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Introduction

I Radon transform R has various applications in imaging:

I Computed tomography
I Positron emission tomography,
I MRI/MRF with radial sampling.

I Inverse problems (tomographic reconstruction).
I Approaches require R and R∗,
I Discrete A ≈ R and B ≈ R∗,
I Often A∗ 6= B.

I Pixel-Driven Projections as discretization

I A∗ = B,
I Good approximation of R∗,
I Poor approximation of R,
I No proper mathematical analysis.

Goal: Proper convergence analysis!
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Outline

1. The Radon Transform

2. Pixel-Driven Projections

3. Convergence in Operator Norm
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The continuous Radon transform

Definition
Let Ω = B(0, 1) ⊂ R2 and Ω′ =]− 1, 1[×[−π, π[.

The Radon transform R : L2(Ω)→ L2(Ω′)

[Rf ](s, ϕ) =
∫

Ls,ϕ

f (x) dH1(x).

The backprojection R∗ : L2(Ω′)→ L2(Ω)

[R∗g](x) =
∫
[−π,π[

g(x · ϑ(ϕ), ϕ) dϕ.

y

x
Det.

Source

ϕ

Ls,ϕ
s

x
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Parallel beam setting

I Angles: ϕ1 < · · · < ϕQ , with ϑq = (cos(ϕq), sin(ϕq)),
Φq = [ϕq−1+ϕq

2 ,
ϕq+ϕq+1

2 [ and δϕ = maxq |Φq |.
I Detector offsets: Equispaced s1 < · · · < sP with corresponding pixels

Sp = sp + [− δs2 ,
δs
2 [.

I Image pixels: Equispaced pixels Xij with centers xij and width δx .
I Discretization parameters: δs , δϕ and δx .
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Parallel beam setting
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Parallel beam setting
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Parallel beam setting
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Parallel beam setting
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Parallel beam setting
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Outline

1. The Radon Transform

2. Pixel-Driven Projections

3. Convergence in Operator Norm
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Pixel-driven approach

[R∗g](xij) =

∫
[−π,π[

g(xij · ϑ(ϕ), ϕ) dϕ

≈
∑

q

|Φq |g(xij · ϑq, ϕq)

≈
∑

q

|Φq |
δs

∑
p:|xij ·ϑq−sp |≤δs

(δs − |xij · ϑq − sp|)g(sp, ϕq)

:= [(RPD)∗g]ij

[RPDf ]pq :=
1
δs

∑
ij :|xij ·ϑq−sp |≤δs

(δs − |sp − xij · ϑq |)fij ,

I Computation only considers distance to lines.
I Unclear if proper discretization.
I Known to create oscillations.
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Pixel-driven approach

[R∗g](xij) =

∫
[−π,π[

g(xij · ϑ(ϕ), ϕ) dϕ ≈
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Pixel-driven approach
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Pixel-driven approach

[R∗g](xij) =

∫
[−π,π[

g(xij · ϑ(ϕ), ϕ) dϕ ≈
∑

q

|Φq |g(xij · ϑq, ϕq)

≈
∑

q

|Φq |
δs

∑
p:|xij ·ϑq−sp |≤δs

(δs − |xij · ϑq − sp|)g(sp, ϕq) := [(RPD)∗g]ij

[RPDf ]pq :=
1
δs

∑
ij :|xij ·ϑq−sp |≤δs

(δs − |sp − xij · ϑq |)fij ,

I Computation only considers distance to lines.
I Unclear if proper discretization.
I Known to create oscillations.

K. Bredies and R. Huber Convergence of Pixel-Driven Projections IGDK Colloquium 19.11.2019 10



International Research Training Group IGDK 1754
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(δs − |sp − xij · ϑq |)fij ,
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Pixel-driven approach
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Pixel-driven approach
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Pixel-driven approach
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Approximation with area integrals

H1 xLs,ϕ ≈Ws,ϕ(x) = 1
δ2s

wδs (x ·ϑ(ϕ)− s)L2(x) where wδs (t) = max(0, δs − |t|).

Definition

[Rδf ](s, ϕ) :=
∫
Ω

f (x) dWs,ϕ(x)

=
1
δ2s

∫
R

wδs (s − t)Rf (t, ϕ) dt

With fδx =
∑

ij fijδxij with fij =
∫
Xij

f (x) dx

[Rδfδx ](sp, ϕq) =
∑

ij

fijwδs (xij · ϑ(ϕq)− sp) = [RPDf ]pq.

Definition (Continuous Pixel-Driven Radon Transform)

Rδxδs ,δϕ : L2(Ω)→ L2(Ω′)

Rδxδs ,δϕ f (s, ϕ) = [Rδfδx ](sp, ϕq) ∀s ∈ Sp, ϕ ∈ Φq
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Modelling perspective

[Rδf ](s, ϕ) =

Averaging

︷ ︸︸ ︷
1
δ2s

∫
R

wδs (s − t)Rf (t, ϕ) dt

=
1
δ2s

∫
Ω

wδs (x · ϑ(ϕ)− s)f (x) dx︸ ︷︷ ︸

Hat shaped sensitivity,

I Pixels detect lines from range of offsets.
I Averaging of the Radon transform.
I Hat shaped sensitivity field.
I Weighted area integral.
I Hat shaped contribution to rays.

Detector
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Outline

1. The Radon Transform

2. Pixel-Driven Projections

3. Convergence in Operator Norm
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Regularity of Radon transform

Definition (L2 Modulus of Continuity)

For g ∈ L2(Ω′) the modulus of continuity is

Mg(h, γ) = ‖Th,γg − g‖L2 =

√∫
Ω′
|g(s + h, ϕ+ γ)− g(s, ϕ)|2 d(s, ϕ).

Note that lim|(h,γ)|→0
Mg(h,γ)2

(|h|2+|γ|2)1+α <∞ corresponds to regularity statements.

Lemma

For f ∈ L2(Ω) and g = Rf we have Mg(h, 0) ≤ c
√
|h|‖f ‖.
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Convergence statement

Theorem

Let δs → 0, δx
δs
→ 0 and δϕ

δs
→ 0. Then

‖Rδxδs ,δϕ −R‖ → 0 and ‖(Rδxδs ,δϕ)
∗ −R∗‖ → 0.

If additionally δx
δs

= O(δεs) and δϕ
δs

= O(δεs) for some ε ∈ [0, 12 ], then

‖Rδxδs ,δϕ −R‖ = O(δ
ε
s) and ‖(Rδxδs ,δϕ)

∗ −R∗‖ = O(δεs).

If moreover MRf (δs , 0) = O(δεs) or Mg(δs , 0) = O(δεs), then

‖Rδxδs ,δϕ f −Rf ‖ = O(δεs) and ‖(Rδxδs ,δϕ)
∗g −R∗g‖ = O(δεs)

without the restriction ε ≤ 1
2 .
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Proof.

‖Rδxδs ,δϕ −R‖ ≤ ‖R
δx
δs ,δϕ
−Rδs ,δϕ‖︸ ︷︷ ︸

≤c δx
δs

+ ‖Rδs ,δϕ −Rδs‖︸ ︷︷ ︸

≤c δϕ
δs

+ ‖Rδs −R‖︸ ︷︷ ︸

≤c
√
δs

.

I For δs → 0, δxδs → 0 and δϕ
δs
→ 0 this yields convergence in operator norm.

I For δx
δs

= O(δεs) and
δϕ
δs

= O(δεs) the rates follow.
I In case of higher regularity ‖Rδs f −Rf ‖ or ‖(Rδs )∗g −R∗g‖ converges at

higher rates.

Remark
I We required δx

δs
→ 0.

I Standard δx ≈ δs not justified.
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Conclusion

I Discretization of the Radon transform:
I Approximation with area integral,
I Dirac peaks in pixel centers,
I Extrapolation from sinogram pixel centers.

I Convergence:
I Suitable discretization parameter δs → 0, δx

δs
→ 0 and δϕ

δs
→ 0,

I Convergence in operator norm,
I Rates for δx

δs
= O(δεs) and δϕ

δs
= O(δεs).

I Related work:
I Sparse angle Radon transform,
I Fanbeam transform,

I Outlook:
I Conebeam transformation of 3D Radon transform,
I Extend convergence analysis.

K. Bredies and R. Huber Convergence of Pixel-Driven Projections IGDK Colloquium 19.11.2019 17



International Research Training Group IGDK 1754

Conclusion

I Discretization of the Radon transform:
I Approximation with area integral,
I Dirac peaks in pixel centers,
I Extrapolation from sinogram pixel centers.

I Convergence:
I Suitable discretization parameter δs → 0, δx

δs
→ 0 and δϕ

δs
→ 0,

I Convergence in operator norm,
I Rates for δx

δs
= O(δεs) and δϕ

δs
= O(δεs).

I Related work:
I Sparse angle Radon transform,
I Fanbeam transform,

I Outlook:
I Conebeam transformation of 3D Radon transform,
I Extend convergence analysis.

K. Bredies and R. Huber Convergence of Pixel-Driven Projections IGDK Colloquium 19.11.2019 17



International Research Training Group IGDK 1754

Conclusion

I Discretization of the Radon transform:
I Approximation with area integral,
I Dirac peaks in pixel centers,
I Extrapolation from sinogram pixel centers.

I Convergence:
I Suitable discretization parameter δs → 0, δx

δs
→ 0 and δϕ

δs
→ 0,

I Convergence in operator norm,
I Rates for δx

δs
= O(δεs) and δϕ

δs
= O(δεs).

I Related work:
I Sparse angle Radon transform,
I Fanbeam transform,

I Outlook:
I Conebeam transformation of 3D Radon transform,
I Extend convergence analysis.

K. Bredies and R. Huber Convergence of Pixel-Driven Projections IGDK Colloquium 19.11.2019 17



International Research Training Group IGDK 1754

Conclusion

I Discretization of the Radon transform:
I Approximation with area integral,
I Dirac peaks in pixel centers,
I Extrapolation from sinogram pixel centers.

I Convergence:
I Suitable discretization parameter δs → 0, δx

δs
→ 0 and δϕ

δs
→ 0,

I Convergence in operator norm,
I Rates for δx

δs
= O(δεs) and δϕ

δs
= O(δεs).

I Related work:
I Sparse angle Radon transform,
I Fanbeam transform,

I Outlook:
I Conebeam transformation of 3D Radon transform,
I Extend convergence analysis.

K. Bredies and R. Huber Convergence of Pixel-Driven Projections IGDK Colloquium 19.11.2019 17


	The Radon Transform
	Pixel-Driven Projections
	Convergence in Operator Norm

