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PDE-CONSTRAINED OPTIMIZATION SUBJECT TO

POINTWISE CONTROL AND ZERO- OR FIRST-ORDER

STATE CONSTRAINTS

MICHAEL HINTERMÜLLER AND KARL KUNISCH

Abstract. A general Moreau-Yosida-based framework for minimiza-
tion problems subject to partial differential equations and pointwise con-
trol and zero- or first-order state constraints is considered. A range space
constraint qualification is used to argue existence of Lagrange multipli-
ers and to derive a Karush-Kuhn-Tucker-type system for characterizing
first order optimality of the unregularized problem. The theoretical
framework is then used to develop a semismooth Newton algorithm in
function space and to prove its locally superlinear convergence when
solving the regularized problems. Further, for maintaining the local su-
perlinear convergence in function space it is demonstrated that in the
some cases it might be necessary to add a lifting step to the Newton
framework in order to bridge an L

2-Lr-norm gap, with r > 2. The
paper ends by a report on numerical tests.

1. Introduction

In the late 1980s and early 1990s a number of research efforts focused
on the existence of Lagrange multipliers for pointwise state constraints in
optimal control of partial differential equations (PDEs); see, for instance,
[3] in the case of zero-order state constraints, i.e. ϕ ≤ y ≤ ψ, and [4] for
constraints on the gradient of y such as |∇y| ≤ ψ, as well as the references
therein. Here, y denotes the state of an underlying (system of) partial dif-
ferential equation(s) and ϕ,ψ represent suitably chosen bounds. While [3, 4]
focus on second order linear elliptic differential equations and tracking-type
objective functionals, subsequent work such as, e.g., [19, 20] considered par-
abolic PDEs and/or various types of nonlinearities. Moreover, investigations
of second order optimality conditions in the presence of pointwise state con-
straints can be found in [21] and the references therein. In many of these
papers, for guaranteeing the existence of multipliers it is common to rely
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on the Slater constraint qualification, which requires that the feasible set
contains an interior point.

Concerning the development of numerical solution algorithms for PDE-
constrained optimization problems subject to pointwise state constraints
significant advances were obtained only in comparatively recent work. In [7,
8, 12], for instance, Moreau-Yosida-based inexact primal-dual path-following
techniques are proposed and analysed, and in [14, 17, 24] Lavrentiev-regular-
ization is considered which replaces y ≤ ψ by the mixed constraint ǫu+ y ≤
ψ with u denoting the control variable and ǫ > 0 a small regularization
parameter. In [9, 10] a technique based on shape sensitivity and level set
methods is introduced. These works do not consider the case of combined
control and state constraints and the case of pointwise constraints on the
gradient of the state. Concerning the optimal control of ordinary differential
equations with control as well as state constraints we mention [2, 13] and
references given there.

In the present paper we investigate the case where pointwise constraints
on the control and the state variable appear simultaneously and indepen-
dently, i.e. not linked as in the mixed case, which implies a certain extra
regularity of the Lagrange multipliers. First- and second-order state con-
straints are admitted. To obtain efficient numerical methods, regularization
of the state constraints is required. Here we investigate the Moreau-Yosida
technique which turns out to be very flexible with respect to various types
of pointwise state constraints and can be combined with pointwise con-
straints on the control variable, which need not be regularized. This flexi-
bility makes it an ideal candidate for a unifying approach to a wide range
of PDE-constrained minimization problems subject to pointwise constraints
of controls and states with respect to both, the proof of existence of La-
grange multipliers and the design of algorithms. Concerning the latter we
show in this paper that for the numerical solution of the associated sub-
problems semismooth Newton solvers are available which allow a function
space analysis and converge locally at a q-superlinear rate. In addition,
the path-following technique of [7] (see also [8]) provides an update tool for
the regularization parameter leading to efficient inexact path-following iter-
ations. Further, for the proof of existence of multipliers the Moreau-Yosida
approach is based on a constraint qualification which is weaker than the usu-
ally invoked Slater condition. In [16] such a condition is used for pointwise
zero-order state constraints.

The remainder of the paper is organized as follows. In section 2 we intro-
duce the underlying rather general problem class, a constraint qualification
of range-space-type and the Moreau-Yosida regularized problem. Moreover,
the existence of multipliers for the unregularized problem is guaranteed and
an associated first order optimality characterization is derived. Section 3 is
concerned with the semismooth Newton method for solving the regularized
problems. It turns out that for a certain subclass of the underlying general
problem a lifting step is necessary in order to bridge an L2-Lr-norm gap
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with r > 2. The gap occurs due to the fact that the natural function space
for the regularization is L2 whereas the existence of multipliers requires Lr-
regularity of the associated control variable. Here ”lifting” refers to the fact
that the standard semismooth Newton iteration has to be equipped with
an additional step lifting the Newton updated from L2 to Lr; see [25] for
a related concept. Lifting, in the context of the present paper is used for
pointwise zero-order state constraints if the spatial dimension is larger than
three, and for pointwise constraints on the gradient. Section 4 ends the
paper by a report on numerical test. The appendix contains a chain rule
result for the composition of two Newton differentiable functions, which is
of interest in its own right.

2. Moreau-Yosida regularization and first order optimality

In this section we derive, in a rather general setting and under a weak
constraint qualification, first order optimality conditions for the problem

(P)

{

minimize J(y, u) = J1(y) + α
2 |u− ud|

2
L2(Ω̃)

subject to Ay = EΩ̃u, u ∈ Cu, y ∈ Cy,

where the constraints on the control variable u and the state variable y are
defined by

Cu = {u ∈ L2(Ω̃) : ϕ ≤ u ≤ ϕ̄ a.e. in Ω}, Cy = {y ∈W : |Gy| ≤ ψ in Ω}.

Here A ∈ L(W,L) with W and L reflexive Banach spaces of functions de-
fined on the bounded domain Ω ⊂ R

d, satisfying Lr(Ω) ⊂ L, with dense
embedding, 2 ≤ r <∞ and

(2.1) 〈v1, v2〉L∗,L = (v1, v2)Lr′ (Ω),Lr(Ω) for all v1 ∈ L∗, v2 ∈ Lr(Ω),

with 1
r+

1
r′ = 1. Further Ω̃ is an open subset of Ω, EΩ̃ : Lr(Ω̃) → Lr(Ω) is the

extension-by-zero operator with adjoint E∗
Ω̃
, the restriction to Ω̃ operator.

The quantifiers characterising the constraint sets Cu and Cy satisfy G ∈
L(W, C(Ω̄)l) for some 1 ≤ l ≤ d,

(2.2) ϕ, ϕ̄ ∈ L2(r−1)(Ω̃), and ψ ∈ C(Ω̄), 0 < ψ ≤ ψ, for some ψ ∈ R,

| · | denotes the Euclidean-norm in R
l and the inequalities are interpreted in

the pointwise almost everywhere (a.e.) sense. Note that (2.2) implies that

Cu is bounded in Lr(Ω̃). The cost functional is supposed to satisfy

(2.3)
J1 ∈ C1,1(W,R) is convex and yn ⇀ y in W implies that

J1(yn) → J1(y) and J ′
1(yn) ⇀ J ′

1(y) in W ∗.

Here and below ’→’ and ’⇀’ indicate strong and weak convergence, respec-
tively. Moreover we fix

(2.4) α > 0 and ud ∈ L
2(Ω̃).
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In addition to the above technical assumptions we require the following
hypotheses:

(H1) There exists a feasible point for the constraints in (P).

(H2) A : W → L is a homeomorphism.

(H3) G : W → C(Ω̄)l is a compact linear operator.

(H4)










There exists a bounded set M ⊂ Cy × Cu ⊂W × Lr(Ω̃) such that

0 ∈ int{Ay − EΩ̃u : (y, u) ∈M} ⊂ Lr(Ω),where the interior is taken

with respect to Lr(Ω).

Conditions (H1) and (H2) are needed for existence of a solution to (P) and
the hypotheses (H3)–(H4) are used to establish an optimality system. In
particular, (H4) guarantees the existence of a Lagrange multiplier, or an
adjoint state, associated with the equality constraint. Condition (H4) is
weaker than Slater-type conditions. This can be argued as in [16, 22]. In
fact, let (ȳ, ū) ∈W × Lr(Ω) satisfy

(2.5) A ȳ = EΩ̃ ū, ϕ ≤ ū ≤ ϕ̄, |Gȳ(x)| < ψ(x) for all x ∈ Ω̄.

For ρ > 0 and |η|Lr(Ω) ≤ ρ let yη denote the solution to

Ayη = EΩ̃ū+ η.

Then

|yη − ȳ|W ≤ ρ ‖A−1‖L(Lr(Ω),W ).

Hence, if ρ is sufficiently small, then yη ∈ Cy and the set

M = {(yη, ū) : η ∈ Lr(Ω), |η|Lr(Ω) ≤ ρ}

serves the purpose required by condition (H4). Differently from the Slater
condition (2.5) condition (H4) operates in the range space of the operator
A. Note also that when arguing that (2.5) implies (H4) the freedom to vary
u ∈ Cu was not used.

To argue existence for (P), note that any minimizing sequence {(un, y(un))}
is bounded in Lr(Ω̃)×W by the properties of Cu and (H2). The properties
of Cu as well as Cy, strict convexity of J together with a subsequential limit
argument guarantee the existence of a unique solution (y∗, u∗) of (P).

More general state constraints of the form

Cy = {ỹ ∈W : |(Gỹ)(x) − g(x)| ≤ ψ for all x ∈ Ω̄}

for some g ∈ C(Ω̄)l can be treated as well. In fact, if there exists ỹg ∈W with
Gyg = g and Ayg ∈ Lr(Ω), then the shift y := ỹ − yg brings us back to the
framework considered in (P) with a state equation of the form Ay = u−Ayg,
i.e., an affine term must be admitted and in (H4) the expression Ay − EΩ̃u
must be replaced by Ay − EΩ̃u−Ayg.
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Before we establish first order optimality, let us mention two problem
classes which are covered by our definition of Cy in (P).

Example 1 (Pointwise zero-order state constraints). Let A denote the sec-
ond order linear elliptic partial differential operator

Ay = −
d

∑

i,j=1

∂xj
(aij∂xi

y) + a0y

with C0,δ(Ω̄)-coefficients aij , i, j = 1, . . . , d, for some δ ∈ (0, 1], which satisfy
∑d

i,j=1 aij(x)ξiξj ≥ κ|ξ|2 for almost all x ∈ Ω and for all ξ ∈ R
d, and a0 ∈

L∞(Ω) with a0 ≥ 0 a.e. in Ω. Here we have κ > 0. The domain Ω is assumed
to be either polyhedral and convex or to have a C1,δ-boundary Γ and to be
locally on one side of Γ. We choose W = W 1,p

0 (Ω), L = W−1,p(Ω), p > d,
and G = id, which implies l = 1. Then

|Gy| ≤ ψ in Ω ⇐⇒ −ψ ≤ y ≤ ψ in Ω,

which is the case of zero order pointwise state constraints. Since p > d, con-
dition (H3) is satisfied. Moreover, A : W →W−1,p(Ω) is a homeomorphism
[23, p.179] so that in particular

|y(u)|W ≤ C|u|L2(Ω̃),

provided that 2 ≤ dp
dp−d−p . Consequently we can take r = 2. Here we

use the fact that W
1, p

p−1 (Ω) embeds continuously into L2(Ω), provided that

2 ≤ dp
dp−d−p , and hence L2(Ω) ⊂W−1,p(Ω). Note that 2 ≤ dp

dp−d−p combined

with d < p can only hold for d ≤ 3.
In case Γ is sufficiently regular so that A is a homeomorphism from

H2(Ω)∩H1
0 (Ω) → L2(Ω), we can take W = H2(Ω)∩H1

0 (Ω), L = L2(Ω) and
r = 2. In this case again (H2) and (H3) are satisfied if d ≤ 3.

Example 2 (Pointwise first-order state constraints). Let A be as in (i)
but with C0,1(Ω̄)-coefficients aij, and let Ω have a C1,1-boundary. Choose

W = W 2,r(Ω)∩W 1,r
0 (Ω), L = Lr(Ω), r > d and, for example, G = ∇, which

yields l = d. Then

Cy = {y ∈W : |∇y(x)| ≤ ψ(x) for all x ∈ Ω̄}.

Again (H2) and (H3) are satisfied if d ≤ 3.
Alternative pointwise first-order state constraints can be found in [4].

For deriving a first order optimality system for (P) we introduce the
regularized problem

(Pγ)

{

minimize J1(y) + α
2 |u− ud|

2
L2(Ω̃)

+ γ
2 |(|Gy| − ψ)+|2L2(Ω)

subject to Ay = EΩ̃u, u ∈ Cu,
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where γ > 0 and (·)+ = max(0, ·) in the pointwise almost everywhere sense.
In the following sections we shall see that (Pγ) is also useful for devising
efficient numerical solution algorithms.

Let (yγ , uγ) ∈ W × Lr(Ω̃) denote the unique solution of (Pγ). Utilizing
standard surjectivity techniques and (H2) we can argue the existence of
Lagrange multipliers

(pγ , µ̄γ , µγ) ∈ L∗ × Lr
′

(Ω̃) × Lr
′

(Ω̃),

with 1
r + 1

r′ = 1, such that










































































Ayγ = EΩ̃uγ ,

A∗pγ +G∗λγ = −J ′
1(yγ),

α(uγ − ud) − E∗
Ω̃
pγ + µ̄γ − µ

γ
= 0,

µ̄γ ≥ 0, uγ ≤ ϕ̄, µ̄γ(uγ − ϕ̄) = 0,

µ
γ
≤ 0, uγ ≥ ϕ, µ

γ
(uγ − ϕ) = 0,

λγ = γ(|Gyγ | − ψ)+qγ ,

qγ(x) ∈







{

Gyγ

|Gyγ |
(x)

}

if |Gyγ(x)| > 0,

B̄(0, 1)l else,

(OSγ)

where B̄(0, 1)l denotes the closed unit ball in R
l. Above, A∗ ∈ L(L∗,W ∗) is

the adjoint of A andG∗ denotes the adjoint of G as operator in L(W,L2(Ω)l).
Note that the expression for λγ needs to be interpreted pointwise for every
x ∈ Ω and λγ(x) = 0 if |(Gyγ)(x)| − ψ(x) ≤ 0. In particular this implies

that λγ is uniquely defined for every x ∈ Ω. Moreover, we have λγ ∈ L2(Ω)l,

in fact λγ ∈ C(Ω)l. The adjoint equation, which is the second equation in
(Pγ), must be interpreted as

(2.6) 〈pγ , Aυ〉L∗,L + (λγ , Gυ)L2(Ω) = −〈J ′
1(yγ), υ〉W ∗,W for any υ ∈W,

i.e., in the very weak sense. For later use we introduce the scalar factor of
λγ defined by

(2.7) λsγ :=
γ

|Gyγ |
(|Gyγ | − ψ)+ on {|Gyγ | > 0} and λsγ := 0 else.

This implies that

λγ = λsγ Gyγ .

The boundedness of the primal and dual variables is established next.

Lemma 2.1. Let (H1)–(H4) hold. Then the family

{(yγ , uγ , pγ , µ̄γ − µ
γ
, λsγ)}γ≥1

is bounded in W × Lr(Ω̃) × Lr
′

(Ω) × Lr
′

(Ω̃) × L1(Ω).
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Proof. Since uγ ∈ Cu for all γ ≥ 1 we have by (H2) that

{(yγ , uγ)}γ≥1 is bounded in W × Lr(Ω̃).

By (H3) the family {Gyγ}γ≥1 is bounded in C(Ω̄)l as well. Henceforth let C
denote a generic constant independent of γ ≥ 1. Let (y, u) ∈M be arbitrary.
By (OSγ)

(2.8) 〈pγ , A(yγ − y)〉L∗,L + (λγ , G(yγ − y))L2(Ω) = −〈J ′
1(yγ), yγ − y〉W ∗,W

and

(λγ , G(yγ − y))L2(Ω) = γ((|Gyγ | − ψ)+ qγ , Gyγ −Gy)L2(Ω)

= γ

∫

Ω
(|Gyγ | − ψ)+(|Gyγ | − ψ) + γ

∫

Ω
(|Gyγ | − ψ)+(ψ − qγ ·Gy)

≥ γ

∫

Ω

∣

∣(|Gyγ | − ψ)+
∣

∣

2
+ γ

∫

Ω
(|Gyγ | − ψ)+(ψ − |Gy|)

≥ γ
∣

∣(|Gyγ | − ψ)+
∣

∣

2

L2(Ω)
.

Therefore

〈pγ , A(yγ − y)〉L∗,L + γ
∣

∣(|Gyγ | − ψ)+
∣

∣

2

L2(Ω)
≤ −〈J ′

1(yγ), yγ − y〉W ∗,W

and

(2.9) 〈pγ ,−Ay + EΩ̃u〉L∗,L + γ
∣

∣(|Gyγ | − ψ)+
∣

∣

2

L2(Ω)

≤ −〈J ′
1(yγ), yγ − y〉W ∗,W + (pγ , EΩ̃(u− uγ))Lr′ (Ω),Lr(Ω).

The first term on the right hand side is bounded since {yγ}γ≥1 is bounded
in W and J1 ∈ C1,1(W,R), and the second term satisfies
(

pγ , EΩ̃(u− uγ)
)

Lr′(Ω),Lr(Ω)
=

(

α(uγ − ud) + µ̄γ − µ
γ
, u− uγ

)

Lr′(Ω̃),Lr(Ω̃)

≤ C + (µ̄γ , u− ϕ̄+ ϕ̄− uγ)L2(Ω̃) − (µ
γ
, u− ϕ+ ϕ− uγ)L2(Ω̃) ≤ C.

Inserting these estimates into (2.9) and utilizing (H4) and (2.1) we have the
existence of a constant C independent of γ such that

{|pγ |Lr′ (Ω)}γ≥1 is bounded.

Integrating the third equation of (OSγ) over {x : µ̄γ(x) > 0} we deduce

that {µ̄γ}γ≥1 is bounded in Lr
′

(Ω̃). Similarly {µ
γ
}γ≥1 is bounded in Lr

′

(Ω̃).

Finally we turn to estimate the scalar factor λsγ . We have
∫

Ω
λsγ =

∫

Ω

γ

|Gyγ |

(

|Gyγ | − ψ
)+

≤

∫

Ω

γ

ψ2

(

|Gyγ | − ψ
)+

|Gyγ |

= −
1

ψ2 (pγ , Ayγ)Lr′ (Ω),Lr(Ω) −
1

ψ2 〈J ′(yγ), yγ〉W ∗,W ≤ C,

where we used that λsγ = 0 on {|Gyγ | ≤ ψ} and |Ayγ |Lr(Ω) = |EΩ̃uγ |Lr(Ω) ≤

C. Hence, {λsγ}γ≥1 is bounded in L1(Ω). �
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The preceding lemma implies that there exists

(y∗, u∗, p∗, µ̄∗, µ∗, λ
s
∗) ∈W ×Lr(Ω̃)×Lr

′

(Ω̃)×Lr
′

(Ω̃)×Lr
′

(Ω̃)×M(Ω̄) =: X,

where M(Ω̄) are the regular Borel measures on Ω̄, such that on a subse-
quence

(yγ , uγ , pγ , µ̄γ , µγ , λ
s
γ) ⇀ (y∗, u∗, p∗, µ̄∗, µ∗, λ

s
∗) in X,

which, for the λs-component, means that
∫

Ω
λsγυ →

∫

Ω
λs∗υ for all υ ∈ C(Ω̄).

By (H3) this implies that

Gyγ → Gy∗ in C(Ω̄)l

and hence
∫

Ω
λγυ → 〈λs∗ (Gy∗), υ〉M,C(Ω̄)l for all υ ∈ C(Ω̄)l.

Passing to the limit in the second equation of (OSγ) we find

(p∗, Aυ)Lr′ (Ω),Lr(Ω) = −〈λs∗ (Gy∗), Gυ〉Ml(Ω̄),C(Ω̄)l − 〈J ′
1(y∗), υ〉W ∗,W

for all υ ∈ DA, where DA = {v ∈ W : Av ∈ Lr(Ω)} and 〈·, ·〉Ml(Ω̄),Cl(Ω̄)

denotes the duality pairing between C(Ω̄)l and M(Ω̄)l, the space of regular
vector-valued Borel-measures on Ω̄. Since DA is dense in W and since the
right hand side uniquely defines a continuous linear functional on W a den-
sity argument implies that p∗ can be uniquely extended to an element in L∗,
and the left hand side can be replaced by 〈p∗, Aυ〉L∗,L, for all υ ∈W .

We can now pass to the limit in the first three equations of (OSγ) to
obtain

Ay∗ = EΩ̃u∗ in Lr
′

(Ω),

(2.10)

〈p∗, Aυ〉L∗,L + 〈λs∗ (Gy∗), Gυ〉Ml(Ω̄),C(Ω̄)l = −〈J ′
1(y∗), υ〉W ∗,W for all υ ∈W,

(2.11)

α(u∗ − ud) − E∗
Ω̃
p∗ + (µ̄∗ − µ

∗
) = 0 in Lr

′

(Ω).

(2.12)

Standard arguments yield

(2.13) µ
∗
≥ 0, µ̄∗ ≥ 0, ϕ ≤ u∗ ≤ ϕ̄ a.e. in Ω̃.

Note that
(2.14)

J1(yγ)+
α

2
|uγ−ud|

2
L2(Ω̃)

+
γ

2

∣

∣(|Gyγ |−ψ)+
∣

∣

2

L2(Ω)
≤ J1(y

∗)+
α

2
|u∗−ud|

2
L2(Ω̃)

.
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This implies that |Gy∗(x)| ≤ ψ(x) for all x ∈ Ω, and hence (y∗, u∗) is feasible.
Moreover by (2.3)

J1(y∗)+
α

2
|u∗ − ud|

2
L2(Ω̃)

≤ lim
γ→∞

J1(yγ) + lim supγ→∞

α

2
|uγ − ud|

2
L2(Ω̃)

(2.15)

≤ J1(y
∗) +

α

2
|u∗ − ud|

2
L2(Ω̃).

Since (y∗, u∗) is feasible and the solution of (P) is unique, it follows that
(y∗, u∗) = (y∗, u∗). Moreover, from (2.15) and weak lower semi-continuity of

norms we have that limγ→∞ uγ = u∗ in L2(Ω̃). From uγ ∈ Cu for all γ, and

u∗ ∈ Cu, with Cu ⊂ L2(r−1)(Ω̃) by (2.2), together with Hölder’s inequality
we obtain

|uγ − u∗|Lr(Ω̃) ≤ |uγ − u∗|
1/r

L2(Ω̃)
|uγ − u∗|

(r−1)/r

L2(r−1)(Ω̃)
≤ C|uγ − u∗|

1/r

L2(Ω̃)

γ→∞
−→ 0

with some positive constant C. This yields the strong convergence of uγ in

Lr(Ω̃).
Complementary slackness of u∗, µ̄∗ and µ

∗
, i.e.,

(2.16) µ̄∗(u∗ − ϕ̄) = 0, µ
∗
(u∗ − ϕ) = 0 a.e. in Ω̃

now follows from the forth and fifth equation of (OSγ), respectively, the weak

convergence of (µ̄γ , µγ) to (µ̄∗, µ∗) in Lr
′

(Ω̃)2 and the strong convergence of

uγ to u∗ in Lr(Ω̃).
Let y ∈ Cy. Then

∫

Ω λ
s
γ(|Gy| − ψ) ≤ 0 and hence
∫

Ω
λs∗(|G(y)| − ψ) ≤ 0.

Moreover,
∫

Ω λ
s
∗ϕ ≥ 0 for all ϕ ∈ C(Ω̄) with ϕ ≥ 0.

For every accumulation point λs∗, the corresponding adjoint variable p∗
and Lagrange multipliers µ̄∗, µ̄∗ are unique. In fact, since y∗ = y∗ is unique,
the difference δp of two accumulation points of pγ satisfies

(δp,Aυ) = 0 for all υ ∈W,

and since A is a homeomorphism we have that δp = 0.
From (2.12) we deduce that

µ̄∗ = (E∗
Ω̃
p∗ − α(u∗ − ud))

+, µ
∗

= (E∗
Ω̃
p∗ − α(u∗ − ud))

−,

where (·)− = min(0, ·) in the pointwise almost everywhere sense.
We summarize our above findings in the following theorem which provides

necessary and sufficient first order optimality conditions for (P).

Theorem 2.1. Let (2.1)–(2.4) and (H1)–(H4) hold. Then there exists

(p∗, µ̄∗, µ∗, λ
s
∗) ∈ L∗ × Lr

′

(Ω̃) × Lr
′

(Ω̃) ×M(Ω̄)
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such that

Ay∗ = EΩ̃u
∗ in Lr(Ω),

A∗p∗ +G∗(λs∗Gy
∗) = −J ′

1(y
∗) in W ∗,

α(u∗ − ud) − E∗
Ω̃
p∗ + (µ̄∗ − µ

∗
) = 0 in Lr

′

(Ω̃),

µ̄∗ ≥ 0, u∗ ≤ ϕ̄, µ̄∗(u
∗ − ϕ̄) = 0 a.e. in Ω̃,

µ
∗
≥ 0, u∗ ≥ ϕ, µ

∗
(u∗ − ϕ) = 0 a.e. in Ω̃,

and
∫

Ω λ
s
∗ϕ ≥ 0 for all ϕ ∈ C(Ω̄) with ϕ ≥ 0. Further (pγ , µ̄γ , µγ) converges

weakly in Lr
′

(Ω)×Lr
′

(Ω̃)×Lr
′

(Ω̃) (along a subsequence) to (p∗, µ̄∗, µ∗), 〈λ
s
γ , υ〉 →

〈λs∗, υ〉 (along a subsequence) for all υ ∈ C(Ω̄), and (yγ , uγ) → (y∗, u∗)

strongly in W × Lr(Ω̃) as γ → ∞.

We briefly revisit the examples 1 and 2 in order to discuss the structure
of the respective adjoint equation.

Example 1 (revisited). For the case of pointwise zero-order state con-

straints with W = W 1,p
0 (Ω) the adjoint equation in variational form is given

by

〈p∗, Av〉W 1,p′

0 (Ω),W−1,p(Ω)
+ 〈λs∗y

∗, v〉M(Ω̄),C(Ω̄) = −〈J ′
1(u

∗), v〉W ∗,W

for all v ∈W .

Example 2 (revisited). Returning to pointwise gradient constraints ex-
pressed by |∇y(x)| ≤ ψ(x) the adjoint equation can be expressed as

〈p∗, Av〉Lr′ (Ω),Lr(Ω) + 〈λs∗∇y
∗,∇v〉M(Ω̄)l,C(Ω̄)l = −〈J ′

1(u
∗), v〉W ∗,W

for all v ∈W = W 2,r(Ω) ∩W 1,r
0 (Ω).

Remark 2.1. Condition (H4) is quite general and also allows the case ψ = 0
on parts of Ω. Here we only briefly consider a special case of such a situation.
Let Ω̃ = Ω, r = 2, L = L2(Ω),W = H2(Ω) ∩ H1

0 (Ω) and G = I, i.e. we
consider zero-order state constraints without constraints on the controls, in
dimensions d ≤ 3. We assume that A : W → L2(Ω) is a homeomorphism
and that (2.2) is replaced by

(2.2’) 0 ≤ ψ, ψ ∈ C(Ω̄).
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In this case (H1), (H2), and (H4) are trivially satisfied and Cy = {y ∈ W :
|y| ≤ ψ in Ω}. The optimality system is given by



















































Ayγ = uγ ,

A∗pγ + λγ = −J ′
1(yγ),

α(uγ − ud) − pγ = 0,

λγ = γ(|yγ | − ψ)+qγ ,

qγ(x) ∈







{

yγ

|yγ |
(x)

}

if |yγ(x)| > 0,

B̄(0, 1) else,

(OS′
γ)

with (yγ , uγ , pγ , λγ) ∈ W × L2(Ω) × L2(Ω) × L2(Ω). As in Lemma 2.1 we
argue, using (H4), that {(yγ , uγ , pγ)}γ≥1 is bounded in W × L2(Ω) ×W ∗.
Since we do not assume that ψ > 0 we argue differently than before to

obtain a bound on {λγ}γ≥1. In fact the second equation in (OS′
γ) im-

plies that {λγ}γ≥1 is bounded in W ∗. Hence there exists (y∗, u∗, p∗, λ∗) ∈
W × L2(Ω) × L2(Ω) ×W ∗, such that (yγ , uγ) → (y∗, u∗) in W × L2(Ω) and
(pγ , λγ) ⇀ (p∗, λ∗) weakly in L2(Ω) ×W ∗, as γ → ∞. Differently from the
case with state and control constraints, we have convergence of the whole
sequence, rather than subsequential convergence of (pγ , λγ) in this case. In
fact, the third equation in (OS′

γ) implies the convergence of pγ , and the
second equation the convergence of λγ . Passing to the limit as γ → ∞ we
obtain from (OS′

γ)














Ay∗ = u∗,

A∗p∗ + λ∗ = −J ′
1(y

∗),

α(u∗ − ud) − p∗ = 0.

,(OS′)

and λ∗ has the additional properties as the limit of elements λγ . For example,

if ψ ≥ ψ > 0 on a subset Ω̂ ⊂ Ω and y∗ is inactive on Ω̂, then λ∗ = 0 as

functional on continuous functions with compact support in Ω̂.

3. Semismooth Newton method for (Pγ)

As mentioned earlier, (Pγ) is appealing as it can be solved with super-
linearly convergent numerical methods. Combined with a suitable update
strategy for γ, an overall solution algorithm for (P) is obtained. Here we
analyse in detail the superlinear solution process or (Pγ). For the path-
following strategy with respect to γ one may proceed as in [7, 8].

3.1. Newton differentiability/semismoothness. In [6], see also [5], for
a mapping F : X → Y, with X and Y Banach spaces, a generalized derivative
is introduced in such a way that q-superlinear convergence of the Newton al-
gorithm can be guaranteed without requiring that F is Frechet differentiable.
In fact, F is called Newton (or slant) differentiable in an open set U ⊂ X
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if there exists a family of generalized derivatives GF (x) ∈ L(X ,Y), x ∈ U,
such that

(3.17) lim
|h|X→0

|h|−1
X |F (x+ h)−F (x)−GF (x+ h)h|Y = 0 for every x ∈ U.

Note that F need not be Frechet-differentiable in order to have the property
(3.17). In general, there exists a set of Newton derivatives at x which be-
comes a singleton whenever F is Frechet-differentiable at x. We also point
out that (3.17) resembles the concept of semismoothness of a mapping which
was introduced in [15] for scalar-valued functionals on R

n and extended to
the vector-valued case in [18]. The concept of semi-smoothness in finite di-
mensions, however, is linked to Rademacher’s theorem, which states, that
locally Lipschitz continuous functions are almost everywhere differentiable.
This concept is not available in infinite dimensions. But property (3.17)
quantifies one of the essential ingredients for the Newton method to be lo-
cally superlinearly convergent. Consequently it is becoming customary now
to refer to the Newton method, in infinite dimensions, as a semismooth New-
ton method, if (3.17) holds. As usual the Newton method for finding x∗ ∈ X
such that F (x∗) = 0 consists in the iteration:

Algorithm 1 (Semismooth Newton method).

(i) Choose x0 ∈ X .
(ii) Unless some stopping rule is satisfied, perform the update step

(3.18) xk+1 = xk −GF (xk)−1F (xk) for k = 0, 1 . . . .

This iteration is locally q-superlinearly convergent to x∗ within a neigh-
borhood U(x∗), if x0 ∈ U(x∗), and (3.17) as well as
(3.19)

‖GF (x)−1‖L(Y ,X ) ≤ C, for a constant C independently of x ∈ U(x∗),

hold [5, 6].
The remainder of this subsection is devoted to the analysis of the semis-

moothness property (3.17) of the mapping Fγ , which defines the Newton

iteration associated with (OSγ). This is done for X = Y = Lr(Ω̃) where

the choice of r is dictated by the need that Gy(u) ∈ C(Ω̄)l for u ∈ Lr(Ω̃).

In the subsequent subsection 3.3 we address (3.19) in L2(Ω̃). Superlinear
convergence is investigated in the final subsection. In case r > 2 a lifting
step is introduced to compensate the fact that (3.19) is only available in

L2(Ω̃).
Throughout this section it will be convenient to utilize the operator

B u = GA−1EΩ̃u,

which satisfies B ∈ L(Lr(Ω̃), C(Ω̄)l) if (H2) and (H3) are satisfied. In par-

ticular B∗ ∈ L(Ls(Ω)l, Lr
′

(Ω̃)) for every s ∈ (1,∞). We shall require the
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following two additional hypotheses for some r̂ > r:

(H5)
ud, ϕ̄, ϕ ∈ Lr̂(Ω̃), and u 7→ A−∗J ′

1(A
−1EΩ̃u) is continuously

Frechet differentiable from L2(Ω̃) → Lr̂(Ω),

and

(H6) B∗ ∈ L(Lr(Ω̃)l, Lr̂(Ω̃)) where 1
r̂ + 1

r̂′ = 1.

We interpret the hypotheses (H5) and (H6) in view of the examples 1 and
2 in section 2.

Example 1 (revisited). We have G = id and, hence, B = A−1EΩ̃. Note

that A : W 1,r′

0 (Ω) → W−1,r′(Ω) is a homeomorphism. Consequently, A−∗ ∈

L(W−1,r(Ω),W 1,r(Ω)). For every d there exists r̂ > r such that W 1,r
0 (Ω)

embeds continuously into Lr̂(Ω). Therefore A−∗ ∈ L(Lr(Ω), Lr̂(Ω)) and

B∗ ∈ L(Lr(Ω̃), Lr̂(Ω̃)). Hence, assumption (H6) is satisfied. The second part
of hypothesis (H5) is fulfilled, e.g., for the tracking-type objective functional
J1(y) = 1

2 |y − yd|
2
L2(Ω) with yd ∈ L2(Ω) given.

Example 2 (revisited). Differently to example 1 we have G = ∇ and,
thus, B = ∇A−1EΩ̃. Since G∗ ∈ L(Lr(Ω)l,W−1,r(Ω)) we have A−∗G∗ ∈

L(Lr(Ω)l,W 1,r(Ω)). As in example 1 there exists for every d some r̂ > r
such that B∗ ∈ E∗

Ω̃
A−∗G∗ ∈ L(Lr(Ω)l, Lr̂(Ω)). For J1 as in example 1 above

(H5) is satisfied.

Next we note that µ̄γ and µ
γ

in (OSγ) may be condensed into one mul-

tiplier µγ := µ̄γ − µ
γ
. Then the fourth and fifth equation of (OSγ) are

equivalent to

(3.20) µγ = (µγ + c(uγ − ϕ̄))+ + (µγ + c(uγ − ϕ))−

for some c > 0. Fixing c = α and using the third equation in (OSγ) results
in

(3.21) α(uγ−ud)−E
∗
Ω̃
pγ+(E∗

Ω̃
pγ+α(ud−ϕ̄))++(E∗

Ω̃
pγ+α(ud−ϕ))− = 0.

Finally, using the state and the adjoint equation to express yγ and pγ in
terms of uγ , (OSγ) turns out to be equivalent to

Fγ(uγ) = 0, Fγ : Lr(Ω̃) → Lr(Ω̃),

with

(3.22) Fγ(uγ) := α(uγ −ud)− p̂γ + (p̂γ +α(ud− ϕ̄))+ + (p̂γ +α(ud−ϕ))−.

and

p̂γ := pγ(uγ) = −γB∗(|B uγ | − ψ)+q(B uγ) −E∗
Ω̃
A−∗J ′

1(A
−1EΩ̃uγ),

where

q(B u)(x) =







(

B u
|B u|

)

(x) if |B u(x)| > 0,

0 otherwise.



14 M. HINTERMÜLLER AND K. KUNISCH

We further set

pγ(u) := −γB∗(|Bu| − ψ)+q(Bu), where pγ : Lr(Ω̃) → Lr̂(Ω̃).

For the semismoothness of Fγ we first study the Newton differentiability of
pγ(·). For its formulation we need

Gmax(ω)(x) :=

{

1 if ω(x) > 0,
0 if ω(x) ≤ 0,

which was shown in [6] to serve as a generalized derivative for max(0, ·) :
Ls1(Ω) → Ls2(Ω) if 1 ≤ s2 < s1 ≤ ∞. An analogous result holds true for
min(0, ·). Further the norm-functional | · | : Ls1(Ω)l → Ls2(Ω), with s1, s2 as
above, is Newton differentiable with generalized derivative q(·). This follows
from Example 8.1 and Theorem 8.1 in [11]. There only the case l = 1 is
treated, but the result can be extended in a straightforward way to l > 1.

We define

Q(Bv) := |Bv|−1
(

id−|Bv|−2(Bv)(Bv)⊤
)

.

Throughout this section, whenever we refer to (H3) it would actually
suffice to have G ∈ L(W, C(Ω̄)l).

Lemma 3.1. Assume that (H2), (H3) and (H6) hold true. Then the map-

ping pγ : Lr(Ω̃) → Lr̂(Ω̃) is Newton differentiable in a neighborhood of every

point u ∈ Lr(Ω̃) and a generalized derivative is given by
(3.23)

Gpγ (u) = −γB∗
[

Gmax(|Bu| − ψ)q(Bu)q(Bu)⊤ + (|Bu| − ψ)+Q(Bu)
]

B.

Proof. By (H6) there exists a constant C1(γ) such that

‖γB∗‖L(Lr(Ω), Lr̂(Ω̃)) ≤ C1(γ).

Let u and h ∈ Lr(Ω̃). Then we have by the definition of pγ

|pγ(u+ h) − pγ(u) −Gpγ (u+ h)h|Lr̂(Ω̃)

≤C1(γ)| (|B(u + h)| − ψ)+ q(Bu+ h) − (|Bu| − ψ)+ q(Bu)

− [Gmax(|B(u+ h)| − ψ) q(B(u + h)) q(B(u + h))⊤

+ (|B(u+ h)| − ψ)+Q(B(u+ h))]Bh|Lr(Ω)l

≤C1(γ)|(|B(u+ h)| − ψ)+
(

q(B(u+ h)) − q(Bu) −Q(B(u+ h))Bh
)

|Lr(Ω)l

+ C1(γ) |((|B(u + h)| − ψ)+ − (|Bu| − ψ)+)q (Bu)−

− [Gmax(|B(u+ h)| − ψ) q (B(u)) q (B(u+ h))⊤]Bh|Lr(Ω)l

+ C1(γ)|Gmax(|B(u+ h)| − ψ)
(

q (Bu) − q (B(u+ h))
)

q (B(u+ h)⊤Bh|Lr(Ω)

= I + II + III.
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We now estimate separately the terms I − III. Let

S =

{

x : |Bu(x)| ≤
ψ(x)

2

}

.

Then there exists U(u) ⊂ Lr(Ω̃) and δ > 0 such that

|B(u(x) + h(x))| ≤ ψ(x), for all x ∈ S, u ∈ U(u), |h|Lr(Ω̃) ≤ δ,

where we use that B ∈ L(Lr(Ω̃), C(Ω̃)l). Consequently

I ≤ C|q(B(u+ h)) − q(Bu) −Q(B(u+ h))Bh|C(Ω\S)l ,

where C = C(u, δ). We check that H : υ → υ
|υ| from C(Ω\S)l to itself is

uniformly Fréchet differentiable with Fréchet derivative

H ′(υ) =
1

|υ|
(id−

υ υ⊤

|υ|2
),

provided that υ(x) 6= 0 for all x ∈ Ω\S. Moreover υ → H ′(υ) is lo-

cally Lipschitz continuous from C(Ω\S)l to C(Ω\S)l×l. Together with B ∈
L(Lr(Ω), C(Ω̄)l) this implies that

(3.24) I = O(|h|2
Lr(Ω̃)

),

where O is uniform with respect to u ∈ U . We turn to estimate II and
consider u → (|Bu| − ψ)+ in the neighborhood of U of u. As noted
above G : υ → |υ| is Newton differentiable from Ls1(Ω)l to Ls2(Ω) if
1 ≤ s2 < s1 ≤ ∞ at every υ ∈ Ls1(Ω)l, with a generalized derivative
υ
|υ| , if |υ| 6= 0. This, together with the chain rule for Newton differentiable

maps composed with Frechet differentiable maps, see e.g. [11], Lemma 8.1

or [12], and B ∈ L(Lr(Ω̃), C(Ω̄)l) (hence B ∈ L(Lr(Ω̃), Lr+2ǫ(Ω)l)) implies

that u → |Bu| is Newton differentiable from Lr(Ω̃) to Lr+ε(Ω) for some
ε > 0, with a generalized derivative given by q(u). Newton differentiability
of this mapping also follows from [25] Theorem 5.2. The chain rule for two
superimposed Newton differentiable maps given in Proposition A.1 implies
then that u → (|Bu| − ψ)+ is Newton differentiable from Lr(Ω̃) to Lr(Ω)
and hence

(3.25) II = O (|h|Lr(Ω̃)),

with O uniform with respect to u ∈ U . It is straightforward to argue that

(3.26) III = O (|h|2
Lr(Ω̃)

),

with O uniform in u ∈ U . Combining (3.24)–(3.26) we have shown that

|pγ(u+ h) − pγ(u) −Gpγ (u+ h)h|Lr̂(Ω̃) = O (|h|Lr(Ω̃)),

as |h|Lr(Ω̃)) → 0, with O uniform in u ∈ U . Hence, pγ is Newton differentiable

in the neighborhood U of u. �

Newton differentiability of Fγ is established next.
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Theorem 3.1. Let (H2), (H3), (H5) and (H6) hold true. Then Fγ :

Lr(Ω̃) → Lr(Ω̃) is Newton differentiable in a neighborhood of every u ∈
Lr(Ω̃).

Proof. We consider the various constituents of Fγ separately. In terms of

p̂γ(u) := pγ(u) − E∗
Ω̃
A−∗J ′

1(A
−1EΩ̃u)

we have

Fγ(u) = α(u− ud)− p̂γ(u) +
(

p̂γ(u) + α(ud − ϕ̄)
)+

+
(

p̂γ(u) + α(ud − ϕ)
)−
.

Lemma 3.1 and (H5) for J1 yield the Newton differentiability of

u 7→ α(u− ud) − p̂γ(u) from Lr(Ω̃) to Lr(Ω̃),

in a neighborhood U(u) of u.
We further have by Lemma 3.1 that

p̂γ(·) + α(ud − ϕ̄) and p̂γ(·) + α(ud − ϕ)

are locally Lipschitz continuous and Newton differentiable from Lr(Ω̃) to

Lr̂(Ω̃), respectively. Then the results of Appendix A yield the Newton dif-
ferentiability of

(

p̂γ(·) + α(ud − ϕ̄)
)+

+
(

p̂γ(·) + α(ud − ϕ)
)−

from Lr(Ω̃) to Lr(Ω̃) in a possibly smaller neighborhood U(u) of u. Com-
bining these results proves the assertion. �

The structure of a particular generalized derivative associated with Fγ
immediately follows from a combination of the previous results.

Corollary 3.1. Let the assumptions of Theorem 3.1 hold. Then a particular
generalized derivative of Fγ at u ∈ Lr(Ω̃) is given by

GFγ (u) = α id −Gp̂γ
(u) +Gmax(p̂γ(u) + α(ud − ϕ̄))Gp̂γ

(u)

+Gmin(p̂γ(u) + α(ud − ϕ))Gp̂γ
(u)

with

Gp̂γ
(u) = Gpγ (u) − E∗

Ω̃
A−∗J ′′

1 (A−1EΩ̃u)A
−1EΩ̃.

3.2. Uniform boundedness of the inverse of the generalized deriv-
ative in L2(Ω̃). Next we study GFγ in more detail. For a well-defined
semismooth Newton step we need its non-singularity on a particular sub-
space. Given an approximation uk of uγ , in our context the semismooth
Newton update step is defined as

(3.27) GFγ (uk)δku = −Fγ(u
k)

with δku = uk+1 − uk, compare (3.18) with x = u and F = Fγ .
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For our subsequent investigation we define the active and inactive sets

Āk := {x ∈ Ω̃ :
(

p̂γ(u
k) + α(ud − ϕ̄)

)

(x) > 0},(3.28)

Ak := {x ∈ Ω̃ :
(

p̂γ(u
k) + α(ud − ϕ)

)

(x) < 0},(3.29)

Ak := Āk ∪ Ak,(3.30)

Ik := Ω̃ \ Ak.(3.31)

Further we introduce χIk , the characteristic function of the inactive set
Ik, and the extension-by-zero operators EĀk , EAk , EAk , and EIk with the

properties EAkχIk = 0 and EIkχIk = χIk .
Corollary 3.1 and the structure of Gmax and Gmin, respectively, yield that

GFγ (uk) = α id−χIkGp̂γ
(uk).

Hence, from the restriction of (3.27) to Āk we find

(3.32) δku|Āk = E∗
Ākδ

k
u = E∗

Āk(ϕ̄− uk) = ϕ̄|Āk − uk|Āk

and similarly

(3.33) δk
u|Ak = E∗

Akδ
k
u = E∗

Ak(ϕ− uk) = ϕ
|Ak − uk

|Ak .

Hence, δk
u|Ak is obtained by a simple assignment of data according to the

previous iterate only. Therefore, it remains to study (3.27) on the inactive
set

(3.34) E∗
IkGFγ (uk)EIkδI

k

u = −E∗
Ik

(

Fγ(u
k) +GFγ (uk)EAkδku|Ak

)

as equation in L2(Ik).

Lemma 3.2. Let (H2), (H3), (H5) and (H6) hold and I ⊂ Ω. Then the
inverse to the operator

E∗
IGFγ (u)EI : L2(I) → L2(I),

with GFγ (u) = α id−χIGp̂γ
(u), exists and is bounded by 1

α regardless of

u ∈ Lr(Ω̃) as long as meas(I) > 0 .

Proof. Note that we have

E∗
IGFγ (u)EI = α id|I +γE∗

IB
∗T (u)BEI +E∗

IE
∗
Ω̃
A−∗J ′′

1 (A−1EΩ̃u)A
−1EΩ̃EI

with

T (u) = Gmax(|Bu| − ψ)q(Bu)q(Bu)⊤ + (|Bu| − ψ)+Q(Bu).

From B ∈ L(Lr̂
′

(Ω̃), Lr̂
′

(Ω)) ∩ L(Lr(Ω̃), Lr(Ω)), by (H2), (H3) and (H6),

we conclude by interpolation that B ∈ L(L2(Ω̃), L2(Ω)). Moreover T (u) ∈
L(L2(Ω)). Therefore

γE∗
IB

∗T (u)BEI ∈ L2(Ω̃) and E∗
IE

∗
Ω̃
A−∗J ′′

1 (A−1EΩ̃u)A
−1EΩ̃EI ∈ L2(Ω̃),
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where we also use (H5). In conclusion, the operator E∗
IGFγ (u)EI is an

element of L(L2(I)). From the convexity of J we infer for arbitrary z ∈
Lr(I) that

(3.35)
(

(α id|I +E∗
IE

∗
Ω̃
A−∗J ′′

1 (A−1EΩ̃u)A
−1EΩ̃EI)z, z

)

L2(I)
≥ α‖z‖2

L2(I).

Turning to γE∗
IB

∗T (u)BEI we observe that T (u) = 0 in {|Bu| − ψ ≤ 0}
and 0 < ψ/|Bu| − 1 < 1 in {|Bu| − ψ > 0}. Hence,

(T (u)w,w)L2(Ω̃) =

∫

{|Bu|−ψ>0}

(

1 −
ψ

|Bu|

)

|w|2 ≥ 0

for all w ∈ L2(Ω̃). From this and (3.35) we conclude that the inverse to
E∗

IGFγ (u)EI : L2(I) → L2(I) is bounded by 1
α . �

Proposition 3.1. If (H2), (H3), (H5) and (H6) hold, then the semismooth

Newton update step (3.27) is well-defined and δku ∈ Lr(Ω̃).

Proof. Well-posedness of the Newton step with δku ∈ L2(Ω̃) follows immedi-
ately from (3.32), (3.33) and Lemma 3.2. Note that whenever Ik = ∅, then
δku is fully determined by (3.32) and (3.33). An inspection of (3.32), (3.33)
and (3.34), using (H5) and the structure of E∗

IGFγ (u)EI , moreover shows

that δku ∈ Lr(Ω̃). �

From Lemma 3.2 and the proof of Proposition 3.1 we conclude that
E∗

IGFγ (u)EI v = f is solvable in Lr(Ω̃) if f ∈ Lr(Ω̃). It is not clear, however,

whether (E∗
IGFγ (u)EI)−1 is bounded as an operator in L(Lr(Ω̃)) uniformly

with respect to u.
We are now prepared to consider (3.19) for GFγ specified in Corollary 3.1.

Proposition 3.2. Let (H2), (H3), (H5) and (H6) hold. Then for each

û ∈ Lr(Ω̃) there exists a neighborhood U(û) ⊂ Lr(Ω̃) and a constant K such
that

(3.36) ‖GFγ (u)−1‖L(L2(Ω̂)) ≤ K for all u ∈ U(û).

Proof. Let A and I denote disjoint subsets of Ω̃ such that A ∪ I = Ω̃.
Then observe that every v ∈ L2(Ω̃) can be uniquely decomposed in two

components (E∗
Iv, E

∗
Av). For g ∈ L2(Ω̃) the equation

GFγ (u)v = g

is equivalent to

(3.37)

{

E∗
A v = E∗

A g,

(E∗
I GFγ (u)EI)E∗

I v = E∗
I g − E∗

I GFγ (u)EAE
∗
A g.

In the proof of Lemma 3.2 we argued that

GFγ (u) ∈ L(L2(Ω̃)), for each u ∈ L2(Ω̃).
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Slightly generalizing this argument shows that for each û ∈ L2(Ω̃) there
exists a neighborhood U(û) and Cû such that

‖GFγ (u)‖L(L2(Ω̃)) ≤ Cû for all u ∈ U(û).

From (3.37) and Lemma 3.2 it follows that (3.36) holds with K = 1+ 1
α(1+

Cû). �

3.3. Local q-superlinear convergence of the semismooth Newton
iteration without and with a lifting step. For r = 2 we can deduce the
following result form the discussion at the beginning of Section 3, Lemma
3.1 and Proposition 3.2.

Theorem 3.2. If (H2), (H3), (H5) and (H6) hold, then the semi-smooth
Newton iteration (3.18) applied to Fγ given in (3.22) with generalized de-
rivative GFγ given in Corollary 3.1, is locally q-superlinearly convergent in

L2(Ω̃).

In case r > 2 the semismooth Newton algorithm is supplemented by a
lifting step.

Algorithm 2 (Semismooth Newton method with lifting).

(i) Choose u0 ∈ Lr(Ω̃).

(ii) Solve for ũk+1 ∈ Lr(Ω̃) :

GFγ (uk)(ũk+1 − uk) = −F (uk).

(iii) Perform a lifting step:

uk+1 =
1

α

(

ud + pγ − (pγ + α(ud − ϕ̄))+ − (pγ + α(ud − ϕ))−
)

,

where pγ = pγ(ũ
k+1).

The case with r > 2 is addressed next.

Theorem 3.3. If (H2), (H3), (H5) and (H6) hold, then the semismooth

Newton method with lifting step is locally q-superlinearly convergent in Lr(Ω̃).

Proof. Let U(uγ) denote the neighborhood of uγ according to Theorem 3.1.
Proposition 3.2 implies the existence of a constant M and ρ̄ > 0 such that

‖G−1
Fγ

(u)‖L(L2(Ω̃)) ≤M

for all u ∈ Br(uγ , ρ). Here Br(uγ , ρ) denotes the open ball with radius ρ and

center uγ in Lr(Ω̃), with ρ sufficiently small such that Br(uγ , ρ) ⊂ U(uγ).
We recall the definition of pγ(u):

(3.38) pγ(u) = −γB∗(|B u| − ψ)+q(B u) − E∗
Ω̃
A−∗J ′

1(A
−1EΩ̃u).

A computation shows that v → (|v| −ψ)+q(v) is globally Lipschitz continu-

ous from Lr(Ω̃)l to itself with Lipschitz constant 3. SinceB ∈ L(Lr(Ω̃), L∞(Ω))

by (H3) and B ∈ L(Lr̂
′

(Ω̃), Lr
′

(Ω)) by (H6), the Marcinkiewicz interpo-

lation theorem then implies that B ∈ L(L2(Ω̃), Lr(Ω)). Moreover B∗ ∈
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L(Lr(Ω), Lr(Ω̃)) again as a consequence of (H6), and hence the first sum-

mand in (3.38) is gobally Lipschitz continuous from L2(Ω̃) to Lr(Ω). This,
together with (H5) shows that pγ(u) is locally Lipschitz continuous from

L2(Ω̃) to Lr(Ω). Let Lp denote the Lipschitz constant of pγ(·) inB2(uγ , ρ̄M) ⊂

L2(Ω̃). Without loss of generality we assume that α < LpM .
With Lp, M and ρ̄ specified the lifting property of Fγ implies the existence

of a constant 0 < ρ < ρ̄ such that

|Fγ(uγ + h) − Fγ(uγ) −GFγ (uγ + h)h|Lr(Ω̃) ≤
α

3LpM |Ω|
r−2
2

|h|Lr(Ω̃)

for all |h|Lr(Ω̃) < ρ. Let u0 be such that u0 ∈ B2(uγ , ρ̄) ∩ Br(uγ , ρ̄) and

proceeding by induction, assume that uk ∈ B2(uγ , ρ̄) ∩Br(uγ , ρ̄). Then

|ũk+1 − uγ |L2(Ω̃) ≤ ‖GFγ (uk)−1‖L(L2) |Ω|
r−2

r ·

· |Fγ(u
k) − F (uγ) −GFγ (uk)(uk − uγ)|Lr(Ω̃)(3.39)

≤
α

3LpM
|uk − uγ |Lr(Ω̃) < |uk − uγ |Lr(Ω̃),

and, in particular, ũk+1 ∈ B2(uγ , ρ̄). We further investigate the implications
of the lifting step:

uk+1 − uγ =
1

α

(

pγ(ũ
k+1) − pγ(uγ) − (pγ(ũ

k+1) + α(ud − ϕ̄))+

+ (pγ(uγ) + α(ud − ϕ̄))+ − (pγ(ũ
k+1) + α(ud − ϕ))−

+ (pγ(uγ) + α(ud − ϕ))+
)

,

which implies that

(3.40) |uk+1−uγ |Lr(Ω̃) ≤
3

α
|pγ(ũ

k+1)−pγ(uγ)|Lr(Ω) ≤
3Lp
α

|ũk+1−uγ |L2(Ω̃).

Combining (3.39) and (3.40) implies that uk+1 ∈ Br(uγ , ρ̄). Thus the itera-
tion is well-defined. Moreover we find

|uk+1 − uγ |Lr(Ω̃)

|uk − uγ |Lr(Ω̃)

≤

3Lp

α M |Ω|
r−2

r |Fγ(u
k) − Fγ(u

γ) −GFγ (uk)(uk − uγ)|Lr(Ω̃)

|uk − uγ |Lr(Ω̃)

,

which by (3.17) implies q-superlinear convergence. �

Remark 3.1. If we had a uniform estimate on ‖GFγ (uk)−1‖L(Lr(Ω̃)), then

the lifting step could be avoided. In fact, note that we are not using the full
power of the semismooth estimate (3.17) in (3.39), since we overestimate
the L2-norm by the Lr-norm.

We note, however, that for each fixed u ∈ Lr(Ω̃) the operator GFγ (u)

is continuously invertible from Lr(Ω̃) to itself; see Proposition 3.1. Thus,
if uk 7→ GFγ (uk) is continuous for all sufficiently large k then the desired
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uniform estimate GFγ (uk)
−1 ∈ L(Lr(Ω̃)) holds. This continuity cannot be

expected in general since GFγ (u) contains the operator

T (u) = Gmax(|Bu| − ψ)q(Bu)q(Bu)⊤ + (|Bu| − ψ)+Q(Bu);

see Lemma 3.2. If, however, the measure of the set {x : (|Buk| − ψ)(x) >
0}, and similarly for the max-term changes continuously with k, then the
uniform bound on the inverse holds and the lifting step can be avoided. In
the numerical examples given in the following section this behavior could be
observed.

4. Numerics

Finally, we report on our numerical experience with Algorithm 1 and 2.
In our tests we are interested in solving (Pγ) with large γ, i.e., we aim at a
rather accurate approximation of the solution of (P). Algorithmically this
is achieved by pre-selecting a sequence γℓ = 10ℓ, ℓ = 0, . . . , 8, of γ-values
and solving (Pγ) for γℓ with the solution of the problem corresponding to
γℓ−1 as the initial guess. For ℓ = 0 we use u0 ≡ 0 as the initial guess. Such
a continuation strategy with respect to γ is well-suited for producing initial
guesses for the subsequent problem (Pγ) which satisfy the locality assump-
tion of Theorem 3.2, and it usually results in a small number of semismooth
Newton iterations until successful termination. We point out that more so-
phisticated and automatic selection rules for (γℓ) may be used. For instance,
one may adapt the technique of [7] for zero-order state constraints without
additional constraints on the control.

In the numerical tests we throughout consider A = −∆, Ω̃ = Ω = (0, 1)2

and J1(y) = |y − yd|
2
L2(Ω). Here we discuss results for the following two

problems.

Problem 1. The setting for this problem corresponds to Example 1. In this
case we have zero-order state constraints, i.e. G = id, with ψ(x1, x2) =
5E-3 · (1 + 0.25|0.5 − x1|). The lower and upper bounds for the control are
ϕ ≡ 0 and ϕ̄(x1, x2) = 0.1 + | cos(2πx1)|, respectively. Moreover we set
ud ≡ 0, yd(x1, x2) = sin(2πx1) exp(2x2)/6 and α = 1E-2.

Problem 2. The second example corresponds to first-order state constraints
with G = ∇ and ψ ≡ 0.1. The pointwise bounds on the control are

ϕ(x1, x2) =

{

−0.5 − |x1 − 0.5| − |x2 − 0.5| if x1 > 0.5
0 if x1 ≤ 0.5,

and ϕ̄(x1, x2) = 0.1 + | cos(2πx1)|. The desired control ud, the desired state
yd and α are as in Problem 1.

For the discretization of the respective problem we choose a regular mesh
with mesh size h. The discretization of A is based on the standard five-point
stencil and the one of G in Problem 2 uses symmetric differences. For each γ-
value the algorithm is stopped as soon as ‖Ahph+γG

⊤
h (|Ghyh|−ψh)

+‖−1 and
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‖µh− (µh +α(ud,h− bh))
+ − (µh +α(ud,h− ah))

−‖2 drop below tol= 1E-8.

Here we use ‖w‖−1 = ‖A−1
h w‖2, and the subscript h refers to discretized

quantities.
In Figure 1 we display the state, control and multiplier µh upon termi-

nation of Algorithm 1 when solving the discrete version of Problem 1 for
γ = 1E8 and h = 1/256. The active and inactive set structure with respect
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Figure 1. Problem 1 (γ = 1E8, h = 1/256). State yh, control
uh and multiplier µh upon termination of Algorithm 1.

to the pointwise constraints on uh can be seen in the left plot of Figure 2.
Here, the white region corresponds to the inactive set, the gray region rep-
resents the active set for the lower bound and the black set is the active
set with respect to the upper bound. The graph in the middle shows the
approximation of the active set for the zero-order state constraint. On the
right we show the overlapping region where the pointwise state constraint
and one of the bounds on the control are active simultaneously. In Table 1

Figure 2. Problem 1 (γ = 1E8, h = 1/256). Inactive set (white),
active set for the lower bound (gray) and for the upper bound
(black) in the left plot. Approximation of the active set for the
zero-order state constraint (black) in the middle plot. Overlap of
active regions for control and state constraints in the right plot.

we display the iteration numbers upon successful termination of Algorithm
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Iterations
h/γ 1E0 1E1 1E2 1E3 1E4 1E5 1E6 1E7 1E8

1
64 3 3 4 5 5 5 4 4 2
1

128 3 3 4 6 5 5 5 4 4
1

256 3 3 5 6 5 5 5 5 4
1

512 4 3 5 6 6 6 5 5 5
Table 1. Problem 1. Number of iterations for various mesh sizes
and γ-values.

1 for various mesh sizes and for each γ-value of our pre-selected sequence.
We recall that these figures are based on our γ-continuation strategy.

Upon studying the above results for Problem 1 we first note that Algo-
rithm 1 with γ-continuation exhibits a mesh independent behavior. This
can be seen from the stable iteration counts along the columns of Table 1.
Moreover, for fixed h the number of iterations until termination is rather
stable as well. This is due to the excellent initial guesses produced by our
γ-continuation technique. In our tests we also found that Algorithm 1 with-
out the γ-continuation for solving (Pγ) for large γ and with initial choice
u0
h = 0 may fail to converge. Concerning the test example under investiga-

tion we note that the overlap of the active sets for the state and the controls
is rather special. In this case, the bound on the state and the control satisfy
the state equation in the region of overlapping active sets.

Next we report on our findings for Problem 2. In Figure 3 we show
the state, control and multiplier µh upon termination for γ = 1E8 and
h = 1/256. Figure 4 shows the active and inactive sets for the constraints
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Figure 3. Problem 2 (γ = 1E8, h = 1/256). State yh, control
uh and multiplier µh upon termination of Algorithm 1.

on the control in the left plot and the approximation for the active set for the
pointwise gradient-constraint on the state on the right. As before, Table 2
provides the iteration numbers upon successful termination for various mesh
sizes and γ-values.
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Figure 4. Problem 2 (γ = 1E8, h = 1/256). Inactive set (white),
active set for the lower bound (gray) and for the upper bound
(black) in the left plot. Approximation of the active set for the
zero-order state constraint (black) in the middle plot.

Iterations
h/γ 1E0 1E1 1E2 1E3 1E4 1E5 1E6 1E7 1E8

1
32 6 6 6 4 3 3 2 2 2
1
64 7 7 6 4 4 3 3 2 2
1

128 7 7 6 5 5 4 3 2 2
1

256 7 7 6 6 5 5 4 3 2
Table 2. Problem 2. Number of iterations for various mesh sizes
and γ-values.

Concerning the mesh independence and the stability of the iteration
counts due to the employed γ-continuation scheme, the results of Table 2
support the same conclusions as for Problem 1. Again, without the con-
tinuation technique Algorithm 1 may fail to converge for the simple initial
guess u0

h = 0. We observe that a stable (with respect to h and γ) and a
superlinear convergence behavior of the semismooth Newton method is ob-
tained without utilizing the lifting step. In order to study the influence of
lifting steps, we implemented a version of Algorithm 2 where the lifting is
utilized only close to the solution. This regime was chosen as each lifting
step requires the solution of the adjoint equation (note that the solution of
the state equation is usually at hand when performing the lifting step) and,
hence, incurs significant additional computational cost. Moreover, in case
of using lifting steps in all iterations, a different initialization scheme along
the chosen γ-sequence might be necessary in order to satisfy the locality as-
sumption of our convergence result. Summarizing our numerical experience
with lifting steps we report that no further improvement over the fast local
convergence of Algorithm 1 was observed.

Next we demonstrate the difference in regularity between λγ of Problem 1
(see Figure 5; left plot) and λsγ of Problem 2 (see Figure 5; right plot). Note
that for visualization purposes we linearly interpolate the multiplier values
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at the grid points. The approximate multiplier λγ,h reflects the structural
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Figure 5. γ = 1E8, h = 1/256. Approximate multiplier λγ,h for
Problem 1 (left) and λs

γ,h for Problem 2.

result obtained in [1]. According to this result, under sufficient regularity
the multiplier is L2-regular on the active set, zero on the inactive set and
measure-valued on the boundary between the active and inactive set. Such
a structure can be observed by inspecting the left plot of Figure 5. On
the other hand, for pointwise state constraints of gradient-type (first-order
constraints) additional regularity on the active set appears not to be avail-
able for the example under investigation. Indeed, λsγ,h in the right plot of

Figure 5 exhibits low regularity in the interior of the (smooth) active set.
Finally we note that the rather small value for tol and the rather large

values for γ in our numerics reflect our interest of studying Algorithm 1
as a solver for a given discrete problem. In view of the error in discretiza-
tion, however, when solving (P) by a sequence of approximating problems
(Pγ) one would be interested in estimating the overall error in terms of the
discretization and the γ-relaxation error, respectively. Such a result would
allow a γ-choice such that both errors are balanced on a given mesh. This
kind of numerical analysis is important in its own right, but goes beyond
the scope of the present paper and is the subject of future research.

Appendix A. Auxiliary result

The following proposition establishes the Newton differentiability of a
superposition of Newton differentiable maps.

Proposition A.1. Let f : Y → Z and g : X → Y be Newton differentiable
in open sets V and U , respectively, with U ⊂ X , g(U) ⊂ V ⊂ Y. Assume
that g is locally Lipschitz continuous and that there exists a Newton map
Gf (·) of f which is bounded on g(U). Then the superposition f ◦ g : X → Z
is Newton differentiable in U with a Newton map GfGg.
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Proof. Let x ∈ U and consider

|f(g(x+ h)) − f(g(x)) −Gf (g(x + h))Gg(x+ h)h|Z

= |f(w + k) − f(w) −Gf (w + k)k +R(x, h)|Z ,(A.41)

where w = g(x), k = k(h) = g(x + h) − g(x) and R(x, h) = Gf (g(x +

h))
(

g(x+ h) − g(x)
)

−Gf (g(x + h))Gg(x+ h)h. Observe that

|R(x, h)|Z = |Gf (g(x + h))
(

g(x + h) − g(x) −Gg(x+ h)h
)

|Z

≤ C|g(x+ h) − g(x) −Gg(x+ h)h|Y = O(|h|X )

as |h|X → 0 by Newton differentiability of g at x. Further, owing to the
local Lipschitz continuity of g there exists a constant L > 0 such that |g(x+
h) − g(x)|Y ≤ L|h|X for all h sufficiently small. Hence, |k(h)|Y = O(|h|X )
as |h|X → 0. Now we continue (A.41) by

|f(w + k) − f(w) −Gf (w + k)k +R(x, h)|Z

≤ |f(w + k) − f(w) −Gf (w + k)k|Z + O(|h|X )

=O(|k|Y ) + O(|h|X ) = O(|h|X )

as |h|X → 0, where we use Newton differentiability of f at g(x). This proves
the assertion. �
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