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Abstract

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum ut,
placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu libero,
nonummy eget, consectetuer id, vulputate a, magna. Donec vehicula augue eu neque.
Pellentesque habitant morbi tristique senectus et netus et malesuada fames ac turpis
egestas. Mauris ut leo. Cras viverra metus rhoncus sem. Nulla et lectus vestibulum
urna fringilla ultrices. Phasellus eu tellus sit amet tortor gravida placerat. Integer
sapien est, iaculis in, pretium quis, viverra ac, nunc. Praesent eget sem vel leo ultrices
bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu, pulvinar at, mollis ac,
nulla. Curabitur auctor semper nulla. Donec varius orci eget risus. Duis nibh mi, congue

eu, accumsan eleifend, sagittis quis, diam. Duis eget orci sit amet orci dignissim rutrum.

Kurzzusammenfassung

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum ut,
placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu libero,
nonummy eget, consectetuer id, vulputate a, magna. Donec vehicula augue eu neque.
Pellentesque habitant morbi tristique senectus et netus et malesuada fames ac turpis
egestas. Mauris ut leo. Cras viverra metus rhoncus sem. Nulla et lectus vestibulum
urna fringilla ultrices. Phasellus eu tellus sit amet tortor gravida placerat. Integer
sapien est, iaculis in, pretium quis, viverra ac, nunc. Praesent eget sem vel leo ultrices
bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu, pulvinar at, mollis ac,
nulla. Curabitur auctor semper nulla. Donec varius orci eget risus. Duis nibh mi, congue

eu, accumsan eleifend, sagittis quis, diam. Duis eget orci sit amet orci dignissim rutrum.
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1 Introduction

A warehouse is a facility in which inventories are stored. Generally speaking, there are
two different types of warehouses, production warehouses and distribution centers. In
distribution centers the products arrive by truck, rail or other modes of transportation,
are unloaded and stocked until they are retrieved from their storage locations and trans-
ported to an order assembly area (see Ghiani et al. 2005, p. 157-198). The storage
locations can be assigned in several ways. Two frequently used types of storage location
assignment are the random storage policy and the dedicated storage policy. In case of
random storage, every incoming good is assigned to one of the empty, or at least not full,
storage locations with equal probability. This assignment policy results in high space
utilization but typically increases travel distance. In the dedicated storage policy, each
storage location is reserved for a single product, even if this product is currently out of
stock. In combination with the so called full-turnover storage policy, which distributes
products within the storage area according to their turnover, i.e. products with higher
sales rates are located closer to the depot than those with lower, this policy results in
a lower space utilization but, due to several reasons, has the advantage of a decrease in
picking time (see Koster et al. 2006). The costs commonly involved in warehousing can

be divided into receiving, holding, shipping and handling costs.

Receiving
17%

Handling
50%

Shipping
18%

Figure 1: Common Warehouse Costs; Percentage of Receiving, Holding, Shipping
and Handling Costs (Ghiani et al. 2005 [ p.159])

As can be seen in figure 1, a special emphasis has to be put on the handling. A lot of

research focuses on the optimization of the picking time by optimizing picking routes



through the use of several heuristics or optimal procedures (see e.g Petersen 1997).
Another approach aims at assigning incoming goods to storage locations or storage
zones in such a way that costs are reduced right from the start (see Koster et al. 2006).
This thesis focuses on the aforementioned so-called storage location assignment problem.
Its aim is to combine the advantages of both policies mentioned above, by finding a
probability distribution for each product, which gives products with a high sales rate a
higher chance to be assigned to a storage location near the depot than those with a lower
sales rate. Additionally two more factors should be incorporated in those probability
distributions. The first one is the product affinity or correlation. Products that are often
commissioned together are called affine or correlated and it might be useful to store these
products close to each other (see Kofler et al. 2011; Bindi et al. 2007). The second factor
is the dispersion of the products inside a warehouse. If there are, for example, 50 units of
an out of stock product to be stored inside a warehouse using the random storage policy
it might happen that each of these 50 units get assigned to different storage locations,
which are spread all over the warehouse. If now an order arrives which requests 5 units of
this product, the picker has to visit 5 different storage locations to collect them, instead
of, for example, only one. Of course there are picking policies, like, for example, batch
picking (see Gu et al. 2007), where several orders are partitioned into batches, get then
picked by different workers and are sorted afterwards, where such situations might not
have an considerable impact on the picking time, but in a discrete order picking system,
which is quite common because of its simplicity and reliability, where a single worker
picks all items of a single order (see Eisenstein 2008), such situations can increase the
picking time. Therefore, a probability distribution used to assign a product to a storage
location should rather cluster the products inside the warehouse, i.e. assign a product
more likely to neighbouring storage locations rather then spreading them all over the
warehouse. Thus, the aim of this thesis is to find a probability distribution, defined on
the storage locations of a given warehouse for each product to be stored in the warehouse,

which considers the factors:
e product correlation
e product turnover

e product clustering



2 Modelling

2.1 Concepts of information theory

For the modelling of the problem, two concepts of information theory are needed. The
first is the concept of entropy, or, more specifically, Shannon entropy, which is a measure
of uncertainty. The second is the Kullback-Leibler divergence or relative entropy, which
is a measure of the distance between two probability distributions. The definitions,

theorems and proofs follow the ones in Cover et Thomas 2006.

Definition 1 (Entropy). Let X be a discrete random variable with possible values in
X = {z1,...,x,} and let p be a probability mass function with p(x) = P(X = x) for
x € X. The entropy H(X) of the discrete random variable X is defined as
H(X) = - %p(éﬂ) logy (p(z))
TE
with the convention 0 log,(0) = 0.

Since the entropy only depends on the probability mass function p, the notation H(p)

is also common for the quantity above.

Definition 2 (Kullback-Leibler divergence or relative entropy). Let p and q be two
probability mass functions defined on X = {x1,...,xn}. The Kullback-Leibler divergence
or relative entropy between p and q is defined as
Dipllg) = 3 p(x)log, (43)
reX 4
where we use the convention 0 logy(§) =0, 0 logZ(%) = 00 and p logy(§) = oo whenever

p,q > 0.

2.1.1 Important theorems

Below, two important theorems for the modelling are stated and proved.

Lemma 1 (log sum inequality). Let aj,as,...,a, and by, by, ..., b, be non-negative

numbers then

n

n Z a;
ai logy(8) > (z ) log, [ &
‘ >

i=1 i

n

=1

=1
with equality iff ¢+ is constant for alli. Again, the convention 0 logy(0) =0, a logy(§) =
00 if a> 0 and 0 logy(3) = 0 is used.



Theorem 1 (Properties of Kulback-Leibler divergence). Let p and q be two probability
mass functions defined on X = {x1,...,x,}. Then the following holds

D(pllq) > 0 with equality iff p = q

2. D(p||q) is convex in the pair (p,q), i.e. if (p1,q1) and (p2,q2) are two pairs of

probability mass functions, then

D(Ap1+ (1 = A)p2|[Aqr + (1 = N)g2) < AD(p1flq1) + (1 = A)D(p2llgz) YVO<AL1

Proof. For both parts of the proof the log sum inequality can be used.

D(pllq) = Zp 10g2<8>

> p(x)
> ( Zp(x) ) log, %

zeX sex

1 1 - 0
= Og2 =
((L’)

with equality, iff % = ¢ for all z € X. Since p(x) and ¢(x) both sum up to 1, ¢ =1 and
therefore p = q.
For the second part we apply the log sum inequality to the term

Ap1(z) logy <§1€2§§§> + (1 — A)p2(x) log, (Ei‘\;g;)
(
(

(Apl(x)+(1—A>pz(x))10gz(iﬂx; E ;;Zj 3)

AV

for all x € X. The second claim of the theorem follows by summing over all x € X.



Theorem 2 (Properties of entropy). Let X be a discrete random variable with possible

values in X = {x1,...,x,} and the probability mass function p, then, the following holds
1. H(p) >0
2. H(p) is concave

3. H(p) is mazximal for the uniform distribution

Proof. Point one follows immediately from 0 < p(z) < 1, which implies that logz(ﬁ) >

0. For point two let the probability mass function u be the uniform distribution on X

and we get

D(pllu) =) _ p(x)log, <§{3>

reX
= Zp( ) logy(p ZP x) logy (u(x)) (1)
zeX rzeX

= —H(p) + logy(n)

and therefore H(p) = logy(n)—D(p||u). The concavity of H follows then by the convexity
of D.

For the third point we consider again equation (1), use that D(p||u) > 0 with equality
iff p = v and get

H(p) < logy(n) = H(u).
U

The first point of theorem 1 motivates the use of the Kullback-Leibler divergence as a
measure of distance between two probability distributions. It does not define a metric
on the space of probability distributions on a finite set X though, since it is neither
symmetric nor satisfies the triangle inequality. In spite of this fact, the term distance

between p and g will be used for D(p||q).



2.2 Assumptions

In the following, the term product will be used for a type of good, for example, a bottle
of wine of a specific brand. The term article will be used for the different types of
how a product is stored, for example, a bottle of wine can be stored on its own or in
a carton box with 6 bottles. The individual units of an article will be called SKUs
(stock keeping units) (cf. Ghiani et al. 2005). So from now on we are also talking about
article correlation rather than product correlation. For the model that gets presented,

the following assumptions are required:

1. For each article in the warehouse we have a measure of how much space is needed
to store this article. Henceforth, this measure will be called article capacity and
its units capacity units. If we store, for example, beverages we could use the filling
capacity as a measure. A bottle of wine could therefore have an article capacity
of 0.75 capacity units, whereas a carton box of wine could have an article capacity

of 4.5 capacity units.

2. Each article can be stored in any storage location together with any other article,

which is especially important if it is necessary to stack articles.

3. Each storage location in the warehouse has the same capacity, which is also given

in capacity-units.

4. The warehouse has exactly one depot, where the articles that get commissioned

have to be transported.

2.3 Model formulation

For the formulation of the model, the notations in table 1 are used.

10



notation definition

n number of articles
m number of storage locations

parameter to control the impact

@ of article correlation
3 parameter to control the impact
of article turnover
parameter to control

v the clustering of articles

Nis percentage of orders in which

& article ¢ and j are ordered together
, percentage of the turnover of article 4

Hi of the aggregate turnover

dy shortest distance from

storage location k to the depot

article-capacity of article ¢
gi multiplied with the average inventory level
of article ¢

L storage location capacity
probability distribution of article 4
M, set of admissible probability distributions

Table 1: Model Notations

First we introduce a parameter 0 < € < % and define the set M, by

m
Mc={zeR":e<z;<land ) z; =1}
j=1

, where we use subscripts for the entries of a vector. The parameter € is important
since we want to ensure that every article has the chance to be assigned to every storage
location. If we let 0 < :cz < 1, the storage locations which correspond to the support of
x* could become full and article ¢ cannot be assigned to a free storage location anymore.
So, by introducing € as a lower bound for the probabilities, such situations can be pre-
vented. Note that from now on x rather than p is used for a probability distribution,
since the modelling results in a minimization problem where the variables are usually
denoted by x. This is also the reason for requiring € to be less or equal to 1/m, since
the uniform distribution for every article should later on be used as a starting point for
a minimization algorithm.

Now, the aim is to measure the quality of a given set of article probability distributions
{2 € M, :i € {1,2,...,n}} with respect to the three factors mentioned in the intro-

11



duction with a function F' : M — R. A low function value of F' should correspond to
a good quality, the higher it gets the lower the consideration of the important factors.
For the article correlation the Kullback-Leibler divergence can be used to measure the
distance of the distributions 2 and =7 where the parameter Aij can be used as a weight.
So, the first term in the function F' will be

n—=1 =n

A2t =300 3 AgD(atl]ad)

i=1 j=it+1
. One observes, that the higher the value of \;; the higher the impact of D(z'||z7), or,
in other words, the higher the value of A;; the lower should the distance between z' and
27 be to result in a low function value of fi.
For the article turnover, the parameters dj and the weights p; are used to quantify the
chances for an article to be assigned to a storage location near the depot. The second

part of the function F' will therefore be
1 n mo
falah, oo 2™) = >0 i Yo xydy
i=1 k=1

. Note that a low function value of fs means, that articles with a higher sale rate are
assigned more likely to storage locations near the depot.

The last term should measure how the articles are distributed in the warehouse. If we,
for example, use the uniform distribution for z* with i € {1,2,...,n}, the article i will be
assigned to every storage location with equal probability and can therefore be found in
every storage location with equal probability later on. As mentioned in the introduction,
this could lead to an increase in picking time and should therefore be penalized. By
theorem 2 point three the entropy is maximized by the uniform distribution, and one
can easily check that it is minimized by probability distributions, which are concentrated

in a single point. It is therefore natural to introduce an entropy penalty term
n .
f3($17 s 793”) = Z H(xl)
i=1
to encourage article clustering in the warehouse. The function F' gets defined as

F=afi+B8f2+7f3

, where the non-negative parameters «,5 and  are used to control the impact of each
factor measured by the functions fi,f2 and fs, since by theorem 1 and 2 both, the en-
tropy and the Kullback-Leibler divergence, are non-negative. With this tool to measure
the consideration of the three factors article correlation, article turnover, and article

clustering at our disposal, the aim is to find a set of admissible probability distributions

12



for each article with the lowest function value of F'. Without additional constraints this
would lead to probability distributions, which are all concentrated in the storage location
nearest to the depot. This is obviously due to the fact that the capacity constraints of
the storage locations has not been considered yet. The parameters ¢° are the amount of
capacity units needed to store the average inventory level of article 4, so, for a given set
of probability distributions {z? € M, :i € {1,2,...,n}}, it should hold

n .
Z:lgixfch Vk e {1,2,...,m}
1=

, which says that the expected value of capacity units stored at storage location k
is smaller than the storage location capacity L for all k. If we again require that it
should be admissible to choose the uniform distribution for all articles, this leads to the

assumption

gi <mL
1

n
1=

. Since this inequality means that the aggregate average inventory level is smaller than
the warehouse capacity, this is quite a natural assumption. The final formulation of the

model is therefore

n—1 n ) ) n mo n )
min >l > AgD(@'|[a?) + B 30 i 30 wpdi +y ) H(x")
(@, @m)EMP =1 j=it1 i=1 k=1 i=1

n .
st > g, <L Vke{l,2,...,m}.
i=1

2.4 Further investigation of the model

If we now also incorporate the constraints of M in the formulation of the model, we

have

n—1 n . . n m . n .
min > > AgD(@'|a?) + B 30 i 30 apde + 30 H(a')
(zt,...,zm)ERNM i=1 j=i+1 i=1 k=1 i=1

<1 Vie{l,...,n}andje{l,...,m}

5.t () > wp=1 Vie{l,...,n}

. First of all, the inequality constraints (iii) can be turned into equality constraints by

introducing slack variables 0 < s, < oco. If we again use subscripts for the entries of a

13



vector s the minimization problem becomes

n—1 n

min ad Z (mﬂ\:ﬂ”#—ﬁiﬂlgﬂfﬁdk%-viff(f)

(z1,...,x™,s)ERnmtm i=1 j=i i=1 k=1 i=1

e<zx <1 Vie{l,...,n}and j € {1,...,m}
(i4) > oap=1 Vie{l,...,n}

k=1
(#i7) Zg t+sp=L Vke{l,...,m}

s.t.

(iv) O<sk<oo Vk e {l,...,m}

. Since the equality constraints in (ii) and (iii) are linear, they can be written in matrix

form and together with the definitions

P LS
15, 1
C = c R (n+m)x (nm+m) b = n c Rntm
gl .. oo ghll Iy

l:= ¢ Lum € Rvmtm ui= Lum € Rmtm
O, oo -1,

, where 1,, is the column vector of ones in R™, 0,, is the column vector of zeros in R™ and
I, is the identity matrix in R”*™  the model finally has the form of a bound-constrained
minimization problem with linear equality constraints

min F(zt, ... 2"
(x17...’zvz7s)€an+m

s.t.
(i))  C(zt,...,2"s)T =D

. Note that the bound-constraints have to be understood componentwise and the infinite
entries in u denote the components, which are unconstrained from above. Now, before
going into detail on how to solve these kind of problems, we will have a look on a few
properties of the model. First of all, we cannot hope for a convex problem in general,

since with f3 we also have a concave component in the function F. So, depending on

14



the choice of o and v, we will possibly have to deal with negative curvature. Secondly,
the parameter € has the positive side effect that F' is twice continuously differentiable

inside the admissible set of variables. By writing f; in the form

n—1 n n—1 n
DY D@ ) =)0 > Ny Zl’klogz () — z} logy(7,)
i=1 j=i+1 i= 13 i+l k=1
m
—Z Z /\Z]Z:cﬁglogQ ) Z Z )\”ZxklogQ xk
= 1] i+1 1= 1] i+1
m
—Z Z Aij Z '} logs( :L'k Z Z )\waklogQ ack
i=1 j=1+1 k=t+1 i=s j=i+1

n—1 n m
—Z Z Aij Z T logz(xi)

i=s j=i+1  k=t+1

for s € {1,...,n} and t € {1,...,m}, with the convention that empty sums are zero,

one can calculate

8f1 n 1 s—1 z n )
i = 2 o (lomled) iy ) =D Mot = O Ayloma)
LU S n(2) In(2)x j=s+1
n 1 s—1 .’L'i
_ ) _ J _ ) t
= 3 n (1omated) ~ tomatel) + 5 ) ~ 5 Mo
Jj=s+1 =1
and with w € {1,...,n} and w € {1,...,m} the second partial derivatives are
& fi
=0 f t
Oxfoxy, orw#
82f1 n )\sj sol )\Z‘Sl‘i
—~ Jr + _ TSl
0?5 j;rl In(2)x$ ; In(2) ;2
A'LLS
fh ) wmeg w<s
a$§ax? _ Asu U > s

In(2)x}

. By defining

15



, where diag(a) for a vector a € RY denotes the diagonal matrix in RV*V with the

diagonal entries given by a and %, respectively a?, are defined componentwise, the hessian

of fi can be written in the following form

v2]01 = )\13N3 /\23N3

AlnNn
. With the definitions

Ome

Ome

d=(di,...,dm,d1,...,dm,...

Dy A2Na Ai3N3 ... AV,
A12Na D2 A3V :

n-times

v=(xl,...,2")T € R"™

M; = pil;

c Rme

, where the block I,,, in I; goes from row and column (i — 1)m + 1 to row and column

im, fo can be written as

n

Z,ui zhdy = Zuigﬂ), dy = Z(Mw, d)
1 i=1

1=1 k=

16
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and one can calculate for fs and f3

V=Y Mld
=1
Vify =0

Vf?) = —10g2(’l)) - h,lj(Lz)]lnm

1 . 1
V2 fs = —mdlag (v)

, where again logy(v) is defined componentwise. So, finally, the hessian of F' has the

form
aDi +~vN; aXioNy aiisN3 ... arin N,
a/\12N2 OéDQ + "}/NQ Oé)\23N3 :
ViF = ali13N3 23 N3
arinNp, ... . e aDp+ N,

. At worst, the sparsity of this matrix is given by (m — 1)/m. Due to this fact and its

simple form, exact second order derivatives will be used in my implementation.

3 Theory

The aim of this chapter is to build up the theory of a trust region based gradient pro-
jection method for equality- and bound-constrained nonlinear programs. The presented
algorithm is a reduced version of the one, used in the software package LANCELOT,
which is designed for solving large-scale nonlinear optimization problems (see Conn et
al. 2010). In chapter 3.1 some general results of constrained optimization are summa-
rized. In chapter 3.2 penalty methods, especially the quadratic penalty method and the
augmented Lagrangian method, will be presented. Afterwards, the special case of the
bound-constrained Lagrangian method will be discussed in chapter 3.3, while chapter
3.4 focuses on the gradient projection method. For the most part, the presented results
follow the ones in Nocedal et Wright (2006), if not stated otherwise.

17



3.1 Fundamentals of constrained optimization

To begin with, we have a look at the general constrained minimization problem.

) _ ci(r)=0 €&
min F(x) subject to (2)
z€RN ci(z) >0 ieT

, with F: RY -5 R and ¢; : RV — R. The ¢; with i € £ are the equality constraints and
the ¢; with ¢ € Z are the inequality constraints. The feasible set €2 is then defined by

Q={zeRY :¢i(z)=0,i€&, ci(x) >0, i€}
. For any feasible x € € the active set A(x) is defined by
Alz) =EU{i eI :¢(z) =0}

and we say that the linear independence constraint qualification (LICQ) holds at z if the
set of active constraint gradients {Ve¢;(x) , i € A(z)} is linearly independent. To state
first and second order necessary conditions we also need the definition of the Lagrangian
function of problem (2):
L(z,A\)=F(x)— > Nci(z)
i€EUT
Note that A is used for the Lagrange multipliers in order to avoid confusion with the

model parameter.

3.1.1 First order necessary conditions

To state first order conditions we need the objective function F' and the constraint
functions ¢; to be continuously differentiable. The following results give conditions on
a local solution of problem (2) under additional assumptions, the so-called first order

necessary conditions.

18



Suppose that z* is a local solution of problem (2) and that the LICQ holds at z*, then
there exists a Lagrange multiplier vector \* with components \;", such that the following

conditions hold

(i)  VL(z*,\¥) 0

(44) ci(x*) = 0 Vief
(47) ci(z*) > 0 Viel
(iv) \;* > 0 Viel

(v) Nitci(z*) = 0 ViefUuZz

These conditions are also known as the Karush-Kuhn-Tucker, or KKT conditions. The
point z* is called Karush-Kuhn-Tucker point, or KKT point. The conditions (v) are
called complementary conditions, which say that for all 1 € £ UZ either ¢; is active, or
X\ =0, or both. If exactly one of them is zero for each index i € Z, we say that the
strict complementary condition holds.

3.1.2 Second order necessary conditions

To state the second order necessary conditions we first suppose that the objective func-
tion F' and the constraint functions ¢; are twice continuously differentiable. Secondly,
we need two more definitions. The first one is the set of linearized feasible directions

F(x) for a feasible point x € 2, which is defined as
Fx)={deRY :dV¢i(z) =0, Viec &, dTVe¢i(z) >0, Vie Alx)NT}

. For the second one suppose that z* is a KKT point with Lagrange multiplier vector
A*. The critical cone C(z*, \*) is defined as

C(z*, \*) = {w € F(z*) : Vei(2*)Tw = 0, for all i € A(x*) NZ with \;" > 0}

. The second order necessary conditions are then given by the following:

Suppose that z* is a local solution of (2) at which the LICQ holds and that A\* is the
Lagrange multiplier vector for which the KKT conditions are satisfied. Then it holds

wIV2, L(z*, X)w >0 VYw € C(z*,\*).
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3.1.3 Second order sufficient conditions

Until now we have only stated necessary conditions for a local solution of (2). The next

step will be to state conditions for a point x* that are sufficient for being a local solution.

Suppose that for a feasible point z* there exists a Lagrange multiplier vector A\* such

that the first order necessary conditions are fulfilled. Further suppose that
wIV2, L(x*, \)w >0 Yw € C(z*, *)\ {0}

. Then z* is a strict local solution of (2).

Note that the LICQ is not required and that the conditions stated above are very sim-
ilar to the necessary conditions, with the exception of the positive semidefiniteness of
V2. L(z*,X\*) in C(z*, \*) being replaced by a strict positive definiteness. With regard to
the model, the aim is now to find a KKT point and check if the second order sufficient
conditions (SOSC) are satisfied. This will be done numerically in the implementation.
To do so, we follow (Kelly et Kupferschmid 1998) and note first of all that C(z*, \*) has,
in the case that the LICQ holds at z* and that strict complementary holds, the form

Ca* 3) = Null ((Vei(a") e i) (3)

. Now, let ' € RV*" be the matrix, whose columns make up a basis for (3), then every

w € C(z*, \*) has the form w = Ny for some y € R” and one can calculate

wIV2, L(x* \)w = 2 + Z YINTTV2, L(x*, NN

i=1

, where N/* denotes the ith column of A and z collects all terms of the form
yiyjNiTV:%OCE(x*, NNV for i # j

If we now suppose that the vectors N are V2, L(x*, \*)-conjugate, the SOSC are
fulfilled if

NIVE Lz NINP>0 Vie{l,...,r}

. Checking the SOSC therefore reduces to rendering the columns of N/ conjugate with
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respect to V2, L(z*, \*), which can be accomplished by a modified Gram Schmidt pro-

cedure. We therefore define

[y

— <$]’, Vgxﬁ(:E*, 5\*)$k>
Gs(ar) = 25 — ° :
S = = 2 R e, 3y

and check uJTV:%$E($*, A )u; for each j € {1,...,r}. If one of them fails to be positive
the algorithm can stop, otherwise the SOSC are satisfied.

3.1.4 Combinatorial aspects of inequality constraints

The main challenge in nonlinear programming is dealing with inequality constraints,
especially in deciding which of the inequality constraints are active. The approach of
active set methods is to guess the set of constraints which are active at the solution. This
set is called the working set and gets denoted by W. Then, the constraints which are
not in the working set are ignored, the constraints in the working set are replaced with
equality constraints, and one checks if there is a Lagrange multiplier vector such that
the KKT conditions of the problem are satisfied. This is due to the fact that equality
constrained problems are easier to solve than inequality constrained problems. Since
the number of possible working sets can get very high, this aspect is referred to as the
combinatorial difficulty of nonlinear programming. The algorithm that gets presented
in chapter 3.4 is an active set method that benefits from a good choice of the working

set.

3.2 Penalty methods

In this chapter we focus on penalty methods. As the name already indicates, rather
than strictly requiring feasibility, these methods penalise constraint violations by an
additional penalty term in the objective function, which is zero if the constraints are
met and greater than zero otherwise. The idea behind this approach is to use algorithms
of unconstrained optimization to solve constrained problems. For the rest of this chapter

we focus on the general equality-constrained problem

min F(x) subject to ¢i(x) =0 Vieé& (4)
zeRN

, where the objective function F' and the constraint functions ¢; are supposed to be twice

continuously differentiable.
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3.2.1 Quadratic penalty method

A very simple penalty function is the quadratic penalty function, which is defined as

Qr:6) = Fla) + 2 30 (a)
€€
, where 0 is the so called penalty parameter. It is quite intuitive to consider a sequence
of (Oj)ren with 8, — oo for k — co and to find approximate minimizers z* of Q(x;6;)
for each k, since this way constraint violations get penalized with increasing severity.
Because of the smoothness of the penalty term, unconstrained optimization techniques
can be used and previous solutions can be reused in the choice of the next starting point.
A general framework of the Quadratic penalty method can be specified as (see Nocedal

et Wright 2006 [p.501])

Data: 0y > 0, (74)ken With 7, — 0, starting point 22
Result: approximate solution x*
for k=0,1,2,... do
Find approximate minimizer z* of Q(-;6y)
starting at % with ||V, Q(x%; 0p)|| < 73;
if convergence test satisfied then

‘ return z* = z*;
else

Set new penalty parameter ;1 > 0y;

Set new starting point :U’§+1;

end

end
Algorithm 1: Quadratic Penalty Method

The convergence properties of this method are described in the following two the-

orems.

Theorem 3. Suppose that each x* in algorithm 1 is the exact global minimizer of Q(-; 0y)
and that 0y — oo for k — 0o, then every accumulation point z* of (z*)ren 45 a global

solution of problem (4).
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Proof. Let Z be a global solution of problem (4), i.e. F(z) < F(x) for all  with ¢;(x) =0

Vi € £. For every accumulation point * there exists a subsequence (z*);cy with

kl *

lim 2™ =z

l—o0
. Since all the z*! are exact minimizers of Q(+;6y,), we have that

% 3 ety < F(z) + %’“ Y d@) = F(z) (5)

€€ i€E

F(z*) +

and therefore

> < o (Pa) - Plat) (6)

i€€ L

. If we now take the limit [ — oo on both sides of (6) we get

ie€

and therefore that x* is feasible. Due to the nonnegativity of 6y, and ¢Z(z*) equation
(5) gives us that F(z*) < F(z) and by taking the limit | — co again this results in
F(z*) < F(z), which concludes the proof, since Z is a global solution of problem (4) and

x* has an objective function value lower or equal, and therefore equal, to F(Z). O

The next theorem concerns the more realistic case in which the subproblems HII%{IJIV Q(x;0)
are only solved approximately, but with increasing accuracy. Note that irgiethe general
framework of algorithm 1 it is not certain, that the condition ||V,Q(x¥;0;)|| < 7% can
be satisfied in every step, since a too low penalty parameter 6, can cause the iterates
to move away from the feasible region. The next theorem therefore assumes, that the
stopping criteria is fulfilled in every step, which is a quite optimistic assumption due to
Nocedal et Wright. It also gives an estimate of the Lagrange multiplier vector, which

will be used later on in the augmented Lagrangian method.
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Theorem 4. Suppose that in the framework of algorithm 1 the condition
[|V2Q(z*; 01)|| < 1 holds for all k and that 6, — oo for k — co. Then every accumula-
tion point x* of the sequence (x¥)ren is a stationary point of the function ||c(x)||? if it is
infeasible or a KKT point of problem (4) if the constraint gradients Ve;(x*) are linearly
independent. In the later case we also have that

ll_l)Iélo —leci(azkl) = Xz* Vieé& (7)

, where the subsequence (*);cy is such that % — x* for 1 — oo and X\* is the Lagrange

multiplier vector corresponding to z*.

Proof. Let z* be an accumulation point of (z¥)ren and the subsequence (z*);ey such

that 2% — 2* for | — co. One can calculate that
V. Q(x*;0y,) = VF(2M) + Z O, ci(zF)Ve; (zF1) (8)
1€€
and then by assumption it holds that
IVE (") + ) Oy ei(z) Ve ()| < 7, (9)
€€
. By using the reverse triangle inequality on (9) we get
1
I eila) Vel < o (7, + VP "))
; O,
€€
and by taking the limit [ — oo this results in
> (@) Vei(a*) =0 (10)
€€

. If there is an j € £ such that ¢;(2*) # 0, which means that z* is infeasible and the
constraint gradients are linearly dependent, equation (10) implies that the accumulation
point z* is a stationary point of ||c(z)||>. On the other hand, if the constraint gradients

are linearly independent, equation (10) implies that z* is feasible. What is left to proof
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is that z* is indeed a KKT point of problem (4) and that (7) holds. To do so, we define

A()T = (Vei(z))ee
M= —fc(z®)

. Now equation (8) implies that
A(F)TAR = VF(a) — v, Q(a"; 0y,) (11)

. Since A(2*)T has full column rank for sufficiently large I, the matrix A(z*)A(x*)T is

regular and we can multiply equation (11) on both sides from the left with A(z*!) to get
- ~1
Xt = (A AERT) AR (TP@ER) - V.0 0y,))

. By taking the limit [ — oo we get

lim At = (A(z")A(z*)T) P A(z*)VF(z*) = A

l—o0

, since VxQ(a:kl;Hkl) goes by assumption to zero. By taking again the limit [ — oo in

equation (11) we also get
VF(z*) — A(z*)TA\* =
, which completes the last two points. ]

This theorem gives convergence properties of the quadratic penalty method but it also
points out its weaknesses. The approximate minimizers ¥ do not fulfill the feasibility
condition ¢;(z¥) = 0 for all i € £ but rather

. If 0, — oo, we have that ¢;(z*¥) — 0 but the question is, if this systematic errors can be
avoided and if the ability of approximate minimizers to satisfy the feasibility constraints
can be improved further, also for moderate values of 0. This can be accomplished by

the augmented Lagrangian method.
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3.2.2 Augmented Lagrangian method

The augmented Lagrangian for problem (4) can be seen as a mixture of the Lagrangian

and the quadratic penalty function. It is defined as
_ - 0 9
La(x,\;0)=F(x)— ; Aici(z) + 3 ;ci (z)

. The idea is, to estimate the Lagrangian multiplier vector in every iteration and to fix
the penalty parameter and this estimate momentarily to perform a minimization with
sole respect to the variable x. To motivate the augmented Lagrangian method suppose
we are in the k-th iteration and have an Lagrange multiplier estimate A\¥ and a penalty
parameter 6, as well as an approximate minimizer ¥ of £4(-, A\¥;0;). Optimality con-

ditions of unconstrained minimization then give that

0~ VIEA(xk, PR 0r) = VF(:L‘k) - Z (x_\f — chi(a:k)) Vci(a:k) (12)
i€E

. By comparing (12) with the first order necessary conditions of (4) we get
j\j ~ Xf — 9k01<$k> Vie &
, which suggests the multiplier update

ML= N i (aF) Vie€

. Note the similarity to (7) and that we now have

, which means that a good estimate of A\* results in an infeasibility of z* which is now
much smaller than in the quadratic penalty method. A general framework for the aug-

mented Lagrangian method can now be specified as (see Nocedal et Wright 2006 [p.515]):
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Data: 6y > 0, 79 > 0, starting point 27, starting Lagrange multiplier N
Result: approximate solution z*, approximate Lagrange multiplier \*
for k=0,1,2,... do

Find approximate minimizer z* of £4(-, \¥; ;)

starting at % with ||[V.La(z% NF;00)|| < 75

if convergence test satisfied then

Set AFTL = \F — @p.c;(a") for all i € &;

return z* = ¥ and \* = M\

else

Set AL = XE — @.c;(2*) for all i € &;

Set new penalty parameter ;1 > 0y;
k+1.

Set new starting point ;" ;

Set new tolerance 7y 1;

end

end
Algorithm 2: Augmented Lagrangian method

. The tolerance 7,1 can be chosen depending on the infeasibility of z*. The penalty

parameter ., may be increased, if the feasibility of z* is insufficient, and the new start-

k+1

k+1 is usually set to 2*. Again, the convergence properties of the augmented

ing point z

Lagrangian method will be discussed in two theorems.

Theorem 5. Let x* be a local solution of problem (4) at which the LICQ holds. Addi-
tionally, assume that the second order sufficient conditions hold for (x*, \*), where \* is
the Lagrange multiplier vector corresponding to x*. Then, there is a threshold parameter
0, such that for all > 0, x* is a strict local minimizer of L (-, \*;0).

Proof. To prove that z* is a strict local minimizer of £4(-, \*;0) for sufficiently large

values of § we show that

VaiLla(x*, A*;0) =0

2 * O\ ok, (13)
V2 La(z*, N5 0) >0

for large values of §. Since x* is a local solution of problem (4) at which the LICQ holds
the first order necessary conditions give that V,L£(z*,\*) = 0 and ¢;(z*) = 0 for all
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7 € £ and therefore we have

VaLa(z*,X10) = VF(z*) = > (Af — Oci(2*)) Vei(z7)
€€
= VF(2*) = > AVei(z*) = Vo L(z*, A7) =0
€€
for all penalty parameters 6 > 0. To show that V2, L4(x*, A\*;0) > 0 we first calculate
that

V2 Lz, 3 0) = V2 L(z*, N*) + 0A(z*)TA(z")

, where A(z*)T is the matrix of constraint gradients defined in the proof of theorem 4.
Now suppose that the claim is wrong and that for all integers k > 1 there is a vector wy,

with norm 1 such that
0> w;V?ﬁxﬁA(x*, N R)wy = w;Vizﬁ(a:*, MNYwy + k|| A(z*)wg||? (14)
. Rearranging terms gives then

1A Jw|* < —(1/k)wi Ve, L@ A )wp < —(1/k) [in wIV3, L@ X )w  (15)
w||=1
. Since the vectors wy, all lie in a compact set of RY there exists a convergent subsequence
(wg, )ien and a vector w* with llim wg, = w*. Inequality (15) implies that A(z*)w* =0
—00
and with (14) we have that

wf, V2L N wy, < kil [A(z"wy,|* < 0

and therefore w*TV2, L(z*, \*)w* < 0, which is a contradiction to the second order
sufficient conditions. This proves the existence of a § > 0 such that for all # > § we have
that (13) holds. O

The theorem shows that for the exact Lagrange multiplier \* we have that z* is also
a minimizer of L£4(-, \*;0;) for sufficiently large 6, which validates the approach in
algorithm 2, where we have no notion of \* but try to get a good estimate \* and then
perform a minimization of £4(-, A¥;6;). By the theorem we can also hope for a good

approximation of z* even for moderate values of 6, when the estimate A* is good. For
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the next theorem we define for z € RY and € > 0
Be(z) ={y e R : ||z —yl| < ¢}
and for a subset X € RY and € > 0
B.(X)={y e RY : ||z — y|| < ¢ for some z € X}

. Additionally, we need the following lemma, which can be found in Bertsekas 1996 [p.
12]

Lemma 2 (General implicit function theorem). Let S be an open set in RM*N and
X cc RM. Leth: S — RY be a function in CP(S) for some p > 0. Suppose that
Vyh(z,y) exists and is continuous on S and that there exists a y € RY such that (z,7) €
S, h(z,y) = 0 and V,h(z,y) is regular for all T € X. Then there exist scalars §,e > 0
and a function VU : Bs(X) — Bc(y) with ¥ € CP(Bs(X)) such that ¥(x) = i for all
T € X and h(x,¥(x)) =0 for all x € Bs(X). The function is unique in the sense

z € Bs(X) ANy € Be(y) A h(z,y) =0=y=U(z).

The next theorem gives convergence properties of algorithm 2 for the more realistic case
when we do not have knowledge of the exact Lagrange multiplier. The proof follows the
one in Bertsekas 1996 [p. 108-111].
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Theorem 6. Suppose that the assumptions of theorem 5 hold and let 6 be the threshold
parameter given by that theorem. Then there exist constants §, € and M such that the
following holds
e For all (\*,0},) in the set D defined by
D = {(\*,0;) - ||\¥ — X¥|| < 66y, 0, > 6}
the problem

mlgjlv La(z,\*;0;)  subject to = € B(x*) (16)
TE

has a unique solution x*, with

[la* — 2] < MIIN = X1/ (17)

e For all (\*,0;) € D it holds
[INFHE = X[ < M — X¥| /6, (18)

, where \*t1 is given by the Lagrange multiplier update of algorithm 2.

e For all (\*,0;) € D, the matriz V2,La(x*,\¥;0y) is positive definite and the

constraint gradients Vci(:vk), 1 € &€, are linearly independent.
Proof. For 6, > 0 consider the system of equations in the variables (z, \, \¥, 8;,)
VF(z) = Y. V() =0
€€
Cl(x)—(j\f—j\l)/ek =0 Vieé&

. By defining the vector t with t; = (\F — \¥)/6), and v = 1/6; the system can be

(2
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written as

VF(z) - > Vei(z)hi =0
i€€ (19)
Ci(ﬂf)—ti—’yj\:—l-’y;\i =0 Vieé&

. For t = 0 and v € [0,1/6] system (19) has the unique solution z = z* and A = \*.

The Jacobian with respect to (x,\) evaluated at (z*, \*) is

(20)

(meﬁ(x*, ) —A(x*)T>
A(z™) ~I

, where A(z*)T is the matrix of the constraint gradients (Ve;(2*))iee and I € RIEXIE! ig
the identity matrix. To use Lemma 2 with the compact set X = {(0,v) : v € [0,1/6]},
we need to show that this matrix is regular for all v € [O, 1/ 5} For v = 0 this follows
from the regularity of the KKT matrix when the SOSCs are fulfilled (see e.g Nocedal et
Wright 2006 [p. 451-452]). For v > 0 suppose that there are z € RY and w € RI€l with

V2, L(x* \*) —A(x*)T z\ (0
A(z*) ~I w) \0

. This gives the equations

V2, L(x* )z — A(z*)Tw = 0

A(x™)z+~yw =0 &)

. By rearranging terms in the second equation of (21) and substituting w in the first

one we get
(V?mﬁ(x*, ) 4 1/7A(zx)TA(zx)) 2 = 0

. Now with v = 1/6}, where 6 > 0 this is nothing but V2_L4(z*, \*;0)z = 0. From the
last theorem we know that V2, L4 (x*, \*; 0} is positive definite for 6y > 0 and therefore
regular. This implies z = 0 and again with the second equation of (21) we also get w = 0
and therefore that the matrix in (20) is invertible. Lemma 2 gives us the existence of

§,e > 0 and unique continuously differentiable functions z(t,7) and A(¢,7) defined on
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Bs(X) and mapping to Be((x*, A\*)) that fulfill

VF(J}(t,’)/)) - Z vci(m(tvv))j‘i(taV) =0
1e€ (22)

ci(x(t, 7)) — ti — YA + it ) =0 Vieé&

for all (t,7) € Bs(X). By continuity § and e can additionally be chosen such that
A(x(t,7))T has full column rank and L£a(x(t,7), A(t,7);0k) is positive definite for all
(t,7) € Bs(X) and ), > 6. With the definitions

ot = N 1
B O O

N1
)\k-i-l _ A -
( Ok ’9k)

for 6 > 0 and ||A\* — X\*|| < 66}, we obtain

)= > Vei(ah) Nt =0

€€
5\;”1 =N Grei(a®) Vieg

and V2, L4(z%, \¥*1:0,) > 0 for all (\¥,0) € D, which means that z* fulfills the second
order sufficient conditions for unconstrained optimization of problem (16) and is feasible
by construction. Since the third point of this theorem also holds by construction, the
only thing that is left to show are the inequalities (17) and (18). To do so, first we
calculate the derivatives of (22) with respect to t and v and get for the first equation

V2F(2(t, 7)) Vi (t,y) = Y Ve (t, ) Vi (t, Vit ) + Ve (t, 7)) Vidi(t, 1)T =
€€

V§$£($(t, 7)7 j‘(tv 7))vtl‘(t7 ’Y) - A(l‘(t’ ’7))Tvt5‘(tv ’Y) =0

and

VQF(J:(t V,x(t, ) ZV ci(z Vx(t,v)jxi(t,v) + Vci(x(t,'y))ij\i(t,v) =
€€

V2.L(2(t,7), At,7)Vyz(t,7) — A(z(t, 7))V, Aty) =0

. If we write the remaining equations of (22) as

Cla(t,y)) —t =y A +yA(t,7) =0
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, where C(z) = (c1(), c2(), ..., cig)(2)) T, we get

and

VALY AT (Via(t,y) Vaa(t,y)) _ (0 0
t VA7) VA7) 2

), M5 7)) —A(m(tmw)l
t,7)) ol

. Since the matrix in (20) is regular for v € [0,1/6], we have that K(t,7) is uniformly
bounded on {(¢,7) : |[t|| < 8,7 € [0,1/6]} for sufficiently small 6. Let  be such that
||K(t,7)]] < & for all [|t|| < & and v € [0,1/6] and if necessary choose § additionally
small enough such that k§ < 1. Due to

1
z(t,y) —x*\  [z(t,y) —=(0,0)) 0 0 t
(Mm) —X*> - (Mm) —X<o,o>> - 0/ Rl (ﬂ . M&m)) (v) h

we then have

_ _ 1 _ _
() = 2| + At ) = X|P)2 < & (Ht! + 7 max A&, €) - A*H)
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, which implies
Xt,7) — N|| < w|[t]] + kv max [|A(E, &) — NF
A7) || < wllt]| + & OS?SIH (&t,€7) |

for all [|t]] < 0, v € [O, 1/ﬂ and v < d. Substituting &t and &y with £ € [0, 1] for ¢ and

~ in this inequality results in

K

(3 N < t
(2 [1MEE &) = Ml < el

. Note that ky < ké < 1. Altogether, we have that

_ oy L K2y K
(loft,) = 2°IP + 137) = X12)* < (s 70 ) ] < 151l

and by taking § again sufficiently small such that /(1 — k0) < 2k
_ _ 1
() — &*|* + [IA(t,7) — A*|*) 2 < M t]]

, where M; = 2k. Using the definitions (23) again we have that for all (\*,6;) with
[|A¥ — X*|| < 06 and ), > max{f,1/5}

[la% — 2] < Ma|IA® — X*[|/6
[N = N9 < M| = X7 /6

. Since = and A are continuously differentiable, we can also find an My > 0 such that

for all (A*, ;) with ||[A\¥ — X*|| < 66y and 6 < 6, < max{6,1/§} it holds

[l — 2] < Ma||X* = X*||/6%
[N = N[ < M |N® — X*|/6

. Equation (17) and (18) therefore hold for all (\¥, 8;) with ||\ — X\*|| < 66 and 6, > 0
with M = maX{Ml, MQ} ]

The theorem shows that zF will be close to z*, if the estimate A* is accurate or the
penalty parameter 6 is large, which means that we have two possibilities to increase
the accuracy of z¥, whereas in the quadratic penalty method we can only increase the
penalty parameter. It also shows that we can locally improve the accuracy of the La-
grange multiplier estimate by choosing a sufficiently larger penalty parameter. The last

point shows that the second order sufficient conditions for unconstrained minimization
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are fulfilled for the k-th subproblem, which allows to hope for a good performance of

unconstrained minimization techniques.

3.3 Bound-constrained Lagrangian method

With regard to the model, this chapter finally concerns problems of the form

) ) ci(fr)=0 Vie&
min F(x) subject to (24)
zcRN I<zx<u

with twice continuously differentiable objective function F' and constraint functions c;
and vectors | and u in (RU{—o0,00})", with I; < u; for all i € {1,...,N}. The
bound-constraints have to be understood componentwise and infinite entries of I and
correspond to unbounded variables in the respective direction. The bound-constrained
Lagrangian method enforces the bound-constraints in the subproblem and incorporates
only the equality constraints into the augmented Lagrangian. The k-th subproblem

therefore has the form

min La(x, \F:0,)  subject to | <z <u (25)
zeR

. An z* € RY is a KKT point of problem (25) if and only if
a* — P(x* — Vo La(z*, N5 0,),1,u) =0 (26)

, where P(g,l,u) for a vector g € RY is the projection onto the box defined by I and u,
i.e.
li ifgi <l
P(galau)i =N G if gi € (lhuz)

w; if g >y

, like the following theorem shows. It can be found as exercise 17.9 in Nocedal et Wright
2006 [p. 528].
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Theorem 7. An xz* € RY is a KKT point of the problem

min ¢(x) subject to | <z <wu
z€RN

with ¢ € C' and vectors | and u with | < u iff

z* — P(z* —Vo(z"),l,u) =0

Proof. The Lagrangian of the given problem can be written in the form
L(x,p",p%) = d(x) = p"" (@ = 1) = p*" (u—2)
. The gradient with respect to x is
VeoL(z,p'p°) = Vé(z) — p' + p°

and the KKT conditions can therefore be formulated as

Vé(x) =p' —p°
pzl(xl_ll)zo VZE{L 7N}
pelu; —x;) =0 Vie{l,... N}

P >0
ﬁ220 and [ <zx<u

. Suppose now that z* fulfills all this conditions. We then have V¢(z*) = p' — p? and
due to the complementary conditions we have that I; < zj < u; implies that /311 = /312 = 0.
Additionally, z} = [; implies that 7 < u; and therefore that p? = 0. In the same way

x; = u; implies that ,611 = 0. Collecting all these conditions we get

0 it l; <z} <y
Vé(x™)i=p  ifal =1
—p? ifaf =,
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, which subsequently leads to

xy it l; <} <y
(" = V)i = ar —p} ifat =1,
i+ pr ifal =y

Since p!,p? > 0 this results in P(z* — Vg (x*),l,u) = z*. For the other direction
suppose now, that we have an z* € RY such that * — P(z* — V¢(2*),l,u) = 0 holds.
Since z* = P(x* —V¢(x*),l,u), the vector z* is feasible. Additionally, we can write this

equation in the following form

¥ = P(z" — Vo(z¥),l,u)
=" = Vo(a") + (L — (@] = Vo )))es — Y ((a] — Vo(a™):) — wi)es

i€l i€l

(27)

, where I1 = {i : (z* — Vo(z*)), <}, I = {i: (zF — Vp(x*)), > u;} and the vector e;

is the i-th canonical basis vector of RY. If we now define

0 else

S (z7 = Vo(a*)i) —u; if af — Vé(z™); > u;

0 else

, equation (27) gives Vo(z*) = p'—p?. By definition it also holds that p', p?> > 0. So what
is left to show is, that p}(x; — ;) = 0 and p?(u; — ;) = 0 holds for all i € {1,...,n}. We
will prove the first one as the second one can be done in the same way. Let i € {1,...,n}

be arbitrary. Since z* is feasible we can split the proof in two cases.

Case 1: x} = [;

In this case it follows immediately that p}(z; — ;) = 0 holds.

Case 2: x7 > [;

We split this case again in two cases

Case 2.1: a7 — ¢(z*); < [;

Since z} — ¢(z*); < l; < u;, we have by definition of p? that p? = 0. Now Va(z*); =
pt—p? = pr, and therefore we have again by definition of p! that p; = [, —af +Vo(2*); =

li — x} + p}, which gives z¥ = [; and contradicts the assumption z} > [;.
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Case 2.2: =} — ¢(z*); > ;
This implies by definition of p! that p} = 0 and therefore p}(z; — ;) = 0. O

The theorem shows, that we can use equation (26) as a stopping criteria for the min-
imization problem (25). Below, we gather the constraint functions ¢; again in a func-
tion C' = (c1,¢2,...,¢¢)T. A general framework for the bound-constrained Lagrangian
method can then be specified as (see Nocedal et Wright 2006 [p.520-521]):

Data: starting point xg, starting Lagrange multiplier \°, convergence tolerances

e and wy

Result: approximate solution z*, approximate Lagrange multiplier \*

Set 0y = 10, wy = 1/6y and 1y = 1/63;

for k=0,1,2,... do

Find approximate minimizer z* of lfnir}V La(x, \¥:0;) subject to Il <z <u
zeR

starting at % with |[2* — P(2% — VL (2%, N¥;0p), 1, )] < wg;

if ||C(xy)|| < then

if ||C(zp)]| < ne and ||zF — P(xF — Vo La(2F, N5 01),1,u)|| < wy then
NFHL = M 0,0(ab):

return z* = 2% and \* = M+,

end
Nt = Nk — 9,.C (2);
Or+1 = O;

M1 = M/ 001

Wet1 = W /Ok41;

else
e+ — k.
Ok+1 = 100 - O;

Nk+1 = 1/92i1;
wit1 = 1/041;

end

gkt = g,

end
Algorithm 3: Bound-constrained Lagrangian Method

. The main work in algorithm 3 takes place in rnir}V La(z, \F; ;) subject to | < x < w.
zeR
How such a minimization is done will be shown in the next chapter. After that the

condition ||C(zg)|| < mr measures if the constraints have decreased sufficiently. If the
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condition holds, we do not change the penalty parameter as it produces an acceptable
value of constraint violation. We update the Lagrange multiplier estimate and tighten
the tolerances n; and wy for the next iteration. If it does not hold, we increase the
penalty parameter and do not update the Lagrange multiplier estimate, as the next step
should focus on improving feasibility. The next section gives conditions under which

algorithm 3 produces a KKT point of problem (24).

3.3.1 Convergence Analysis

The theory that gets presented in this chapter follows Conn et al. 1991. To begin with,
we introduce the concept of dominated and floating variables. To do so, we first define

the compact notation
P(z,v) =2 — P(x —v,l,u)

, where P(x — v,l,u) is the projection onto the feasible box of the vector x — v, defined
in chapter 3.3. Furthermore, over the whole chapter we denote with £F(x, A, p*, p?) the
Lagrangian of problem (24), i.e

LY (xz, N, p1, p2) = Z:/\cz Pz —1) — p*(u—x)
€€

, whereas £(z,\) denotes the Lagrangian of problem (24) where the bound constraints

are ignored, i.e.

L(z,\) =F(z) =) Nici(x)

€€

and L4(z, \,0) denotes the augmented Lagrangian defined in chapter 3.2.2. Now, for

k

any sequence of vectors [ < z¥ < u in the framework of algorithm 3, we have three

mutually exclusive possibilities for each component a:f

(i) 0<al—1; <V Lalah N 0);
(13)  VaLla(@® NF;0;); < 2F —u; <0
(ii1) @f —u; < ViLa(a® N5 0,); < af =1

We call variables z¥ that fulfill (i) dominated from above, variables that fulfill (ii) dom-
inated from below and variables that fulfill (iii) floating. Variables that fulfill (i) or (ii)
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are called dominated. In case (i) we have
P(mk, VmﬁA(:ck, NF 0r))i = xf —1;
, whereas in case (ii) we have
P(aF Vo La(z® N5 0,))s = aF —
and in case (iii) we have
Pz, Vo La(xF No;0.))i = Vo La(xF, N 0,);

. Algorithm 3 forces P(x*, VL4 (2, \¥;0}.)) to zero, thus we have that the dominated
variables are pushed to their bounds while the floating variables can find their own level.

Now, for a convergent sequence (xk)keN with 2% — z*, we define the index sets

I = {i : 2¥ are floating for sufficiently large k and I; < =} < u;}
Iy = {i : ¥ are dominated from above for sufficiently large k}
Iy, = {i: 2% are dominated from below for sufficiently large k}
I3y = {i : 2% are floating for sufficiently large k and =} = I;}
I3, = {i : ¥ are floating for sufficiently large k and =} = u;}

Iy = Iy U Iy

I3 = I3 U I3y

Iy = (L UL UI3)®

. If the vectors z* are now chosen such that P(z*, VL4 (2% N\*;0;)) goes to zero for

k — oo, we can state the first theorem.

Theorem 8. Suppose that (2¥)en is a convergent sequence with limit point * and that

P(2F, Vo La(xF, N5 01,)) goes to zero for k — co. Then

(i) The variables in the set I3, I3 and I all converge to their bounds.
(i) The components VL a(x*, X¥;0y); with i € [ or i € I3 converge to zero

(i4i) If a component VLA (x", NF;0,); with i € Iy converges to a finite limit, the limit

1S Zero
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Proof. Since for indices in I3 we have

e

P(aF Vo La(z® N5 0,))s = aF —1; Vi€ Iy
P(xk Vo La(xF No50,)) = 2k —wy Vi€ Iy,

Sl

point (i) holds true. For indices in I3 point (i) holds by definition and for indices in
Iy we can find a subsequence z¥ such that P(a:kl,VzﬁA(xkl,S\kl;Hkl))i = :cfl —1l; or
P(ak, Vo La(zh, N 0y)); = xfl — u; holds and therefore point (i) also holds for i € I4.

Point (ii) holds true since for i € I or i € I3, we have that
P(a¥, Vo La(a®, N;01))i = Vo La(x®, N 0p);
. Point (iii) holds true since we can again find a subsequence z* such that
P(xkl , VILA(xkl, S\kl; Or,))i = VIEA(xkl, j\kl; Ok, )i

holds for an ¢ € Iy with the given assumptions. O

For the next part we denote with VF(z) the components of VF(z), which correspond
to the index set I; and with /Al(x)T the submatrix of the matrix of constrained gradi-
ents, defined in theorem 4, which correspond to the columns of fl(x)T with index in I;.
Moreover, we denote with M the matrix formed by the columns of any matrix M with

indices in I;. With regard to theorem 4 we define the Lagrange multiplier estimate

Mz) = (A(2)")TVF(x)

for all x, where the right generalized inverse

A~

A@)" = A@)T (A A)T)

is well defined. The following lemma is given without proof.
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Lemma 3. If A(x)A(z)T is reqular the Lagrange multiplier estimate \(x) is differentiable
and it holds

VA®) = (A@))V2 L @) + (A@)A@)T) T R@)

- T

, where the i-th row of R(x) is defined as (Vﬁ’(x) - A(az)T)\(x)) V2ci(z).

Now we are ready to give the first general convergence result.

Theorem 9. Let | < ¥ < u be a convergent sequence of vectors that lie within a closed
bounded domain of RN, with limit point * at which the LICQ holds. Let \* = \(z*) and
let A be the sequence of Lagrange multiplier estimates given by algorithm 3. Additionally,
suppose that (0x)ken form a non decreasing sequence of positive scalars and that (wk)keN

forms a sequence of positive scalars that converge to zero. Furthermore, let
|P(a*, Vo La(a®, X¥; 05))]| < wp
. Then there exist positive scalars a; and az and an integer kg such that
A = X| < a1y + aglla® — 27| (28)
, where \N*+1 is given by the Lagrange multiplier update of algorithm 3.
IM(z") = X¥|| < agl|z® — 2| (29)
and
10N < 5 (I = X7 + axe + anlla® — o7 (30)

for all k > kg.
If in addition C(z*) = 0, then x* is a KKT point of problem (24) and \* is the cor-
responding Lagrange multiplier for the equality constraints. Furthermore, the sequences

Ne-and M(z*) converge to \*.
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Proof. Since all the z* lie within a closed bounded domain and converge to z*, at which
the LICQ holds, we have that for k sufficiently large A(l‘k)+ exists, is bounded and

converges to A(a:*) Therefore we have a constant a; such that
(AT < ax

for sufficiently large k. By differentiating £ (z, \; §) with respect to z, i.e.

VaLa(z, A 0) = ) =Y AiVei(x) + 0 ci(z)Vei(x
€€ €€
=VF(z)— Z(;\Z —0Oci(z))Vei(x)
€€

, one gets VoLa(xF \F:0p) = Vo L(zF, M+). Since ||P(z*, VoLa(2F, NF;00))|| < we

and the variables with indices in the set I7 are floating we have
IVE(z) = A@")TA | < wy
. Thus we have
IV = X(@h)|| = [V = (A@h) )TV E ()|
= I(A") )7 (A@H)TNE = VRER) |
< I(A@H) )T |wr, < are

. By Lemma 3 we have that \(z) is differntiable in a neighbourhood of z* and therefore

we get

Aa*

>/ |

1
/ (2% + 8(z* — %)) - (aF — 2*)do
0

. Since the term V(z) is bounded for z sufficiently near to z* we have that
A=) = AMa*)[] < azfla® — 2|
for some as > 0, which gives us (29). We also obtain (28) by

[N = N < I = XM ]+ [IAE®) = 2|

< ajwy —i—angk — z*||
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. By rearranging terms in the Lagrange multiplier update we have
k k_ yk+1
Clat) =5 ()\ Y )
1 //- - -
=g (= x) + (v =31))
O,
and therefore we get (30) by
1 N ok 3k Y
el < g (IR = X413 = 3+
1 _
<o (1A% = X1l + areon + asl 2 — 7))

. Now, suppose that C(z*) = 0. Since wy — 0 we have by (28) that \¥ — \*. Further-
more, we have V,L4(z* \¥;0;) — V,.L(x*, \*). Theorem 8 then gives us

li < xf <y and V,L(x*\*); =0 Viel
=1 and V. L(x*,\*); >0 Vi€ Iy
xf = and Vo L(x",A\); <0 Vi€ Iy, (31)
=1 and V L(z*,\*); =0 Vi€l
i =y and V,L(z*,\*); =0 Vi€ I3,
i =1l orzf=u; and V,.L(z*\*);=0 Vi€l

. If we now define the two vectors

1 Vﬁ(az*, X*)z 1 € IQZ B
p = pe =
0 else 0 else

—Vﬁ(ﬂ?*, 5\*)@ 1 € Ioy

, we have

V. LE (X, b, p?) )= AiVei(z) — '+ p°
€€

=V, Lz N) —pt+72=0

. Furthermore, p',p? > 0 and the complementary condition holds by (31). Thus, we
have that 2* is a KKT point of problem (24). The convergence of A(z*) follows by
(29). O

For the main result we need an additional theorem, which shows that the Lagrange

multiplier estimates of algorithm 3 do not behave too badly.
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Theorem 10. Suppose that the penalty parameters 0y converge to infinity while algo-

rithm 3 is executed, then we have that

1 -
—||IX¥]] = 0 for k — oo
Ok

Proof. Suppose that 6 — oo in algorithm 3, then we have that the condition ||C(z*)|| <
7Nk is violated infinitely often. Let K = {ko, k1, k2, ...} be the set of indices in which this

condition is violated and it holds
O, > 208 Yk € K (32)

We look at the Lagrange multiplier updates between two successive indices in K.
Therefore, let k; + j be such that k; < k; + j < k;11, we then have

j—1
Nkitd — Yki _ Zeki—i-lc(xkiH) (33)
=1

, with the convention that empty sums are zero. Furthermore, we have that no penalty

parameter update takes place between two successive indices in K, and therefore
Oki+j = Oki+1 = 100 - Oy, (34)

. Suppose that j > 1 now. We have look at the iterations k; +1 with 1 <[ < j. For those
we know that the condition ||C (x**!)|| < 1,4, holds and therefore due to the recursive
definition of 7, we have that

1
0.14+(1—1)0.9
0](;;‘—}—1

[C@ )| < (35)
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. Combining (32),(33) and (35) we get

Jj—1 -
1
IR < |NF | +29k1+l||0( FED[] < A +29k G108
=1 =1 ki1
i -1
" | " 1
<A ||+9k1+1 909 < A% |’+‘9k+11_71
I=1 \kitl 000

<IN+ 2609,

, where we used 0,1; = 0,41 for all 1 < [ < j. By dividing through 6, ; and using
(34) we get

1
ARt < M|+ 20,0
i H_mog I+ 26,03 y
< o[ + 2t .
— 100 0, 1000-1
. This inequality is also satisfied for j = 1, since
e R ey O]
Ok, +1 100 0,
. If we now define
o= gL Bi=2-0.00 k=l
, we get the that
aip1 < key + k0B, (37)
Biy1 = k"B
, which leads by induction to
_ il l
1=0
< HiOJO + ﬁo.ul _520.9

and therefore a; — 0. By (37) also §; — 0 and therefore the right-hand side of (36)

converges to zero which ends the proof. O

Finally, we can state the main convergence result:
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Theorem 11. Let (xg)ren be a sequence of vectors that lie within a closed bounded
domain of RN and is generated by algorithm 3. Then, every accumulation point x* of
(zk)ken for which the LICQ holds is a KKT point of problem (24) and the sequence of
Lagrange multiplier estimates converges to the corresponding Lagrange multiplier vector

\* for the equality constraints.

Proof. The result follows by theorem 9, if we can show that C(2*) = 0. Let (2*);cy be
a subsequence of (z¥)ren with llim xM = z*. Suppose first, that the penalty parameters
—00

0r stay bounded in the execution of algorithm 3. If this the case, the condition
1C™)]) < my,

holds true in every iteration for sufficiently large k;. Since n,, — 0 we have that C(z*) =
0. Now suppose to the contrary, that 8, — co. Then by theorem 10 it follows that

1 - _
R =Xt =0
O,

and by inequality (30) of theorem 9 we have that C(z*) — 0, since wy, — 0. O

Going back to the model we have that the constraint matrix C has full row rank and
therefore the LICQ is fulfilled independently of x*. Furthermore, although the vector of

upper bounds u contains infinite entries, the slack variables s are bounded by

n
L—Ezgi
=1

. Theorem 11 therefore implies that every accumulation point of algorithm 3 is a KKT
point in our case. The last question that is unanswered in algorithm 3 is how to solve

subproblem (25). The next chapter addresses this issue.

3.4 Gradient projection method

The gradient projection method is an active set method that is able to identify the correct
active set in finitely many iterations due to a powerful choice of the working set. Every
iteration proceeds in two steps. First, it identifies the so-called generalized cauchypoint,

which is the first minimizer along the projected steepest decent direction. Then, it

47



fixes the variables which are active at the generalized cauchy point to their bounds and
performs a subspace minimization on the remaining variables. We will first have a look
at quadratic programs with bound constraints, to explain the two essential steps of the
gradient projection method. After that, a trust region based gradient projection method

for general bound-constrained problems will be presented.

3.4.1 Gradient projection method for bound-constrained QPs

In this chapter, we concentrate on the problem

1
min F(z) = —2TGx +2Tc¢  subject tol <z <wu (38)
zERN 2

, where G € RV*N ig symmetric,c € RN and the vectors of lower and upper bounds
Lu € (RU{—o00,00})", with I < u. The gradient of the objective function F gets
denoted with

g=VF =Gz +c.

3.4.1.1 Generalized cauchy point

Let 2 € RY be an arbitrary feasible point. By projecting the steepest decent direction

onto the box defined by [ and u we get the piecewise linear path
z(t) = P(x —tg,l,u)

, where the projection operator P is defined as in chapter 3.3. The generalized cauchy
point x¢ is then defined as the first local minimizer of the function F(z(t)) for ¢ > 0.
To obtain the generalized cauchy point, we examine each of the line segments of the
function z(t). To do so, first of all, we need the values of ¢ at which the piecewice linear

path has kinks. We call these values the breakpoints and define them as

(r; —u;)/gi if gi <0 and u; < oo
ti=1Q (xi—1U)/g; ifgi>0andl; > —o0

00 else
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. These are the first values of ¢ for which the component xz(t); reaches its bound. The

components of z(t) can therefore be written as

x; —tg;  ift <ty
x(t)z: K3 _’L (]
x; —tig; else

. Now, we eliminate duplicate and zero values of ¢; to get the sorted set {t1, o, .

)

and examine z(t) in the intervals [0, ¢1],[t1, t2] until [t;—1,t;]. Suppose we have examined

all the intervals up to [tj_2,t;—1] and have not identified a local minimizer. For the

interval [t;_1,t;] we write the function z(t) as
x(t) = x(tj—1) + otp’
, where 0t =t —tj_1 € [0,¢; — t;_1] and the vector p’~! is defined as

pj_l _ —0; if tj_l < fl
: =

0 else
. Now, we can write the objective function F' on the given line segment as
/ 1 1/ 2
, where the coefficients Fj_l,FJ’»_l and F](’_ , are defined as
T 1 T
Fjo1 = cla(tj) + 5a(tj-1)TGa(tj-1)

Foy = o™ alt )Gy
F = () Gt

. Differentiating (39) with respect to ¢ and setting it to zero gives 0t* = —Fj_; /F]" ;.

Now, the following three cases can occur:

F;_l >0 local minimizer at | t = ¢,
0t* € [0,t; —tj—1) | local minimizer at | t = t;_ + 6t*

else move on to the next interval

An algorithm for the computation of the generalized cauchy point is therefore straight

forward to implement by simply iterating over all the intervals and stopping with the

49



correct minimizer, if one of the first two cases occurs, or stopping with z(¢;), if we
have reached the last interval without finding a local minimizer. While executing this
algorithm, computational savings can be made due to Conn et al. (1988) by rather
updating the coefficients F;_; and F ; then calculating them from scratch. For the

update of FJ{_1 one can use
z(tj) = z(tj—1) + (t; — tj—1)p' "

and then calculate

Fj=cTp’ +2(t;)TGp/
=cTpl + x(tj_l)TGpj + (t; —tj—1) (pjfl)TGpj
=P et (P —p ) a(t)TGY T ()G (P - p )
+(t—t) (P + - t) ()G -
= Fj_y + 0 + x(tj-) TGP + (t5 — tj1) Fioy + (4 — tj-1) (0 )T G
=Fj_ + TP +a(ty) TGP + (t; —t;1) Ffy

, where 7 = p? — p/~1. For the update of FY | one again calculates

F=@)'G

=) pr @) ew v

( Ve =T e () G -
+ (@ ) G

L+ (@ 2 G

. The matrix vector product b = G’ can be evaluated efficiently. Since the vectors p/~!

and p’ differ in just a few components, usually only one, it can be written as
b=2_ Cit}
Pl#0
, where GG; denotes the i-th column of G, and therefore the updates

Fi=F |+ (tj—tj—1) Fj'y + P +x(t;)Td
FJ{/:FJ{/—1+(P7+1?7 DAL

can be done in only additional three vector-vector products.
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3.4.1.2 Subspace minimization

After the computation of the generalized cauchy point, we define the working set W as
W= {i:af =1 or z{ = u;}

and approximately solve the reduced problem

1 ] x; = xf Vie W
min —x"Gx +2Tc¢  subject to (40)
z€RN 2 I <xp < uy VZ%W
. To do so, note that this problem has the form
1 . c
min —zTGx +zTc¢  subject to Az = . (41)

zERN

, if we ignore the bound-constraints and define the column vector z¢ € RMWI as the
reduced cauchy point, which consists only of the entries of x¢, which are in the working

set, i.e.

Ty = (2F)iew

. The matrix A € RWIXN has a very simple form since the rows of A are given by the
canonical basis vectors e], with ¢ € W. A matrix Z that contains a basis of the null
space of A in its columns is given by Z = (ei)i§£W' If we define Y = AT we have that
the matrix [Y Z] is nonsingular since it is the identity matrix with permuted columns.

Therefore, we can write any solution z of the linear system Az = z¢ in the form
r=Yr,+ Zx,
for some z, € RMWI and 2, € RN-WI. Now, we have that
xy, =Ax =AYz, = xy
. Any feasible x for problem (41) can therefore be written as

r=Ya,+ Zx,
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, for some z, € RN=WI. Problem (41) therefore reduces to

, with ¢, = ZTGYx, + ZTc. Suppose for the moment that ZTGZ is positive definite.
Problem (42) can then be solved with the preconditioned conjugate gradient method (see
Nocedal et Wright 2006 [p.460]). Since the aim is to approximately solve problem (40)
though and we can in general not assume that ZTGZ is positive definite, we will incor-
porate the ideas of Steilhaugs conjugate gradient method (see Nocedal et Wright 2006
[p.171]) for solving the trust region subproblem into the preconditioned conjugate gradi-
ent method. That is whenever the preconditioned conjugate gradient method produces
a direction of non-positive curvature along ZTGZ or produces a step that lies outside
the feasible box defined by [ and u, the algorithm should terminate with an approximate
solution that is given by Yz, + Z(z, + ammdz), where Z, is the current iterate of the
preconditioned conjugate gradient method, JZ is the current search direction and oy

is the largest stepsize such that | < Yz, + Z(Z, + oumind.) < u. Since the components

of the vector Y, + Z(Z, + aumind.) are given by

(xy>i ifieWw

(Ya:y + Z(i, + ammdz)) = ~

¢ ((f)z =+ ammdz)i if ¢ ¢ w

, we only have to choose aymin as the largest stepsize such that I, < 7, + aminds < U,
where again [, and u, are the reduced lower and upper bounds, but now with respect to
WC, defined as

b= (li)igw  ur = (Wi)igw

. The computation of a;,;, can be done by

Olin, = min oy
ie{1,..N—|W|}

, where

()i — (£.)i) /(d2);  if (d2)s < 0 and (I,); > —oc0
(ur)i — (£2)i) /(d2)i  if (d2); > 0 and (u,); < 0o

00 else
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. The algorithm for approximately solving the reduced problem (40) can be specified as

Data: starting point x,, convergence tolerance 7, preconditioner W,
Result: approximate solution x*
Set r, = ZTGZzx, + c,, g, = WZ_erZ and d, = —g,;
while rlg, > n do
if dIZ7GZd, <0 then
Compute n with 2, = x, and d, = dy;
Ty = Ty + Qminds;

break
end
a=rlg./dlZTGZd;;
zd = x;
T, =T, + ad,;
if . <z, < u, not satisfied then
Compute s, with z, = ajgld and dz =d,;
T, = x?ld + amind.;
break
end
rf=r,+aZ7GZd,;
gf =wWilrks
B=0$)gf/rlg:
d. = —gF + Bd:;

_ .

gz - gz I

T, :rj;
end

return z* =Yzl + Zx;

Algorithm 4: Preconditioned CG for Reduced Problem

Since the aim is, to produce a step that has a function value lower equal to the function
value of the generalized cauchy point, we choose the starting column vector z, € RN~

to be

2z = (2%)igw
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, since then we have
2 =Yux,+ Zx,

, and we start the subspace minimization at the generalized cauchy point. Note that due
to the simple form of Y and Z the matrix ZTGZ can easily be computed by removing

the rows and columns indexed by W and the vector z* can be obtained by

. xs e W
ZU,L‘ =

. Since algorithm 4 only needs one matrix vector product for each iteration, if imple-
mented correctly, it is suitable for large scale problems. A general framework of the
gradient projection method for quadratic programs can now be specified as (see Nocedal
et Wright 2006 [p.489]):

Data: feasible starting point z°

Result: approximate solution z*

for k=0,1,2,... do

if ¥ satisfies the KKT conditions of problem (38) then
‘ return z* = z¥;

end

Set = 2* and compute the cauchy point z°;

Compute approximate solution z of the reduced problem with algorithm 4;

ghtl = gt

end
Algorithm 5: Gradient Projection Method for QPs

3.4.2 Trust region based gradient projection method for general

bound-constrained nonlinear programs

To solve general bound-constrained problems like (25), a trust region based algorithm is
used instead of the procedure in algorithm 5. The algorithm that gets presented follows
the descriptions in Nocedal et Wright 2006 [p.554-556]. The [-th iterate of this algorithm

k

is denoted by x*, where kg = k, to avoid confusion with the iterates z* in algorithm
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3. Suppose we are now in the [-th iteration of this algorithm. The current trust region

radius is denoted by A;. The second order approximation of £(z*, X*: ;) is given by
_ _ 1 _
mt (2P 4 s') = LAz, N5 0,) + (sH)TVLLa(aF, N 0)) + §(Sl)TV§z£A(xkl,)\k; 0))s"

. If we now define

Gl = V2 L=k, N 0;)
= VxﬁA(.Z‘kl, 5\]"’; O1)

, the I-th trust region subproblem is given by

.1,y . . ) [<zh 45 <u
min —(s")TGs" + (s")T¢  subject to (43)
TERN 1500 < A

. Note that the infinity norm is used to define the trust region, since the constraints of

s' in problem (43) are then given by

ky Ky

l—xz
—A/ly

u—2

Al

VARVAN
IAIN

and can be combined to
max(l — 2%, —Ajly) < s' < min(u — 2, Ajly)

, where max and min have to be understood componentwise. Problem (43) therefore
reduces to

1 ~
min = (s")TGs' + (s))Te  subject to I} < s' <y (44)
zeRN 2

, where [} = max(l — 2", —Ayly) and 4; = min(u — 2", Ajly). A step s' can now be
found by first computing the generalized cauchy point z¢, staring at s' = 0, and then
using algorithm 4 to compute an approximate solution of the reduced problem. After
that the update of 2* and the trust region radius A; can be done in the usual trust
region step quality measurement procedure. A general framework of the algorithm can

be specified as:
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Data: feasible starting point z*0 = zF

k+1

, convergence tolerance wy
Result: approximate solution x
Set 0<w<1l<wand 0<p <1<

Set [ = 0;

Evaluate GO = V2, L4 (2, \¥; 0,.);

Evaluate ¥ = Vo L(zF, \F; 0);

while ||z — P(2% — VLA (2%, N5 0,),1,u)|| > wy do

Compute l};

Compute g;

Compute generalized cauchypoint z¢ starting at s' = 0 of problem (44);
Compute step s' with algorithm 4 using z°;

Compute ared= L4 (2", \¥;0;) — La(zF + 51, M\ 0,);

Compute pred= —(c!)Ts! — 1/2(s")TG's!;

Compute reduction measure p = ared/pred;

if yu < p then

ki = xkl;
Ay = wAy;
end

if p <p <pthen

l,kl+1 — ijl _|_ Sl;

A1 = Ag;

Evaluate G = V2 L4 (zF+1 NF; 6,);
Evaluate ¢t = VL4 (zb+1, NF;0,);

end

if > 1 then
gk = gh 4 gl
A = WA
Evaluate G = V2L 4 (zF+1 NF; 0,);
Evaluate ¢t = VL4 (b1, NF;0,);

end
l=1+1;
end

Algorithm 6: Nonlinear Gradient Projection Method

k+1

The variables z* for the starting point, z for the approximate solution and wj for
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the convergence tolerance are used to denote the relationship to algorithm 3. Also, for
this reason the function £ 4 is used in the algorithm instead of a general objective func-
tion F. The convergence analysis of algorithm 6 is done in the context of a general

bound-constrained problem

min F(z) subjecttol!l <z <wu (45)
zeRN

, though and the iterates z*! are replaced by z!. The following theorem without proof

is a summary of the theory presented in Conn et al. (1986).

Theorem 12. Let 2° be a feasible starting point for algorithm 6 of problem (45). Suppose
that the set

L={zeRYN :F(z)<F')}n{i<z<u}

18 compact and has non empty interior. Further suppose that the objective function F is

twice continuously differentiable. Then the iterates x* of algorithm 6 fulfill

lim z! — P(z! — VF(z!),l,u) =0

l—00

. Suppose further, that for every accumulation point * € L of the sequence (x')cn the

strict complementary condition
i€ A(z") = |VF(z");| >0 (46)

holds. Then, for every subsequence (y,)jen that converges to x* € L it holds that x* is
a KKT point of problem (45) and that

A(zy;) = A(z”)

l

for sufficiently larger j. This implies, that if the complete sequence z* converges to a

single limit point x*, the correct active set is identified after finitely many iterations.

According to Conn et al., the assumption on the set L only says that problem (45)
is non trivial and cannot be reduced to a lower-dimensional problem. Concerning the

model, we can assume that this condition is always satisfied. Note that assumption (46)
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is crucial, since we cannot guarantee that it is always satisfied and if it does not hold the

working set YW may not settle down to the correct active set. Although we have that

lim z! — P(z! — VF(z!),l,u) =0

l—00
, algorithm 6 may fail in the degenerate case. Note also, that the general theory presented
in Conn et al. (1986) does not give an algorithm for finding the step s’ and rather requires

of a general step s’ that the following holds

F(z) —mi@' + ') > By (F(ml) — ml(a! + xc)>
s < A
A(z¢) C Azl + s

, for 81 € (0,1] and where z¢ is the generalized cauchy point in iteration . The step
produced by algorithm 4 satisfies these conditions with 81 = 1, if we start at the correct
x, described in chapter 3.4.1.2. In the implementation I have encountered situations in
which due to numerical reasons the first condition is violated. Therefore, the predicted
reduction of the generalized cauchy point is compared to the predicted reduction of the
step produced by algorithm 4 in every iteration and if the first condition is violated we
set s' = z¢. Other situations that can cause difficulties for the algorithm are described in
Conn et al. (2010). According to Conn et al., variables or constraints, whose numerical
values are widely different in magnitude, should be avoided. Therefore the definition of
the capacity-units motivated in chapter 2.2 is a little more delicate. The measure should
be chosen in a way that L =~ 1, since this leads to slack-variables that are approximately

of the same size as the remaining variables.

4 Implementation and results

The implementation of the algorithms described in the last chapter is done in MATLAB®,
An overview of the implemented functions can be seen in figure 2. The MainAlgorithm.m
file contains the bound constrained Lagrangian method. With a preconditioning flag one
can turn the preconditioning with an inexact modified Cholesky preconditioner on or off,
which uses a modified incomplete Cholesky decomposition. The algorithm can be found
in Nocedal et Wright 2006 [p.174]. It is possible to print information of convergence
progress in a pop up window with an information flag, like, for example, the current

constraint violation. Once the MainAlgorithm.m terminates with a solution, the func-
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tion GetKKT.m calculates the Lagrange multipliers for the inequality constraints and
prints the first order optimality measure, which is the norm of V,£LP evaluated at the
calculated = and calculated Lagrange multiplier vectors. After that the function check-
SOSC.m checks if the second order sufficient conditions are satisfied with the algorithm
described in chapter 3.1.3. It uses the function spspces.m (MathWorks®, 2006), which

is specially designed for the computation of the null space of large sparse matrices.

MainAlgorithm.m

EvaluateAugLagrangian.m

GetKKT.m

EvaluateFunctionGradient.m

Figure 2: Overview of Implemented Functions

4.1 Impact of the parameters o, and v

First results of the model are presented in this chapter, especially the impact of the
parameters «,5 and v will be shown in an example. For this purpose we consider the

warehouse with 42 storage locations, which can be seen in figure 3.
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Figure 3: Warehouse

The depot is represented by the black rectangle. The values of the variables dj, are given
in table 2. They are found by the Dijkstra algorithm for the calculation of the length of
the shortest path from a source vertex to all the other vertices in a weighted graph (see
e.g Ahuja et al. 1993) and assuming that the distance between the boxes is given by 1.

12.4721 114721 11.4721 12.4721 13.4721 14.4721 15.3852  14.3852

13.3852  12.3852

Table 2: Distances to the Depot

Suppose we have 4 articles to be stored. The storage location capacity L = 1 and the
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parameter e = 0.0001. The article correlations A;; are given by the matrix

x 0.5 0.01 0.9
x x 0.1 04
X X x 0.2
X X

and the values of u; and g; are given by

pr=04 g1 =2
2 =03 g2=3
p3 =02 g3=4
pa=0.1 g4=1

. To begin with, we calculate the optimal probability distributions for the articles with

the parameters a = § =y = 1. The solution can be seen in figure 4.

B W

(a) article 1 (b) article 2
(C) article 3 (d) article 4

Figure 4: Test Result fora==~v=1

As expected, article 1 and article 4 have nearly the same distribution. This is due to
the fact that with A;4 = 0.9 we have the highest correlation between them. The two
next largest values A2 = 0.5 and Aoy = 0.4 force the distribution of article 2 to be
near to the one of article 1 and 4. Since the lowest correlations are the ones concerning
article 3, there is no need to store article 3 next to the other articles. With regard to the

proximity to the depot, we can see that the distributions of article 1,2 and 3 are sorted
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according to their decreasing values of p;. Although py = 0.1 is the lowest value, we see
that the distribution of article 4 is concentrated near the depot. This is due to the fact
that article 4 needs with g4 = 1 the least space to be stored and can therefore fill up
the remaining storage space. Next we have a look at the three extreme cases, where «,3
and v are respectively much higher than the remaining two parameters. In figure 5 we

can see the result for « = =1 and v = 100.

(a) article 1 (b) article 2

(C) article 3 (d) article 4

Figure 5: Test Result for o = =1 and v = 100

As we can see, the value of 7 forces the distributions to be clustered as much as possible.
According to their values of g; and due the storage location capacity constraint, the
distribution of article 4 is concentrated in a single storage location, the distribution of
article 1 is concentrated in two storage locations, and the distributions of article 2 and
3 are respectively concentrated in three and four storage locations. The factors article
correlation and article turnover are nearly neglected. Now, we have a look at the case
in which « =y =1 and 5 = 100.
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(a) article 1 (b) article 2

> B>

(C) article 3 (d) article 4

Figure 6: Test Result for « = =1 and 5 = 100

The distributions of article 1,2 and 3 are again sorted according to their decreasing values
of u;, but now with a higher degree of severity. Again, we can see the effect of g4 and
how article 4 is able to fill up the remaining space near the depot. The last extreme case
can be seen in figure 7, with a = 50 and 8 = v = 1. As expected, all the articles are
concentrated in the same storage locations and are uniformly distributed among those,
since we put all the emphasis on storing articles that are somehow correlated close to
each other. From this we can also see that o and ~ are somehow direct opponents.
While an increasing parameter a pushes the distributions to the uniform distribution,

the parameter v induces the formation of small clusters in the warehouse.
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(a) article 1 (b) article 2

- =

(C) article 3 (d) article 4

Figure 7: Test Result for =+ =1 and o = 50

4.2 Testing of the model

To give a first impression of how the storage location assignment, according to the
calculated distributions, affects the costs in form of travel distance for incoming and
outgoing articles in comparison to the random storage policy, I implemented a simulation
of a working year with 200 working days in the above warehouse. For the simulation we
suppose that we have 100 articles to be stored and commissioned. Each article has a
daily demand following a normal distribution with a given mean and standard deviation.
From the daily demands of each of the articles a total number of 57654 commissions are
created, with a minimum number of 269 and a maximal number 313 commissions per
day. The commissions are created in a way that the first and the last twenty of the
articles are more likely commissioned together than the rest. The maximum number of
articles per commission is 10 and the commission size is uniformly distributed between
1 and 10. The inventory is controlled according to the basic economic order quantity
model (see Heizer et Render 2011), i.e. we have a fixed economic order quantity (EOQ)

and a fixed reorder point (ROP) for each article given by the formulas

EOQ. =
ROP; = d; - I;
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where D; is the annual demand of article ¢, S; are the reordering fix costs for article 4,
H; are the holding costs per SKU per year for article ¢, d; is the average daily demand of
article ¢ and [; is the lead time of article ¢. For convenience we assume, that the all the
articles have the same article capacity of 0.005, so the values g; are given by the average

inventory level times 0.005, i.e.

_ EOQ,

5 0.005

9i

We also assume that S; = H; = [; = 1 for all i € {1,...,100}. A detailed list
of all the involved values can be found in table 3 in the appendix. The values of A;;
are computed according to the created commissions. For the algorithm the parameters
€ = 0.0001,a = 3,5 = 2 and v = 0.005 are used. An overview of the simulation is given

in figure 8.

RunSimulation.m

getwarehousemat.m
getstorageroute.m opt_lengths.m

solveTSP.m

computelength.m

Figure 8: Overview of Implemented Functions for the Simulation

createinitalinv.m

The RunSimulation.m file gets the desired probability distributions as an input, i.e. the
calculated distributions or uniform distributions. It starts to build up an initial inventory
with the function createinitialinv.m. This is done by storing an amount of EOQ, /2 SKUs
of each article according to the given probability distribution. After that the simulation
starts and the program loops through the working days. At the beginning of each
working day the function getstorageroute.m stores the incoming SKUs according to the
given probability distribution and computes the length of the optimal storage route by

solving the resulting travelling salesman problem with the function solveTSP.m. After
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that, the program loops through all the commissions of the day and computes the lengths
of the optimal commission routes in the function getcommissionroute.m. Since each of
the articles in a commission is possibly stored in several storage locations, a policy for
the choice of the storage location from which a given article should be picked has to be
introduced. The implementation uses the First In First Out (FIFO) policy, since this is
common practice (see Van den Berg 1999). At the end of each working day, the program
checks if the inventory level of an article is lower or equal to the corresponding reorder
point and triggers an order if necessary. The amount of SKUs that get ordered is given
by EOQ; and the replenishment order arrives at the warehouse after /; working days.
The function solveTSP.m uses the state of the art TSP solver concorde which is freely
available for academic use (see Applegate et al. 2006). The outputs of the simulation are
the total travel distances for incoming and outgoing goods. The results are summarized

in figure 9.

Cost . Cost-Saving

Uniform Distribution Calculated Distrbution

Space Utilization
T T

1 | 1 | 1 1 1 1 |
120 140 160 180 200

100
Working Days.

Figure 9: Simulation Results

One can see, that the storage location assignment according to the calculated distri-
butions saves nearly 15% of total travel distance, while the space utilization remains

unchanged.
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5 Conclusion and future work

The simulation results indicate the advantages of the model. The benefit of high space
utilization of the random storage policy gets extended by three important factors that
can reduce travel distance in the storing and retrieving process. I have noticed, that
the convergence speed heavily depends on the choice of the parameters a,3 and ~ and
that sometimes the algorithm struggles with the identification of the correct active set,
which is, according to my opinion with regard to the presented theory due to degeneracy.
The choice of the parameters «, and -~y is up to now by trial and error and I also want
to mention that, in general, we can not hope for a unique minimizer, although this
might be desirable. Therefore, a first step towards further development of the model
has to be to automate the choice of the parameters using the given input data. 1 also
think that it might be possible to calculate a proportion between o and v such that the
objective function becomes at least pseudoconvex. If this is doable, the quasiconvexity
of the inequality constraints and the linearity of the equality constraints would ensure
uniqueness of the minimizer. A second step would be to trace the parameters \;; and
w; with time series analysis tools, since this would lead to a dynamical adjustment
to changing circumstances, like, for example, periodic demand. One could freeze the
parameters \;; and p; for a given period of time and calculate the optimal probability
distributions with the presented model. After that, the storage location assignment is
made according to the calculated distributions, until the given period ends. Afterwards,
an update of \;; and p; takes place and the distributions get recomputed. To do so, the
length of this period has to be analyzed previously. The timeframe has to be long enough
to ensure that the turnover is sufficient to rearrange the articles in the warehouse and
short enough to prevent the parameters \;; and p; from changing to quickly. The case
of unpredictable parameters for some articles could be handled by fixing the probability
distribution of those articles to the uniform distribution, until the parameters are stable
enough to reenable the automated calculation of their distributions. A third step should
of course be to do further tests in different scenarios with different storing and retrieving

techniques and to incorporate disregarded factors in the model.

6 Appendix
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article | demand @ demand o article-cap. D, d;

1 35 0.5 0.005 7008 35.04
2 32 0.5 0.005 6406  32.03
3 34 0.5 0.005 6804  34.02
4 34 0.5 0.005 6785 33.925
5 34 0.5 0.005 6808 34.04
6 33 0.5 0.005 6591 32.955
7 35 0.5 0.005 7005 35.025
8 32 0.5 0.005 6396  31.98
9 34 0.5 0.005 6795 33.975
10 35 0.5 0.005 6986  34.93
11 33 0.5 0.005 6602 33.01
12 33 0.5 0.005 6597 32.985
13 31 0.5 0.005 6184  30.92
14 31 0.5 0.005 6204 31.02
15 31 0.5 0.005 6213 31.065
16 32 0.5 0.005 6412  32.06
17 35 0.5 0.005 7005 35.025
18 35 0.5 0.005 6998  34.99
19 31 0.5 0.005 6189 30.945
20 35 0.5 0.005 6994  34.97
21 13 0.5 0.005 2601 13.005
22 11 0.5 0.005 2213 11.065
23 13 0.5 0.005 2597 12.985

H,_.,_.,_.,_.,_.,_.,_.,_.H}_.H)_.H,_.H,_.H,_.H,_.H,_.‘sm

e e e e e e e e e e e e e T T T T = T = T e T

EOQ; ROP; Wi i
119 36 0.023116  0.2975
114 33 0.02113 0.285
117 35 0.022443 0.2925
117 34 0.02238 0.2925
117 35 0.022456  0.2925
115 33 0.02174 0.2875
119 36 0.023106  0.2975
114 32 0.021097 0.285
117 34 0.022413 0.2925
119 35 0.023043 0.2975
115 34 0.021776  0.2875
115 33 0.02176 0.2875
112 31 0.020398 0.28
112 32 0.020464 0.28
112 32 0.020493 0.28
114 33 0.02115 0.285
119 36 0.023106 0.2975
119 35 0.023083 0.2975
112 31 0.020414 0.28
119 35 0.023069 0.2975
73 14 0.0085793  0.1825
67 12 0.0072995 0.1675
73 13 0.0085661  0.1825
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2789
2595
2386
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2194
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2410
2814
2600
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2795
2399
2813
2206
2195
3005
2795

10.96
14.04
14.955
14.99
15.01
15.04
14.985
13.945
12.975
11.93
12.965
10.97
14
14.985
12.05
14.07
13
12.03
13.975
11.995
14.065
11.03
10.975
15.025
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15
15
15
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16
15
14
13
12
13
11
14
15
13
15
13
13
14
12
15
12
11
16
14

0.0072302
0.0092621
0.0098657
0.0098888
0.009902
0.0099218
0.0098855
0.0091994
0.0085595
0.0078701
0.0085529
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0.0092357
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0.0019395
0.00068938
0.0019659
0.0026124
0.0033018
0.0012963
0.0020055
0.0013194
0.0026454
0.0019923

0.1825
0.1675
0.175
0.195
0.195
0.1875
0.175
0.1
0.07
0.0725
0.1
0.0875
0.0875
0.0725
0.1125
0.0875
0.0525
0.0875
0.1
0.1125
0.0725
0.0875
0.0725
0.1025
0.0875



Gl

99
100

0.5
0.5

0.005
0.005

612 3.06 1 1 1
402 2.01 1 1 1

35
29

4
3

0.0020187
0.001326

0.0875
0.0725

Table 3: Simulation Data
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