surface estimation with sparse data sup-

port. Furthermore, while finite elements present a natural numerical approach for solving the optimality

system, it is demonstrated here that lumping is required to avoid aberrant consequences in the limit of

vanishing regularization corresponding to an ever improving signal-to-noise ratio. Finally, with a proper

analytical and numerical formulation, the estimation procedure is demonstrated for a magetic resonance

imaging application involving parallel image acquisition.

1 Introduction

Radio frequency coils are used in magnetic resonance imaging (MRI) for both nuclear exci-
tation and for signal detection. On the one hand, a large homogeneous coil such as the body coil
shown on the left in Fig. 1, may be used for the uniform elucidation of a volume. On the other
hand, a smaller surface coil such as those shown on the right in Fig. 1 can be used to resolve local
details with greater sensitivity. Surface coils can also be used in parallel to achieve high signal
acquisition rates [19]. However, as illustrated in Fig. 2, surface coils suffer from a nonuniform
sensitivity in relation to that of a body coil. For a given pair of images, Ub and Us, measured
simultaneously by a body coil and a surface coil, respectively, it is natural to consider using
the quotient Q = Us/Ub to correct for the nonuniformity in Us according to Us/Q [4]. However,
Q becomes practically indeterminate in regions of low signal-to-noise ratio where there is no
tissue or low tissue response. Furthermore, for typical applications, this pair of images (Ub,Us)
is obtained by a measurement performed specifically for coil sensitivity estimation, and the
main investigative measurement requiring the sensitivity is performed subsequently. Because
of patient motion between these measurements, the coil sensitivity C ≈ Us/Ub is needed in a
neighborhood of the zones where a given quotient Q is initially well-determined, in order to cor-
rect for nonuniformities in subsequent measurements. With the data masked to zero in zones of
low signal-to-noise, the coil sensitivity estimation must therefore stably interpolate over gaps in
and extrapolate outside of the support of the data. Moreover, the measurements are corrupted
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Figure 1: Shown on the left is a magnetic resonance body coil in which a reclining patient may be
situated.‡ Shown on the right are smaller surface coils mounted on a head rack.

Figure 2: Shown at the left, in the middle, and at the right, respectively, are an image Ub measured
with a body coil, an image Us measured with a surface coil, and an estimated coil sensitivity C.

by noise, the data are discontinuous at tissue boundaries, and yet the coil sensitivity C is very
smooth.

Conventional approaches for this problem have involved filtering techniques employing local
polynomials [6] or other basis functions such as thin-plate splines [5] or wavelets [17]. As
illustrated in Fig. 3, a typical difficulty with a local estimation procedure is that the variable
size of gaps in the support of the data complicates the appropriate choice of local data points
to use for interpolation over the gap. Also, while the instability of extrapolation schemes is
well known [18], as illustrated in Fig. 3, the problem is exacerbated in lower resolution MRI
scans by the typical Gibbs ringing which occurs at the edge of the data support [16]. The use
of other basis functions imposes a parameterization on the data and can be unstable unless
low dimensional and thereby poor in approximation properties. Of course these parametrized
methods can be adapted and regularized for interpolation and extrapolation, and the authors
have reported their experience with such methods [6]. However, the non-parametric formulation
of the present work has been found to be much more convenient and robust.

In this work, coil sensitivities are determined variationally by minimizing the sum of a
residual involving UbC − Us and a regularizing penalty involving derivatives of C. The role
of alternative penalties and boundary conditions is investigated in Section 2. Experiments
readily reveal the importance of stably representing the estimated sensitivity outside the data
support. The extrapolation must also respect the larger sensitivity decay rates associated with
smaller radius coils. However, it is proposed here to avoid any explicit solution representation

‡This image is used with permission from GE Medical Systems.
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Figure 3: Profiles of typical data showing on the left the variable nature of the data support and on
the right the often encountered Gibbs ringing at the edge of the data support.

and to capture higher decay rates implicitly from the local kernel of higher order penalties
and their corresponding homogeneous natural boundary conditions. The resulting formulation
parallels that of the surface estimation problem of early vision [14]. The relevant analysis of
the optimality system, of continuous dependence on data, and of convergence in the limit of
diminishing measurement error is summarized in Section 3.

Section 4 begins with a finite difference analysis of the optimality system given in Section 3.
Although high order operators are often approximated numerically with a product of low order
factors, such factorizations are shown here to lead to conspicuously spurious boundary condi-
tions for surface estimation with sparse data support. Convenient alternatives to factorization
are formulated and analyzed, but it is finally proposed to use a finite element discretization
investigated in Section 5. While finite elements present a natural numerical approach for solv-
ing the optimality system, it is demonstrated here that lumping is required to avoid aberrant
consequences in the limit of vanishing regularization corresponding to an ever improving signal-
to-noise ratio.

With a proper analytical and numerical formulation, the estimation procedure is demon-
strated in Section 6 for a magetic resonance imaging application known as sensitivity encoded
(SENSE) image reconstruction [19]. In this application, coils operate in parallel but they under-
sample the available signal in order to achieve a high acquisition rate. The undersampling leads
to an aliased image for each coil, but knowledge of the respective coil sensitivities can be used to
reconstruct a single unaliased image. On the other hand, the reconstructed image is susceptible
to ghosting artifacts resulting from inaccurate coil sensitivities. These details are demonstrated
with magnetic resonance images of phantoms, and the proposed approach is shown to perform
quite well for SENSE reconstruction. Finally, the paper concludes in Section 7 with a summary
and a description of the forthcoming steps in this research.

2 Variational Formulation

In this section, the variational framework used throughout the paper for coil sensitivity esti-
mation is defined, and the role of alternative penalties and boundary conditions is investigated.
For a rectangular image domain Ω ∈ R

N , let Us and Ub be images measured with a surface coil
and a body coil respectively, and let C represent the smooth coil sensitivity which is roughly
approximated by Us/Ub. Since the raw data obtained by MRI are complex-valued [12], the
following manipulations are used for a formulation in terms of real-valued functions:

|Ub|2ℜ(C) ≈ ℜ(Us)ℜ(Ub) + ℑ(Us)ℑ(Ub)

|Ub|2ℑ(C) ≈ ℑ(Us)ℜ(Ub) −ℜ(Us)ℑ(Ub).
(2.1)
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For a given Ub and Us, let m represent |Ub|2 and let r represent one of the right-hand sides in
(2.1). Then for an unknown C, let c represent either ℜ(C) or ℑ(C) respecting the choice of r.
The objective then becomes to estimate c satisfying:

mc − r ≈ 0. (2.2)

Thus, the left-hand side here is the residual to be minimized over a set of smooth functions c.
The final variational formulation adopted in this work is as follows. For ν ≥ 2, the coil

sensitivity estimation c is the minimizer of the cost:

J(c) =

∫

Ω
|mc − r|2dx + µ

∑

|α|=ν

ν!

α!

∫

Ω
|∂αc|2dx (2.3)

in which the regularization parameter µ controls the trade-off between smoothness and fit-to-
data. As shown below, the order of regularization ν controls the estimated coil sensitivity decay
rate. Note that the physical decay rate increases accordingly as the radius of a surface coil
decreases [12]. Roughly speaking, the penalty of order ν leads to an optimality system of order
2ν in Ω and imposes natural boundary conditions with vanishing derivatives from order ν to
2ν−1. As the data are compactly supported in Ω, the solution has vanishing derivatives of order
2ν in a neighborhood of ∂Ω. Since derivatives up to order ν − 1 are free up to the boundary in
this neighborhood, the growth or decay supported at the boundary has polynomial degree of at
most ν − 1.

For a fuller perspective on (2.3), consider now its alternatives and the experimentation
leading to its selection. Instead of the specific form shown in (2.3), suppose only that the cost
has the general form:

J(c) =

∫

Ω
|S(mc − r)|2dx + µ

∫

Ω
φ(|Rc|2)dx (2.4)

and consider the necessary optimality condition [20]:

µR∗φ′(|Rc|2)Rc + mS∗Smc − mS∗Sr = µR̃c + S̃[c − r/m] = 0 (2.5)

where R̃ = R∗φ′(|Rc|2)R and S̃ = mS∗Sm. Recall that c must be smooth while m and r
are rough, and therefore m and r have the same data support Ωd. Thus, S and S̃ should
be smoothing operators or at least not roughen the data, while R and R̃ should be roughing
operators or at least not smooth the sensitivity estimate. In contrast to (2.3) assume that
R̃ = I. Then S̃ should map from functions supported on Ωd to functions supported on Ω. In
other words, S̃ should perform explicit interpolation and extrapolation. Such an operator could
be constructed as a convolution with a broadly supported kernel which also reflects underlying
physics. Similarly, S̃ could be chosen as a projection operator into a span of suitable basis
functions. However, these options reflect the conventional approaches mentioned in Section 1,
which can be unstable unless low dimensional and thereby poor in approximation properties.
Thus, it is proposed here to perform implicit interpolation and extrapolation by choosing S = I
and selecting the fitting roughing operator.

For instance, suppose first that derivatives of first and second order are penalized to control
respectively the influence of data noise on and the accumulation of curvature in the sensitivity
estimate:

J(c) =

∫

Ω
|cm − r|2dx + µ1

∫

Ω
|∇c|2dx + µ2

∫

Ω
|∆c|2dx. (2.6)

The necessary optimality conditions for the minimization of (2.6) are [20]:















µ2∆
2c − µ1∆c + m2c = rm, Ω

∂c

∂n
=

∂∆c

∂n
= 0, ∂Ω.

(2.7)
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Here, ∂c/∂n is the normal derivative of c at the boundary ∂Ω and the conditions at ∂Ω are the
natural boundary conditions. To illustrate the use of this penalty, consider the simple model
problem shown in Fig. 4. Let χd denote the characteristic function for the data support Ωd. In

Figure 4: A 1D model problem with m on the left and r on the right, where r is the restriction to the
data support of a quadratic function.

Fig. 4, m = χd and r = χdc
∗ for a quadratic function c∗. The results shown in Fig. 5 reveal the

general trend that the variational estimate behaves very differently in two separate zones, one
corresponding to the data support Ωd and the other to the data support complement Ω\Ωd.
On the other hand, the estimation in Fig. 5 corresponding to µ1 ≪ µ2 is much better than that
corresponding to µ1 ≫ µ2, and suggests that the first order penalty be removed.

Thus, consider minimizing the following instead of (2.6):

J(c) =

∫

Ω
|cm − r|2dx + µ

∫

Ω
|D2c|2dx (2.8)

where D2c is the Hessian matrix and |D2c|2 is the sum of its squared components. The necessary
optimality conditions for the minimization of (2.8) are [20]:















µ∆2c + m2c = mr, Ω

∂

∂n
∇c =

∂

∂n
∆c = 0, ∂Ω.

(2.9)

Figure 6 shows an estimation obtained by (2.7) (µ1 ≪ µ2) compared to that obtained by (2.9).
The latter estimation is conspicuously linear at the boundary while the former has a vanishing
normal derivative. This boundary behavior is clearly understood from the boundary conditions
in (2.7) and (2.9) which support constant functions and linear functions respectively. In order
to permit higher growth or decay rates, the progression can be continued to higher order by
penalizing |Dνc|2 as shown in (2.3).

The ideal estimation would be independent of the proximity of ∂Ω to the data support Ωd.
This independence can be achieved in some sense if ∂Ω is always sufficiently distant from Ωd.
Because of the highly profitable option to factor the biharmonic in (2.7) with the Laplacian,
consider further the case that µ2 ≫ µ1, but suppose now that the estimate is determined on an
expanded domain and then restricted to the original domain. Unfortunately, as seen in Fig. 7,
the flattening effect of the vanishing normal derivative on the expanded domain can still be
seen in the restriction to the original domain. The expansion and restriction procedure can also
be used with (2.3) but, as discussed in Section 4, factorization is not an option and alternative
efficient numerical methods must first be developed.

To avoid the dependence on the proximity of ∂Ω to Ωd on a fixed Ω, consider minimizing
the following variant of (2.4):

J(c) =

∫

Ω
|cm − r|2dx +

∫

Ω
w|∆c|2dx (2.10)
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Figure 5: Estimation of c from the data in Fig. 4 using the approach of (2.7) with µ1 ≫ µ2 on the left
and µ1 ≪ µ2 on the right.

Figure 6: Estimation of c from the data in Fig. 4 using the approach of (2.7) (µ1 ≪ µ2) shown on the
left and the approach of (2.9) shown on the right.

where w is a smooth function satisfying w > 0 in Ω and w ≈ 0 on ∂Ω. The intent is to phase
out the artificial effect of the domain outside the data support. However, the condition that
w ≥ ε on the closure Ω̄ for some ε > 0 is necessary for the ellipticity of the optimality system.
Numerical results with this approach are unstable and dependent on the value of ε and on the
shape of w.

The final variant of (2.4) considered follows the work of [15]:

J(c) =

∫

Ω
|cm − r|2dx + µ

∫

Ω
|∆c|dx (2.11)

in which the function φ(s) =
√

s is proposed to afford a more local estimation in relation to
the global oscillations typical of smooth spline interpolants [2]. However, for coil sensitivity
estimation, the added complexity of (2.11) was not found to offer significant differences in
relation to the results obtained with (2.3).

In summary, none of the penalties discussed here was found to perform better than |Dνc|2.
Furthermore, boundary conditions alternative to the natural ones will only place additional
constraints on an estimate. Thus, the variational formulation adopted for this work is finally as
given in (2.3). In this form, the problem is related to the surface estimation problem of early
vision [14].

3 Analysis of Variational Formulation

In this section, the relevant analysis of the optimality system for (2.3), of continuous depen-
dence on data, and of convergence in the limit of diminishing measurement error is summarized.
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Figure 7: Estimation of c from the data in Fig. 4 using the approach of (2.7) (µ1 ≪ µ2) on an expanded
domain to the left with the result truncated to the original domain on the right.

The claims can be established using the techniques found in [11], and the details are given ex-
plicitly in [13]. For this, standard function spaces are used [1]. Specifically, L2(Ω) denotes the
space of Lebesgue measurable functions which are square integrable on Ω, and Hν(Ω) represents
the Sobolev space of functions with distributional derivatives up to order ν in L2(Ω). Also, the
space of essentially bounded Lebesgue measurable functions is denoted by L∞(Ω). Here, the
norms ‖ · ‖, semi-norms | · |, and inner products (·, ·) are defined by:

‖c‖2
L2(Ω) =

∫

Ω
|c(x)|2dx ‖c‖2

Hν (Ω) =
∑

|α|≤ν

ν!

α!

∫

Ω
|Dαc(x)|2dx

‖c‖L∞(Ω) = ess sup
x∈Ω

|c(x)| |c|2Hν (Ω) =
∑

|α|=ν

ν!

α!

∫

Ω
|Dαc(x)|2dx

(c, h)L2(Ω) =

∫

Ω
c(x)h(x)dx 〈c, h〉Hν (Ω) =

∑

|α|=ν

ν!

α!

∫

Ω
Dαc(x)Dαh(x)dx.

(3.1)

For a fixed regularization parameter, the existence and uniqueness of a minimizer for (2.3)
is given as follows.

Theorem 3.1 Let r ∈ L2(Ω) and m ∈ L∞(Ω) with m ≥ m̄ > 0 on some regular domain S ⊂ Ω.
Then J in (2.3) has a unique minimizer c ∈ Hν(Ω).

With the regularization parameter still fixed, the continuous dependence of the minimizer on
the data is given as follows.

Theorem 3.2 Assume that {mn} ⊂ L∞(Ω) and {rn} ⊂ L2(Ω) are data for which:

lim
n→∞

‖mn − m0‖L∞(Ω) = 0 and lim
n→∞

‖rn − r0‖L2(Ω) = 0 (3.2)

and mn ≥ m̄ > 0 for all n on some regular domain S ⊂ Ω. Also, for each n let cn ∈ Hν(Ω)
denote the minimizer for J in (2.3) corresponding to data (mn, rn). Then:

lim
n→∞

‖cn − c0‖L2(Ω) = 0. (3.3)

Now convergence of minimizers in the limit of increasing data fidelity and vanishing regulariza-
tion is given as follows.

Theorem 3.3 For data r∗ ∈ L2(Ω) and m∗ ∈ L∞(Ω) with m∗ ≥ m̄ > 0 on Ω, let c∗ = r∗/m∗ ∈
Hν(Ω). Assume that {mn} ⊂ L∞(Ω) and {rn} ⊂ L2(Ω) are data for which:

lim
n→∞

‖mn − m∗‖L∞(Ω) = 0 and lim
n→∞

‖rn − r∗‖L2(Ω) = 0 (3.4)

7



and mn ≥ m̄ for all n on some regular domain S ⊂ Ω. Also, for each n let cn ∈ Hν(Ω) denote
the minimizer of J in (2.3) corresponding to data (mn, rn) and to regularization parameter µn.
If µn → 0 at a rate for which ‖mnc∗ − rn‖2

L2(Ω)/µn remains bounded, then:

lim
n→∞

‖cn − c∗‖L2(Ω) = 0. (3.5)

The condition in Theorem 3.3 that m∗ have full support on Ω is somewhat unsatisfactory
since this condition will never be realized in practice. Yet practitioners still speak of the coil
sensitivity, even when it is apparently defined only by incomplete data. This intuition can be
partly justified on the basis of the view that the magnetic fields in the absence of sources are
analytic and are thus uniquely determined in Ω by their values in a regular subdomain S ⊂ Ω.
However, since the body tissue itself presents magnetic sources, the suggested analyticity is not
easily justified. Even in case the data are supported only on a regular subdomain S ⊂ Ω and
r∗/m∗ has a unique analytic continuation to Ω, the data convergence stated in Theorem 3.3 is
insufficient to guarantee that a limit of {cn} is analytic and therefore equal to c∗. However,
this data convergence is all that could be expected in practice, and therefore only the solution
convergence of Theorem 3.3 is considered here. The result represents at least a minimum
condition that must be met by a consistent estimation method.

Now consider the characterization of a minimizer for J through its optimality system. This
system will subsequently be discretized numerically to compute coil sensitivities. For c ∈ Hν(Ω),
a straightforward calculation shows that the variational derivative of J is given by [20]:

1

2

δJ

δc
(c;h) = B(c, h) − F (h) (3.6)

where:
B(c, h) = (m2c, h)L2(Ω) + µ〈c, h〉Hν (Ω) (3.7)

and:
F (h) = (rm, h)L2(Ω). (3.8)

The weak formulation of the necessary optimality condition on the minimizer c ∈ Hν(Ω) that
(3.6) vanish for all h ∈ Hν(Ω) is:

B(c, h) = F (h) ∀h ∈ Hν(Ω). (3.9)

The solution is characterized as follows.

Theorem 3.4 Let r ∈ L2(Ω) and m ∈ L∞(Ω) with m ≥ m̄ > 0 on some regular domain S ⊂ Ω.
Then there exists a unique c ∈ Hν(Ω) satisfying (3.9).

4 Numerical Investigation

In this section, a finite difference analysis of the optimality system in (3.9) is carried out.
Although high order operators are often approximated numerically with a product of low order
factors, such factorizations are shown here to lead to conspicuously spurious boundary condi-
tions for surface estimation with sparse data support. Convenient alternatives to factorization
are formulated and analyzed, but it is finally proposed to use a finite element discretization
investigated in Section 5.

The discretization of (3.9) begins as follows. Let Ω be divided into a grid of 2Np cells, each
having unit aspect ratio and width h. Specifically, with the integer component N -dimensional
multi-indices κ = (i, j, k, . . .), 0 = (0, 0, . . . , 0), and 1 = (1, 1, . . . , 1), define the cell corners by
xκ+ 1

2

= κh, 0 ≤ κ ≤ 2p · 1, and the cell centroids by xκ = (κ − 1
2)h, 1 ≤ κ ≤ 2p · 1. Then, the

notation Cκ is used for an approximation to c(xκ), and the vector of cell values is denoted by
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C̄ = {Cκ}. Also, let M denote the diagonal matrix with the squared cell values {m(xκ)2} on
the diagonal, and let R̄ denote the vector of cell values {m(xκ)r(xκ)}.

For simplicity, consider first the case that N = 2 and ν = 2, for which the strong optimality
system for (2.3) is written in (2.9). Now consider what has become a standard approximation
of the biharmonic in terms of the square of the Laplacian; see, e.g., [14]. Specifically, with:

−∆c(xij) ≈ (LhC̄)ij = h−2
∑

|k|,|l|≤1

ℓi,j,k,lCi+k,j+l, (4.1)

∆2c(xij) ≈ (L2
hC̄)ij = h−4

∑

|k|,|l|≤2

bi,j,k,lCi+k,j+l (4.2)

the stencils {ℓi,j,k,l} and {bi,j,k,l} can be viewed in tabular form for field cells as follows:

h2Lh :
−1

−1 4 −1
−1

h4L2
h :

1
2 −8 2

1 −8 20 −8 1
2 −8 2

1

(4.3)

The array values shown here multiply vector elements {Ci+k,j+l} where the centermost values
correspond to k = 0 = l and otherwise the corresponding k increases in columns from left to
right while the corresponding l increases in rows from bottom to top. For the discretization of
(2.7) with µ1 = 0 and µ2 = µ,

[µ2L
2
h + µ1Lh + M ]C̄ = [µL2

h + M ]C̄ = R̄ (4.4)

Lh is defined in the field by the leftmost stencil in (4.3) and at the boundary, for instance at
C1,j, by subtracting the normal derivative stencil [−1 1 0] from the middle row [−1 4 −1] to
obtain [0 3 −1] which leaves the stencil supported in Ω. Instead of [−1 1 0], the second order
derivative stencil [−1 2 −1] can be subtracted from rows and columns of the leftmost stencil in
(4.3) to eliminate stencil weights outside Ω, but this results in vanishing corner stencils and thus
ambiguous corner values. So as in the continuum, the discrete Laplacian Lh necessarily involves
boundary conditions of at most first order. Since the factorization ∆2 ≈ L2

h must include those
same boundary conditions, no such factorization of the biharmonic can provide a discretization
of boundary conditions which are at least second order.

On the other hand, the stencil shown rightmost in (4.3) for L2
h at a field cell can be modified

directly for cells near the boundary as illustrated by the following stencils for the cells with
centroids {xij : 1 ≤ i ≤ 3, 3 ≤ j ≤ 2p − 2}:

1 1 1
0 −4 1 1 −8 2 2 −8 2

0 0 7 −4 1 0 −4 19 −8 1 1 −8 20 −8 1
0 −4 1 1 −8 2 2 −8 2

1 1 1
(4.5)

Here, vertical and horizontal second order derivative stencils [−1 2 −1] have been subtracted
from the field stencil to leave all stencils supported in Ω. Other boundary stencils follow a similar
pattern and are determined by the symmetry constraint, that neighboring stencil weights are
reciprocal, and by the constraint that neighbors two cells away have unit weights. After dividing
such stencils by h4, let the corresponding discrete biharmonic be denoted by B̂h to obtain the
following discretization of the differential equation in (2.9):

[µB̂h + M ]C̄ = R̄. (4.6)
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Figure 8: A 2D model problem with m on the left and r on the right, where r is is the restriction to
the data support of a radially symmetric quadratic function.

This system was solved for the 2D model problem shown in figure 8, and the resulting estimation
is shown in Fig. 9. Here, m = χd where χd is the characteristic function for the data support
Ωd, and r = χdc

∗ for a radially symmetric quadratic function c∗. Note in Fig. 9 that the left-
most estimation exhibits a conspicuous departure from radial symmetry. Thus, no symmetric
modification of the factorization L2

h was found adequate. To mend this deficiency, experimenta-
tion was performed with difference stencils to reveal that stencils having more radial symmetry
better support radial symmetry in the estimation.

Specifically, consider first the purely horizontal fourth order derivative stencil [1 −4 6 −4 1],
which can be modified easily near the boundary by subtracting the second order derivative
stencil [−1 2 −1] repeatedly to obtain, for instance at C2,j and C1,j , the stencils [0 −2 5 −4 1]
and [0 0 1 −2 1], respectively, supported in Ω. Let the resulting 1D stencil be superimposed
horizontally, vertically, and diagonally, and after dividing all resulting 2D stencils by h4, let the
corresponding difference operator be denoted by B̃h. Now Fig. 9 shows an estimation obtained

Figure 9: Estimation of c from the data in Fig. 8 using the approach of (4.6) shown on the left and the
approach of (4.7) shown on the right.

by solving the system:
[µB̃h + M ]C̄ = R̄ (4.7)

using the same data as shown in Fig. 8. Clearly the estimation obtained using B̃h manifests
better radial symmetry than that obtained using B̂h.

Also, higher order discretizations are readily constructed using the superposition of 1D
discretizations as was done for B̃h. Specifically, let the sixth and eighth order derivative stencils
[−1 6 −15 20 −15 6 −1] and [1 −8 28 −56 70 −56 28 −8 1] with their respective natural
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boundary conditions be superimposed horizontally, vertically, and diagonally. After dividing
the resulting 2D stencils by h6 and h8 respectively, let these discrete operators be denoted by
T̃h and Q̃h. The discretizations B̃h, T̃h, and Q̃h were applied to the 2D model problem shown
in Fig. 10, and the resulting estimations are shown in Fig. 11. Here, m = χd where χd is the

Figure 10: A 2D model problem with m on the left and r on the right, where r is the restriction to the
data support of a radially symmetric quartic function.

characteristic function for the data support Ωd, and r = χdc
∗ for a radially symmetric quartic

function c∗. Note that as a quartic function, c∗ is not in the null space of any of the discrete
differential operators and thus cannot provide an exact solution through the otherwise resulting
equation m2c∗ = mr. From the horizontal profiles shown in Fig. 11, it can be seen readily that
Q̃h captures the quartic growth better than T̃h which captures quartic growth better than B̃h.
Also, the progressive failings in T̃h and B̃h to capture the high growth rate can be seen in the
progressive departures from radial symmetry near the boundary in the corresponding images.

Although these superposition difference operators, B̃h, T̃h, Q̃h, etc., are simple to construct
and provide satisfactory results, it should be emphasized that they are in fact not consistent with
the original variational formulation. For instance, Taylor series expansions reveal the following
for field cells in Ω:

B̃hC̄ ≈ 3[∂4
xc + 4∂2

x∂2
yc + ∂4

yc] + O(h2)

T̃hC̄ ≈ −3[∂6
xc + 10∂4

x∂2
yc + 10∂2

x∂4
yc + ∂6

yc] + O(h2)

Q̃hC̄ ≈ [3∂8
xc + 56∂6

x∂2
yc + 140∂4

x∂4
yc + 56∂2

x∂6
yc + 3∂8

yc] + O(h2).

(4.8)

Although B̂h accurately approximates the biharmonic operator at field cells within O(h2), all
discrete differential operators introduced thus far are inconsistent with the natural boundary
conditions corresponding to the variational formulation in (3.9). For instance, with ∂n and
∂τ denoting the boundary normal and tangential partial derivatives, respectively, the following
hold at one cell off the boundary:

B̂hC̄ ≈ (−∂2
τ c − ∂2

nc)h−2 + (∂n∂2
τ c + ∂3

nc)h−1 + O(1)

B̃hC̄ ≈ (−2∂2
τ c − 3∂2

nc)h−2 + (6∂n∂2
τ c + 3∂3

nc)h−1 + O(1)

(4.9)

and the following hold at a cell on the boundary:

B̂hC̄ ≈ (∂2
τ c + ∂2

nc)h−2 + (∂n∂2
τ c + ∂3

nc)h−1 + O(1)

B̃hC̄ ≈ (2∂2
τ c + 3∂2

nc)h−2 + (6∂n∂2
τ c + 3∂3

nc)h−1 + O(1)

(4.10)
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Figure 11: With the data given in Fig. 10, estimations obtained from B̃h, T̃h, and Q̃h are shown,
respectively, in the left, middle, and right columns. The image profiles in the bottom row are taken from
horizontal lines through the center of the images in the top row. Note that the lower half of the image
grey-value range is rescaled for clarity.

Thus, the corresponding boundary conditions are:

B̂h : ∆c = 0, ∂n∆c = 0,

B̃h : ∆c + ∂2
nc = 0, ∂n∂2

τ c = 0, ∂3
nc = 0.

(4.11)

Note that all harmonic functions are in the null space of B̂h and not in the null space of B̃h,
and the superior performance of B̃h can be understood on this basis. Nevertheless, all these
difference operators are distinct from the original formulation in (2.3) and (3.9), and while
this distinction does not imply that the finite difference constructions are necessarily wanting,
a consistent discretization of the variational formulation is naturally reached through finite
elements as shown below.

5 Numerical Formulation

In this section, a consistent finite element discretization of (3.9) is formulated and analyzed.
While finite elements present a natural numerical approach for solving the optimality system,
it is demonstrated here that lumping is required to avoid aberrant consequences in the limit of
vanishing regularization corresponding to an ever improving signal-to-noise ratio.

The boundary value problem of (3.9) is consistently discretized through finite elements as
follows. For the following, let Cν(Ω) denote the space of functions whose derivatives up to
order ν are continuous in Ω, and recall the definition of Hν(Ω) from section 3. Then let
Sν

h(Ω) ⊂ Cν−1(Ω) ∩ Hν(Ω) denote the N -fold tensor products of B-splines of degree ν defined
on the grid established in Section 4 [22]. Then for a finite element approximation of the solution
to the variational problem in (3.9) let Ch ∈ Sν

h(Ω) be defined by:

B(Ch, χ) = F (χ), ∀χ ∈ Sν
h(Ω) (5.1)
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where B and F are the same forms as in (3.9). Here, since Sν
h(Ω) is a closed subspace of Hν(Ω),

the coercivity and boundedness properties established in Theorem 3.4 on Hν(Ω) guarantee the
existence and uniqueness of the solution Ch in (5.1). This finite element approximation satisfies
the following convergence property even under the minimal regularity that c ∈ Hν(Ω).

Theorem 5.1 The respective solutions c and Ch to (3.9) and (5.1) satisfy ‖c − Ch‖Hν(Ω) → 0
as h → 0.

Proof: Convergence follows from Céa’s Lemma [10] and from approximation properties detailed
in [3] once c is extended outside Ω with the Calderón Extension Theorem [1]; see [13].

In spite of this convergence, the practical implementation of the finite element method
for coil sensitivity estimation suffers ameliorable flaws which can be understood with the 1D
example of Fig. 4. The scheme (5.1) with ν = 2 appears as follows in 1D. The solution is a
linear combination of quadratic B-splines:

Ch(x) =
2p+2
∑

k=1

γksk(x), sk(h(x + k − 3)) =



























2
3x2, 0 ≤ x ≤ 1

1 − 4
3(x − 3

2 )2, 1 ≤ x ≤ 2

2
3 (x − 3)2, 2 ≤ x ≤ 3

(5.2)

which satisfies:

2p+2
∑

l=1

[

µ〈sl, sk〉ν + (m2sl, sk)0
]

γl = (rm, sk)0, 1 ≤ k ≤ 2p + 2. (5.3)

Assume that r and m are constant in a given cell with values rk = r(xk) and mk = m(xk).
Then the above equation takes the following explicit form at interior cells:

µ

h4
[γk+2 − 4γk+1 + 6γk − 4γk−1 + γk−2]

+
1

120

[(

m2
k+1

)

γk+2 +
(

13m2
k+1 + 13m2

k

)

γk+1 +
(

6m2
k+1 + 54m2

k + 6m2
k−1

)

γk

+
(

13m2
k + 13m2

k−1

)

γk−1 +
(

m2
k−1

)

γk−2

]

=
1

6
[(rm)k+1 + 4(rm)k + (rm)k−1]

(5.4)

Figure 12 shows the result of solving this system with the data of Fig. 4. Specifically, Fig. 12
shows that when µ/h4 is very large, the estimation is naturally quite smoothed in relation
to the data. To bring the estimation ever closer to the data requires that µ/h4 be smaller,
and in practice it is desirable for the method to provide consistent results in the limit that
µ/h4 → 0 as the signal-to-noise ratio becomes ever better. However, the numerical result here
is quite aberrant as µ/h4 becomes very small. This behavior can be understood readily by
observing (5.4) for the case that r = m = 1 on the data support shown in Fig. 12. The expected
constant solution nullifies the discrete differential operator, which appears multiplied by µ in
(5.4). However, across data discontinuities, the constant solution does not satisfy what remains
of the difference equation in (5.4). On the other hand, the following lumped formulation suffers
no such failure in consistency even for the limiting case that µ/h4 → 0:

µ

h4
[γk+2 − 4γk+1 + 6γk − 4γk−1 + γk−2] + m2

kγk = rkmk. (5.5)
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Figure 12: Solutions of the model problem in Fig. 4 using (5.4) with the case that µ/h4 is large shown
on the left, and the case that µ/h4 is small shown on the right.

This observation suggests using the finite element formulation to provide a consistent finite
differencing of the differential operator and its boundary conditions, but otherwise lumping
parameters on zero-order terms.

Specifically, let s(x) be the canonical B-spline function of degree ν with support in [0, ν +1]
whose dilation and then translations, sκ(x) = s(h−1(x − xκ−(ν+ 1

2
))), 1 ≤ κ ≤ (2p + ν) · 1,

provide the basis functions for Sν
h(Ω). Then, for 1 ≤ κ ≤ 2p · 1, define the shifted spline

σκ(x) = s(h−1(x−xκ− 1

2
(ν+1))) which peaks at xκ. Also, let χκ(x) be the characteristic function

for the cell with centroid xκ. Then the data and solution are represented as piecewise constant
functions:

Ch(x) =
∑

1≤κ≤2p·1

γκχκ(x), m(x) =
∑

1≤κ≤2p·1

mκχκ(x), r(x) =
∑

1≤κ≤2p·1

rκχκ(x) (5.6)

and the solution is defined by:

∑

1≤λ≤2p·1

[

µ〈σλ, σκ〉Hν(Ων) + (m2χλ, χκ)L2(Ω)

]

γλ = (rm,χκ)L2(Ω), 1 ≤ κ ≤ 2p · 1 (5.7)

where Ων = [ν2h · 1, (2p − ν
2 )h · 1]. For comparison with the finite difference schemes detailed in

the previous section, take N = 2 and ν = 2 and let Bh denote the discrete biharmonic operator
multiplying µ in (5.7), whose stencils are given explicitly as follows for the cells with centroids
{xκ : 1 ≤ κ ≤ 3 · 1}, where stencil weights are obtained by dividing the following by 2800h4:

0 0 −152 424 208 0 424 920 848 208 208 848 768 848 208

0 0 −592 −2176 848 0 −2176 −3920 −4352 848 848 −4352 −4512 −4352 848

0 0 4368 −2256 768 0 −2256 20400 −4512 768 768 −4512 24768 −4512 768

0 0 −592 −2176 848 0 −2176 −3920 −4352 848 848 −4352 −4512 −4352 848

0 0 −152 424 208 0 424 920 848 208 208 848 768 848 208

0 0 −152 424 208 0 424 920 848 208 208 848 768 848 208

0 0 −592 −2176 848 0 −2176 −3920 −4352 848 848 −4352 −4512 −4352 848

0 0 3440 −1960 920 0 −1960 16960 −3920 920 920 −3920 20400 −3920 920

0 0 −296 −1088 424 0 −1088 −1960 −2176 424 424 −2176 −2256 −2176 424

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 −152 424 208 0 424 920 848 208 208 848 768 848 208

0 0 −296 −1088 424 0 −1088 −1960 −2176 424 424 −2176 −2256 −2176 424

0 0 928 −296 −152 0 −296 3440 −592 −152 −152 −592 4368 −592 −152

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Then, (5.7) is approximated as follows:

[µBh + M ]C̄ = R̄. (5.8)

Now consider the following consistency properties of Bh. For field cells in Ω:

BhC̄ ≈ [∂4
xc + 2∂2

x∂2
yc + ∂4

yc] + O(h2). (5.9)
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At one cell off the boundary:

BhC̄ ≈ −∂2
nch−2 + (∂n∂2

τ c + ∂3
nc)h−1 + O(1). (5.10)

At a cell on the boundary at least two cells from a corner:

BhC̄ ≈ ∂2
nch−2 + (∂n∂2

τ c + ∂3
nc)h−1 + O(1). (5.11)

These two properties lead to the boundary conditions that ∂2
nc = 0 then ∂3

nc = 0 and finally
∂τ∂

2
nc = 0. Then, the sum of terms for the four cells at, or one cell off, a corner gives:

BhC̄ ≈ 2∂n∂τch−2 + (∂3
τ c + 3∂n∂2

τ c + 3∂2
n∂τc + ∂3

nc)h−1 + O(1). (5.12)

Thus, the corner condition ∂n∂τ c = 0 combined with the condition ∂2
τ ∂nc = 0 along the edges

implies that ∂n∂τ c remains zero along the edges. Therefore, the boundary conditions corre-
sponding to the above expansions for Bh are:

Bh : ∂n∆c = 0, ∂2
nc = 0, ∂n∂τc = 0 (5.13)

matching those shown in (2.9).
Next, the 2D model problem shown in Fig. 13 provides a good comparison for B̃h and Bh,

Figure 13: A 2D model problem with m on the left and r on the right, where r is the restriction to the
data support of a radially symmetric quartic function.

and their respective estimations are shown in Fig. 14. The profiles shown in Fig. 14 illustrate
an improvement gained from using Bh instead of B̃h.

Higher order discretizations Th and Qh obtained from (5.7) for ν = 3 and ν = 4, respectively,
have also been applied to the data appearing in Fig. 13, and their estimations are shown in
Figs. 15 and 16, respectively. The profiles shown in Figs. 15 and 16 also demonstrate an
improvement gained from using Th and Qh instead of T̃h and Q̃h, respectively.

Concerning the numerical procedure for solving (5.7), note first the following guarantee of
solvability.

Theorem 5.2 Suppose r and m are given by (5.6) and that there is a collection of adjacent
cells in Ων = [ν2h · 1, (2p − ν

2 )h · 1] with centroids {xκ : κ1 ≤ κ ≤ κ1 + ν} in which mκ 6= 0.
Then the coefficient matrix in (5.7) is symmetric and positive definite.

Proof: The matrix is evidently symmetric. Suppose there exist coefficients {γκ} such that

∑

1≤κ≤2p·1

∑

1≤λ≤2p·1

[

µ〈σλ, σκ〉Hν(Ων) + (m2χλ, χκ)L2(Ω)

]

γλγκ = 0. (5.14)
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Figure 14: With the data given in Fig. 13, estimations obtained from B̃h and Bh are shown in the left
and right columns, respectively. The image profiles in the bottom row are taken from horizontal lines
through the center of the images in the top row. Note that the lower half of the image grey-value range
is rescaled for clarity.

Then the functions:
f =

∑

1≤κ≤2p·1

γλσκ g =
∑

1≤λ≤2p·1

γλχλ (5.15)

satisfy:

µ〈f, f〉Hν(Ων) + (mg,mg)L2(Ω) = 0 or |f |Hν(Ων) = ‖mg‖L2(Ω) = 0. (5.16)

Therefore, f ∈ Pν−1(Ων) ⊂ Pν(Ων) where Pn(Ω) represents the polynomials of degree at most
n in Ω. Now define κ2 = κ1 + ν, κ0 = 1

2(κ1 + κ2), and S = [xκ0−
1

2

,xκ0+
1

2

]. Then notice that σκ

is supported in S, i.e., [xκ0−
1

2

,xκ0+
1

2

]∩ [xκ− 1

2
(ν+1),xκ+ 1

2
(ν+1)] 6= ∅, precisely when κ1 ≤ κ ≤ κ2.

Thus, f is given in S by:
f(x) =

∑

κ1≤κ≤κ2

γκσκ(x). (5.17)

Since the right-hand side here lies in Pν(S), it gives the unique analytic continuation of f from
Pν(S) to Pν(Ων). As ‖mg‖L2(Ω) = 0 and mκ 6= 0 for κ1 ≤ κ ≤ κ2, it follows that g(xκ) = γκ = 0
for κ1 ≤ κ ≤ κ2 and therefore f = 0 = g.

According to this theorem, the system in (5.7) can be solved using the conjugate gradient
method. In fact, conjugate gradient has been used to solve all linear systems presented in
this paper. Also, the preconditioning obtained with hierarchical basis conjugate gradient [23]
has been investigated for this work, and its success has been found to depend heavily on the
matching between the local scales represented in the hierarchical basis and the local scales
present in the data. The preferred solution procedure for (5.7) involves multigrid techniques
[24], and further numerical details will be reported separately.
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Figure 15: With the data given in Fig. 13, estimations obtained from T̃h and Th are shown in the left
and right columns, respectively. The image profiles in the bottom row are taken from horizontal lines
through the center of the images in the top row. Note that the lower half of the image grey-value range
is rescaled for clarity.

6 Applications

In this section, the accuracy of the proposed coil sensitivity estimation procedure is illus-
trated in terms of realistic examples. In particular, magnetic resonance images of phantoms
are used to demonstrate the importance of accurate sensitivity estimation for SENSE image
reconstruction, and the proposed approach is shown to perform quite well.

First, Fig. 2 shows the magnitude plots |Ub| and |Us| for body coil and surface coil images
respectively. The figure also shows the magnitude plot |C| of a coil sensitivity estimation ob-
tained using the two residual equations in (2.1) for ℜ(C) and ℑ(C) and solving (5.7) with ν = 4.
Since in this case the optimality system for (2.3) involves homogeneous boundary conditions
of order not smaller than ν = 4, cubic polynomial growth at the boundary is supported. The
choice of regularization parameter µ was made manually by seeking a smooth fit to the data
on their support while avoiding oscillations and over-smoothing, particularly at the edge of the
data support. Automatic methods for determining µ involve relating a known signal-to-noise
ratio to the residual term in J and then solving for an appropriate regularization parameter
[21]; however, such methods are not pursued in the present work.

To address the accuracy of estimation in terms of a simpler example, consider the 1D
estimation in Fig. 17. Here the desired cubic solution c∗ is plotted with a dotted line. On the
support of the solid curve, m = 1 and otherwise m = 0. The solid curve is r, given by the
noise corrupted product mc∗. The dashed curve on the left is an estimation c1 of c∗ obtained
by solving (4.4), and the dashed curve on the right is an estimation c2 of c∗ obtained by solving
(5.7) with ν = 4. Note in particular that the dashed curve on the left provides an especially
poor estimation of c∗ at the leftmost data support edge, while the estimation on the right is
quite good. The profiles from the real and imaginary parts associated with the images in Fig. 2
exhibit the same behavior seen on the right in Fig. 17.
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Figure 16: With the data given in Fig. 13, estimations obtained from Q̃h and Qh are shown in the left
and right columns, respectively. The image profiles in the bottom row are taken from horizontal lines
through the center of the images in the top row. Note that the lower half of the image grey-value range
is rescaled for clarity.

In general, the precise measure of accuracy is given here in Theorem 3.3, and involves the
limit as the data support approaches full measure in Ω. Although such conditions must be met
by a consistent estimation method, in practice, the data support is always a strict subset of the
measurement field. To show how errors such as those seen in Fig. 17 manifest themselves in
practice, the estimation procedure will now be demonstrated for SENSE image reconstruction
[19]. In this application, coils operate in parallel but they undersample the available signal
in order to achieve a high acquisition rate. The undersampling leads to an aliased image
for each coil, but knowledge of the respective coil sensitivities can be used to reconstruct a
single unaliased image. On the other hand, the reconstructed image is susceptible to ghosting
artifacts resulting from inaccurate coil sensitivities. These details will now be demonstrated
with magnetic resonance images of phantoms.

The four images {Usi
}4

i=1 shown in Fig. 18 are simulated surface coil images generated using
the body coil image Ub of the phantom shown at the left in Fig. 19. Specifically, the surface
coil images were obtained by multiplying the body coil image by four separate typical coil
sensitivities {Ci}4

i=1 and then folding the resulting images vertically over themselves twice. This
folding simulates the aliasing mentioned above. Knowledge of the respective coil sensitivities
can be used as follows to reconstruct an unaliased image U∗. If ∆y is the height of the folded
images, then the following equations hold for each (x, y) in the domain of the surface coil images:

Usi
(x, y) =

4
∑

j=1

Ci(x, y + j∆y)U∗(x, y + j∆y), 1 ≤ i ≤ 4. (6.1)

Solving these systems for each (x, y) provides the so-called SENSE reconstructed image U∗.
Figure 19 now demonstrates the effect of the coil sensitivity estimation on the SENSE recon-

struction. The data used for coil sensitivity estimation were Ub and noise corrupted products
CiUb. The SENSE reconstructions in the middle and to the right in Fig. 19 were obtained from
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Figure 17: At the left are a noise corrupted r (solid), an exact sensitivity c∗ (dotted), and a sensitivity
c1 (dashed) estimated by solving (4.4). At the right are r (solid), c∗ (dotted), and a sensitivity c2

(dashed) estimated by solving (5.7) with ν = 4.

Figure 18: Aliased surface coil images Usi
, 1 ≤ i ≤ 4.

coil sensitivities estimated, respectively, by solving (4.4) and (5.8). Note in the middle image of
Fig. 19 the ghost outlines of spuriously unfolded image boundaries resulting from coil sensitivity
estimation insufficiencies such as those displayed in Fig. 17. On the other hand, the image at
the right in Fig. 19 suffers much less so from such ghostings, even with ν = 2. The phantom
image at the left in Fig. 19 was used here to demonstrate ghosting clearly, but these ghost
outlines would be superimposed on genuine anatomical features in more realistic applications.
Avoiding such artifacts is naturally more difficult as the signal-to-noise ratio decreases and as
the patient motion between serial measurements increases. For further details of the authors’
work on the applications which motivated this investigation, see [7], [8], and [9].

7 Summary

A variational approach to estimating a magnetic resonance coil sensitivity from its corre-
sponding nonuniform illumination of magnetic resonance images has been proposed and ana-
lyzed both theoretically and computationally. In the selected procedure, the sum of a residual
and a high order penalty is minimized. The residual is derived from the rough sensitivity esti-
mate given by the quotient of images obtained with and without uniform illumination. Higher
order penalties together with their natural boundary conditions capture higher sensitivity decay
rates implicitly and non-parametrically. The resulting formulation parallels that of the surface
estimation problem of early vision. The relevant analysis of the optimality system, of continu-
ous dependence on data, and of convergence in the limit of diminishing measurement error has
been summarized. Finite difference analysis of the optimality system has revealed that typical

19



Figure 19: Shown at the left is a body coil image Ub. The images in the middle and at the right
are reconstructions of Ub from Usi

in Fig. 18, and from estimations of the sensitivities Ci obtained,
respectively, by solving (4.4) and (5.8).

factorizations of high order operators into low order products lead to conspicuously spurious
boundary conditions for surface estimation with sparse data support. As an alternative, su-
perpositions of one-dimensional difference operators have been formulated and analyzed, but a
lumped finite element discretization has been found preferable on the basis of its consistency
with the optimality system and its accuracy of estimation. It has been demonstrated further
that finite element lumping is required in case of discontinuous data in order to avoid aber-
rant consequences in the limit of vanishing regularization corresponding to an ever improving
signal-to-noise ratio. To justify the selection of the proposed estimation procedure, it has been
applied along with several of its alternatives to simple examples as well as measured magnetic
resonance images. Finally, magnetic resonance images of phantoms have been used to demon-
strate the importance of accurate sensitivity estimation for SENSE image reconstruction, and
the proposed approach has been shown to perform quite well. In forthcoming work the rapid
calculation of coil sensitivities with the use of multigrid techniques will be reported.
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