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m R(:): Joint regularization.
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Electron tomography

m Scanning Transmission Electron Microscopy
m Creates 2D projections of thin samples.
m Depicts density distribution.
m Atomic resolution, magnification to
resolution of 0.1 nm.
m Analyse small samples in various fields.
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m Scanning Transmission Electron Microscopy
m Creates 2D projections of thin samples.
m Depicts density distribution.
m Atomic resolution, magnification to
resolution of 0.1 nm.
m Analyse small samples in various fields.

m Elemental mappings
m Determine chemical makeup of a sample.
m Energy dispersion X-ray spectroscopy (EDS).
m Technical limitations.
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Electron tomography
TEM
Oe_o

m Scanning Transmission Electron Microscopy

m Creates 2D projections of thin samples.

m Depicts density distribution.

m Atomic resolution, magnification to
resolution of 0.1 nm.

m Analyse small samples in various fields.

m Elemental mappings
m Determine chemical makeup of a sample.
m Energy dispersion X-ray spectroscopy (EDS).
m Technical limitations.
m Tomography reconstruction
m 3D distributions allows more insight.
m Projections from various angles.
m Tomography reconstruction required.
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Forward model
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Forward model

m All possible line integrals.

m Radon transform
R: LI(QR) — Ll(Qs)

m Reconstruction via solving

Ruy = flJr, .. Ru,=f].
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m Radon transform

R: LI(QR) — Ll(Qs)
m Reconstruction via solving
Ruy = flJr, .. Ru,=f].
m Ru = f is ill-posed problem.
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Forward model

All possible line integrals.
m Radon transform

R: LI(QR) — Ll(Qs)
Reconstruction via solving

Ruy = flJr, .. Ru,=f].
Ru = f is ill-posed problem.

Poisson distributed noise.
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Forward model

All possible line integrals.
m Radon transform

R: LI(QR) — Ll(Qs)
Reconstruction via solving

Ruy = flJr, .. Ru,=f].
Ru = f is ill-posed problem.

Poisson distributed noise.

Kullback-Leibler divergence
DKL: Ll(Qs) X Ll(Qs) — [0,00]Z

Drc(v. ) fﬂsv—f—fln(%)dx v>0, f>0ae.
V7 = .
KL 00 otherwise
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min  R(u)+ Y \iDxe(Ruj, f)
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http://math.uni-graz.at/
http://www.uni-graz.at

A/
o ' INSTITUTE OF MATHEMATICS
International Research Training Group IGDK 1754 AND SCIENTIFIC COMPUTING

u
Took 1754

Regularization

min  R(u)+ Y \Dxe(Ruj, f)

u=(uy,...,upn) 1

m Suitable regularization?
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min  R(u) + Z AiDri(Ruj, 1)

u=(uy,...,upn) 1

m Suitable regularization?

m Incorporate a priori information or
expectations.

Sirt reconstruction of a slice
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m Suitable regularization?

m Incorporate a priori information or
expectations.

m Local correlation.

Sirt reconstruction of a slice
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Regularization

min  R(u) + Z AiDri(Ruj, 1)

u=(uy,...,upn) )

m Suitable regularization?

m Incorporate a priori information or
expectations.

m Local correlation.
m Complementing information:

Sirt reconstruction of a slice
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Regularization

min  R(u) + Z AiDri(Ruj, 1)

u=(uy,...,upn) )

m Suitable regularization?

m Incorporate a priori information or
expectations.

m Local correlation.
m Complementing information:

m Common features,

Sirt reconstruction of a slice
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Regularization

min  R(u) + Z AiDri(Ruj, 1)

u=(uy,...,upn) )

m Suitable regularization?

m Incorporate a priori information or
expectations.

m Local correlation.
m Complementing information:

m Common features,
m Diffusion and mixing.

Sirt reconstruction of a slice
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TV(v) :sup{/ udiv ¢ ‘ ¢ €C(Q, RY),
Q

l16l2lleo < 1}.
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Q

llallo < ao, [l div dlallos < al}.
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TGV for scalar valued images
For u € L}(,R),
TGV (u) :sup{/ udiv? ¢ ‘ P €CX(Q, 89%9),
Q

l6lallee < ao, [l div @lallos < al}‘

Equivalent representation:

TV(u) = [[[Dulallm
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TGV for scalar valued images
For u € LY(,R),
TGV (u) :sup{/ udiv? ¢ ‘ P € CX(Q, §9%9),
Q
l6lal < o, vl < o .

Equivalent representation:

TGV2 (u) = i Du — &
o (u) WeBrggg,Rd) ail[[Du — wlz || am + aol[|Ew]a]| m
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1612 lloo < o, [l divéla floe < al}
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For u € LY(Q,R™),
TGV2 (u) :sup{/ u-div’ ’ ¢ €C(Q, (8™,
Q
6l o < co. v ol [ < |

Equivalent representation:

TGV2(u) = i Du— £
o(U) e ar[|[Du — wla||m + coll[[Ewl2] v
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TGV for vector valued images
For u € LY(Q,R™),
TGV2 (u) :sup{/ u-div’ ’ ¢ €C(Q, (8™,
Q
6l o < o, v ol [ < |

Equivalent representation:

TGV2(u) = i Du— £
o(U) e ar[|[Du = wla||m + coll[Ewl2] v
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TGV for vector valued images

For u € LY(,R™),

TGV}, (u) = sup {/ u-div: o ’ b €C>(Q, (ded)m)’
Q

llé

0o < Qo, |||dIV¢

n* n*

oogal}

Equivalent representation:

TGV? (u) = i Du— wl, Ewl,
o (u) WEBBEQQRd)m a1]||Du — wl, || am + aol[[Ewql|am
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Coupling norms

TGV (u) = i Du— wl, \
() L a1 [[[Du = wl, [[m + aol[|Ewls [[m
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TGV2(u) = i Du — wl, Ewlg
o(u) . T R a|||Du — wl [[am + aoll[Ewle [ v

Frobenius norm: |N|; = \/ﬁ
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Coupling norms

TGV2(u) = i Du — wl, Ewlg
o(u) . T R a|||Du — wl [[am + aoll[Ewle [ v

Frobenius norm: |N|; = \/ﬁ

m Joint sparsity.

N
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Coupling norms

TGV2(u) = i Du — wl, Ewlg
o(u) . T R a|||Du — wl [[am + aoll[Ewle [ v
N

Frobenius norm: N[, = /3=, NZ;
m Joint sparsity.

Effect on reconstruction:
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Coupling norms

TGV2(u) = i Du — wl, Ewlg
o(u) . T R a|||Du — wl [[am + aoll[Ewle [ v
N

Frobenius norm: |N|g = />, Ni2j

m Joint sparsity.

Effect on reconstruction:

m Effectively reduces noise,
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Coupling norms

TGV2(u) = i Du — wl, Ewlg
o(u) . T R a|||Du — wl [[am + aoll[Ewle [ v
N

Frobenius norm: N[, = /3=, NZ;

m Joint sparsity.

Effect on reconstruction:
m Effectively reduces noise,

m Promotes piecewise linear functions,
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Coupling norms

TGV2(u) = i Du — wl, Ewlg
o(u) . T R a|||Du — wl [[am + aoll[Ewle [ v
N

Frobenius norm: N[, = /3=, NZ;

m Joint sparsity.

Effect on reconstruction:
m Effectively reduces noise,
m Promotes piecewise linear functions,

m Promotes joint features in channels.
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Approach

Reconstruct u = (uy,. .., u,) from data T = (£,..., £}):
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Approach

Reconstruct u = (uy,. .., u,) from data T = (£,..., £}):
For a = (ag, 1), A € (0,00)",

(Tikh) uf € argmin TGV (u) + Ziasop(u) + Y \iDke(Rui, £1)
UELI(QR,R") i=1
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GRAZ
Approach
Reconstruct u = (uy,. .., u,) from data T = (£,..., £}):

For a = (ag, 1), A € (0,00)",

(Tikh) uf € argmin TGV (u) + Zasop(u) + Y \iDke(Rui, 1)
u€L(Qg,R") B Py

m Joint regularization TGV promotes smoothness and joint transition
sets.
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Approach
Reconstruct u = (uy,. .., u,) from data T = (£,..., £}):

For a = (ag, 1), A € (0,00)",

(Tikh) uf € argmin TGV2(u) + Lm0 (1) + Y \iDke(Rui, £1)
UELI(QR,R") - i=1

m Joint regularization TGV promotes smoothness and joint transition
sets.

m Indicator function ensure feasibility by introducing constraints.
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UNI
GRAZ
Approach
Reconstruct u = (uy,. .., u,) from data T = (£,..., £}):

For a = (ag, 1), A € (0,00)",

(Tikh) uf € argmin TGV (u) + Ziasop(u) + > NiDwe(Rus, 1)
uell(Qp,R") B i—1

m Joint regularization TGV promotes smoothness and joint transition
sets.

m Indicator function ensure feasibility by introducing constraints.

m Weighted sum of Kullback-Leibler discrepancies to account for
Poisson noise.
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Analytical properties

n
(Tikh)  uf € argmin TGV () + Zigz0p(u) + Y \iDwe(Ruy, £)
uel(QR)" 1
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Q)
kd
b
N

Analytical properties

(Tikh)  uf € argmin TGV () + Zigz0p(u) + Y \iDwe(Ruy, £)
u€l(QgR)" i=1

Proposition

Under suitable assumptions:
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Q)
kd
b
N

Analytical properties

(Tikh)  uf € argmin TGV () + Zigz0p(u) + Y \iDwe(Ruy, £)
u€l(QgR)" i=1

Proposition

Under suitable assumptions:
m Solutions to (Tikh) exist.
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Q)
kd
b
N

Analytical properties

(Tikh)  uf € argmin TGV () + Zigz0p(u) + Y \iDwe(Ruy, £)
u€l(QgR)" i=1

Proposition

Under suitable assumptions:
m Solutions to (Tikh) exist.
m Are stable with respect to Poisson noise vanishing in Dy .
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Q)
kd
b
N

Analytical properties

(Tikh)  uf € argmin TGV () + Zigz0p(u) + Y \iDwe(Ruy, £)
u€l(QgR)" i=1

Proposition

Under suitable assumptions:
m Solutions to (Tikh) exist.
m Are stable with respect to Poisson noise vanishing in Dy .

m For vanishing noise in all channels, a TGV2-minimal solution to
Ru = fT can be retrieved using suitable parameter choices.
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Q)
kd
b
N

Analytical properties

(Tikh)  uf € argmin TGV () + Zigz0p(u) + Y \iDwe(Ruy, £)
u€l(QgR)" i=1

Proposition

Under suitable assumptions:
m Solutions to (Tikh) exist.
m Are stable with respect to Poisson noise vanishing in Dy .

m For vanishing noise in all channels, a TGV2-minimal solution to
Ru = fT can be retrieved using suitable parameter choices.

M. Holler, R. Huber, F. Knoll: " Coupled regularization with multiple data
discrepancies”, Inverse Problems
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Implementation

(Tikh) o' € argmin TGV2(u) + Tia=oy(u) + Z AiDki(Rui,
ueL(Qg)" i=1

m Primal-dual algorithm to find saddle point.

fT

1

)
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Implementation

(Tikh) ut € argmin TGV2(u) + Tia=oy(u) + Z AiDki(Rui, flT)
ueLN(Qr)" i=1

m Primal-dual algorithm to find saddle point.

m Evaluation of Radon transfrom and backprojection at high
computational cost.
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Implementation

(Tikh) o' € argmin TGV2(u) + Tia=oy(u) + Z AiDii (Ru;, £1)
ueL(Qg)" i=1

m Primal-dual algorithm to find saddle point.

m Evaluation of Radon transfrom and backprojection at high
computational cost.

m Custom Radon transform implementation with exact adjoint.
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Implementation

(Tikh)  uf € argmin TGV2(u) + Zigz0p(v) + Y NiDre(Ruy, £)
ueL(QR)" i=1

m Primal-dual algorithm to find saddle point.

m Evaluation of Radon transfrom and backprojection at high
computational cost.

m Custom Radon transform implementation with exact adjoint.

m Highly parallel implementation possible.
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Implementation

(Tikh) ut e argmin TGVi(u) + Zig>oy (u) + Z AiDkr (Ru;, f,T)
ueLl(Qg)" pt

Primal-dual algorithm to find saddle point.

Evaluation of Radon transfrom and backprojection at high
computational cost.

Custom Radon transform implementation with exact adjoint.
Highly parallel implementation possible®.

1Graptor (Graz Application for Tomographic Reconstruction) software tool
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Implementation

(Tikh) ut e argmin TGVi(u) + Zig>oy (u) + Z AiDkr (Ru;, f,T)
ueLl(Qg)" pt

Primal-dual algorithm to find saddle point.

Evaluation of Radon transfrom and backprojection at high
computational cost.

Custom Radon transform implementation with exact adjoint.

Highly parallel implementation possible®.

m Time consumption: in average 5 seconds per slice.
(300 x 300 with 4 channels)

1Graptor (Graz Application for Tomographic Reconstruction) software tool
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3 Landweber Residue Comparison
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Q)
kd
b
N

Sirt reconstruction Decoupled TGV reconstruction
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Decoupled TGV reconstruction Coupled TGV reconstruction
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Conclusion

m Tikhonov approach for reconstruction in electron tomography:
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Conclusion

m Tikhonov approach for reconstruction in electron tomography:

m Joint penalty via Total Generalised Variations.
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Conclusion

m Tikhonov approach for reconstruction in electron tomography:

m Joint penalty via Total Generalised Variations.
m Weighted sum of Kullback-Leibler discrepancies.


http://math.uni-graz.at/
http://www.uni-graz.at

A/
o ' INSTITUTE OF MATHEMATICS
International Research Training Group IGDK 1754 AND SCIENTIFIC COMPUTING

u
Took 1754

Conclusion

m Tikhonov approach for reconstruction in electron tomography:

m Joint penalty via Total Generalised Variations.
m Weighted sum of Kullback-Leibler discrepancies.
m Solutions exist and are stable.
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Conclusion

m Tikhonov approach for reconstruction in electron tomography:

m Joint penalty via Total Generalised Variations.

m Weighted sum of Kullback-Leibler discrepancies.

m Solutions exist and are stable.

m Recover TGV-minimal solutions for vanishing noise.
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Conclusion

m Tikhonov approach for reconstruction in electron tomography:

Joint penalty via Total Generalised Variations.
Weighted sum of Kullback-Leibler discrepancies.
Solutions exist and are stable.

Recover TGV-minimal solutions for vanishing noise.

m Reconstruction quality:
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Conclusion

m Tikhonov approach for reconstruction in electron tomography:

Joint penalty via Total Generalised Variations.
Weighted sum of Kullback-Leibler discrepancies.
Solutions exist and are stable.

Recover TGV-minimal solutions for vanishing noise.

m Reconstruction quality:
m Joint reconstruction of all channels.
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Conclusion

m Tikhonov approach for reconstruction in electron tomography:

Joint penalty via Total Generalised Variations.
Weighted sum of Kullback-Leibler discrepancies.
Solutions exist and are stable.

Recover TGV-minimal solutions for vanishing noise.

m Reconstruction quality:

m Joint reconstruction of all channels.
m Remove noise substantially.
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Conclusion

m Tikhonov approach for reconstruction in electron tomography:

Joint penalty via Total Generalised Variations.
Weighted sum of Kullback-Leibler discrepancies.
Solutions exist and are stable.

Recover TGV-minimal solutions for vanishing noise.

m Reconstruction quality:
m Joint reconstruction of all channels.
m Remove noise substantially.
m Maintains features and details.


http://math.uni-graz.at/
http://www.uni-graz.at

A/
o ' INSTITUTE OF MATHEMATICS
W International Research Training Group IGDK 1754 AND SCIENTIFIC COMPUTING

Conclusion

m Tikhonov approach for reconstruction in electron tomography:

Joint penalty via Total Generalised Variations.
Weighted sum of Kullback-Leibler discrepancies.
Solutions exist and are stable.

Recover TGV-minimal solutions for vanishing noise.

m Reconstruction quality:

Joint reconstruction of all channels.
Remove noise substantially.
Maintains features and details.
Superior reconstructions.
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