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Aim

Let A be a gentle algebra (these are certain tame algebras given by
quivers with zero relations of a particular form). Let
νA = L(HomA(−, A)∗) be the Nakayama functor

and τA = νA ◦ [−1] be
the Auslander-Reiten translation.

Aim

Describe the Verdier quotient

D = Db(A−mod)/{τA–invariant complexes}.

1 Is D Hom–finite ?

2 What are the indecomposable objects/representation type/AR-quiver.

3 K-theory.

4 Is D idempotent complete ?
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Example I

Let A = k( 1
a //
b

// 2
c //
d

// 3 )/(ca, db).

Question

Can we describe the Verdier quotient

D = Db(A−mod)/{τA–invariant complexes}?

Idea

Find a geometric interpretation of Db(A−mod).

The following example shows how this might look like.
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Example II

The well known tilting equivalence

Db(Coh P1) −→ Db (rep ( • // // • ))

induces an equivalence of Verdier-quotient categories

Db(Coh P1)/Db(tors P1) −→ Db(rep( • //// •) )/{τ–invariant complexes}.

By a result of Miyachi and Bondal-Orlov

Db(Coh P1)/Db(tors P1) ∼= Db(Coh P1/tors P1).

And finally
Db(Coh P1/tors P1) ∼= Db(k(t)–mod).
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Kodaira cycles

Let X = En be a Kodaira cycle of n projective lines. E.g.

E1

CCCC

{{{{ E2 E3

;;;;;;;

�������

They are certain degenerations of elliptic curves

In particular, τX |Perf(X)
∼= Id. Since the varieties X are singular,

gl.dim(Coh(X)) =∞.
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Non-commutative Kodaira cycles

Let Z = Sing(X) be the singular locus and IZ the corresponding ideal
sheaf. Set F = OX ⊕ IZ .

Burban and Drozd equip these curves with an
Auslander sheaf of OX -orders

AX = EndX (F) ∼=

(
Õ I
Õ O

)
.

Let r, s ∈ X be a regular resp. singular point. The completions of the
local rings are

Âr
∼=
(
kJxK kJxK
kJxK kJxK

)
, Âs

∼=

(
1

a
((
2

c
((

b

hh 3
d

hh

)∧
.

The ringed space (X,AX) may be viewed as a non-commutative curve
and studied via the category Coh(AX) of coherent AX -modules.

Remark

Âs is the Auslander algebra of an A1-singularity.
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Categorical resolutions

Since gl.dim(QCoh(AX)) = 2 (local computation), the derived category
D(QCoh(AX)) is smooth in the sense of Kontsevich and a categorical
resolution in the sense of Lunts.

More precisely

Theorem (Burban-Drozd ’09)

The category Db(Coh(AX)) has a Serre functor SX ; thus τX = SX ◦ [−1]
is the Auslander-Reiten translation. There is a fully faithful functor

F = F
L
⊗OX

− : Perf(X)↪−−→Db(Coh(AX))

and im(F) = {τX – invariant complexes} ⊂ Db(Coh(AX)).
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Singularity categories

Singularity categories were introduced by Buchweitz ’87 and thereafter
studied extensively by representation-theorists. In ’03 Orlov started to
study a ‘global’ version of them.

Definition (Buchweitz, Orlov)

Let X be a noetherian scheme. The triangulated category of
singularities is the Verdier-quotient

Dsg(X) =

(

Db(Coh(X))/Perf(X)

)ω

The following theorem due to Orlov shows that Dsg(X) may be
understood locally.

Theorem (Orlov)

Let X be quasi-projective with isolated singularities. There is a block
decomposition

Dsg(X) ∼=
∏

x∈Sing(X)

Db(Ôx −mod)/Kb(proj Ôx).
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Non-commutative singularity categories

The following proposition is a non-commutative analogue of Orlov’s
Theorem.

Proposition

Let X = En be a Kodaira cycle and {s1, · · · , sn} = Sing(X).

(
Db(Coh(AX))/Perf(X)

)ω ∼=
n∏

i=1

Db(Âsi −mod)/Kb(addP2),

where

Âsi
∼=

(
1

a
((
2

c
((

b

hh 3
d

hh

)∧
∼=
(
kJxK× kJyK (x, y)
kJxK× kJyK kJx, yK/xy

)
We call the LHS non-commutative singularity category Dnc−sg(X) and
the blocks on the right nodal blocks Dnodal.
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Âsi
∼=

(
1

a
((
2

c
((

b

hh 3
d

hh

)∧
∼=
(
kJxK× kJyK (x, y)
kJxK× kJyK kJx, yK/xy

)
We call the LHS non-commutative singularity category Dnc−sg(X) and
the blocks on the right nodal blocks Dnodal.

Martin Kalck (Bonn) Singularity categories of categorical resolutions ICRA XIV 10 / 17



Tilting

Theorem (Burban-Drozd ’09)

The category Db(Coh(AX)) admits a tilting complex H•. Let
ΛX = End(H•). Thus we have an equivalence of triangulated categories

RHom(H•,−) : Db(Coh(AX)) −→ Db(ΛX −mod)

inducing an exact equivalence(
Db(Coh(AX))/Perf(X)

)ω
−→

(
Db(ΛX −mod)/{τ – invariant cpxs}

)ω
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Gentle algebras

Let X = En be a Kodaira cycle of n projective lines. ΛX = End(H•) is a
gentle algebra given by the following quiver with relations.

• · · · •
identify

·
w1n

\\8888888 w11

CC������
·

w21

[[777777 w22

CC������
· · ·

]];;;;;;;

AA�������
·

wnn

BB�������wn,n−1

[[777777

·

u1

KK
v1

SS

·

u2

KK
v2

SS

· · · ·
un

KK
vn

SS

wiivi=0 1≤i≤n;
wi,i−1ui=0 1<i≤n;
w1nu1=0.

In particular, for n = 1 we obtain

ΛX = A = k( 1
a //
b

// 2
c //
d

// 3 )/(ca, db).
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Description of the nodal block I

Let us describe the Verdier quotient

Dnodal = Db

((
1

a ''
2

c ''

b

gg 3
d

gg

)∧)
/Kb(addP2).

Let i, j ∈ {1, 3}. Denote by Si(l) the complex

Pi
// P2

// P2
// · · · // P2

// Pj

with l non-vanishing terms, Pi in degree 0, and differentials given by
minimal non-trivial paths. These are called minimal strings.

Example

S1(3) = · · · // 0 // P1
·b // P2

·d // P3
// 0 // 0 // · · ·

S3(4) = · · · // 0 // P3
·c // P2

·ab // P2
·d // P3

// 0 // · · ·
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Description of the nodal block II

Theorem (K.)

Let i 6= j ∈ {1, 3}, n ∈ Z and l ∈ N≥3.

1 Dnodal is representation–discrete. More precisely, the set of
isomorphism classes of indecomposable objects consists of two
Z–families P1[n] and P3[n] and two N× Z-families S1(l)[n] and
S3(l)[n].

2 Dnodal is Hom–finite. Let X and Y be indecomposable objects in
Dnodal then

dimk HomDnodal
(X,Y ) ≤ 1.

3 The Auslander–Reiten quiver of Dnodal consists of two
A∞∞–components

· · · // Pi[n] // Pj [n− 1] // Pi[n− 2] // Pj [n− 3] // · · ·
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Description of the nodal block III

Theorem (K.)

and two ZA∞–components.

· · ·

��???????? · · ·

��???????? · · ·

��???????? · · ·

Si(5)[n]

??��������

��????????
Sj(5)[n− 1]

??��������

��????????
Si(5)[n− 2]

??��������

��????????

· · ·

??��������

��???????? Sj(4)[n− 1]

??�������

��????????
Si(4)[n− 2]

??��������

��????????
· · ·

Sj(3)[n− 1]

??�������
Si(3)[n− 2]

??��������
Sj(3)[n− 3]

??��������

4 K0(Dnodal) ∼= Z2 (using negative K-theory.)
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Description of the nodal block IV

Theorem (K.)

5 Let O = kJx, yK/(xy) and

Âs =

(
1

a ''
2

c ''

b

gg 3
d

gg

)∧
.

We have a commutative diagram

Db(Âs −mod)
RHom(P2,−) // //

can.
����

Db(O −mod)

can.
����

add (Si(l)[n]) incl. // Dnodal
induced // // CM(O)

relating our non-commutative singularity category Dnc−sg(X) to the
known (commutative) singularity category Dsg(X).

Martin Kalck (Bonn) Singularity categories of categorical resolutions ICRA XIV 16 / 17



Description of the nodal block IV

Theorem (K.)

5 Let O = kJx, yK/(xy) and
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Summary

Let ΛX be the gentle algebra given by

• · · · •
identify

·w1n

__?????
w11

??����� ·w21

__>>>>>
w22

??����� · · ·

aaCCCCCC

=={{{{{{
· wnn

??�����wn,n−1

__>>>>>

·
u1

KK
v1

SS

·
u2

KK
v2

SS

· · · ·
un

KK
vn

SS

wiivi=0 1≤i≤n;
wi,i−1ui=0 1<i≤n;
w1nu1=0.

and D =
(
Db(A−mod)/{τA–invariant complexes}

)ω
.

1 D ∼= Dnodal ⊕ · · · ⊕Dnodal (block-decomposition).

2 D is Hom–finite.

3 D is representation-discrete.

4 K0(D) ∼= (Z2)⊕n.
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