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OPTIMAL CONTROL OF A SEMI-DISCRETE
CAHN-HILLTARD-NAVIER-STOKES SYSTEM

M. HINTERMULLER* AND D. WEGNER'

Abstract. In this paper, the optimal boundary control of a time-discrete Cahn-Hilliard Navier-
Stokes system is studied. A general class of free energy potentials is considered which, in particular,
includes the double-obstacle potential. The latter homogeneous free energy density yields an optimal
control problem for a family of coupled systems, which result from a time discretization of a varia-
tional inequality of fourth-order and the Navier-Stokes equation. The existence of an optimal solution
to the time discrete control problem as well as an approximate version is established. The latter
approximation is obtained by mollifying the Moreau-Yosida approximation of the double obstacle
potential. First order optimality conditions for the mollified problems are given, and besides the con-
vergence of optimal controls of the mollified problems to an optimal control of the original problem,
also first order optimality conditions for the original problem are derived through a limit process.
The newly derived stationarity system is related to a function space version of C-stationarity.
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1. Introduction. The coupled Cahn-Hilliard/Navier-Stokes (CH-NS) system is
a quantitative model which describes the hydrodynamics, such as demixing or phase
separation, of multiphase-fluids. While the Navier-Stokes part of such a system cap-
tures the fluid dynamics over time (see, e.g., [13]), the Cahn-Hilliard model is related
to a H!-gradient-flow for a Ginzburg-Landau free energy, which covers the phase
separation behavior [12]. Mathematically, a CH-NS system describing the hydrody-
namics of a two-phase fluid flow is given by

1
8,51)—R—Av+v-Vu+V7r+Kch:01nQT, (1.1)
e

diveo=0 in Qr, (1.2)

1
O — P—V -(b(c)Vw) +v-Ve=0 inQp, (1.3)

e
w € 0®(c) — v Ac inQr, (1.4)
c(0) = cq,  v(0) = v, inQatt=0, (1.5)
Ve-i=0, Vw-i=0 ondQ x (0,T), (1.6)
v=r ondf x (0,7), (1.7)

Here, v denotes the velocity of the fluid and 7 the related pressure, ¢, typically with
values in [—1, 1], is the order parameter describing the mass concentrations ¢; and ¢y
of the fluid phases and w is the associated chemical potential. The capillary number
K, the Reynolds number Re, the Péclet number Pe, and the diffusivity parameter
v are given positive constants depending on material properties. The function b(-)
represents the mobility involved in the phase separation process. Further, the space-
time cylinder is given by Q1 := Q x (0,7T), i.e., it is the Cartesian product of a spatial
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2 M. HINTERMULLER AND D. WEGNER

domain Q C R™, n € {2,3}, and a time interval [0, 7] with 7" > 0 given. By 0 we
denote the boundary of €2 and by 7 the outward unit normal on 9). By r we denote
some prescribed boundary velocity, and ¢, and v, are given initial data.

In the above system, which is related to 'Model H’ in [22], the mapping ® cor-
responds to the homogeneous free energy density contained in the Ginzburg-Landau
energy model. It is usually non-convex for capturing spinodal decomposition. Popular
physically relevant choices are the logarithmic potential, which can be found, e.g., in
Cahn’s and Hilliard’s seminal paper [12] but also in the Flory-Huggins theory for de-
scribing phase separation processes in the thermodynamics of polymer solutions, and
the double obstacle potential [5,6,16], which, in the context of polymer solutions, ap-
pears appropriate to model situations of rapid wall-hardening [30]. A frequently used,
but possibly less relevant choice for ® in material science, is given by the double-well
potential [14]. While the logarithmic and the double-well potentials enjoy differentia-
bility properties (allowing to replace 9P by the Fréchet derivative ®'), respectively,
the double obstacle potential has a possibly genuinely set-valued derivative 0®(c) at c.
The latter clearly complicates the situation, both analytically as well as numerically,
and gives rise to a variational inequality in (1.4).

In this paper we are interested in the optimal control of the coupled CH-NS
system. In this context, an objective functional 7 is minimized subject the CH-NS
system, i.e., we seek to solve the problem

minimize J (¢, v,u) subject to (1.1)-(1.6),v = u on 92 x (0,T), (1.8)

where the control u is an element of a closed, linear control space U. A particular
instance of U is the closed, linear subspace of the trace space containing controls
operating in the direction normal to a non-empty subset I'. of the boundary 02 of
the spatial domain €2, only. We also refer to Problem 3.2 below for a time-discrete
version of the optimization task (1.8).

With respect to applications the study of the above optimization problem is rel-
evant for instance in the formation of polymeric membranes in the context of an
immersion precipitation process. In this context, a polymer solution is immersed into
a coagulation bath which contains a nonsolvent. Due to the concentration difference
between the polymeric solution and the nonsolvent, the polymeric solution decom-
poses into two phases, a polymer-rich and a polymer-poor one, respectively. It is
well-known [35] that the performance of the resulting polymer membrane depends
significantly on its morphology (i.e., the porosity structure), which is the result of the
phase separation process.

Optimal control problems for phase separation modelled either by the Cahn-
Hilliard or the Allen-Cahn system were previously studied in [15,17,21,33,34]. In these
papers, however, no coupling with other physically relevant systems occur. Concern-
ing research on the coupled CH-NS system we mention that while some work on the
analysis and numerics for the coupled CH-NS system is available [1,7-10,23-28], to
the best of our knowledge the literature on the optimal control of the CH-NS system is
essentially void. Hence, as a first step towards the optimal control of the CH-NS sys-
tem with a rather general choice of the free energy, in this paper we study the optimal
control of the time-discrete version of (1.8). We further note that semi-discretization
in time is a common approach towards the numerical solution of time-dependent op-
timal control problems.

The rest of the paper is organized as follows: In section 2 the time-discrete CH-NS
system is stated and an appropriate solution concept is introduced. Further, energy
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estimates are derived which are then used to prove existence of a solution of the time-
discrete CH-NS system for a given control action u. With respect to the choice of
the free energy, smooth as well as non-smooth homogeneous free energy densities are
possible. This covers in particular the case of the double obstacle potential giving
rise to a variational inequality. The associated semi-discrete optimal control problem
is studied in section 3, where, besides existence of an optimal solution, a first order
optimality system for a smooth free energy is derived. The latter includes the case
of a mollified version of the Moreau-Yosida approximation of the double obstacle
potential. Finally, in section 4 a stationarity system for the double obstacle potential
is derived through a limit process of the associated stationarity system of section 3.
The resulting system is of so-called C-stationarity type and is suitable for numerical
realization.

1.1. Notation. In order to simplify the notation and to ease the exposition,
from now on we set Re = Pe = K = 1, and we consider the constant mobility case
only, i.e., b(:) = 1 in (1.1)—(1.6).

Further, N denotes the positive integers, N* := NU {oco} and R := RU {—o00, 0},
the extended natural and real numbers, respectively. The duality pairing between a
Banach space X and its dual X* is written as (.,.) ¢ : X* x X — R. As usual, strong
and weak convergence are denoted by — and —, respectively. For a Hilbert space H
its inner product is given by (.|.); : H x H — R, whereas Jg : H — H* denotes
the canonic isomorphism due to the Riesz theorem. Let N € {2,3} and Q C RY
be a bounded domain with smooth boundary. We define Wy := {c € L*(Q) : [, ¢ =
0}, Wi := H'(Q)NW, with the norm ||c|lw, := [|Vel|2(q) and W_; := W Moreover,
weset Vy := {v € HY(Q;RY) : dive = 0}, Vi := ViNHL (L RY), Vp := Vj the closure
of Vi in LA(Q;RY), Voy == Vi, Voy := Vi and Y; := W; x V;, Y; := W; x Vj for
i€{—1,0,1}. On Vi we use the norm [vll¢, siven by the functional [0y = [|V1]|y,
that is a seminorm on V;. The other spaces are equipped with their standard norms.
The space WM denotes the M-times product Wy x ... x Wj. Other product spaces
are denoted analogously. We define C'p := || Id ||L(‘71;V1). The subspace Sy of S :=
HY2(99;RN) is given by Sy := Tr(V;) where Tr denotes the usual zero-order trace
operator Tr: H'(;RY) — HY2(9Q; RN). Moreover, S_; := S}.

For an arbitrary vector space X, M € N and 7 > 0 we define the operators
Dt, ., 8,5 : XM+l o XM by

D+(SCO, .

(
S+(.T0, ey TM
Sf(SCo, ceey

o TM (zlian"'aszszlh
(w0 + @1,y Trr—1 + 1),

= (T, ...,,CCM),

8
W= =

Loy ooy LM

8

~— ~— —| —
—~

M an"'azM71>-

For the ease of notation, we use the following convention: Whenever we add z € X
to y € XMz for My > M, then this is understood in the sense (xg + Yo, ..., Tar, -1 +
Ym,—1), 1.e. we project y onto its first M; components.

REMARK 1.1. For the proof of existence of a solution to the semidiscrete CH-
NS system below, we reduce the inhomogeneous, discretized version of the Navier-
Stokes equation (2.3) below to an equation satisfying homogeneous Dirichlet boundary
conditions. This will be done with the help of the operator F € L(S1; V1) satisfying
TroF = Idg,, where Ids, denotes the identity operator on Si. Observe that such an
operator F always exists. Indeed, by a result due to Heron [18], the subspace Si is
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given by {u € S : faQ“ -n = 0}. In particular, Sy is a Hilbert space and the trace
operator regarded from Vi into Sy is a linear, bounded and surjective mapping between
Hilbert spaces. Consequently, there exists a right inverse operator F € L(S1;V1) to
Tr, i.e. TroF =1Idg, (c¢f. Aubin [2]). Moreover, we henceforth use the notation F
for a right inverse as defined above.

2. The semidiscrete CH-NS system. In our analysis we rely on the follow-
ing discretization schemes and the pertinent notion of solution. For the corresponding
mathematical description, below we use Y = Y_; x ... x Y_; (M-times) and analo-
gously for the other relevant spaces. Further, the actions of operators like A and V
are understood in the componentwise sense whenever applied to elements of W™ and
VM| respectively, and analogously for the multi-valued operator A defined below.

DEFINITION 2.1 (Solution of the semidiscrete CH-NS system). Let M € N, initial
data (ca,vs) € Y1, a right hand side (f¢, f°) € Y™, a boundary value r € SM*' and a
multi-valued operator A C Vi X V_1 be given. A pair (c,v) € Y1M+1 is called a solution
to the semidiscrete CH-NS system with data L := (M, T, (ca,va), (f¢, f¥), 1, A), if there
erists w € W1M+1 such that Trv =r € S{V[Jrl, co = Cq, wo =0, vg = v, and

Dte— AS;w+VS_c-v=f¢ WM, (2.1)
Dt — AT+ (S_v-V)o — S wVS_c=f' eVM, (2.3)

In the definition above and depending on the context we consider the negative
Laplace operator —A incorporating respective boundary conditions either as a map-
ping from W3 into its dual W_; or from V; into V_;. Similarly, I represents the
canonical injection either of Wi into W_; or Vj into ‘7,1 again depending on the
context. The operators —A : Wy — W_q and I : W7 — W_; are self-adjoint whereas
the adjoints of —A : V} — ‘7,1 and I :Vp — ‘7,1 read as follows:

ATV Vo1, (=A"0,v), = <—Av,5>‘71 ,
T* - \71 — V.4, (I*E,U>Vl = (v,5>‘71 .

The evaluation of the viscosity part (u-V)v in ¢ for u,v,q € Vi leads to the trilinear
form b(u, v, q), which, depending on the context, will be written in the following ways:

N
(- V)o.q)y, = (bi(v,0),u)y, = (b2(u,0), 0y, = blu,v,q):= Y /Quz'(aivj)qj'-

1,j=1

It is well known that ((u-V)v,0);, = 0 for all w € V; and v € Vi; sce, e.g., [32,
Chapter 2, Lemma 1.3].

REMARK 2.1. Assume that (c,v) is a solution to the semidiscrete CH-NS system
with data (M, T, (cq,vq), (f¢ f¥), 7, A). Then it holds that

Siw = (=A)"Yf*~ D c—VS_c-0) (2.4)

where (—A)~! denotes the associated solution operator. Thus, the vector w is unique.
Moreover, note that the assumption Trv = r implies ro = Trv,. This condition
invokes compatability of the bounded-value v at initial time and the initial value v, of
the fluid velocity.
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The next reformulation of the problem proves to be useful for the following exis-
tence result.

LEMMA 2.2. The system (2.1)-(2.3) is equivalent to the system

(=A)"'Dte+ (-A—1I)e+ ASyc

+H(=A)T'VS_c-v— (AT 30 e WM, (2.5)
—Syw+ (=A)Hf = (Dte+VS_c-v)| =0 eW}M, (2.6)
Dty — AT+ (S_v-V)o— S,wVS_c— f* =0 eVM (2.7)

Proof. This result is easily seen by applying (—A)~! to (2.1). O
DEFINITION 2.3. We define the solution sets S(Z) C YMT and S*(T) ¢ (W, x
W1 x V)M respectively, as

S(T) :={(c,v) : (¢,v)is a solution to the semidiscrete CH-NS system for
given data T = (M, T, (cq,va), (f¢, "), 1, A)},
SY(T) = A{(c,w,v) : (¢,v) € S(T), wo =0, Syw satisfies (2.4)}.

2.1. Energy estimates 1. Before establishing the existence of solutions to the
semidiscrete CH-NS system we study energy estimates. Such estimates are useful in
the existence proof in order to show that solutions to suitable auxilary problems yield
solutions to the original problem.

DEFINITION 2.4 (Energy functionals). For a given potential ¢ : Wi — R and
for (e,v) € Y1 we define the free energy, the kinectic energy and the (total) energy,
respectively, according to

1
[llelle, — lelliy,] +¢(e),  Bxn(v) == 5”””%@
E(¢,v) := Efpee(¢) + Ekin(v).

N | =

Efree (C) =

Here and below for a convex functional ¢, the operator dp denotes the subdifferential
of convex analysis and D(A) denotes the domain of a given operator A.

LEMMA 2.5. Assume that 7 >0, (¢,0) € Y?, w1 € Wi, u e Vi, (f¢, f") € Y1,
©: V1 = R convex, p(c,) < oo, A=0p C Wi x W_1 and

DYec—Awy = f° w, € —AC—Ie+ AS,c, Do — AT+ (u-V)o = f'. (2.8)
Then for ¢ = (co,c1) and © = (Vo,01) it holds that
Efree(c1) — Efree(co) < T[ (fe, w1>W1 - ||w1||%/VJa

Eiin (91) — Exin(30) < 7] <Jwa§>‘~,1 s CLEAR

Proof. The inclusion for wy implies ¢; € D(A) and therefore p(c;) < oo. We set
v* = w; — (—AT — I¢), hence v* € Acy = dp(c1). Using the latter equation, (2.8)
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and the definition of the free energy and the given equation, we find that

(Efree(cl Efree(CO))
Hellf, = lleollfy, ] = [leallfv, = lleolliy, ] +2[w(er) — @(eo)]
= (V(c1 + o |V(01 —¢0))w, — (e1 + coler — co)yy, + 2[¢p(c1) — ¢(co)]

IN

< (Cl + Co) Co>W + <7I(Cl + Co), c1 — CO>W1 +2 <’U*7 c1 — CO>W1
271 (— Ac—]c+v D*e),, W, = 27<wl,D"’c>W1 = 27 (D% e, wy)
2

T(J“-i-Aw1,w1>W1 = 27'[<f wl)w1 ||w1||%/VJ

Wi

Analogously, it follows that
2(Exin(01) — Exin(00))
= [o1l¥, = olly, = (@1 = Bolo1 + o)y, = (U1 — o, 01 + Vo),

:27-<D+5,5>‘7 - 27‘<f”+A§—(u-V)5,§>‘71 - [<f” ~> ~ 712 ],

1

which completes the proof. O
Next we provide an estimate for the total energy related to a modified version of
our original problem (2.1)—(2.3) which allows a specific nonlinear coupling.

LEMMA 2.6. LetT >0, ¢ : Wi — R be conver, A = dyp, (¢, w,v) € WExWEZxVZ,
(fe, f¥) € Y_1, r € S? and p(cy) < oo. Moreover, assume we are given operators
Be £L(V1;V_q), Q = (Q1,Q2) : Y1 — Y_1 such that for all 0 € Vi, w € W

(Bo,0)y, =0, (Q(w,0), (b, D))y, =0.

Forv:=v—Fr¢€ 1712 (with an implicit requirement for v) assume that

DYe— Awy 4+ Qi(w1,0) + Veo - FF = f¢, wy € —A¢— I+ AS ¢, (2.9)
DYy — Av + By + Qa(wy, ) . (2.10)

Then for a constant C' depending only on 7, ¥ and ||F'r||y2, with 21 := f¢ —Veo - FT
and zo = f¥ — [FDTr — AFT + BFT], it holds that

T = ~
E(er,v1) = E(eo, vo) + S [lwnlliy, +IP15,] < Cllzalli, + 2203 | + 170ll3;, + 1.

Proof. Since ve 171 satisfies
DY — AV 4 B = 23 — Qa(w1,0),
it follows from Lemma 2.5 that
Efrco(¢1) — Btree(co) < 7[ (21, w1)yy, <Q1(w1, v), wl>W1 — w3, ],

Bian(31) — Buan (@) = 7[(z2.7); —(Qe(wi.5).7) 73]
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In order to pass from Eyiy,(0;) to Egin(v;) we use

2[Exin(v1) — Exin(vo)]
= 2[Ekin(51 + Fr1) — Exin (00 + FTO)] = ||o1 + F7"1||%/U — |0 + FTOH‘Q/O
= (U1 + W0 + F(ro +71)[01 — 0o + F(r1 —10))y,
< 2113, = 170l + Clolv, + 1151 = Bollve) (1 Erollve + [1Fr1lvo)
+(IErollvy + 11 lve)?
< 2[Exin (1) — Exin(00)] + C(41[0]lw, + 2[1To]lvy + 1)
< 2[Exin (1) — Bxin (00)] + 9113, + C(IIDollF;, + 1)

for constants C' depending only on Q,7 and [[Fr|yz. From this relation we obtain
the estimate

E(Cla Ul) - E(CO) UO)
< Efr%(cl) - EfrEE(CO) + Ekin(al) - Ekin(%) + £||5H%/1 + C(H%”%/O + 1)

<7l wiw, + (2.0) .~ lwilify, - 31T12] + (I, +1)
< =3 [lwrlid, + 1512 ] + Clily, + )2 + [Tl +1).

This yields the assertion. O
COROLLARY 2.7. Let the assumptions of Lemma 2.6 be satisfied. If the functional
@ Wi — R satisfies

(Hy) o(f) = 5llflv, = C

for a constant C, € R and every f € Wi, then there exists a constant m > 0
depending on 7,2, cq, Va, ¢(¢q),Cyp and Fr such that every solution (¢, w,v) to (2.9)-
(2.10) satisfies

SO
Iy, + I3 @ + D)3, < m?,

Proof. This is a direct consequence of Lemma 2.6 and E(ci,v1) > Cy,. O

2.2. Existence of solutions to the semidiscrete CH-NS system. The ex-
istence of a solution to the semidiscrete CH-NS system for one time step is studied
next. For an arbitrary finite number of steps M, this result will be applied iteratively
in the proof of Theorem 2.13 below.

In the existence proof we utilize results on several classes of operators. For the
reader’s convenience we briefly recall the definitions of these classes. A multi-valued
operator A C X x X* mapping a Banach space X into its dual is called (strongly)
monotone if there exists a constant o > 0 (a > 0) such that

(x] — a5, 21 — $2>X > aflzy — $2H§(

for all (x1,z7), (z2,23) € A, and it is mazimal monotone if it is maximal among all
monotone operators. A single-valued operator A : X — X* is pseudomonotone if and
only if for every sequence (z,,) in X with z,, — = the implication

lim (Az,, 2, —x) <0 — (Az,x —v) <lm (Az,, 2, —v)
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is satisfied for every v € X. Here and below, lim and lim denote the limit inferior and
the limit superior, respectively. Finally, A : X — X* is said to be totally continuous
if z, =2 in X implies Az, — Ax in X*. Thus, every totally continuous operator is
pseudomonotone. B

PROPOSITION 2.8. Let (cq,v4) € Y1, (§%,8%) € Y_1 and r € S? with Trv, = ry.
Assume that A C Wy x W_1 is mazimal monotone, and R = (Ry, Ra) : 171 — 17_1 18
pseudomonotone and bounded such that for some constant C1 and all (¢,0) € Y7 it

holds that

(R(2,9), (6,0))y, = —C1(1 + |léllw, + 18]Iv3)- (2.11)

Moreover, suppose that (A1 + B")|g, Y — Y_1 is coercive for the two operators
Ay, BY 1 Y1 — Y_q defined for all (¢,0) € Y7 by

Are = ((2(=A)"1 = A)e, (2 = A)b), B (6,8) = (—1&, (v, - V)).

Then there exists a pair (c,v) € Y2 such that

Trv=r, cog = Cq, Vo = Vg, (2.12)
(=A)"'Dfc+ (=A —Ie+ AS c+ Ri(¢, 5 — FF) > §°, (2.13)
Do — Av+ (S_v- V)0 + Ra(e,7 — FT) = §°. (2.14)

Proof. Using Dtc =
the pair (¢, v) solves (2.13

3o

(¢—S_c), Syc =2¢ — S_c and analogue relations for v,
—(2.14) if and only if

~—

(2(=A)"'—=A—I)e+ A(2c — S_c) + Ri(¢, v — FF) = §° + 2(-A) "1 S_c,
(2 = Ao+ (S_v-V)U+ Ra(c,v— FT) = §° + 25_v.

If we set (¢,0) := (¢, v — FT) € Y1 and (¢¢,¢°) := (9°+ 2(—=A)"1S_¢, §" +
2S_ v—[(2 - A)FT+ (S_v-V)FT|) and define the operator A; C Y7 X Y_; by

T

As(é,0) :={(A(2¢ — S_¢),0) : ¢ € Wi},

then (¢,v) € Y2 is a solution of (2.12)(2.14) if and only if (¢,4) € V; satisfies ¢ € V3
and

(A1 + As + B + R)(¢,0) = (¢, 9").

The operator A; is strongly monotone, As is maximal monotone, and the operators
BY+ and R are pseudomonotone and bounded. Obviously, these properties remain
valid if we restrict the domain of those operators and the domain of their images to
Y7 and Y_q, respectively. Moreover, Ay +B"*+ R is coercive on Y; by our assumptions.
Therefore, Browder’s Theorem [11] implies that A; + Ay + B + R C }71 X }7,1 is
surjective. This finishes the proof. 0

For the iterative application of this proposition to guarantee the existence of
a solution to the semidiscrete CH-NS system several auxiliary results have to be
established.

LEMMA 2.9. Suppose that H is a real Hilbert space and J,L and K are linear,
bounded operators on H such that J is monotone and injective, L is strongly monotone
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and K is compact. Moreover, J and K are symmetric and commute, i.e. JK = KJ.
Then there exists an o € R such that aoJ + L + K is strongly monotone.

Proof. The operator L is coercive. Hence there exists § > 0 such that (Lz|z), >
Bllz||% for all z € H. Since K is compact and symmetric, the subspace H; given
by the span of {v € H | Kz = Az for a A € R with [A\| > %} is finite dimensional
and ||Kz||lg < §||ZHH for z € Hi- C H. Since J is monotone and injective, v :=
inf{(Jyly)y |y € H1, ||lyllg = 1} > 0. Because J and K commute, J maps H; into
itself. Indeed, given x € H with Kz = Az it follows that K(Jz) = JKax = \Jx.
Hence, for z € H; C H it follows that Jz € Hy. Therefore, also Hi- is an invariant
subspace under J. This follows from the fact that for y € Hy, z € Hi-: (Jz|y)y =
(z|Jy)y = 0 since Jy € H;.

Now, put « := %(HKHH—i—%HKH%) Then for arbitrary x € H and fory € Hy,z € Hi-
with = = y + 2z we obtain:

(Lala)y > BllzlZ = BIyll% + I211%],

(Kzlz)y = (K(y+2)ly+2)p

~ K N lyl3 + 20K Lalylalzlm + 2ll2l13]
—[K N+ 3IK12D0y1% + 512013,

Jy+2)ly+2)y = Jyly)y + Jzl2)y > vl

AV VAR

(Jz|z) 4

Consequently, (o + L + K)ele)r > E[Iull% + 10%] = £lzl%. O

Lemma 2.9 is useful in further characterizing the operator (A; + 8|, of Propo-
sition 2.8.

LEMMA 2.10. There exists a constant 19 > 0 depending only on ) such that for
every 0 < 7 < 19_and for the operators Ay and B given in Proposition 2.8, the sum
(A1 + B)|g, + Y1 — Y_1 is strongly monotone.

Proof. Let us consider H := Wj and the operators J, L, K € L(H) that are given
by

K= (=07 (=D) = =(-A)7", L= (=A)7(=4) = Idg,
J = (-A)"'(-A)"t = K2

Since I € L(W7,W_1) is injective and compact, K and J have the same property as
well. Moreover, they are also symmetric since

(Kwilwe)y = —(wi,we)y = — (wo,w1)y = (Kwalwi)y,

they commute since J = K?, and J is monotone because of (Jw|w) ; = (Kw|Kw); >
0. By Lemma 2.9 there exists an a > 0 such that aJ + L + K is coercive. Obviously,
increasing a preserves this property. Now, for 79 := § and 0 < 7 < 79 we obtain for

every (¢, 7) € Y by the definition of A; and B and due to (v, - V)3, )y, = 0 that

<(A1 + Bva)(ca "7)’ (C, {)))Y

1

= (=2 = A= D)e,e)y, + (2= D)5, D),
> (@] + L + K)cle)yy, +min(2,1)]|0]|3,
> Billelffy, +min(a™", 1)[3]13,

> Ball(c, D)3,

for some S, B2 > 0. This proves the assertion. O
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Subsequently, the constant 7o of Lemma 2.10 will be denoted by 79(2) in order to
make the dependence on 2 explicit in the notation. In the following lemma we study
properties of the terms coupling the Cahn-Hilliard and the Navier-Stokes systems.

LEMMA 2.11. Let ¢, € W1 be given. Then the operator P = (P, Py) : Y1 — Y_4
defined by

is bounded, bilinear, totally continuous and satisfies (P(w, 0), (0, 9))y, = 0 for (1, ) €
Y.

Proof. By Sobolev’s embedding theorem and since N < 3, the mappings (¢, 0) —
Véo: WixVy — Woy and (é,0) — @Veé: Wy x Wy — V_, are bilinear, bounded, and
compact in both components. Thus, P is totally continuous, bounded and satisfies
(P(w, ), (0,9))y, =0.0O

PROPOSITION 2.12. Suppose we are given 0 < 7 < 19(2), (Cayva), (cp,vp) €
Y1, (f,fY) € }7,1, r € S with Trv, = ro, a proper, convex and lower-semicon-
tinuous functional ¢ : Wi — R satisfying (Hi) for a constant C, € R, and A =
dp C Wy x W_y. Then there exists a triple (c,w,v) € (Wy x Wi x V1)? such that
Cco = Cq, Wy =0, v9g =0y, Trv=r1r and

Dte— Awy + Ve, -0 = f€,
wy € (A —1T)e+ AS.c,
Do — AV + (v - V)T — w1 Ve = f2.

In particular, if (ca,vq) = (¢, vp), then (c,w,v) € S¥ (1,7, (Ca,va), (¢, f¥), 1, A).

Proof. The proof is decomposed into several steps. First we show the bound-
edness of solutions independently of the involved operators followed by the precise
construction of the associated operators. In step 3 we show the total continuity of the
operator providing w given (c¢,v). The last two steps show applicability of Proposi-
tion 2.8 and the fact that we obtain a solution of the original problem by our proof
technique. _ _

1. Assume that we are given an operator Q = (Q1,Q2) : Y1 — Y_; satisfying
(Q(w, ), (w,0))y, = 0 for all (w,d) € Y. By Corollary 2.7 there exists a constant
m > 0 depending on 7,2, Fr,v,, f¢ and f? such that every solution (¢, w,v) € (W; x
Wi x V1)2, vi=v—Fre ‘71, to

Trv =17, cg = cq, Vo = Vq,
DYe— Awy + Q1(w1,0) + Ve -v(ey, FT) = f¢, w; € —AG— Ie+ AS,c
DYtv— Av + (’Ub : V)E—f— Qg(wl,i) = f.
satisfies the estimate

lwr [, + 10113, < m?.

In particular, m does not depend on Q. Moreover, with P;(w,?) := V¢, - © and
Py(w,v) := —Vep, according to Lemma 2.11 for (w,0) € Y7 we have that
[P, 0)lw_, = [[Vey - 0llw_, < Buillolly,

[1P2(w, 0)[g_, = I = @Verllg, < Boll@lly,,
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for constants (1,82 > 0 depending on Q and ¢,. The operator —A : W7, — W_; is
strongly monotone with constant 1.

2. Let 7 with 0 < 7 < 79(€2) and define a function d : R — R and a norm |||.|||
onY_; by

1 if r <1,
dir):==92—-r ifl<r<2,
0 if 2 <,

w0 = g (o +min (2, )

Furthermore, we define the operators Q = (Q1,Q2) : Y: — Y_; and QY My : Wy —
W_q for v € V1 by
Qw,0) = d(||| P(w, 0)[|]) P(w, ),
Qlw = Ql(wvv)v
My == —Ad + Q¥

The operator @ inherits the property (Q(w, 0), (1, 9))y, = 0 from P. For wq, w2 € Wi
and 0 € ‘71 we have
1QTr — QVda|lw, = [|d(|[|P(dr, 8)[|]) Py (o, &) — d([[| P (b, 9)|]]) Pr (o, 9) |,
= |d([[|P(@r, 0)]]]) —d(|||P( SO [P (1, 9)[lw_s
since Pl(’uA}l,’LA)) = Pl(zbg,f)) = Pl(O,’LA)) If ||P1( ’LA))||W7l Z 4ﬂ1m, then |||P(UA}1,’[A))||| Z

|[[P(0,9)]]] > 2 and therefore d(|||P(w;,9)|]]) = 0. Consequently, we continue the
above estimate by

Q1 — QY2 |lw_,

< NP1, 1| = NP2, 0)]|I| 481m
1
= 4| min (-, 77 ) [IPa(an. Dl = [PaCie, Dl
1
< gl = @eflw,, (2.15)

where we use the Lipschitz continuity of d with modulus 1 for the first inequality and
the reverse triangle inequality for (2.15). From this we infer that Q¥ : Wi — W_4
is Lipschitz continuous with constant % Thus My : W; — W_; is also Lipschitz
continuous and strongly monotone with constant % Therefore, the mapping S; :

}71 — W given by

S1(é,0) = Mfl[fc— %(é—ca)—Vcb-Fﬂ.

v

is well-defined.

3. Now we show that S is totally continuous. For this purpose assume that
(CnyUn) —(¢,0) in Y1 as n — +oo. Then f, := f¢— —(cn —¢q) — Ve - FT converges
strongly to f := f¢ — —(c —¢q) — Ve - FT in W_; due to the compact embedding of
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Wy into W_y. With 1, := Sy (én, 0,) = M; ! f, which implies —Adb,, + Q¥ 10, = fn,
and

QT @nllw_, = (/[P (s 8u)l1) Pr(tn, 0)llw—, < 1+ [Pl 0n) s
< Billonllg,

we obtain that (Q%",) and (— A1, ) are bounded in W_; and (ib,) is bounded in .
For any weakly converging subsequence () of () with weak limit « € Wj it holds
that Q)™ Wy, — QY since P is totally continuous by Lemma 2.11. Consequently,

[ — @y, < (=A(Dm —B), D — D)y,

= (= ftm = Wy, — Q" — Qb o — 1)
Wi
—0 for m—ooc.

Since  is the unique solution to —Aw + Q91 = f, S; must be totally continuous.
4. Consider the operator R = (Ry, R2) : Y1 — Y_ given by
Ri(&,9) := (—A)7'Q1(S1(¢,0),),
Rg(é, ’IA}) = QQ(Sl (é, ’IA}), ’IA})

We show now that R satisfies the assumptions of Proposition 2.8. We start by estab-
lishing the boundedness of R and (2.11). We use d(|||P(w, 17)|||) = 0if ||| P(w,d)||]] > 2

and [|[P(w, )[|| = v[|P(w,9)ly_, for v:= o mm(B1 ,mm(ﬂ , 17,5, )) to estimate
. . o 2
QM. 95, = [d([[[P(@, D)) | IP(, 0)]5_, < o

Consequently, R is bounded and satisfies (2.11). In order to realize that R is pseu-
domonotone it suffices to note that with S; and P also @ and R are totally continuous
which implies that R is indeed pseudomonotone.

5. Note that A is maximal monotone by assumption. Therefore, by Lemma 2.10
and by Proposition 2.8 there exists a pair (c,v) € Y} satisfying

Tro=r, co = cq, Vo = Vg,
(=A)'DYe+ (-A —I)e+ ASyc+ Ri(¢,0) 2 (=A) 7Y (f° — Vey - FF),
DY v — AT + (v - V)T + Ra(G,0) = f°.

Let us define w := S;(¢,v). Thus we obtain
- 2 _
DFe— Aw+ Qi(w,9) + Ve, - FT = =(€—ca) + Mzw + Ve, - FT = f©
T

which furthermore shows that
w=(—A)"H(-Aw) = (~A)"Y(f* = Ve, FF) — (~A)"'DTc— Ry (¢,0)
Therefore, by (2.9), (2.10) and Corollary 2.7 we infer

lwllfy, + 10N, < m®.
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This implies

= 1 1 1 1 =

1P, Dl < 5 o Pallullws) < 52wl + 7)< 1
Hence, from the definition of Q we conclude d(|||P(w,?)|||) = 1 and thus Q(w, ) =
P(w,v). This proves the assertion. 0

THEOREM 2.13 (Existence of solutions of the semidiscrete CH-NS system).

For every (M, 1, (ca,va), (f, f),7) € NxRy xY; x }7% X S{erl with Trv, = rg and
0 <7 <79(Q) and for every proper, convex and lower-semicontinuous functional ¢ :
Wi — R satisfying (Hy) for a constant Cy, € R, the set S(M, T, (ca,va), (f¢, f), 7, 0¢)
1§ non-empty.

Proof. We prove this theorem by induction over M. For M = 0, the assertion is

immediate. Hence, we consider (M 41,7, (¢a, va), (f€, f¥),r) € NxR; x Y7 x Ylvl”l X
SMF2 with Trv, = o and 0 < 7 < 70(9).
Assuming that we have (c',v!) € S(M, T, (ca,va), (S_f¢,S_f?),S_r,0p), by Propo-
sition 2.12, there exists (¢®,v?) € S(1,7,(chrvir)s (Firans frrer)s (Pars Targ), 0).
Therefore (c,v) := ((¢§,...,chs,c3), (U}, ..., vi;,v])) is an element of the solution set
S(M + 1,7, (casva), (f¢, V), r,0¢). O

2.3. Energy estimates II. In order pass to the limit in the semidiscrete CH-NS
system with approximating sequences, we need some a priori estimates for the energy.
These are proven next.

PROPOSITION 2.14. Consider M € N, 7 > 0, the initial data (cq,vs) € Y1
as well as bounds C'.,Cy,,C., € R. Then there exists a constant C depending only
on Q,7, M, (Ca,v4),Cr,Cy, and C., such that for all v € SM* with ||FT||V11\4+1 <

C,, and all convex functionals ¢ : Wi — R satisfying (Hy) with constant C, and
o(ca) < C.,, every solution (c,w,v) € S*(M, 1, (cq,va),0,7,0¢) is bounded such that
Il (c; w, v)[| (W, xwy xviymer < C and max{E(c;,v;) :i=0,..,M} <C.

Proof. We prove the proposition by induction over M. For M = 0, the asser-
tion is obvious. Now, suppose it is valid for some M € N. Let a solution (¢, w,v) €
SY(M + 1,7, (¢a,v4),0,7,0¢) be given with € S12 and ||F7°||V1M+2 < (), and with
¢ : W1 — R convex such that o(f) — || f[|}, > Cy and ¢(c,) < Ce,. By our induc-
tion hypothesis there exists a constant C; depending only on Q, 7, M, (cq,v,), Cy, C,,
and C., such that [|(c,w,v)|xm+1 < Cp and max{E(c;,v;) : i« = 0,...,M} < Cj.
Here, we use the definition X := W; x Wy x Vi and the notation ||(c, w,v)||xm+1 =

[[((coy ey enn), (Woy ooy wir), (Vo -y OA1)) || x002 -
By Lemma 2.6 there exists a constant Cy depending only on 2, 7 and C,. with

Billollg, +

E(camt1,vm+1) + 5 (lwargallfy, + HEM”%,I)
< E(ear, vm) + Ca(l[(ear, om) 3, + 1)
< Cy+CiCy+ Cy =: Cs,
where we use that || BFTu;| ¢ = [[(vm - V) ETum |l < Clloar|lvi [FTa v, - In partic-

ular, E(capr41,vpm41) < Cs. Because of E(car41, var41) > Efree(Car+1) > %||CM+1H124/1+
C, > C,, we have

learalliy, < 2(Cs—Cy)
as well as

lwar1lfy, + 1oael% < 2(Cs = E(earsr, var1)) < 2(C5 = Cp).
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Finally recalling Cp := || 1d|| (5.1, it follows that

Vl)’

lonr il = Bars1 + Fracallly = 123 @ +0u41) = 0 + Fraa I,
<2(4lloml3, + llvar — F(rar + ) 13,)
< 8Cplomlly, +4lvarlly, + I1F (rar + rarsn)13,)
< 20p(Cs = Cp) +4(CF +4C7).

This completes the proof. O

3. Optimal control of the semidiscrete CH-NS system. Now we are ready
to state the optimization problem under investigation, prove existence of a solution
and establish a suitable stationary characterization. For the application of the theory
developed in section 2 we invoke the following assumption.

ASSUMPTION 3.1. The space Uy is a closed, linear subspace of S1 with induced
inner product, and with its dual denoted by U_q := U{. We fix M € N, initial values
(Ca,va) € Y1 with ¢, € H*(Q) and Trv, € Uy, right hand sides (f¢, f*) € Y_1, v >0
and a desired concentration c, € Wy. Moreover, let o > 0 be given as in Lemma 2.10
and T such that 0 < 7 < 19.

PROBLEM 3.2. Given a proper, conver and lower-semicontinuous functional o :
Wi — R we consider the problem (P.,)

(Py) inf{J(c,v,u) | (c,v,u) € WML x VMTLx UMTL" (¢ v) € S,u},

where the functional J : WM+ x VMTL x UM 5 R and the set Syu for u € UMT!
are given by

1
J(evou) =5 (Year = cellfy, + ulZare ).

S:,au = S(Ma T, (Ca; 'Ua)a (fca fv)a U, a(p)

Moreover, we write Sgu := S8 (M, T, (ca,va), (f¢, f*),u, 0p).

Before we address the existence of minimizers of problem (P,) we need a closed-
ness result for the solution sets along a sequence (u(™) and for a sequence (p(™)
approximating p(°°) := ¢.

PROPOSITION 3.1. Assume we are given a bounded sequence (u(™),en in UMT!
and a sequence ((p("))neN* of proper, convexr and lower-semicontinuous functionals
from Wy into R satisfying (Hy) of Corollary 2.7 for a common constant C = Cpm for
all n € N. In addition, suppose that sequence (A™) with AT := 9™ c Wy x W_,
for n € N* fulfills one of the follwing conditions:

(Hy) Whenever AU 5 (&™) q(m)) —~(¢(50) () in Wy x W_y for a subsequence
m € M C N with

lim <d<m> —a00) alm) _ é<oo>>

M>m — oo

<0,

Wi

then (6(>9),a(>)) € A(>) and (a(m) — a(>0) elm) — é(°°>>W1 —0.
(Hz) It holds that AT (Wy) € Wy and (—=Aé™a™), > 0 for all n € N and

all (™, a™) € AW with —A&™ € Wy. Moreover, whenever A(™ >
(&) a(m)y ~(6(00) [ a(>) in Wy x Wy for a subsequence m € M C N, then
(609 4(o) & A<
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Then there exists a subsequence (u(m)) of (u(")) converging weakly to u(>) in UlMJrl
and a sequence of solutions (c™ w™ v(M) ¢ S;f(n)u(”) for n € N* such that (c™)

converges strongly in WMt to () and (w(™ v("™) converges weakly in (W; x
VMAL to (w(>) v(®)). Moreover, if (H3) holds true, then the sequences (¢™) and
(S a™) are bounded in H?*(Q)M+1 respectively WM for a™ € AM™c™) given by

Sya™ = (=A)7Lfe — [(=A)TID ™ 4 (A — T)E™ 4 (—A) TV S_e™ ™).

Proof. By Theorem 2.13 we can find a solution (c(”),w(”), v™) € S;’(n)u(”) for
every n € N satisfying

Tro™ = ™), c0 ") = = Cq, (()") =0, v(()") = Vg,

(=A) D™ 4 (A - DE™ + 5 a™ 4 (—A)TIVS_ ™M T = (—A)TLfe
Siw™ = (=A)TL[fe — (DT e™ + vS_™ 5],
D™ — AT 4 (S_o™ . V)5 — S w™MVS_ M = fv

for a™ € A Proposition 2.14 shows that the sequence (c(™,w™) v(™) is
bounded in (W7 x Wi x V1)M+1, Hence, we can pass to a subsequence (c(m), wm) p(m), u(m))
that converges weakly to some (c(>), (%) (>) 4,(>)) in (W, x Wy x Vi x Up)M+1,
Exploiting the weak continuity of linear, bounded operators and the total continuity

of (é,0) = Vé- v, (¢0) — wVeé and (’Ul, b) + (91 - V)0 we conclude that Sia(™
converges weakly to some S, a(>) in WM and

Tr () = u(oo), c(()oo) = Cq, w(()oo) =0, v(()oo) = Vq,

(=A) D) 4 (—A = DE®) + 8,4 4 (—A)TIVS_ ) .5 = (—A)TLfe,
Syw™ = (—A)! [fe-= (DFel™) 4 VS_(> -E(OO))},
D) — AG(®) 4 (§_4() . )5 — §, (VS ) = fv.
In order to finish the proof, it remains to show the boundedness of (¢™) and (a(™) in
H?(Q), respectively Wy, in case of (Hs3), the strong convergence properties and that
(cz(-oo), al(oo)) € A for i = 1,..., M. This will be done by induction over i together
with —Ac™ € Wy for the case of (Hs). We obviously have ¢{” = ¢, € V4 N H2(Q)
for all n € N*. This concludes the basis step of the induction. Let us suppose

that c(m) — cz(-oo) in Wy for some i = 0,..., M — 1 as well as wz(m) —>w£°°) in Wp and

5 ™ vgoo) in V7. Using the equations above we obtain

A )+l -l
= —|(=A) H(DHe™ — D) — 1™ — &)
H(=A) (VS Em™ _gs -z<°°>)}

and therefore by the compactness of (—=A)™1, I : Wy — W_1 and (91,9) + (91 - V)0 :
‘/1 X V1 — V_1 that

. 1 m o m o m oo m o
lim [§(< A( z(-i-l) E+1))7Cz(+1) - CE+1)>W1 + <*A(Cz(' )~ Cz(' ))v z(+1) E+1)>Wl)

m — OO
+ <a§T1) - aﬁ"f, 5?1) - c§f1)>wl} = 0.
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(m)

Since ¢; ' — cz(-oo) in Wy we find

Tm (m) _ (o0) (m) _ (00)>
mlgnoo <az+1 az+1 ’ Cerl Cerl W

< — dim (AE - T -
m — oo !
= — lim [y eI <0 3.1)

If (Hs) is satisfied, if follows directly that (¢ Efl), Efl)) € A(>) as well as the conver-
(c0)

gence < Z(+1) - az(:ol), cE_Tl) - c5f1)>W1 — 0 and therefore c5+)1 — ¢4, in Wi. In the case
of (Hs), notice that from

Ac(")l + agz)l Ac(n) + a(")l + = Ac( n)

n n n —(n 1 n
= (-A)fl(ff—vcgjl " = DreY) e + SAG
n n 1o n
*wz(+)1 +IEE )+ §Acz(- )= g (3.2)

and g™ € Wy as well as A (W) € Wy it follows that fAc(n) € Wy. Moreover,
since (¢(™) is bounded in Wy, the assumption (Hz) yields

lal3h i, = (9 +3AcPilalt) < (9™aih)
0 0
< ”g(n)HWUHG’iilHWU'

Consequently, (az(i)l) is bounded in Wy and therefore (cl(.i)l) in H2(Q2) by (3.2). Hence,

we can assume without loss of generality that (az(Tl)) converges weakly in Wy and

strongly in W_; to agoo). By (Hg) it follows that ( 5:01), Efl)) € A®) and by (3.1)

+1

that cz(Tl) %cl(.iol) in Wy. This completes the proof. O
REMARK 3.3. It is well known that for a mazimal monotone operator A C
Wi x W_y its Yosida approzimations A = Ay, with parameter X\, = % as well

as the sequence A™ = A itself satisfy the condition (Hs). This condition is used in
order to show the existence of minimizers for a fized potential p, whereas (Hsz) will be
the appropriate condition for the approximation procedure which we apply below.

The existence result is stated next.

THEOREM 3.2. For every proper, conver and lower-semicontinuous functional
¢ : Wi — R fulfilling (Hy), problem (P,) admits a minimizer.

Proof. Let (¢ u(™) e UMT! x WMH! be an infimizing sequence for prob-
lem (P,) and (w™ v™) € WM x VM+ guch that (c™,w™,v™) € S ul™.
The coercivity of .J in the second component and the boundedness imply that (u(™))
is bounded in U1M+1. We choose (™ := ¢ in Proposition 3.1 and Remark 3.3
to conclude the existence of a weakly convergent subsequence (™ w(™ v(™) in
(W1 x Wy x V1)MF1 with limit within S“’ u(‘x’) and (u(")) in UMJrl with limit (%),
The weak lower semicontinuity of J nnphes that this limit is indeed a minimizer
of (P,). This finishes the proof. O

For the proof of the subsequent theorem we need the following auxiliary result.

LEMMA 3.3. Let ¢ : Wi — R be a proper, convex and lower-semicontinuous
functional with a single-valued subdifferential A := Op, which is defined on all of
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W1. Moreover, suppose that A : Wy — W_1 is continuously Fréchet differentiable in
wo € Wy with derivative Q := DA(wo) € LIW1;W_1). Then @o(w) := 5 (Qu,w)yy,
is a proper, convezr and lower-semicontinuous functional on W1 and its subdifferential
Ag = Opg is single-valued, defined on all W1, and continuously Fréchet differentiable
with DAg(w) = Q for all w e Wy.

Proof. Since Aw is a singelton and continuous for every w € Wi, ¢ is Gateaux
differentiable (cf. Showalter [31]). Consequently, @ € L(W7;W_q) is symmetric and
positive. Hence, the assertion follows. O

Next we study the adjoint system pertinent to (P,). This system is relevant
for deriving first order optimality conditions of approximate versions of (P,) with a
smooth potential ¢.

THEOREM 3.4. Assume that (c°,v°,u®) is a minimizer of (P,) and that
A =0p C Wi x W_q is single-valued, defined on W1 and continuously Fréchet differ-
entiable. Then there exists (p,q) € Y™ such that

0=—(—A)"'Dtp+ (=A—Dp+ DA(SLc®)*S_p — div((—A) (S, p)S. %)
—div((~A) D* (4¢%)S 1),

1 _ 1 o \#
Y(chr —¢ce) = (;(—A) t4+ 5(—A —I)+ DA(c}y) )p]\/f—la
1
Si TPy = —I'D¥q = AT+ by (47, S19) + 5 (bQ(S_UO, S_q) + ba(S40°, S+q))
1

+5 ((—A)—l(vs_co S_q)VS_c® + (—A) L (VS - S+q)VS+cO)

5 ((-A) (S VS + (-2) (S, p)VSie),

Tr Pﬁlu?w = ;I*(]Mfl + 5 { — A%qpr—1 + bz(v?w_l,qM,l)

H(=A) T (Ve - an-1) Ve + (=A) par-a Vel .
where the last two equations are understood in the sense of (Z*)M~1 and Z* for
Z={vel: PUIL Trv = 0} with Py, and PUIL denoting the orthogonal projections
of Sy onto Uy and its orthogonal complement Ui-.

Proof. We split the proof into three steps. Our goal is to apply the theory
developed in Zowe/Kurcyusz [36]. For this purpose, in the first step of the proof we
define relevant quantities. Then we apply [36] in the second step. And finally, in the
third step, we rearrange terms in order to derive the asserted adjoint system.

1. In the proof we utilize following sets and spaces

Xy o= WML s yMHL o M
Xy = WM x \7_”{ x UM,
Clepmn) = {(c;v,u) € X1 ¢ (co,v0) = (e, vp), Py Trv =0},

and the mappings @ : X1 — Xq and g : X7 — R defined by

Qle,v,u) = ((fm*l]ﬁc + (A D)o+ ASsc+ (~A)'VS_c T — (—=A) Lo,
Dy — ATH (S_v-V)T — (=A) "N (f* =D c—VS_c-B)VS_c— f?,
Sy Ju, (Py, Trv — u)),

g(c,v,u) = J(c,v,u),
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where Jy, denotes the duality mapping from Uy to U_;. Their derivatives at (¢, v,u) €

X1 in direction (¢?,v?,u%) € X read as follows

DQ(c,v,u;c‘s,va,ua)
= ((fm*lmcﬁ +(=A =12 + DA(S1¢;8:¢%) + (—A) VS -5+ VS_c-7°),
DF? — AT 4 (S_0° - V)T + (S_v- V)T + (=A)"Y(DTe+ VS_c-T)VS_®
+(=A)"H DT +VS_ T4+ VS_c-7°)VS_e,
Sy Ju, (Pu, Tro’ — U‘s)),

Dg(cavau;céavéaué) =7 (C]\/[ - Ce|C(]S\/1)WU + (u|u6) U{\4+1 .

2. The triple (¢°,v°,u°) is a minimizer of g on the set Z := C(., ,,)NQ~'(0). For the
application of the existence result of Lagrange multipliers by Zowe/Kurcyusz [36], it
has to be shown that (c v, u°) is regular in the sense of [36]. For this purpose we

fix an arbitrary (f€, f, f“) € X and show the existence of a (¢°,v°,u?) € C(g ) such
that DQ(c®,v°,u®; c?, v, u’) = (fC fe, f“) The latter equation is equivalent to

=0, v5=0, Jy,(Py,(Tro® —ud)) = f*, (3.3)
(=A)IDTE 4+ (=A = 1)E° + DA(S4c% S1?) + (=A)TIVS_e? -7 = g°(c, 00 ué),(3.4)
DT ? — AT® 4 (S_0v° - V)T + (=A)"H DV + VS_¢® - T°)VS_¢® = g°(¢, ;

where the right hand sides ¢g¢ and ¢¥ correspond to

fe—(=A)"VS_ .7
g”(c‘s, Suly = fU = |(S_v° - V)T° 4 (=A) " YDre+ VS_¢® - 5°)VS_¢
H(=A)TIVS_¢ -aovs_cf)]

As in Theorem 2.13, the existence of a triple (¢?,v?, u%) satisfying the above equations
will be proved by induction over M’. Moreover, we show that it is possible to satisfy
the additional condition Trv® = 0. In case of M’ = 0, the conclusion is evident.
Now, we assume that the system is satisfied for some M’ with 0 < M’ < M. We
apply the previous lemma and Proposition 2.12 in order to conclude the existence of
(c?,v?) € (W7 x V4)? such that

2 2 2 2 —1/ pu fu
Co = CM/, Vg = VM7, Trov® =0, u = *JUI (fM’ fM’+1>

(=A)IDTE 4+ (=A = D)E + DA(S: ¢ 8.¢%) + (—A)TIVS_¢? - 52 = g°(,v°,u’),
D ? — AT + (S_v° - V)T + (—A) YD +VS_¢° - T°)VS_® = ¢°(,0°,u°).
Consequently, ((co, ..., carr, €3), (Vo .oy Varr, v3), (4o, -y ungr, u3)) solves the system (3.3)—

(3.5) for M’ +1.

3. The result of Zowe/Kurcyusz now implies that for some (p,q,7) € X5 =
WM x VM x UM

Dg(c?, v, u’; &0, u‘s) = <DQ(cO, 02, u’; 00, u‘s), (p, q,T)>X;

for all (c°,v°,u’) € C(g,) holds true.
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First notice that for ¢1,c0 € Wi, v € V4 and v € ‘71 we have
((=A)"H(Vey ~v),c2>W1 = (c2, (-A) (Ve ~1))>W1 = (Ve v, (—A)7102>W1
= <—div((—A)_lcgv),cl>W1 = <(—A)_102V01,U>V1
as well as
((=A)"H(Vez - v)Vey, '17>‘~/1
= (Ver -0, (—A) N (Ve - v)>W
= ((-A)"H(Vey '5)VCQ,'U>V1 .

= (Vea -0, (=4) " (Ver - 9))

Wy

Choosing (¢°,0,0) € Cl(0,0), passing to adjoint operators and collecting terms involving
B
G
v (C?w - Ce|c§w)wU
= <(7A)71D+c‘s +(=A =D + DA(S1¢°; 5. + (—A)"H(VS_¢& %), p)
+ <(—A)_1[D+CO]VS_C(5, q>‘71M+1
M—1

= < %(—A)_I(Piq —pi) + %(—A —I)(pi—1 +pi) + DA(c)) pi1

i=1

we obtain

M
Wi

—div((~8)'pa)) — div((-A) ' [D¥efla) ] )

1 1
+ <;(A>1le + 5(*A — Dpayr—1 + DA(SSy) pai—1, C?\4> .
Wy

Hence, we can choose cf arbitrarily for ¢« > 0, which implies the assertion on p.
Next, we use (0,0,u°) € C(0,0) and find (u°|u5)UM+1 = (7S+u5|r)UM and hence
r+ S, u® = 0. Finally, choosing (0,v%,0) € C(0,0y and proceeding as before yields
0= (D"® — AT + (S_v° - V)T° + (S_v° - V)T° + (—A) 1 (VS_c® - T°)VS_c, q)

((A) VS T p) s + (5P, Tro )
M

M
Vl

-1

1 y 1 « —0 1 o o
= > < —I(gi-1 — ) = 5A(@i-1 + 4i) +b1(7F, 4i) + 5(1)2(%,1,%'—1) + b2(Ui;Qi))

=1
1 - o o - o o
5 (=) Ve - aim) Vel + (~8) (Ve - q) Vel
Jrl((*A)flp' 1Veg o+ (*A)flp-Vc(.’) — Tr* P uf v‘5>
9 11— i—1 7 7 Uy i 0 Y Vi

1 * 1 * o — o o
+< ;I am—1+ 5 { — A*qnr—1 + b2 (v 1, qn—1) + (A) (VS - am—1) Ve

() par Ve | = TP o)

1

This concludes the proof. 0
LEMMA 3.5. For every ¢ € Wi,v € Vi and every monotone operator A C Wy X
W_1 the operators

AP cWy x Wy, Af = 2(-A)T 4+ L(-A - 1)+ A,
AZY ‘71 — ‘771, A5q = L7+ % — A+by(v,q) + (*A)_l(VC-q)Vc}

T
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are strongly monotone. Moreover, (0,0) € AS", and (0,0) € A{* if (0,0) € A.

Proof. The strong monotonicity of %I — éA is obvious and the strong monotonicity
of 2(—=A)™' + 2(—=A —I) is a direct consequence of Lemma 2.10. Consequently, A
and A3" are strongly monotone as well, since A is monotone and the remaining terms
of A" are linear and monotone because of

<b2(’U, q)v Q>V1 = 07
<(*A)*1(VC -q)Ve, q>v1 = <Vc g, (=A) (Ve q)>W1 > 0.

This concludes the proof. O

THEOREM 3.6. Let (cp("))neN* be a sequence of proper, convexr and lower-
semicontinuous functionals from Wi into R satisfying (Hy) for a common constant
C = Cyw foralln > 1 as well as (Hy) or (Hz). Moreover, A" = 0™ is assumed to
be single-valued and continuously Fréchet differentiable on Wy forn € N. Suppose that
(e v )y ¢ WMHL s yMFL S UMFY gre minimizers for (Py) for alln € N
with (J(c™,v™ u(™)) being bounded. Then there exist (p™,q¢™) € WM x ‘ZM
satisfying

0=—(=A)"'DTp™ 4 (=A = D™ + DA™ (S, M) S_p™  (3.6)
—div((-A )_1(S+P("))S+5(")) div((—=A) ' DT (84¢™)S1q™),

el — ) = (H(-8) 4 S (A~ 1)+ DAM ) )pli . (37)
Sy TPy u'™ = —1"DT g™ — A*g™ + b1 (545, S1q™) (3.8)
45 (b2(50, 5 _g™) + ba(S 0™, 5.4™))
+% ((2)7H (TS - 5 ™) Vs
AN OR S+q("))VS+c(”))
5 ((CA) S PM)TS ) 4 (8) 7 (S5 TS,
TP ) = 1)+ [ - A+ bl ) (39)
(= A) VT gl )V (—A) R el

where last two equations are understood in the sense of (Z*)M~1 and Z* for Z =
{veVi: Py Trv=0}. For a subsequence (denoted by index m) it holds that

m) (o0 in WMFL,
(p™), (™) p(m) 4, (M)) s (p(o0) (o) 4(00) (o)) in WM x VM VML gMFL
DAM (S, m)*g_pm) s \(0) in WML,
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Moreover, (c(>),v(>) u(>)) is a minimizer of (P)) and we have that

0=—(—A)"'DTp() 1 (~A — )pl>) 4 N (3.10)
— div((=A) 71 (S4p) 84 )) — div((=A) T DT (8:.¢)5,.),
o 1 1 - oo
Nl =) = (28 +5(-a - D), + 257, (3.11)
Sy T PG u™) = —1" Dt g — A 4 by (5,5, §,¢(>)) (3.12)

1
+5 (bQ(S,v<°°>, S_q®) + by (S0, S+q(°°)))

+% ((fA)fl(VS,c(oo) - 8_q>)vSs_el>)
+(7A)*1(VS+C(°°) : S+q(°°))VS+c(°°))
5 (-8 (S PN VS 4 (-8) 7 (51T ),
T PU1 (OO) = I*q(oo) %[ qg;O)l + b2(UM )1 QJ(\ZO)J (3.13)
+(=8) Ve, g Ve, + (—8) T Vel .

Proof. We split the proof into three steps. We first prove the strong convergence
of a subsequence (¢(™) w(™ (™) to a minimizer of (Pye)) and then we establish
the weak convergence of the adjoint state. Finally, we pass to the limit in the first
order system.

1. Using Theorem 3.4 we find sequences (p(™),>; in WM and (¢™),>; in V;M
satisfying equations (3.6)—(3.8). Moreover, the coercivity of J in w and the bound-
edness of (J(c™,u(™)) imply that (u(™) is bounded in UM™. Taking advantage of
Proposition 2.14 it follows that we can pass to subsequences (c(™)) and (v(™) 4 (™))
that converge strongly to ¢(>) in WM and weakly to (v(>), u(>)) in VM1 yM+1
respectively, with (¢(>),9(°) 4,()) being a minimizer of (Pw<m)).

2. Now we show that (p(™) and (¢(™)) are bounded in WM respectively ‘ZM

This is done by induction. First observe that the boundedness of (ng) — ¢.) together

with Lemma 3.5 and the fact that (0,0) € DA™ (cgg))* show that (pgvr}) 1) is bounded

in Wi. This together with (3.9) and the second strong monotonicity provided in
Lemma 3.5 yields the boundedness of (q(Mn)_l) in V7. Next, assume that (p(i)l) and
(qz(z)l) are bounded for some 0 < ¢ < M — 1. Using the definitions of D"z and of T
we obtain from (3.6) and (3.8) that

Apt™ = [L(=A)"! = 3(=A = D]pY, + div((—A)~1piHw™)
+div((—A) "1 (DT ™)),
n n n n 1 n n n
Aqu( )= 1qz(+)1 bi(v E—i-)l’qz(-i-)l) [* qu(-l—)l + ba(v z(+)1’qz(+)1>

gV, 4 (—A) MV 4 (—A) vl

+(—=A)" 1Vc§i)1

- ’I‘I-* PU1 ugi)l’

DA™ (L) y* PCOINCY) . .
where A; = A 0 and A, = Ayt " are given as in Lemma 3.5. Apply-
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ing Lemma 3.5 to the first and afterwards to the second equation, we conclude the
boundedness of (p™) and (¢\™) in W; respectively V.

3. By (3.6), also DA™ (S, c¢(™)*S_p(™ remains bounded in W™ . Therefore, we
pass to subsequences (denote by index m again) to obtain the desired convergence
result for (p(™), (¢"™)) and DA™ (S c™)*S_p(™). Using the strong and weak
convergences, the properties of the operators involved and passing to the limit in (3.6)—
(3.9) as m — oo we finally end up with (3.10)—(3.13). O

4. Application to the double-obstacle potential. In this section we con-
sider the case where ¢ is given by the indicator function of a special convex subset
of Wi. This corresponds to the Cahn-Hilliard system with double-obstacle potential.
Moreover, the p(™) are defined as mollified versions of the Moreau-Yosida approxima-
tions in Wy of ¢ := ¢(°). In this setting, the optimization problem (P,) becomes a
mathematical program with complementarity constraints since (2.2) indeed becomes
a variational inequality. In this context our approach yields a function space version
of C-stationarity; see [19] for the latter.

Double-obstacle potential: Let ky, ko € R with k; < 0 < ky. We define

K = [k, k2], Yi=1x R >R, 0:=0p C R xR,
Ko:={ceWy:c(x) € K for ae. z€Q}, K;:=KonWi.

Then ¢ :=1x, : Wi — R defines a so-called double-obstacle potential.
Moreover, let p € C(R) denote a fixed mollifier with suppp C [-1,1], Jzp=1

and 0 < p <1la.e. on{, and ¢ : Rt — R be a function with £(a) > 0 and %(j‘) =0
as a— 0. We consider the Yosida approximation 6, (with parameter az > 0) of  (for
the general definition we refer to [3]) and define

T
pe(r) :== lp(f), Ba = ba * pe(a),  Oalr) ::/ Bay,  @alc) = / 0, 0 c,
£ 3 0 Q
where * denotes the usual convolution operator. Let 71 > 0 be fixed such that the
sequence of functionals (™), cn- defined by
P> =, ap =1, P = pa,

satisfies the conditions (Hsz) and (H;) for some common constant C.

In what follows we collect a few useful properties of ¢ and its approximations
©™) . For proofs and further details we refer to [21].

REMARK 4.1.
1. The mapping Ba : R — R is a regqularization of the Yosida approrimation 0, of
0 and ¢, : W1 — R a regularization of the Moreau-Yosida approximation of ¢ in
L2(9).
2. The existence of 71 > 0 such that (p™),en- satisfies conditions (Hs) and (Hy) for
some common constant C' was shown in Proposition 4.3 of [21].
3. The assumption p € C*(R) in [21] is only necessary to guarantee the additional
reqularity Bo, € C*(R), which is not needed for our purpose.
4. For sufficiently small o, By vanishes identically in a neighborhood of 0. Note fur-
ther that we could choose different mollifiers p' and p? instead of p in the definition of
Ba(s) for either positive s or negative s, respectively. Thus, conditions (Hy) and (Hg)
remain true also in this case.
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THEOREM 4.1. Consider the setting of this section and suppose that h : R — R
is a Lipschitz function with h(ky) = h(k2) = 0. Then the assumptions of Theorem 3.6

are fulfilled and for the sequences (a\™) and (\™)) given by a((J") =0 and
Sya™ = (=A)7T e — [(~A) DT 4 (—A = DE™ 4+ (=A)TIVS_ ™ g
A = DAM) (5 My p(n),
and for a subsequence denoted by index m and all i =0, ..., M — 1 it holds that
(S+a(°°) | S cl™) — Iy )W0 = 0,(S+a(°°) | Scl™) — ko )Wo =0,
lim (AT | h(S4ct™) )Wo = 0,lim ( S;a™ | p(m™ )Wo =0,
lim (AT [p™) >0,

)\Z(-m) — 0 almost everywhere on {x € Q: k1 < ¢;i(z) < ka}.

Proof. 0. Since the double obstacle potential ¢ satisfies the conditions (Hgs)
and (H;) for a common constant and since all A" = 9¢(™ are single-valued and
continuously Fréchet differentiable on W7, it remains to show that (J(c™, vy (™))
is bounded for a sequence of minimizers (c™v(™wu(™) as given in Theorem 3.6. But
since (c,v) = (0,0) is a solution to S,m u for u = 0 and every n € N, it follows that
0 < J(c™, vMuM) < 1ylce||3y, for all n € N.

1. We start by showing the complementarity conditions (S+a(°°) | Sycl>®) —
kl)WO = 0 and (S;a>)|S > — k’g)Wo = 0. Since (S,c(*), S al>®)) € A by
Proposition 3.1 and since A is the superposition operator of § = 01 C R x R,
we conclude that (cgoo),al(.oo)) € 0 for almost all z € ©Q and ¢ > 0 and therefore
al™ (@)™ (x) — k1] = 0 and a{* (2)[c\° () — ko] = 0. Integration yields the
complementarity conditions.

2. Next, we prove lim (/\(m) | h(Syc(m) )Wo = 0. Denoting the metric projection
of R onto K = [k, ko] by px and the metric projection of Wy onto Ky by P (which is
the superposition operator of pg ), respectively, and taking advantage of the continuity
of the superposition operator of h on Wy (cf. [29]), it follows that P(W;) C W,
and lim Pc(™ = Pc(®) = () lim h(Pc™) = h(Pc(>)) = h(c(*)) = lim h(c™)
in (H*(€))M*!. Moreover, it holds that |3 (s)] < I for all s and S, (s) = 0 for
k1 +e(a) < s < kg — e(a); see [21] for details. If Ly, is the Lipschitz constant of h,
then |h(s)| < L min(|s — k1], |s — k2|) for s € R. Consequently, it follows that

(AT R(PS ™) )y [P = (P | DAM (S 4™ )R(PS ™) )y, 2

M
<™ B S / 1L, (™) h(P™)2
=1

2
m el
< (a0l 5™l £ 5222) 5 0

m

as m — 0o. Moreover, since (A(™) is bounded in W™ we have that
lim (AT [ R(S ™))
= lim (A [h(PS4c™)),, +lim <)\(’"), (S c™) — h(PS+c(m))>WM
=0.
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3. We set gm(s) := Ba,, (5) = B, (s)k(s) with s — px(s) =: k(s). Then we obtain

(S4a™ [p) = (P ] B (S )y,
— (p(m) |gm(S+c(m)) )Wo + ()\(m) |S+c(m) _ pSJrC(m) )Wo

By Lemma 4.2 in [21], for m sufficiently large it holds that |g,(s)] = |Ba,.(s) —
By, (s)k(s)] < C 8(5—:) Hence, the first term on the right hand side converges to 0.
This is also true for the second term since (A(™)) is bounded in W™ and (c("™)) and
(Pc™)) both converge to ¢(*) in W1M+1.

4. The fact that lim ( A | plm) )Wo > 0 is a consequence of the monotonicity of

DA(”)(C) : W1 — W_, for every ¢ € Wj. Indeed, given ¢ € W7 we have

1
<DA(”)(C)E, E> W = tlgno 7 <A(”) (c+tc) — AM™e, (¢ + te) — c> >0

Wy
by the monotonicity of A,

5. Let us fix i € {0,...,M — 1} and representatives of the equivalence classes
c ™)), Further, define Z := {x € Q: k1 < c¢;’(x) < ko}. Since ¢; "’ converges
(%), (¢™). Further, define Z:= {z € Q: k1 < ¢ (¢) < kz}. Since " converg

to cl(.oo) in Wy, a subsequence converges almost everywhere on ). Without loss of

generality, we assume that (c(m)) itself has this convergence property. Moreover, we
know that e(a,,)—0. Hence, for almost all € Z there exists mg(z) such that
k1 +e(am) < ™ (x) < ko — () for all m > mg(z).

From the properties of S, it follows that A(™)(z) = 0 for almost all z € Z and
m > mo(z). Consequently, \(™ converges to 0 almost everywhere on Z. [

We remark that compared to weaker forms of stationarity, for instance, as those
contained in [4] for certain classes of optimal control problems for variational in-
equalities, C-stationarity represents a sharper stationarity notion avoiding spurious
stationarity points. A numerical realization based on an extension of the algorithms
in [20] to the present Cahn-Hilliard/Navier-Stokes-setting will be the subject of future
work.
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