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MODULATION RECOVERY AND IMAGE RECONSTRUCTION IN CARTESIAN
PARALLEL MAGNETIC RESONANCE IMAGING: A STRUCTURAL STUDY BY

PARAMETERIZATION

M. HINTERMÜLLER, S. L. KEELING, AND A. LAURAIN

ABSTRACT. Parallel Magnetic Resonance Imaging allows to reduce image acquisition time by subsam-
pling the data in k-space using an array of surface coils. The subsampling using surface coils results in
modulated and aliased images which have to be post-treated to reconstruct the image. In this paper we
perform a structural study for simultaneous recovery of the unknown coil sensitivities and reconstruction
of the image by using parameterized sensitivities. We investigate the minimal requirements for the recon-
struction of the image and provide qualitative results about the optimal placement of the coils with respect
to the direction of folding due to the Cartesian subsampling.

1. INTRODUCTION

In the recent years, parallel Magnetic Resonance Imaging (pMRI) has emerged as an effective ap-
proach to reduce image acquisition time. The strategy of parallel MRI is to reduce the data acquisition
in the k-space among multiple receiver coils and retrieve complementary subsampled data with each
coil to accelerate the image acquisition rate. The subsampling in the frequency domain results in folded
or aliased images, which must be deconvolved in order to recover the original image. Various uniform
or non-uniform subsampling patterns can be programmed, leading to different aliasing artifacts in the
image reconstruction. A popular example is the Cartesian subsampling which consists in subsampling
along selected lines on a Cartesian grid, either horizontally or vertically. A number of algorithms are
available for the reconstruction of the image, we refer to [4] for a review of existing techniques.

Radio frequency coils are used in MRI for both nuclear excitation and for signal detection. Large
homogeneous coils may be used for the uniform elucidation of a volume but a smaller surface coil can
be used to resolve local details with greater sensitivity. However surface coils suffer from a nonuniform
sensitivity in relation to that of a body coil. Thus, in addition to the aliasing effect due to subsampling,
each surface coil produces its own modulation of the original image; we refer to [5] for more details.
When the data is acquired without subsampling with only one surface coil, the resulting image is modu-
lated by the coil, and the unknown modulation and original image can be recovered using a multiphase
segmentation technique [3, 6]. In parallel MRI, each coil produces its own modulation of the image
depending on the spatial configuration of the array of coils. An accurate estimate of the coil sensitiv-
ities is thus a crucial issue for the image reconstruction. In SENSE [9], the sensitivity information is
obtained prior to actual imaging from reference measurements without acceleration. To avoid the pro-
cess of sensitivity estimation using additional measurements, algorithms such as GRAPPA [2] collect
additional frequencies in the k-space, or Auto-Calibration Signal (ACS) lines, to derive an estimate of
the sensitivities. In Figure 1, examples of a modulated image and of an aliased image resulting from a
periodic subsampling with frequency (acceleration factor) 4 are given.

While existing algorithms strive to estimate the sensitivities of the coils in various ways before per-
forming the reconstruction, in this paper we study the feasibility of the simultaneous reconstruction of
the image and the recovery of the unknown modulations. This is motivated by the fact that the mod-
ulations may differ from prior estimates for several reasons, such as noise, inhomogeneities in the
observed medium or movements of the patient. We perform a structural study by considering simplified
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parameterized sensitivities σ which depend on three parameters that determine the coil position and the
sensitivity decay rate. The problem of recovering the coils sensitivities thus becomes a finite dimen-
sional problem which allows to use a Newton method for the optimization process. The fact that the
modulations can be modeled by a finite-dimensional approximation is based on the assumption that they
are smooth and on the physical observation of the coil sensitivities in MRI; see [9, 11] for other type of
approximations.

FIGURE 1. Example of modulated image and aliased image: original image (left), mod-
ulated image with the coil placed in the upper left corner (center), aliased image result-
ing from a periodic Cartesian subsampling (right)

It has been observed [9] that in order to obtain usable reconstructions in parallel MRI, it is necessary
to use a number of coils greater than or equal to the reduction factor (the frequency at which the subsam-
pling is performed). In this paper we give several results concerning the critical case when the number of
coils is equal to the subsampling frequency, also called reduction or acceleration factor, and no additional
measurement is collected. We show that in this case, the positioning of the coils is crucial for an effective
reconstruction and give qualitative relations between positioning of the coils and ill-conditioning of the
problem. We propose two approaches for reconstruction of the image and recovery of the modulations.
In the first approach we exploit the particular structure of the folded image using a periodic Cartesian
subsampling. The second approach is more flexible and can make use of additional sampled points in
k-space. The proposed algorithms operates in image space and the analysis is performed in the infinite-
dimensional setting, however the extension to the discrete setting is straightforward.

In section 2 we write an explicit formulation of the aliasing operator in the spatial domain which
derives from the subsampling operation. In section 3 we introduce a minimization problem for the par-
ticular case of periodic subsampling, and we give the corresponding first and second order optimality
conditions. In section 4 we consider the general case of possible additional reference points and intro-
duce a new minimization problem for the reconstruction. In section 5 the parameterized sensitivities
used in this paper are introduced. In section 6 the algorithm for the reconstruction of the image and the
recovery of the coil sensitivities is given, and in section 7, the results of the structural study are given.
In this last section, the influence on the position of the coils with respect to the direction of folding is
studied, and reconstructions for several coil configurations and folding factors are given and discussed.

2. SUBSAMPLING

In this section, we demonstrate how an explicit representation of the aliased image with respect to
the original image can be given. This shows how the subsampling in the frequency domain results in
aliased images or folded images when the subsampling is periodic. We will use this representation later
to define reconstruction algorithms in the image space. Let Ω = (0, 1)2 be the field of view (FOV), i.e.
the spatial domain. Let nf ∈ N be the reduction or folding factor. We restrict the k-space sampling
scheme to sampling on a Cartesian grid of size N2, N ∈ N. For the sake of simplicity we assume N is a
multiple of 2 and nf . Let u(x, y) denote the value at (x, y) of an image u ∈ L∞(Ω, [0, 1]). The Fourier
and inverse Fourier transform with shift of the lowest frequencies to the center, denoted by, respectively,
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F and F−1, are given by

F (u) = v, v(k, l) =
∫

Ω
u(x, y)e−2iπ((k+N

2 )x+(l+N
2 )y) dxdy,(1)

F−1(v) = u, u(x, y) =
1
N

N−1∑

k,l=0

v(k, l)e2iπ(x(k+N
2 )+y(l+N

2 )).(2)

The N/2 shift in the previous definitions of Fourier and inverse Fourier transforms, respectively, is
aimed at placing the component with the lowest frequency, also called the DC component, in the center
of the frequency space. It can be seen as a change of coordinates in the frequency space, so that the origin
corresponds to the DC component. This is useful in practice when we consider additional reference
points with low frequency, i.e. around the DC component for instance. Such points often provide very
useful information for the reconstruction. Mathematically, the subsampling including reference points
can be described by a deletion operator T : v 7→ w in the frequency domain which we define by its
action on v, i.e.,

w(k, l) = v(k, l) if l ∈ nfN,(3)

w(N/2 + γ, N/2 + λ) = v(N/2 + γ, N/2 + λ) for (λ, γ) ∈ S,(4)

w(k, l) = 0 otherwise ,(5)

where S = S+ ∪ S− is a set of indices of cardinality |S| = nr with the properties

(6) S+ ⊂ {1, .., N/2} × {−N/2, .., N/2}, S+ ∩ (nfN×N) = ∅, S− = −S+.

The mapping T has two important features: first, in view of (3) and (5) it deletes rows from the Fourier
transform v, so that only rows l, with l a multiple of nf , are kept. Therefore, T subsamples the Fourier
coefficients at a frequency nf . The second characteristic is that due to (4), a set of nr additional refer-
ence points are kept. Usually these points are chosen around the center leading, for instance, to so-called
"centerlines". In this case the points correspond to low-frequency information of the image. Note that
the symmetry property S− = −S+ in (6) is necessary to obtain a real-valued image when applying the
inverse Fourier transform. If nr = 0, then no additional point is kept and we only have the periodic
pattern given by (3).

Now we would like to study the inverse Fourier transform z of w = T (v), which is defined by

z(x, y) =
1
N

N−1∑

k,l=0

w(k, l)e2iπ(x(k+N
2 )+y(l+N

2 )).

We start by studying the case nr = 0, which corresponds to the periodic subsampling without additional
reference points. In this case we obtain

(7) z(x, y) =
1
nf

nf−1∑

s=0

u

(
x,

[
y + s

1
nf

]

1

)
,

where [a]1 stands for mod(a, 1), where 1 comes from Ω = (0, 1)2. Indeed, we have
nf−1∑

s=0

u

(
x,

[
y + s

1
nf

]

1

)
=

1
N

N−1∑

k,l=0

v(k, l)e2iπ(x(k+N
2 )+y(l+N

2 ))
nf−1∑

s=0

e
2iπ

„
sl
nf

«

.

If l /∈ nfN, then
nf−1∑

s=0

e
2iπ

„
sl
nf

«

=
1− e2iπl

1− e
2iπ l

nf

= 0;

else, if l ∈ nfN, then
nf−1∑

s=0

e
2iπ

„
sl
nf

«

= nf .
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Thus
1
nf

nf−1∑

s=0

u

(
x,

[
y + s

1
nf

]

1

)
=

1
N

N−1∑

k,l=0

w(k, l)e2iπ(x(k+N
2 )+y(l+N

2 )) = z(x, y),

which proves (7). In the general case nr 6= 0 we write

(8) z(x, y) =
1
nf

nf−1∑

s=0

u

(
x,

[
y + s

1
nf

]

1

)
+ z̃(x, y),

with

z̃(x, y) =
1
N

∑

(λ,γ)∈S
v

(
N

2
+ γ,

N

2
+ λ

)
e2iπ(N(x+y)+xγ+yλ).

Note that according to (1), we have

v

(
N

2
+ γ,

N

2
+ λ

)
=

∫

Ω
u(ξ, η)e−2iπ(N(ξ+η)+ξγ+ηλ) dξdη, (λ, γ) ∈ S.

Splitting the sum over S according to the two symmetric parts S+ and S−, we can gather the exponen-
tials with opposite arguments and obtain

z̃(x, y) =
1
N

∑

(λ,γ)∈S+

[∫

Ω
u(ξ, η)

(
e2iπ((x−ξ)(γ+N)+(y−η)(λ+N)) + e−2iπ((x−ξ)(γ+N)+(y−η)(λ+N))

)
dξdη

]

=
2
N

∑

(λ,γ)∈S+

∫

Ω
u(ξ, η) cos (2π((ξ − x)(γ + N) + (η − y)(λ + N))) dξdη.

For the sake of simplicity of the notation we introduce

c(x) = cos (2πx) and s(x) = sin (2πx) .

Using trigonometry we get

cos (2π((ξ − x)(γ + N) + (η − y)(λ + N))) = c(x(γ + N) + y(λ + N))c(ξ(γ + N) + η(λ + N))
+s(x(γ + N) + y(λ + N))s(ξ(γ + N) + η(λ + N)),

and thus

z̃(x, y) =
2
N

∫

Ω
u(ξ, η)

∑

(λ,γ)∈S+

c(x(γ + N) + y(λ + N))c(ξ(γ + N) + η(λ + N))

+s(x(γ + N) + y(λ + N))s(ξ(γ + N) + η(λ + N)).(9)

Combining (8) and (9) we obtain an explicit representation of the aliased image z in terms of the original
image u and of an operator P defined as

(10) z = Pu := (Q + V V ∗) u

with

Q[u](x, y) =
1
nf

nf−1∑

s=0

u

(
x,

[
y + s

1
nf

]

1

)
,

and V is a N2 × nr functional matrix defined by

V = [V c
1 , ..., V c

nr/2, V
s
1 , ..., V s

nr/2],

where the Vl are functions defined in Ω

V c
l (x, y) =

√
2

N
c(x(γl + N) + y(λl + N)), l = 1, .., nr/2,

V s
l (x, y) =

√
2

N
s(x(γl + N) + y(λl + N)), l = 1, .., nr/2,

and (γl, λl) spans S+ as l goes from 1 to nr/2. In the case nr = 0, we have z = Qu as in (7).
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3. RECONSTRUCTION FOR PERIODIC SUBSAMPLING

First of all, we want to study the feasibility of simultaneous coil sensitivity recovery and image re-
construction for the critical choice nr = 0 and nc = nf , where nc is the number of coils used for the
reconstruction. Such requirements are minimal for an effective reconstruction (see [9]). In this case, the
periodic structure of the acquired data allows us to write the reconstruction problem as the inversion of
a particular functional matrix M which depends on the coil sensitivities. Indeed, we have Pu = Qu in
(10), where Q is a periodic projection operator. This results in a particular aliasing of the image which
is actually a folding of the image, i.e. the image data is periodic with a frequency nf .

For the subsequent development we assume nr = 0, i.e. periodic subsampling, a modulation vector
σ = (σi)1≤i≤nc ∈ L∞(Ω, [0, 1])nc , and an image u ∈ L∞(Ω, [0, 1]) as in the previous section. We write
ui = σiu, i = 1, .., nc for the modulated images. Since P = Q, we denote zi = Q(ui) the data image
folded nf times and stacked in the following way:

zi(x, y) =
nf−1∑

j=0

ui

(
x,

[
y +

j

nf

]

1

)
=

nf−1∑

j=0

σi

(
x,

[
y +

j

nf

]

1

)
u

(
x,

[
y +

j

nf

]

1

)
.(11)

Note that zi is nf -periodic in the second variable. We define the strips Ωj by

Ωj = [0, 1]×
[
j − 1
nf

,
j

nf

]
, j ∈ {1, .., nf}.

The restrictions of σi, zi and u to Ωj are denoted σj
i , zj

i and uj , respectively. Note that zi is nf -periodic
in the second variable, thus zj

i does not depend on j. Recall that nc = nf here, thus, we introduce the
functional square matrix

(12) M = (σj
i )1≤i,j≤nf

and the vectors

(13) U = (uj)1≤j≤nf
, Z = (zi

i)1≤i≤nf
.

Note that the functional vectors defined in (13) can be identified with an element of L∞(Ω, [0, 1]). For
instance, the vector U can be identified with u. In a slight misuse of notation, we will use such an
identification later; see, for instance, (15). We may then write (11) as

(14) MU = Z.

In what follows we use matrices A and B satisfying M−1 = A−1B if M is invertible. Obviously, if M
is invertible, then u may be reconstructed from (14) by inversion. It turns out that such an invertibility
property is related to the linear independence of the modulations σi, i = 1, .., nf . As mentionned earlier,
in applications, however, {σi}nf

i=1 is unknown. Rather these modulations have to be identified based on
given image data. Thus we propose to define a suitable energy functional for computing estimates of
{σi}nf

i=1 by minimizing such an energy. Below we study several options of energy functionals. In fact,
we choose

A = det(M)Id,

where Id is the nf × nf identity matrix, and B is the adjunct matrix of M . An appropriate energy for
identifying U and σ from image data Z is given by

J1(u, σ) =
1
2

∫

Ω
(AU −BZ)2 + α

∫

Ω
fup,(15)

Observe that the first term in J1 corresponds to a least-squares fit of Z, which is a natural choice for
inverse problems. This can be seen from U = M−1Z from (14), assuming the invertibility of M and
known {σi}nf

i=1

(16) U = M−1Z = A−1BZ ⇐⇒ AU = BZ

If {σi}nf

i=1 is unknown, then A = A(σ) and B = B(σ) and we try to find σ such that (16) holds
true. This, however, usually results in an ill-posed problem. Therefore we add a regularization term
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αR(u) = α
∫
Ω fup, where α > 0 denotes the regularization parameter and f represents a weighting

function which may reflect the support of the data within Ω. In fact, in many applications (see, e.g., the
left image in Fig. 1) the support is concentrated around the center of Ω. This supports the choice f = rβ ,
where r is the first polar coordinate with origin in the center. In the case where the exact support χ is
known, one may choose f = 1− χ. However, this choice might prevent existence of a solution for the
minimization problem (17)-(18). Concerning the exponent p involved in R(u), in this paper we restrict
ourselves to p = 2. In practice we obtain good results even for the simple choice f ≡ 1. We mention
that other regularizations, e.g., of BV-type are possible [10].

As an alternative to J1 in (15), one may also consider

J(u, σ) =
1
2

∫

Ω
(U −A−1BZ)2 + α

∫

Ω
fup.

Note, however, that the choice in (15) has the advantage of being well-defined even in cases where
{σi}nf

i=1 is linearly dependent.

The simultaneous reconstruction of the image and modulation recovery can be written as a constrained
minimization problem as follows:

minimize J1(u, σ)(17)
subject to 0 ≤ u, σ ≤ 1.(18)

3.1. First order optimality characterization. We start by noting that standard KKT-theory [8] yields
the characterization

(19) u = min(max((A2 + 2αrβ)−1ABZ), 0), 1),

for an optimal solution of (17)-(18) as long as A2 + αrβ is invertible.

For the optimality condition with respect to {σi}nf

i=1, we first study the case of two coils.

3.1.1. The two-coils case. The expressions for A and B are

A =
(

σ2
2σ

1
1 − σ1

2σ
2
1 0

0 σ2
2σ

1
1 − σ1

2σ
2
1

)
and B =

(
σ2

2 −σ2
1

−σ1
2 σ1

1

)
.

The derivative of J1 with respect to σ1 in the direction δσ1 = (δσ1
1, δσ

2
1) is given by

∂σ1J1(u, σ; δσ1) =
∫

Ω
(AU −BZ)(G1δσ1 − F1δσ1).

with

F1 =
(

0 −z2

z2 0

)
G1 =

(
σ2

2u
1 −σ1

2u
1

σ2
2u

2 −σ1
2u

2

)
.

This yields

∂σ1J1(u, σ; δσ1) =
∫

Ω
[(G1 − F1)∗(AU −BZ)] · δσ1,

where (·)∗ refers to the adjoint of (·). In a similar way one obtains

∂σ2J1(u, σ; δσ2) =
∫

Ω
[(G2 − F2)∗(AU −BZ] · δσ2

with

F2 =
(

0 z1

−z1 0

)
G2 =

( −σ2
1u

1 σ1
1u

1

−σ2
1u

2 σ1
1u

2

)
.

The second-order directional derivative is given by

∂2
σ1

J1(u, σ; δσ(1)
1 , δσ

(2)
1 ) =

∫

Ω
(G1 − F1)(δσ

(1)
1 ) · (G1 − F1)(δσ

(2)
1 )
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and similarly for ∂2
σ2

J1. In an analogous way we derive

∂2
σ1σ2

J1(u, σ; δσ1, δσ2) =
∫

Ω
(G1 − F1)(δσ1) · (G2 − F2)(δσ2).

Later we introduce parameterized sensitivities which allows us to compute the gradient and Hessian of
the sensitivities explicitly. These second-order derivatives are then used in a Newton-type algorithm for
solving (17)-(18).

3.1.2. Using more than two coils. When choosing nc > 2, the expressions of A, B and of the derivatives
are rather involved. Here, we do not reproduce the corresponding formulas since the computations
are completely analogous to the case nc = 2, although we will present later on numerical results for
nf = nc = 4. We point out, however, that typically det(M) is smaller as for nc = 2. This is certainly
an issue for obtaining a stable numerical solution scheme.

4. RECONSTRUCTION USING ADDITIONAL REFERENCE POINTS OR COILS

In section 3 we have introduced the functional J1 which was a natural choice for reconstructing the
image and the coil sensitivities simultaneously in the image space when the Cartesian subsampling is
periodic. We will see later than the reconstruction problem becomes very ill-conditionned when nf > 2
and even for nf = 2 in certain situations. It is then necessary to consider additional information, in the
form of additional reference points (nr > 0) or additional coils (nc > nf ). Although J1 is well-suited
to the case nf = nc and nr = 0, its particular structure does not allow the integration of additional
information easily.

Therefore, we rather introduce a more flexible functional J2 for this purpose. Let us define

(20) J2(u, σ) =
1
2

nc∑

i=1

∫

Ω
(P (σiu)− zi)2 + α

∫

Ω
fu2

where P now denotes the full operator defined in (10). The minimization problem we have to solve,
similar to (17)-(18), is

minimize J2(u, σ)(21)
subject to 0 ≤ u, σ ≤ 1.(22)

Numerical results indicate that J1 is more efficient than J2 in the critical case nc = nf = 2 and nr = 0,
but J1 cannot be used in more general situations, for instance when nr 6= 0. This is a common situation
in parallel MRI, where the choice of the appropriate algorithm depends on a number of factors, such as
the type of images, coils configurations, available computational resources and several other factors; see
[4] for a comparison of existing algorithms.

4.1. Optimality conditions for image recovery. The optimality conditions for J2 with respect to u are
obtained by computing the derivative of J2 with respect to u which leads to

nc∑

i=1

σiP
∗P (σiu) + 2αfu =

nc∑

i=1

σiP
∗(zi),

where P ∗ denotes the adjoint of P . It can easily be checked that P ∗ = P and P 2 = P , for instance by
looking at (10). The previous equation thus becomes

(23)
nc∑

i=1

σiP (σiu) + 2αfu =
nc∑

i=1

σizi.

Numerically, (23) can be solved by using a preconditioned conjugate gradient method. It is also possible
to use an explicit expression of the discrete counterpart of P given by (10) and invert the resulting matrix
to solve the system. This will be explained in more details in the next section.
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4.2. Optimality conditions for sensitivity recovery. Since P does not depend on σ, the derivatives of
J2 with respect to σk, k = 1, .., nc, are given by

∂σk
J2(u, σ; δσk) =

∫

Ω
(P (σku)− zi)P (δσku),

∂2
σk

J2(u, σ; δσ(1)
k , δσ

(2)
k ) =

∫

Ω
P (δσ(1)

k u)P (δσ(2)
k u),

∂2
σk,σl

J2 ≡ 0 if l 6= k.

5. PARAMETERIZED SENSITIVITIES

Parameterized coil sensitivities are a common approximation in parallel MRI. In [9], sensitivity es-
timates are obtained by reference measurements and smoothed by a polynomial fit procedure. In [11],
the unknown sensitivities are assumed to be linear combinations of a finite number of basis functions.
Such procedures assume a certain smoothness of the sensitivities, which is also assumed to estimate
the sensitivities in Auto-Calibration Signal (ACS) for instance in GRAPPA. We refer to [6] for another
approach with smooth, non-parameterized sensitivities.

For our structural study, we assume a simple parameterization of the modulations using three param-
eters for each coil, based on physical observation of coil sensitivities. This allows to obtain a finite-
dimensional problem for the recovery of the σi’s, i = 1, .., nc of reasonable dimension 3nc. The actual
parameterization for σi is

(24) σi(x, y) =
ri

(x− x0,i)2 + (y − y0,i)2 + ri
.

By this choice we guarantee the constraint 0 ≤ σi ≤ 1 as well as σi ∈ C∞(Ω). Therefore the problem
of detecting the underlying sensitivities reduces to finding the vectors (x0,i, y0,i, ri), i = 1, .., nc, where
(x0,i, y0,i) stands for the position of the coil and ri reflects the decay rate of the modulation. The
gradient and Hessian of σi(·, ·) with respect to (x0,i, y0,i, ri) are given by

∇(x0,i,y0,i,ri)σi =
(

2(x− x0,i)
σ2

i

ri
, 2(y − y0,i)

σ2
i

ri
,
σi

ri
− σ2

i

ri

)
,

H(σi) =




−2
σ2

i

ri
+ 8(x− x0,i)2

σ3
i

r2
i

8(x− x0,i)(y − y0,i)
σ3

i

r2
i

2(x− x0,i)
σ2

i

r2
i

− 4(x− x0,i)
σ3

i

r2
i

8(x− x0,i)(y − y0,i)
σ3

i

r2
i

−2
σ2

i

ri
+ 8(y − y0,i)2

σ3
i

r2
i

2(y − y0,i)
σ2

i

r2
i

− 4(y − y0,i)
σ3

i

r2
i

2(x− x0,i)
σ2

i

r2
i

− 4(x− x0,i)
σ3

i

r2
i

2(y − y0,i)
σ2

i

r2
i

− 4(y − y0,i)
σ3

i

r2
i

−2σ2
i + 2σ3

i

r2
i




.

According to the previous calculations, the derivatives of J1 with respect to the parameters x0,k, y0,k,
and rk, 1 ≤ k ≤ nc are given by, for k, l = 1, 2 and λ, µ = x0, y0, r

∂λk
J1(u, σ) =

∫

Ω
(Gk − Fk)∗(AU −BZ)(∂λk

σk),

(25) ∂2
λkµl

J1(u, σ) =
∫

Ω
(Gk − Fk)∗(AU −BZ)(∂2

λkµl
σk) + (Gk − Fk)(∂λk

σk) · (Gl − Fl)(∂λl
σl),

where ∂λk
σk is the derivative with respect to λk in ∇(x0,k,y0,k,rk)σk and ∂2

λkµk
σk is the derivative with

respect to λk, µk in H(σk). Note that we have ∂2
λkµl

σk = 0 if l 6= k. Observe that the Hessian allows to
compute its eigenvalues at reasonable computational expense. The eigenvalues are of use in Newton’s
method in order to guarantee positive definiteness of the system matrix in Newton’s equation.
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In the case of J2, the gradient and Hessians are given by

∂λk
J2(u, σ) =

∫

Ω
(P (σku)− zi)P (∂λk

σku),

(26) ∂2
λkµk

J2(u, σ) =
∫

Ω
P (∂λk

σku)P (∂µk
σku) + (P (σku)− zi)P (∂2

λkµk
σku)

and ∂2
λkµl

J2(u, σ) ≡ 0 if l 6= k.

6. ALGORITHM

Using the parameterized sensitivities, the minimization of the functionals J1 and J2 with respect to
σ becomes a finite-dimensional problem with 3nc unknowns. We update successively u and then σi,
1 ≤ i ≤ nc. For the modulations σi, we use Newton’s method with modification of the Hessian [8]
whenever it is not positive definite. For the latter we compute the eigenvalues of the Hessian in (25) and
(26). The Hessian and gradient have been computed in the previous sections. For the u update, we can
write the optimality conditions in the discrete setting as a linear system, see (27) below.

In what follows, we discretize Ω using a N × N Cartesian grid, and we denote by a subscript h the
discrete counterpart of the functions introduced in the previous sections. Note that in the discrete setting,
Q, V and V ∗ become matrices Qh, Vh and V T

h , respectively, where Qh is given by,

Qh

(
i, i +

[
N

nf
s

]

N

)
= 1, s = 0, .., N − 1 and Qh(i, j) = 0 otherwise, with 1 ≤ i, j ≤ N

and Vh is a N2 × nr matrix defined by

Vh = [V c
1,h, ..., V c

nr/2,h, V s
1,h, ..., V s

nr/2,h],

where the Vl,h are column vectors of length N2 defined by

V c
l,h(pN + q) =

√
2

N
c(pγl + qλl), l = 1, .., nr/2,

V s
l,h(pN + q) =

√
2

N
s(pγl + qλl), l = 1, .., nr/2,

and (γl, λl) spans S+ as l goes from 1 to nr/2.

6.1. Image update. In the case of J1, we have to solve (19). For J2, we first write (23) as a discrete
system

(27)

[
nc∑

i=1

D(σi)PhD(σi)

]
uh+2αfhuh =

nc∑

i=1

D(σi)zi,h,

where D(σi) is a diagonal matrix with the discrete counterpart of σi in the main diagonal, ordered
similarly as uh. Using (10) we get[

nc∑

i=1

D(σi)(Qh + VhV T
h )D(σi)

]
uh =

[
nc∑

i=1

D(σi)QhD(σi) + D(σi)VhV T
h D(σi)

]
uh

=

[(
nc∑

i=1

D(σi)QhD(σi)

)
+ WhW T

h

]
uh

where Wh is a N2 × (nrnc)-matrix defined by

Wh = [D(σ1)Vh, ..., D(σnc)Vh].

Thus the update for u is obtained by solving the system

(28) (Qs + WhW T
h + 2αfh)uh =

nc∑

i=1

D(σi)zi,h,

9



with the notation Qs =
∑nc

i=1 D(σi)QhD(σi). We invert the matrix on the left-hand side of (28) by
using the Sherman-Morrison-Woodbury formula [1] which gives us

(29) (Qs + WhW T
h )−1 = Q−1

s −Q−1
s Wh(Inrnc + W T

h Q−1
s Wh)−1W T

h Q−1
s ,

where Inrnc is the identity matrix of order nrnc. Equation (29) provides a useful formula for solving
(28), as long as nrnc is not too big. Indeed, Qs can be stored as a sparse matrix, whereas Wh cannot.
We note that the size of Wh may be relatively small if nr is small. This is the case in the numerical
results presented below.

6.2. Modulation update. We want to use Newton’s method, but away from the solution, the Hessian
of the σi’s may not be positive definite, and thus the Newton direction may not be a descent direction.
To overcome this difficulty, we modify the Hessian by adding a multiple of identity; see [8] for details.
Since we only have three parameters for each coil sensitivity, the Hessian H1(u, σi) of J1, whose terms
are given in (25), is a 3 × 3 matrix for each sensitivity, and the eigenvalues of such matrices can be
computed easily. Therefore, denoting λi the smallest eigenvalue of H1(u, σi), if λi > 0, the Newton
direction pi is the solution of

(30) H1(u, σi)pi = −∇J1(u, σi)

and if λi ≤ 0, then the Newton direction pi is the solution of

(31) (H1(u, σi) + τiI3)pi = −∇J1(u, σi),

with τi = 10−1 − λi and I3 denotes the 3× 3 identity matrix.

By superscript (k) we denote the values of the different elements for the k-th iterate of the algorithm.
We drop the subscript i for simplicity. Given (x(k)

0 , y
(k)
0 , r(k)) and the Newton direction p(k), the next

iterate is given by

(x(k+1)
0 , y

(k+1)
0 , r(k+1)) = (x(k)

0 , y
(k)
0 , r(k)) + tp(k).

The step t is chosen with the help of a line search satisfying the Wolfe conditions [8].

7. STRUCTURAL STUDY

7.1. Influence of the position of the coils in the case of two coils. The coil configuration seems to play
an important role in the quality of the reconstruction as the following experiments will demonstrate. To
study this dependence we proceed to the following experiment: first a cartesian coordinate system with
origin at the center of the image is chosen. The coil centers are situated evenly around a circle centered
at the origin and with diameter the width of the image. We introduce the angle θ as the angle between
the line segment joining the origin to one of the coils and the direction where the folding of the image
occurs, which is here assumed to be the x-axis. Due to the rotational symmetry of the coil positions,
we only need to consider values of θ in the range 0 ≤ θ ≤ 2π/nc. An illustration of θ in a two-coils
configuration is given in Figure 2(a), where the direction of folding is horizontal, and the centers of the
two coils are represented by the red dots.

In our numerical experiments, we use real medical images modulated by parameterized coil sensi-
tivities defined in section 5. For the first experiment we use the image in Figure 2(b). For N = 64
and known modulations we solve the system (28), which corresponds to the optimality conditions for
J2. Then we compute the L2 and L∞ distances between the reconstruction and the original image. The
results are presented in table 1. We have considered four different configurations of coils and folding
factors. In table 1, the graphs have the angle 0 ≤ θ ≤ 2π/nc on the x-axis and the corresponding L2 or
L∞ error in logarithmic scale on the y-axis. When the number of coils is greater than the folding factor,
i.e. nc > nf , the error is small and does not depend on the angle θ as can be seen from the right column
in table 1. On the contrary, in the case nc = nf , the error is strongly dependent on the angle θ, since
the error varies by several order of magnitude; see the left column in table 1. Actually, certain ranges of
values are critical for the quality of the reconstruction. For instance, in the case nc = nf = 2, θ = π/2
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is clearly a critical value for which the error is maximal. In the case nc = nf = 4, the values θ = 0 and
θ = π/2 are critical.

(a) Angle θ between the direction
of folding and the position of the
coils represented by the red balls

(b) Original image

FIGURE 2. Definition of θ and original image

log10 − L2 error log10 − L∞ error log10 − L2 error log10 − L∞ error

nc = 2
nf = 2
nr = 0

0.00 3.14
−14.2

−8.6

theta
0.00 3.14

−15.2

−8.7

theta

nc = 4
nf = 2
nr = 0

0.00 1.57
−14.0

−14.0

theta
0.00 1.57

−15.1

−14.8

theta

nc = 4
nf = 4
nr = 0

0.00 1.57
−11.2

−5.2

theta
0.00 1.57

−12.1

−5.4

theta

nc = 8
nf = 4
nr = 0

0.00 0.79
−11.6

−11.4

theta
0.00 0.79

−12.6

−12.3

theta

TABLE 1. L2 and L∞ errors with respect to θ in logarithmic scale for several coil
configurations. When the number of coils nc is equal to the folding factor nf , the
position of the coils plays an important role for the reconstruction

This dependence on θ is also true for J1, and seems to be a general feature of the reconstruction prob-
lem when nc = nf . To illustrate these critical situations, we focus now on the image reconstructions
in the case nc = nf = 2 using J1. In the previous experiment, we used the exact coil sensitivities in
order to focus on the error for the image reconstruction. In the present experiment, we reconstruct the
coil sensitivities as well to study the impact on the optimization process. We observe in a similar way
that the error increases as θ approaches π/2 from below. This can be explained heuristically by the fact
that the determinant of the matrix M , defined in (12), becomes smaller as θ tends to π/2 from below,
and the problem becomes more and more ill-conditionned.

In Figure 3 we compare the reconstructions obtained after convergence of the algorithm for different
values of θ. The image size is 100 × 100 pixels. Figure 2(b) is the original image, and the images in
Figure 3 are reconstructions for different values of 0 ≤ θ ≤ π/2. For the results shown in Figure 3,
we have initialized the modulations with parameterizations of the type (24), but with random param-
eters (x0, y0, r0) chosen in a disk-like neighborhood of the true value. We will see later that in the
case of J2 it is possible to use a fixed initial guess for any true configuration of the coils, by choosing
(x0,i, y0,i, ri) = (0, 0, 1) for all 1 ≤ i ≤ nc. This is not the case with J1 since such an initial guess
would give det(M) = 0 and lead to a singular situation in the optimization process. In the case of
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Figure 3, the radius of this disk was 0.8, i.e. one could start with a maximum deviation of 0.8 to the true
value for (x0, y0, r0). For this comparison, we also choose α = 10−2, β = 10 for θ = 0, π/4 = 0.78, 1
and α = 10−2, β = 6 for θ = 1.37, π/2 = 1.57. Indeed for θ = 1.37, π/2 = 1.57 we need more
regularization to get the results.

FIGURE 3. Position of the coils (red balls) and angle θ (top row) and corresponding
reconstructed image (bottom row), the values of θ are, from left to right 0, π/4 = 0.78,
1, 1.37 and π/2 = 1.57.

Figure 3 shows that the reconstruction is satisfying since it shows no artefacts for angles 0 ≤ θ <
1.37, which is already very close to the critical case θ = π/2. The two last subfigures in Figure 3 show
the results for θ = 1.37 and θ = π/2: for this two angles, the reconstruction exhibits some artefacts in
the form of orthogonal black lines over the image, which correspond to regions where the determinant
of the matrix M is small. This behaviour of the algorithm for J1 corroborates the result obtained in the
first experiment with J2.

7.2. An example of critical case for two coils. Even when the algorithm is able to recover the coil
sensitivities very accurately, the reconstruction might not be satisfying due to the ill-conditioning of
matrix M defined in (12), as can be seen from the following example. In Figure 4 we show details for
the reconstruction of an image after convergence of the algorithm in the critical case θ = π/2, which
corresponds to the last column in Figure 3. In the first row the initial guess for the modulations σ1 and
σ2 are plotted. The second row shows the true sensitivities. The third row shows the modulated and
folded images, and the reconstruction of the image is plotted in the fourth row on the left.

In the last two rows the convergence history for the parameters (x0,i, y0,i, ri), i = 1, 2, is plotted. In
each graph, the dashed line corresponds to the value of the true coil, while the graph itself corresponds
to the reconstructed values. In Figure 4, one can see that the parameters converge to the true values of
(x0,i, y0,i, ri), even if the image presents artifacts in the form of black orthogonal bars. We conclude
that for θ = π/2, the reconstruction process is ill-conditionned with respect to small perturbations of
the sensitivities. Note that if the exact sensitivities are known beforehand, then the reconstruction of
the image is exact up to a very small error as shown in Table 1.

7.3. Increasing the reduction factor. For nf > 2 and nc = nf , the optimization process becomes
even more ill-conditionned, for any value of θ. For instance, the reconstructions for nc = nf = 4
in Figure 5 are poor using J1 as well as J2. When the exact sensitivities are known it is possible to
reconstruct the image, with some error depending on θ as we have seen in section 7.1. However when
the sensitivities are unknown beforehand, which is often the case in practice even with pre-measurements
to estimate the coil sensitivities, the problem is so ill-conditionned that we obtain results such as those
in Figure 5. Therefore, it seems necessary to consider additional information in the form of reference
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FIGURE 4. Reconstruction of the image and recovery of the coil sensitivities after con-
vergence of the algorithm for θ = π/2: Initial guess sensitivity 1 (first row left), Initial
guess sensitivity 2 (first row right), true sensitivity 1 (second row left), true sensitivity 2
(second row right), folded image 1 (third row left), folded image 2 (third row right), fi-
nal reconstruction (fourth row left), x0-convergence, (fourth row right), y0-convergence
(fifth row left), r-convergence, (fifth row right).
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FIGURE 5. Reconstruction with a folding factor nf = 4 using functional J̃1: original
(left), reconstruction with nf = nc = 4 (center) and reconstruction with nf = 4,
nc = 6 (right).

points and/or additional coils to de-alias the images. Further, we investigate the possibility of using
additional information with J1 and J2.

7.4. Using additional information. We have seen in section 7.1 that the image can be reconstructed
and the coil sensitivities recovered, with some restrictions on θ, using the minimal configuration nc =
nf = 2 and nr = 0. Therefore, the hope was to derive a similar conclusion for nc = nf = 4 and
nr = 0. However the example in Figure 5, with nc = nf = 4 and nr = 0, indicates that the situation
degenerates quickly when the number of coils increases. To overcome this difficulty, several approaches
are possible. It is possible to sample additional centerlines in k-space as in GRAPPA, to estimate from
unaccelerated data or from water phantom acquisitions, to use additional coils, or a combination of the
previous techniques. In this paper we are interested in the reconstruction based only on the subsampled
data, therefore we exclude the option of estimates coming from a prescan data set. From a practical
point of view, we are mainly interested in reconstructing the image without additional reference points,
i.e. nr = 0. Indeed, a fixed number of coils is available in the machine, whereas sampling additional
reference points in k-space is time-consuming. Therefore we strive in a first step to solve the problem by
increasing the number of coils, i.e. nc > nf and keeping nr = 0. We will see however that for nf = 4,
we can only achieve useful reconstruction using a minimal amount of additional reference points.

The functional J1 exploits the particular structure of the periodic Cartesian subsampling and is not
fitted for the use of additional informations. It is possible to consider more coils with a straightforward
modification of J1, but the functional quickly becomes expensive from the computational point of view
when the number of coils increases. On the other hand, functional J2 provides an easier way to take into
account additional information, since increasing the number of coils only increases the number of terms
in the sum (20) and adding reference points, i.e. nr 6= 0 corresponds to modifying the operator P .

7.4.1. Increasing the number of coils with J1. In the case of J1, when nc > nf , we may consider all
possible combinations of nf coils, i.e. we have

(
nf
nc

)
possible options. This number grows very quickly

when nc increases. Therefore, for numerical purposes, it might be more reasonable to consider only the
combinations which are the most relevant, i.e. such that the distance between the coils is maximal for
instance. Therefore a possible choice for a functional in the spirit of J1 is

J̃1(u, σ) =
1
2

∑

γ∈S

∫

Ω
(AγU −BγZγ)2 + α

∫

Ω
fup,(32)

where S denotes a set of permutations of length nf

Mγ =
(
σj

γ(i)

)
1≤i,j≤nf

, Zγ =
(
Zγ(i)

)
1≤i≤nf

.

and Aγ , Bγ defined accordingly.

In Figure 5 we compare the cases nf = 4, nc = 4 and nf = 4, nc = 6 using J̃1. The parameters are
α = 5.10−5, β = 10 and we start with a random initial guess for the parameters (x0,i, y0,i, ri) within
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FIGURE 6. Original image (left) and reconstruction with nf = 2, nc = 2 and nr = 0:
with θ = 0 (center) and θ = π/2 (right).

a radius 0.2 to the true coils parameter values. We can see that even nc = 6 is not enough to obtain a
satisfying reconstruction using J̃1 in the case nf = 4. Going beyond nc = 6 is possible but the com-
putational expense becomes higher due to the cardinality of S which makes the method not competitive
for nc > nf . As a consequence, it is preferable to use J2 when nc > nf , and this will also allow to take
into account additional reference points, which turn out to be necessary for the reconstruction.

7.4.2. Increasing the number of coils and reference points with J2. According to the previous obser-
vations, we focus on J2 in this section. In Figures 6 to 9, we present examples of reconstructions for
a particular brain image in different configurations of the folding factor nf , number of coils nc and
additional reference points nr. In all these examples, we use the values α = 10−7 and β = 0 and the
image contains 88 × 88 = 7744 pixels. We start with the initial values (x0,i, y0,i, ri) = (0, 0, 1) for all
1 ≤ i ≤ nc. When additional reference points are used, we always pick low frequency points in the
frequency space because they provide the most useful information for the reconstruction.

In Figures 6 to 8, we compare the reconstruction in the case nf = 2 for three different values of nc:
nc = 2, 3 and 4. We observe that the quality of the reconstruction improves as nc increases. In Figure
6, we see that in the case nf = nc = 2 and nr = 0, the reconstruction depends on the angle θ between
the coils axis and the folding direction, as described in section 7.1. The reconstruction is excellent and
shows no artefact for θ = 0 but fails for θ = π/2, in the same way as for J1. This indicates that, in
general, we need more information to de-alias the image. Figure 7 shows that with nf = 2, nc = 3 and
nr = 0, we almost get a satisfying reconstruction, but weak artefacts are still present in the background.
Figure 8 with nf = 2, nc = 4 and nr = 0 gives us a reconstruction without artefacts. Therefore it seems
that in general, nc = 4 coils is enough to undo the effect of a folding factor nf = 2, but less coils can
be used if the angle θ is small enough.

In the case nf = 4, if nr = 0 we cannot obtain a correct reconstruction even with nc = 12. Thus we
use nr = 35 additional reference points and nc = 8 coils. In Figure 9, we can see an excellent recon-
struction with such a configuration. In our experiments, the value nr = 35 is a minimum requirement in
this configuration of coils and reduction factor to obtain a satisfying reconstruction. Sampling nr = 35
additional points corresponds approximately to 0.45% of the total data in k-space. Details are given for
the convergence of the parameters in Figure 9. All parameters, represented by the graphs, converge to
the true values, represented by the straight lines. The L∞ and L2-error histories for the image recon-
struction are also plotted at the bottom of Figure 9. The L∞ error is given by maxi=1,..,nc ‖σi − σf

i ‖∞
and the L2 error is

∑nc
i=1 ‖σi − σf

i ‖2, where σi is the true modulation and σf
i is the final modulation

given by the algorithm.

8. CONCLUSION

Using a simple parameterization to model the coil sensitivities, we have been able to use Newton’s
method for the simultaneous recovery of the modulations and reconstruction of the image in parallel
MRI with Cartesian subsampling. We have given several results on the minimal information necessary
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FIGURE 7. Reconstruction with nf = 2, nc = 3 and nr = 0. Modulated and folded
images (top), Original image (bottom left), reconstruction (bottom right).

FIGURE 8. Reconstruction with nf = 2, nc = 4 and nr = 0. Modulated and folded
images (top), Original image (bottom left), reconstruction (bottom right).

to reconstruct the image. In particular, we have shown a dependence of the quality of the image recon-
struction on the coil placement with respect to the folding direction.

We introduced two minimization problems for the reconstruction. Firstly, the functional J1 is well-
suited to the case of minimal data obtained with nc = nf = 2 and nr = 0. However, our study shows
that even in the case of parameterized sensitivities, there is a lower bound in the quantity of information
that must be used for a successful reconstruction of the image, since the ill-conditioning increases as nf

increases. Therefore, one can not expect to reconstruct images with real-data without additional infor-
mation given by additional coils and centerlines. Using additional information, we can however obtain
an excellent reconstruction of the image and of the sensitivities, starting from a fixed initial guess for the
coils sensitivities. The conclusion is that J1 is more efficient than J2 in the particular case nf = nc = 2
and nr = 0, but otherwise J2 has to be used.

Other types of subsampling may be used, which could be the object of further research. Cartesian
subsampling in both directions of the Cartesian grid may provide even better results than those presented
in this paper; see [6] for instance. Radial subsampling is also of interest, as it allows to sample more
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FIGURE 9. Reconstruction with nf = 4, nc = 8 and nr = 35. Modulated and folded
images (top), Original image (bottom left), reconstruction (bottom right).
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FIGURE 10. Convergence features corresponding to Figure 9: convergence history of
the residual J2 (first row left), convergence history of x0,i (first row right), y0,i (second
row left), and ri (second row right), L∞ error (third row left), L2 error (third row right).

points in the center than the Cartesian subsampling. The artefacts due to radial subsampling have less
structure, which makes the de-aliasing easier, but on the other hand the acquisition of the data on a
non-Cartesian grid leads to more inaccuracy due to interpolation; see [6, 7] for more details.
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