DIOPHANTINE EQUATIONS OF PELLIAN TYPE

FRANZ HALTER-KOCH

ABSTRACT. We investigate the solutions of diophantine equations of the form
dx? — d*y? = 4t for t € {1,2,4} and their connections with ideal theory,
continued fractions and Jacobi symbols.

1. INTRODUCTION AND HISTORY

The aim of this article is a thorough study of diophantine equations of the form
(1) da® — d*y* = +1, where d,d* € N and dd* is not a square.

For d = 1, this is Pell’s equation, while the general equation (1) is sometimes called
antipellian. Multiplication of (1) with d implies (with X = dz, Y = dy and
D = dd*) the norm equation

(2) X? - DY?=4d, where d|D and (X,Y)=1.

Conversely, if d is squarefree, then (2) implies (1). The solubility of (2) can be
rephrased in the language of binary quadratic forms. Explicitly, this was done by
G.Pall in [15], where the following result was stated and essentially attributed to
C. F. Gauss (see the English Edition [2]). A special case was later rediscovered by
H.F. Trotter [17].

Theorem A. Let A > 0 be a discriminant of binary quadratic forms. Then pre-
cisely two divisors of A can be properly represented by the principal class of dis-
criminant A.

The special case of (1) where D = dd* is squarefree was frequently investigated
in the literature, using different methods. In this case, the result reads as follows.

Theorem B. Let D € N be a squarefree positive integer, and

D* — 2D if D=3 mod4,
| D if D#3 mod4.

Then there is exactly one 1 < m|D* such that the diophantine equation
22—Dy?*=m 22-Dy>=m 2*~-Dy =m 2°-Dy’=m 2*-Dy*=m 2*-Dy>=m
has a solution (z,y) € Z>.

An elementary proof of Theorem B, only using the theory of Pell’s equation, was
given in [8], a proof within the theory of continued fractions is in [3], and a proof
using the theory of quadratic number fields can be found in [6].

Partial results in the general case (also addressing the connection with ideal
theory, continued fractions and Jacobi symbols) were obtained only recently by
various authors, see [12], [10], [14], [1], [18] [7].
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There is a significant overlap with R.A. Mollin’s paper [13]. There he investigates
antipellian equations within the theory of continued fractions, however ignoring the
structural point of view taken in the main theorems 4.3 and 4.4 of the present
paper. Nevertheless, some of his explicit results there are more general than the
applications given in our section 5 below.

The basic tools for the present investigations are the theory of ambiguous ideals
in quadratic number fields as developed in [4] and their connection with continued
fractions. This interrelation is principally known and republished several times (I
refer to R. Mollin’s book [11] and to the article [9]). Unfortunately, the termi-
nology on these subjects is far from being standardized. Thus I decided to give
an overview of the necessary basic result, at least to fix the notation. This will be
done in the sections 2 and 3.

Section 4 contains the main results concerning equation (1) and their connection
with ideal theory, continued fractions and Jacobi symbols. By the way, it turns out
that it is natural to consider the more general equations dx? — d*y? = +t, where
t € {1,2} if A = 12mod 16, and ¢t € {1,4} if A = 1mod 4. Finally, section 5
contains several applications for small discriminants.

2. QUADRATIC ORDERS

A non-square integer A € Z is called a discriminant if A =0 or 1 mod 4, and
we set

0 if A=0 mod4, oa + VA
oA = wA = —————
1 if A=1 mod4, 2
and
bv A
OA=Z[wA]:{a+T\F’a,b€Z,aEbA mon}.

We call wa the basis number and Oa the order of discriminant A. A quadratic
discriminant A is called a fundamental discriminant if it admits no factorization
A = Aym? such that A; is a discriminant and m € N>,. Every discriminant A
has a unique factorization A = Agf2, where A is a fundamental discriminant and
f € N. In this factorization, Ay = Ak is the field discriminant of the quadratic
number field K = Q(VA), Oa, = Ok is its maximal order, and f = (O :On).
We denote by (£ — &) the non-trivial automorphism of K, and for a subset
X CK,weset X' ={¢ | &€ X}. For £ € K, we call ¢ its conjugate and
N(E) =€ €Q its norm.

If A is a quadratic discriminant, then the unit group O} of Oa is given by

Ok ={cc0,| w(a)|:1}={%‘a

and Oa = (—1,ea), where ea = min(Oa NRs1) is the fundamental unit of
discriminant A (see [5, §16.4]).

An algebraic number £ € C of degree 2 is called a quadratic irrational. For an
integer D € Z, we normalize its square root by vVD>0if D> 0, and SvVD >0
if D < 0. Then every quadratic irrational £ € C has a unique representation

b+ Vb?% — 4ac
a

beZ, |a2—b2A|:4}7

5227? where a, baCGZ and (U’?b’C):l'

In this representation, the triple (a,b, c) € Z3 is called the type and A = b* —4ac
is called the discriminant of £. If A € Z is any discriminant, then A = 4D + ox,
where D € Z, and the basis number wa is a quadratic irrational of type (1,0, —D)
and discriminant A .
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Two irrational numbers &, & € C\ Q are called equivalent if

& = igi? for some (: ?) € GLx(Z).

It is easily checked that equivalent quadratic irrationals have the same discriminant.

Let K be a quadratic number field. For n € Nand a4, ...,a, € K, we denote by
[a1,...,an] =Zay+ ...+ Za, C K the Z-module generated by aq,...,a,. A free
Z-submodule a C K of rank 2 is called a lattice in K, and R(a) ={\ € K | Aa C a}
is called its ring of multipliers. If (w1,ws) is a basis of a, then a = [wy,ws]. In
particular, for every discriminant A we have

bv A
(’)A:[l,wA}:{%ﬁ ‘a,beZ, a = bA mod2}.

In a different terminology, the following Propositions 2.1, 2.2 and 2.3 can be

found in [4, Propositions 1 and 3].

Proposition 2.1 (Structure of lattices). Let K be a quadratic number field and
a C K a lattice. Then a = m[l,£], where m = min(a N Qsg) and £ € K. If £ is
a quadratic irrational of type (a,b,c) and discriminant A, then R(a) = Oa, and
aa’ = m2a=1Oa. In particular, a is an invertible fractional ideal of Oa.

Proof. Observe first that aNQ # {0}. Indeed, o’ and R(a’) are lattices as well, and
it 0 # « € a, then there is some ¢ € N such that go € R(a’), which implies that
0 # gN(a) = gqaad’ € aNQ. Now anQ is a finitely generated non-zero subgroup of
Q, and therefore a N Q = mZ, where m = min(a N Qx¢). Let (w1, ws) be a basis of
a and m = cjwy + caws, where ¢, ¢o € Z. Then (¢1,c¢2) = 1 by the minimal choice
of m, and there exist w1, us € Z such that cyus — couy = 1. If & = vqwi + uswso,

then
()= (5 ) (%) (sl = v =l 1.

Hence a = [m, &) = m[1,£], where £ = m~1¢;.
Assume now that ¢ if of type (a,b,c) and discriminant A = b? — 4ac. We shall
prove that Oaa C a and m~2aaa’ = Oa. Then it follows that

Oa C R(a) = R(a)Oa = m 2aad’R(a) C m %aad’ = Ox,
and therefore equality holds. Since

—b b+ VA bb+ VA
270 1 a * € [1,§] and wal=-—c+ oatobT €[1,¢],
2 2a 2 2a

we obtain Oaa = m[1,wal[1,€] = m[1, &, wa,wa] C a. On the other hand, as
b= oA mod 2,

WA —

b+¢5]: [1’ b+VA

m~%aad’ = [a,a¢][1,€] = [a,b,c, 7 ;

} — [Lwal=04a. O

Proposition 2.2 (Equivalence of lattices). Let K be a quadratic number field and
67 El eK \ Q

1. Let 6 € K* be such that [1,&] = 0[1,&1]. Then there exists some matriz

af + 3
~vE+6

(3‘ ﬂ) € GLo(Z) such that & =

5 and 0=~E+6
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2. Suppose that

a f _al+ I] 1
(’y 5) € GLy(Z) and & = oy Then [1,&1] = o [1,¢].
Proof. 1. If [1,&] = [0, 0&1], then
(9§1> _ (3‘ g) (i) for some <: ?) € GLy(2),
and consequently
_ ST
0=~v+9 and & = T
2. By assumption, we have
1
[1a§1]=W[7§+5,0¢5+5}Zﬁ[lvﬂ- O

Next we investigate ideals. Let A be a discriminant and K = Q(v/A). Every
non-zero fractional ideal a of Oa is a lattice in K, and by Proposition 2.1 it is
invertible if and only if R(a) = Oa. An ideal a C Oa is called Oa-primitive if
e lag Op forallee N>q, and it is called Oa-regular if it is Oa-primitive and
R(a) = Oa. Consequently, every Oa-regular ideal is invertible, and the product
of two Oa-regular ideals is again Oa-regular. A lattice ¢ C K is an invertible
fractional ideal of O, if and only if ¢ = m~'a for some Oa-regular ideal a C Oa.

Two Oa-regular ideals a, a; are called equivalent if a; = Aa for some A € K*.
For an Op regular ideal a C Oa, we denote by [a] its equivalence class and by
Na(a) = (Oa :a) € N its absolute norm. The set Ca of all ideal classes [a]
built by Oa-regular ideals a C Oa is a finite abelian group under the composition
[a] [a1] = [aaq]. Its unit element is the principal class [Oa] which consists of all
primitive principal ideals of Oa. Up to isomorphisms, Ca = Pic(Oa) is the factor
group of invertible fractional ideals modulo fractional principal ideals of Oa.

Next we describe the fundamental connection between quadratic irrationals and
ideals. For a quadratic irrational ¢ € C of type (a,b,c¢) and discriminant A, we

define the lattice
b+ VA
1) = |a, =5= | = lal[1,¢] € Oa.

Clearly, I(¢) = I(=¢€), I(¢) = I(), and Oa = I(wa). If & & are quadratic
irrationals, then it is easily checked that I(§) = I(&1) if and only if & = &£ + n for
some € € {£1} and n € Z.

Proposition 2.3 (Structure of regular ideals). Let A be a discriminant.

1. A subset a C Q(V/A) is an Oa-regular ideal if and only if a = I1(€) for some
quadratic irrational & of discriminant A. Moreover, if € is of type (a,b,c),
then Ma(a) = |al.

2. Let &, & be quadratic irrationals of discriminant A. Then £ and & are
equivalent if and only if [I(£)] = [1(&1)] € Ca.

Proof. 1. By definition, I(£) C Oa is a lattice, e ' I(§) ¢ Oa for all e € N>o, and
R(I(§)) = Oa by Proposition2.1. Hence I(£) is an Oa-regular ideal.

Let now a C Oa be an Oa-regular ideal. By Proposition 2.1, a = m][l,¢],
where m = min(a N Qs¢) and & is a quadratic irrational, say of type (a,b,c) and
discriminant A’ = b2 — 4ac. Since Oar = R(a) = Oa, it follows that A = A’, and
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as aNQsg C N, we obtain m € N. Now m& € a C Oa implies a|m, say m = ae
for some e € Z. Hence

b+ VA b+ VA b+ VA
| =¢la | =tel [ lal, 7
2a 2 2
and |e|~'a C Oa implies |e| =1 and a = I(£). Since

(L50)-(4 (L),

it follows that 9a(a) = |al.
2. By Proposition 2.2. ]

ctzm[l7

From now on we consider positive discriminants and real quadratic irrationals.

Definition 2.4.
1. Let £ € R be a quadratic irrational. Then the quadratic irrational
L1
ST
is called the successor of £. & is called
e reduced if € >1and -1 <& <0;
o ambiguous if €+¢& €Z.
2. Let A > 0 be a discriminant. An Oa-regular ideal a C O is called
e reduced if a = I() for some reduced quadratic irrational £ ;

e ambiguous if a' =a.

Proposition 2.5. Let £ € R be a quadratic irrational of type (a,b, c) and discrim-
inant A.

1. € is reduced if and only if 0 < VA —b < 2a < VA +b. In particular, if €
is reduced, then 0 < a < VA, 0<b< VA, 0< —c< VA, and £T is also
reduced.

2. £ is ambiguous if and only if a|b, and I1(&) is ambiguous if and only if & is
ambiguous.

3. If &t = —¢'71, then € is ambiguous, and if & is reduced and ambiguous,
then £+ = —¢'—1,

4. If € and & € R are reduced quadratic irrationals and 1(§) = I1(&1), then
§=46.

Proof. All assertions are easily checked (and in fact well known). O

It is easily checked that & is ambiguous if and only if 1(§)’ = I(£), and in this case
the Oa-regular ideal a = I(€) is also called ambigous.

If ¢ is reduced, then ¢ is ambiguous if and only if ¢t = —¢~1. Indeed, if
€t = —¢71 then ¢ = [£] — &, and therefore & + & € Z. Conversely, if ¢ is
reduced and ambiguous, then & —1 < £+ ¢ < & hence || = £+ ¢ and
Er=(¢- gt =—¢n

If A > 0 is a discriminant, then an Oa-regular ideal a C On is called reduced
if a =1(¢) for some reduced quadratic irrational £ € R. If £ € R is any quadratic
irrational, then I(£) is reduced if and only if £+ |—¢'| > 1 (see [4, Lemma 2]).
In particular, the unit ideal Oa = I(wa) is reduced.
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3. CONTINUED FRACTIONS AND REDUCTION

Our main reference for the classical theory of continued fractions is Perron’s
book [16]. It is well known that every £ € R\ Q has a unique (simple) continued
fraction

& = [ug,ur,...] = lim [ug,uq,...,u],
n—oo

where ug € Z, u; € N for all i > 1, and

[UO,Ul,...,Un] = ’LLQ-" 1 =
it Gn

U2 +
' 1
Up—1 + i

such that p, € Z, ¢, € N and (pn,g,) = 1. The sequences (pp)n>—2 of partial
numerators of & and (gn)n>—2 of partial denominators of £ satisfy the recursion

p2=0, pi1=1, and p;=up;—1+pi—2 foral i>0,

g—o=1, gq-1=0, and ¢; =u;qi—1+¢q—_2 forall i>0.
The numbers &, = [un, Upt1,...] are called the complete quotients of £. They are
equivalent to & and satisfy the recursion formulas & = £ and &,41 = & for all
n > 0.

A sequence (z,)n>0 is called wltimately periodic with period length 1 > 1 and
pre-period length k >0 if 2,4y =z, for all n > k, and k and [ are minimal with
this property. In this case, we write

(:Cn)nZO = (5607901,---) = (Io,zl, oy T—1, Ty Lhgly e - o s Thtl—1 )

If kK =0, then the sequence is called purely periodic.

Proposition 3.1 (Periodicity Theorem). Let & € R\ Q, & = [ug,u1,...] its
continued fraction and (§,)n>0 its sequence of complete quotients.

1. For k>0 andl > 1 the following assertions are equivalent:

(a) The sequence (un)n>o 18 ultimately periodic with pre-period length k
and period length .

(b) The sequence (§p)n>0 is ultimately periodic with pre-period length k
and period length [.

(c) The numbers & =&, &1, ..., E€kr1—1  are distinct, and Epqq = &-

2. The sequence (un)n>0 15 ultimately periodic if and only if € is a quadratic
irrational, and it is purely periodic if and only if & is a reduced quadratic
irrational.

3. Let & be a quadratic irrational, and suppose that (&,)n>0 has pre-period length
k and period length I. Then {&k, &kt .-, Ekri—1} is the set of all reduced
quadratic irrationals which are equivalent to &.

We call | = [(€) the period length and (&k,&k+1s---58k+1—1) the period
of &.

Proof. [16, §17 and Ch. III] O

Corollary 3.2. Let A > 0 be a discriminant, £ € R a quadratic irrational of
discriminant A, 1 =1(&) and (n1,...,m) the period of §&. Then I(n1),...,I(m) are
distinct, and {I(m),...,I(m)} s the set of all reduced ideals in the ideal class
[1(£)] € Ca.
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Proof. A subset a C K is an Oa-regular ideal lying in the ideal class [I(§)] if and
only if a = I(n) for some reduced quadratic irrational n equivalent to £&. Hence the
assertion follows by the Propositions 3.1 and 2.5. O

Theorem 3.3. Let A = 4D + oa > 0 be a discriminant, wa = [ug,u1,...] the
continued fraction of its basis number and I = l(wa). Then u, = upiy for all
n>1, w=2uy—oa, u—; =u; forall i€[l,l—1], and therefore

a—|—\/Z

2
Let (pn)n>—2 be the sequence of partial numerators, (gn)n>—2 the sequence of
partial denominators and (£,)n>0 the sequence of complete quotients of wa. For
n >0, &, is of type (an, by, cy,), where a, > 1 and b, = 2B,,—oa for some B, € Z.
(&1,...,&) is the period of wa, and {I(&1),...,1(&§)} is the set of all reduced
principal ideals of Oa. In particular,

WA = = [uo, u1, Uz, ..., uz,u1,2ug — oa .

& =[2ug —oa,ur, Uz, ..., uz,u1 | =wa +ug—o, and I1(&)=I(wa)=0n.
If ea denotes the fundamental unit of discriminant A, then N'(sa) = (—1)!, and
N =(Pr-1 — Q1Wh )™ = Pmi—1 — @mi—1wa  for all m € Ny.
If A has a prime divisor ¢ = 3 mod 4, then [ is even and N(ea) = 1.

1. For all n > 0, the following relations hold:
(a) By + Bpt1 = apupn +0on -
(b) Pn—1= Bnqnfl + angn-2.
(C) Dgy—1 = (Bn - UA)pn—l + anPn—2 .
(d) 4(=D)"ay = 2pp—1 —0aqn-1)?> — A _1 =4AN(Pr_1 — Gn_1wA)-
(e) (_1)nan = p72171 — O0APn—14n—1 — Dq%,l.
2. If i > —1 and n >0, then piyn—QiyniwWa = (Pi—GWh ) (Pi—1—q-1wh )"
3. If 1 is odd, then & is the only ambiguous number in the period of wa, and
O is the only reduced ambiguous principal ideal of Ona.
4. Let ] = 2k be even. Then & and & are the only ambiguous numbers in
the period of wa, (Pk—1— qe-1wh)?> = aren, 2Bp = apuy +oa,
ak|(2pk,1 — qkfl,A) Zf OA = 1, and ak|2(pk,1,D) ’Lf OA = 0.
In particular, Oa and 1(&;) are the only reduced ambiguous principal ideals
Of OA.

Proof. We prove 3. and 4. The other assertions can be either found in [16, §§ 20, 27
and 30] or easily derived from the investigations there. The assertion concerning
reduced principal ideals follows by Corollary 3.2.

If i € [1,1], then

gi = [ui7ui+17' UL, UL, - '7ui—1] = [ul—i+17 e UL, ULy e 7ul—i} = 'fl—i+1
(see [16, §23]), and by Proposition 2.5.3 it follows that &; is ambiguous if and only
if &1 =& =671 =¢_ ;1. Inparticular, & is ambiguous. If i € [1,1 — 1], then
&; is ambiguous if and only if ¢+ 1 =1—174 1, that is, if and only if [ = 2¢. This
proves 3. and the first assertion of 4.
Assume now that [ = 2k. Then {41 = —51'-71, and therefore

brs1 + VA by, — VA _ bk — A+ (b, — br1)VA
Af4+1 ag dagag+1

—1 =& =

bl
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which implies that by, = by1, hence By, = Byy1 and 2By = agurp+oa. By 1.(b) we
obtain 2p_1—0aqr—1 = 2Brqr—1+201qk—2—0Aqk—1 = (2Br—0A)qr—1+20axqr—2,
and as ag|2By — oa, it follows that ay |2px—1 — oaqr—1 and therefore ay | Agi_,
by 1.(d). By 1.(e), (ak,qr—1)|pr—1, hence (ar,gr—1) = 1 and aj | A. Consequently,
ar | (2pk—1 — qu—1,A) if oo = 1. If oo = 0, then ag |2px—1, hence ay |2D by 1.(e),
and therefore ay, |2(px—1, D).
It remains to prove that (pr—1 — qr_1wh)? = axea = ax(pi—1 — q—1w) ). Since
WR =D + oawly and (1,w) is linearly independent, we must prove that
akpi-1 =pi_1 + Dgp_,  and  arq—1 = qrp—1(2pk—1 — OAGR—1) -

From the matrix equation
-1 -1
Pi-1 P2 _ H uy, 1Y _ (Pr-1 P2 u, 1
Q-1 Q-2 bt 10 Q-1 Gk-2) o) 10
-1 k t
_ (Pe—1 Pr—2 H u—y 1\ _ (Pr-1 Pr—2 H u, 1 0 1
Qk-1 k-2 - 1 0 -1 Ge—2) \ % 10 1 —wug

_ (pk—l pk—Z) ( Pe ) (0 1 ) _ (pk—l pk_2> ( QG P~ Uodk )
dk—1 qk—2 Pk—1 Gk—1 1 —ug qk—1 qk—2 dk—1 Pk—1 — U0Gk—1
it follows that p;—1 = pr—1qr +pr—2qk—1 and @1 = qe—1(qx + qr—2). By 1.(c),
ARPI—1 = QpPr—1qk + AkPk—2qk—1 = AkPr—1qk + DGt — (Br — 0A)Pr—1qk—1

= pr—1[akurqr—1 + arqr—2 — (Bx — 0a)qr—1] + Dajp_,
= pr—1(Brar—1 + arqr—2) + Dz, = pi_, + Dagj_; .

By 1.(b),

2pp—1 — OAQk—1 = 2Brqr—1 + 2ar.qx—2 — 0Aqr—1 = (B + Brr1 — 0A)qr—1 + 201.qx—2

= ap(Urqr—1 + 2qk—2) = ar(qr + qx—2),

and therefore gr_1(2px—1 — oAGr—1) = arqr—1(ar + qr—2) = arqi—1. O

4. MAIN RESULTS

Theorem 4.1. Let A € N be a discriminant.
1. Suppose that A = 4D,
e ce{1,2} if 8|D, and c=1 if 8¢D;
e te{l1,2} if D=3 mod4, and t=1 if D # 3 mod 4;
e D =c2dd*, where d,d* €N and (d,d*)=1,
and set
[d, VD] if =1,
=< [2d,d+VD] if t=2,
[4d,2d + VD] if c¢=2.
(a) j is an Oa-regular ambiguous ideal of Oa satisfying Ma() = c2dt,
and every Oa-reqular ambiguous ideal of Oa is of this form.
j is reduced if and only if d < d*, and j is a principal ideal of Oa if
and only if there exist x, y € Z such that

|de? — d*y*| =t and (c,xy) =1.
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(b) Let x, y € Z be such that |dx® —d*y?| =t and (c,xy) = 1. Then
j = (cdz+yVD)Oa.

2. Suppose that A =1 mod 4 and A = dd*, where d, d* € N and (d,d*) =1,
and set

. d+ VA
i=le =]
2

(a) j is an Oa-regular ambiguous ideal of O satisfying Na(j) = d, and
every Oa-regular ambiguous ideal of Oa is of this form.
j is reduced if and only if d < d*, and j is a principal ideal of O if
and only if there exist x, y € Z such that |dx® — d*y?| = 4.

(b) Let x, y € Z such that |dx® — d*y*| = 4. Then

= dz +yvA Ox.
2
Proof. 1.(a) By [4, Proposition 1] it follows that j C Oa is an Oa-regular ambigu-
ous ideal, every Oa-regular ambiguous ideal is of this form, and j is reduced if and
only if d < d*. By Proposition 2.3.1, Ma(j) = c2dt.

Let now j be principal, say j = (u + yvD ) Oa, where u, y € Z and (u,y) = 1.

If ¢t =1, then D = dd*, and u+ yVD € [d,\/ﬁ] implies © = dx for some
x € Z. Since d = Na() = |N(dz +yVD)| = |d*2® — dd*y?|, it follows that
|do? — d*y?| = 1.

If t = 2, then u+yvD € [2d,d + /D] implies u + yvD = 2dv + (d + VD )w
for some v, w € Z, and if x = 2v 4+ w, then v = dr and y = w. Since D = dd*,
it follows that 2d = Ma(j) = |N(dz + yVD)| = |d?2z* — dd*y?|, which implies
|dx? — d*y?| = 2.

If ¢ = 2, then u + y\/ﬁ € [4d,2d + \/5} implies that there exist v, w € Z such
that u+yvD = 4dv+ (2d++/D )w. If 2 = 2v0+w, then v = 2dz, y = w, and 2 | zy.
Since D = 4dd*, it follows that 4d = Ma(j) = [N (2dz+yvD)| = |4d?z? — 4dd*y?|,
which implies |dz? — d*y?| = 1.

The converse follows by (b).

(b) If ¢t = 1, then obviously dx + yvD € j, hence (dz 4+ yvD)Oa C j, and
equality holds, since

Na ((dz +yVD)OA) = N(dz +yVD)| = |d*a? — dd*y*| = d = Na() -

If t = 2, then D = dd* = 3 mod 4, hence 2 { zy, and  — y = 2u for some u € Z.
Now we obtain dz + yv/D = 2du + (d + vD)y € j, hence (dz +yvVD)Oa C j,
and equality holds, since

Na((dz +yVD)OA) = |N(dz +yVD)| = |d*z* — dd*y?| = 2d = Na(j) .

If ¢ = 2 and 2 1 zy, then D = 4dd* and x —y = 2u for some u € Z, which implies
2dx + yv/D = 4du + (2d + /D )y € j. Hence we obtain (dz + yv/D)Oa C j, and
equality holds, since

Na ((2dz +yvVD)OA) = [N(2dx + yVD)| = [4d*2* — 4dd*y?| = 4d = Mup j) .

2.(a) By [4, Proposition 1] it follows that j C Oa is an Oa-regular ambiguous
ideal, every Oa-regular ambiguous ideal is of this form, and j is reduced if and only
if d < d*. By Proposition 2.3.1, Ma(j) = d.

u+y\/Z
=5— Oh,

Let now j be principal, say j = where u, y € Z and u = y mod 2.

Then % € j implies % = dv—l—% w for some v, w € Z. Hence it follows
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that v = dx, where x = 2v+w, w=y, j= M, d=MAQ() = Lfid*yzl,
and therefore |d?z? — dd*y?| = 4.
(b) If |d2x? — d*y?| = 4, then x = y mod 2, deryf =d*57 + d+\ﬁy €3,
hence M Oa Cj, and equality holds, since
mA<dx+y\/> ) ‘N(da:—&—y\/»)’ _ |d%2? —dd*y?|

=d= ). O
5 1 d=Na(j)

The following remark addresses the diophantine equation |dz? — d*y?| = 1 if
¢=2and 2|xy.

Remark 4.2. Let D € N be not a square, 8| D and D = 4dd*, where d, d* € N
and (d,d*) = 1. Let z, y € Z be such that |dz? — d*y?| = 1.
1. If 2|z, then (2dz +yvD)O4p = [4d,/D].
Indeed, if x = 271, where x; € Z, then |4dz? — d*y?| =1 and D = (4d)d*.
Hence the assertion follows by Theorem 4.1.2(a).
2. If 2]y and y = 2y, then (dz +y;vD)Osp = [d,v/D]. Indeed, in this
case |dx? —4d*y?| =1 and D = d(4d*). Hence again the assertion follows
by Theorem 4.1.2(a).

Theorem 4.3. Let D € N be not a square and | = l(\/ﬁ) the period length of
VD. Let L(D) be the set of all quadruples (d,d*,t,on), where

o d d*eN and (d,d*) =1

o D = c%dd*, where c € {1,2} if 8|D, and c=1 if 8¢t D;

e tc{l,2} if D=3 mod4, and t=1 if D # 3 mod 4;

o g€ {£l};

o there exist x, y € Z such that dx* —d*y?> = ot and (c,zy) = 1.
Then |L(D)| =4, and the structure of L(D) is as follows.

1. If 1is odd, then L(D)={(1,D,1,£1), (D,1,1,%£1) }.

2. If 1 =2k is even, then

L£(D)={(1,D,1,1), (D,1,1,-1), (d,d",t,0), (d*,d,t,—0) },
where 1 <d < d* and cdt # 1.

3. Let | = 2k be even and (d,d*,t,o) € L(D) such that 1 < d < d* and
cdt # 1. Then o = (=1)*. If (pp)n>—2 denotes the sequence of partial
numerators and (¢, )n>—2 the sequence of partial denominators of VD, then

Pio1 — Dgi_y = (-1)*dt, Fdtesp = (pr—1+ qx—1VD)?,
Adt|2pp_1  and egp = (—1)F + % QG+ 2Dk 21dqtk LVD.
Proof. Note that (d,d*,t,c) € L(D) holds if and only if (d*,d,t,—c) € L(D).

1. If [ is odd, then Theorem 3.3 implies that N (e4p) = —1, and Oyp is the
only reduced ambiguous principal ideal in O4p. Hence we obtain N (O;,) = {£1},
{(1,D,1,4£1), (D,1,1,£1) } € £L(D), D # 3 mod 4 and ¢t = 1. Assume now that
there exists some (d,d*,1,0) € L(D) such that 1 < d < d* and ¢d > 1. Then
Theorem 4.1.1 implies the existence of some reduced ambiguous principal ideal
j C O4p such that Nyp(j) = c2d > 1, a contradiction.

2. Let | = 2k be even. Then Theorem 3.3 implies A (ea) = 1 and therefore
N(O;p) = {1}. We prove first :
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A. If (d,d* t,o) € L(D), then (d,d* t,—oc) ¢ L(D).

Proof of A. Assume to the contrary that there is some (d, d*,t,0) € £(D) such
that (d,d*,t,—o) € L(D), and let x, y, x1, y1 € Z be such that dz? — d*y? = ot,
do? — d*y? = —ot and (c¢,2y) = (¢,z1y1) = 1. By Theorem 4.1.1(b) it follows
that (cdz + yvVD)Oup = (cdxy + y1vV/D) O4p, and therefore cdxy + y1vVD =
e(cdz 4 yv/D) for some e € O),. Taking norms, we obtain

—c*dot = N'(cdxy +y1VD) = N(e)N (cdz + yvV'D) = N(e) *dot
and therefore N'(¢) = —1, a contradiction. d[A]

By Theorem 3.3.4, O4p contains precisely one reduced ambiguous principal
ideal j distinct from the unit ideal, and by Theorem 4.1.1 this ideal gives rise to an
equation |dz? —d*y?| =t, where d, d* € N and z, y € Z are such that 1 <d < d*,
(d,d*) =1, D = c?dd*, cdt > 1 and (c,ry) = 1. Hence there exists some o € {£1}
such that (d,d*,t,0) € L(D). To prove uniqueness, we must show :

B. If (dl,di,tha'l), (dg,ds,tg,ag) S E(D), 1<d; < d’f, cit1d; > 1, and
1<dy < d;, Cotody > 1, then (dl,dT,tl,Ul) = (dg,d%,tg,ag).

Proof of B. For i € {1,2}, suppose that (d;,d},t;,0;) € L(D), 1 <d; < d} and
citid; > 1, where ¢; € {1,2} are such that D = c?d;d}. By Theorem 4.1 there
exist x;, y; € Z such that (¢;, x;y;) =1, and

[di,\/ﬁ] if Citi = 1,
)i = (Cidil’i + yz\@) Oup = [Qdi,di + \/5} if ¢, =2,
[4d;,2d; + VD] if ¢; =2

is a reduced ambiguous ideal distinct from the unit ideal in the principal class of
O4p. Hence it follows that j; = j2, and in particular 94p(j1) = Nup(j2), which
implies cftldl = cthdg.

If t1 = 2, then D = 3 mod 4, hence ¢; = ¢y = 1. Since 2d; = t2dy and ds is odd,
it follows that to = 2, dy = ds, dj = d5, and A implies o1 = 02. By symmetry,
we may now assume that ¢; =ty = 1.

Assume now that ¢y # ¢, say ¢; = 2 and ¢ = 1. Then we obtain 4d; = ds and
[4dy1,2dy + /D] = [d2,V/D] = [4d1,V/D], a contradiction. Hence it follows that
¢ =c¢q, dy =da, di =dj, and A implies o1 = 0. O[BJ.

3. Let again [ = 2k be even and (d,d*,t,0) € L£(D), where 1 < d < d* and
ctd > 1. Let z, y € Z be such that dz? — d*y?> = ot. Then j = (cdz + yv/D )Oy4p is
a reduced principal ideal of O4p such that 94p(j) = c*dt by Theorem 4.1.1.

Let (&,)n>0 be the sequence of complete quotients of VD = wyp, and for n > 0
let (an,bn,cn) be the type of &,. By Theorem 3.3, I(&) = O4p and I(&;) are the
only reduced ambiguous principal ideals of O4p. Hence it follows that j = I(&g),
and MN4p(j) = |N(&)| = *dt = ag. By Theorem 3.3 we obtain

N (&) = pp_y — Pdd*qi_y = (—1)FcPdt, Adtesp = (pk—1 + g1V D)?

and

2 2
Dr_1 T ai_ D+2pk—1Qk—1 D 2d* 2pk—1Qk—1
up = Bt H 0 Doy Mgy Ioimn

c2dt c2dt

(note that c2dt|2px_; by Theorem 3.3). It remains to prove that o = (—1)".
CASE 1: ¢=2. Then 8|D, t =1, a = 4d|2px_1, and therefore py_1 = 2dz1,

where x1 € Z. If y; = q—1, then (pr—1,qx—1) = 1 implies 2 t y1, and it follows that

dz? — d*y? = (—=1)*. If 24 21, then (d,d*,1,(—1)*) € L(D), hence o = (—1)¥, and

we are done.
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We assert that the case 2|z cannot occur. Indeed, if 2|z, then 21 = 229, where
ry € Z, and 4dx3 —d*y? = (—1)*. But this implies that (4d,d*,1,(—1)*) € £(D),
hence either (4d,d*,1,(—=1)%) = (d,d*,1,0) or (4d,d*,1,(—1)*) = (d*,4d, 1, —0),
and both relations are impossible.

CASE 2: ¢ =1and 21d (in particular, this occurs if D = 3mod 4). As
ay, = td|2pg_1, it follows that d|pg_1, say pr—1 = dx1, where z1 € Z. If y; = qi—1,
then dz? —d*y? = (—1)*¢, hence (d,d*,t,(—1)¥) € £L(D) and therefore o = (—1).

CASE 3: ¢t =1 and d = 2dg, where dy € N and 21 dy. Since ax = 2dy |2pg—_1,
we obtain py_1 = doxy, where 1 € Z. If y; = qr_1, then doa? — 2d*y? = 2(—1)F,
which implies that 2 |2;. If 21 = 2z, where zo € Z, then da3 — d*y? = (—1)%,
hence (d,d*,1,(—1)*) € £(D) and therefore o = (—1)*.

CASE 4: ¢t =1 and d = 4°dy, where e, dy € N and 4 { dy. If Dy = dpd*,
then o = dz? — d*y? = do(2°7)? — d*y? implies that (do,d*,1,0) € L(Dy). Since
ap = 4ed0 | 2pk_1, it follows that 2edo | 22671(10 |pk_1, and we set Pk—1 = 2€d0131,
where 1 € Z. If y1 = qx—1, then (pg—1,qx—1) = 1 implies 2 { y;. It follows
that dox? — d*y? = (—1)*, and therefore (do,d*,1,(~1)¥) € L(Dy). If dy > 1,
then [(v/Dp) is even, and B (applied with Dy instead of D) yields o = (—1).
If dg = 1, then ¢ = —d*mod 4. Since 2 { d*y?, it follows that 2 | 21, hence
(—=1)* = —d* mod 4, and thus again o = (—1)*. O

Theorem 4.4. Let A € N be not a square, A =1mod 4, | =1(wa) the period
length of wa and I* = I(\/A) the period length of VVA. Let Lo(A) be the set of
all triples (d,d*,o) such that

d,d* €N, (d,d*)=1, A=dd*, o€ {£l}, and there exist x, y € Z such
that dz? — d*y? = 4o.
Then |Lo(A)| =4, and the structure of Lo(A) is as follows.
1. If 1is odd, then Lo(A) ={(1,A,+1), (A,1,£1)}.
2. If 1 =2k is even, then
[’O(A) = {(1’ A, 1)7 (Av 1, _1)7 (d7 d*70)7 (d*,d, _U) } )
where (d7 d*a U) ¢ {(13 Aa 71)7 (Aa 13 1) }

3. Let I = 2k be even and (d,d*,0) € Lo(A) such that 1 < d < d*. Then
o= (=1)k. Let (pp)n>_2 be the sequence of partial numerators and (¢n)n>—2
the sequence of partial denominators of wa. Then d|2pg—1 — qx—1, and if
2pr_1 — qp—1 = dsy, then

d 1VAN2
ds? —d*?_, = 4(-1)*, dea = (W) ’
and
&G+ qr_1sVA
5 .
Moreover, ea has half-integral coordinates if and only if there exist x, y € Z
such that |dz® —d*y?| =4 and (z,y) = 1.

4. If (d,d*,o) € Lo(A), then there exist x1, y1 € Z such that dz? —d*y? =o.

In particular, if 1 is even, then | =1 mod 4.
Proof. Note that (d,d*,o) € Lo(A) holds if and only if (d*,d, —c) € Lo(A).
1. If I is odd, then Theorem 3.3 implies that N (ea) = —1, and O is the only

reduced ambiguous principal ideal in Oa. Hence N (OX) = {1}, and therefore
{(1,A,£1), (A,1,£1) } C Lo(A). Assume that there is some (d,d*, o) € Ly(A)

EA = (71)]C +




DIOPHANTINE EQUATIONS OF PELLIAN TYPE 13

such that 1 < d < d*. Then Theorem 4.1.2 implies the existence of some reduced
ambiguous principal ideal j C O4p such that DMyp(j) = d > 1, a contradiction.

2. Let | = 2k be even. Then Theorem 3.3 implies N(OX) = {1}. We prove
first :
A. If (d,d* o) € Lo(A), then (d,d*,—0) & Lo(A).

Proof of A. Assume to the contrary that there is some (d,d*, o) € Lo(A) such
that (d,d*, —o) € Lo(A), and let x, y, x1, y1 € Z be such that da? — d*y? = 4o
and dx? — d*y? = —40. By Theorem 4.1.2 it follows that

d+ VA1 dx+y/A dr1 +y1vVA

and therefore dr; + y1VA = e(dz + yv/A) for some ¢ € OX. Taking norms, we
obtain —4do = N(dx1 +y1vVA) = N(e)N(dz +yvVA) = 4N () do and therefore
N(e) = —1, a contradiction. O[A]

By Theorem 3.3.4, O4p contains precisely one reduced ambiguous principal
ideal j distinct from the unit ideal, and by Theorem 4.1.2 this ideal gives rise to
an equation |dz? — d*y?| = 4, where d, d* €N, 1 <d < d*, (d,d*) =1, A= dd*
and z, y € Z. Hence there exists some o € {£1} such that (d,d*,o) € Lo(D). To
prove uniqueness, we must show :

B. If (dl, 1‘,0’1), (dg,d§,02) S ﬁo(A), 1<d < d’{ and 1 < ds < d;, then
(dla dT7 01) = (d2a d;a 0-2)~
Proof of B. For i € {1,2}, suppose that (d;, d},
there exist z;, y; € Z such that
. dizi + yiV/A d;i + VA
j - dert /A 4t VA
2 2
is a reduced ambiguous principal ideal distinct from the unit ideal of Oa. Therefore

it follows that j; = jo, in particular di = da, hence di = dj, and A implies
o1 = 029. D[B]

3. Let again [ = 2k be even and (d,d*,0) € Lo(A), where 1 < d < d*. Let
x, y € Z be such that dz? — d*y? = 40. Then

i= (dx+2y\/ﬁ> Oa = [d’ d+2\/5}

is a reduced principal ideal of Oa such that 91(j) = d by Theorem 4.1.2.

0;) € Lo(A). By Theorem 4.1.2

Oa = | di,

Let (&,)n>0 be the sequence of complete quotients of wa, and for n > 0 let
(an, b, cn) be the type of &,. By Theorem 3.3, I(§;) = Oa and I(§) are the only
reduced ambiguous principal ideals of O4p. Hence it follows that j = I(&) and
Na(G) = N (&)| = d = ag. Since ay | (2pr—1—qr—1, ) by Theorem 3.3, there exists
some S € Z such that 2py_1 — qx—1 = dsg, and then 4(—1)kd = d23% — dd*q,%_17
which implies ds? — d*q?_, = 4(—1)*. Moreover,

dsy, + qr—1VA d*q? |+ qe_15K.VA
ey = (Lt ooVE |
2 2
In particular, (d,d*, (—1)%) € Lo(A), and by A it follows that (d,d*,o) € Lo(A)
if and only if o = (—1)*.

The above formulas show that e has half-integral coordinates if and only if
2t qr_1, and in this case the diophantine equation |dx? —d*y?| = 4 has a solution

2
) and ea = (=1)F +
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(r,y) € Z? such that (z,y) = 1, namely (z,y) = (sk,qx_1). Assume now that
there exist x, y € Z such that (z,y) =1 and da? — d*y?> = o € {£1}. Then

o 20 + d*y? 4+ zyVA
B 2
is half-integral, and N () = 1, which implies that £ € OX \ O}5. Since OX # OfA
if and only if ea has half-integral coordinates, it follows that ea has half-integral
coordinates.

4. Suppose that (d,d*, o) € Lo(A), and let x, y € Z be such that dv?—d*y? = 40.
If r =y =0 mod 2, we set x = 21, y = 2y;, and we obtain dz? — d*y? = o. Thus
assume now that z =y = 1 mod 2. Then we set

(dx? — 30)x
2

€ Oa

(dx? — o)y

and y; = > ,

Tr1 =

and we assert that drz? — d*y? = 0. For the proof, we start with the identity
640d® = (d*2* — Ay?)® = [do(d®z? + 3Ay%)]* — Aly(3d%z? + Ay?)]?.
Now we find
dr(d®a® 4+ 3Ay?) = dr[dd®a® — 3(d*2? — Ay?)] = dx(4d*x? — 12do)
= 4d%z(dx? — 30) = 8d%r;
and
y(3d%z? + Ay?) = y[dd®2?* — (d*2® — Ay?)] = y(4d*2? — 4do)
= 4dy(dz® — o) = 8dy; .
Hence it follows that 640d® = 64d*2? — 64d>y} A, and therefore o = dz? — d*y?.

Suppose now that [ is even. Then there exists some (d,d*, o) € Lo(A) such that
1 < d < d*, and, as we have just proved, this implies that (d,d*,1,0) € L(A). By
Theorem 4.3 it follows that I* is even, and if I* = 2k*, then o = (—1)F = (=1)*,
which implies [ =" mod 4. O

Remark 4.5. The Theorems 4.3 and 4.4 are closely connected with the results
of R. A. Mollin in [13], in particular with his Theorems 3 and 9. There he derives
a close connection between the fundamental solutions of pellian and antipellian
equations in terms of continued fractions.

5. APPLICATIONS

Theorem 5.1. (compare [13, Theorem 5 and Corollaries] ) Let ¢ =3 mod 4 be a
prime and A = 4q" for some odd r € N.

1. Then I(\/q) = 2k is even, 1(\/q") =1(\/q) mod 4, and there exists exactly
one o € {1} such that the diophantine equation
1 if ¢=7 modS8,

2 _¢"y? =20 is solvable, l =(-)F=
T qy o s solvable, namely o = (—1) -1 4if ¢=3 modS8.

2. If en =u+vq", where u, v €N, then 2|u and N(sa)=1.
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Proof. 1. By Theorem 3.3, N(ea) =1 and I(\/q" ) = 2k is even. By Theorem 4.3,
applied with D = ¢", there exists a unique o € {£1} such that the diophantine
equation 22 — ¢"y? = 20 has a solution (x,y) € Z2, namely o = (—1)¥. Hence

L= (2(—1)’“) _ (71),6(2)7 ond o = (—1)" = { 1 %f ¢g="7 mod8,

q q —1 if ¢g=3 mod38.
Therefore the parity of £ does not depend on r.

2. Let (pn)n>—2 the sequence of partial numerators and (g, ),>—2 the sequence
of partial denominators of /g". Since (1,q",2,(—1)¥) € L(q"), it follows that
Pro1—q"qk_y = 2(—1)*, hence 24 ¢q_1, and en = (—=1)*+¢"¢}_, +pr_1qx-1VD,
which implies u = (—1)* + ¢"¢?_; = 0 mod 2. O

Theorem 5.2. Let g = 3mod 4 be a prime and r € N. Then 1(/2q) = 2k is
even, 1(/2q") = 1(v/2q) mod 4, and there exists exactly one o € {x1} such that
the diophantine equation

1 ) =7 ds8
222 — q"y? = o s solvable, namely o = (—1)* = Zf a4 Hocs,
-1 i ¢g=3 mod38.

Proof. Note that [(1/2¢" ) = 2k is even by Theorem 3.3. By Theorem 4.3, applied
with D = 2¢", there exists a unique o € {£1} such that the diophantine equation
222 — ¢"y? = o has a solution (z,y) € Z2, namely o = (—1)*. Hence

1_(2(_1)k>_(_1)k(z)’ and a—(_1)k—{1 if g=7 mod8,

q —1 if ¢g=3 mod38.
In particular, the parity of & does not depend on r. ]

Theorem 5.3. (compare [13, Theorem 10]) Let ¢ and g be odd primes and A =
4p"q® for some odd r, s € N such that p" < ¢°.

1. If N(ea) = —1, then the diophantine equation |p"2z*—q*y*| =1 is unsolv-
able.

2. Suppose that N(epa) =1 and 1(\/p"q°) = 2k. Then there exists precisely
one o € {&1} such that the diophantine equation p"z? — ¢°y? = o s
solvable, namely o = (—1)*. In particular,

-1 k -1 k+1
(( )p):(( ) Q):l.
q p
Proof. By Theorem 4.3, applied with D = p"¢°. O

Theorem 5.4. Let p and q be primes and A = 8p"q® for some odd r, s € N. If
N(ea) =1, we set 1(\/2p"¢%) = 2k.
1. Let p=1 mod 8 and ¢ =5 mod 8.
(a) The diophantine equations |2z —p"¢*y?| =1 and |2p"2% —¢°y?| =1
are unsolvable.

(b) If N(ea) =1, then there exists precisely one o € {£1} such that the
diophantine equation p"x? — 2¢°y? = o is solvable, namely

(—)F  if pr<2¢®, D
T=19 ¢ kil ip B and (7) =1,
(=1 if p">2¢°, q
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(c) If N(ea) = —1, then the diophantine equation |p"z* —2¢°y*| =1 is
unsolvable.

2. Let p=3 mod 8 and ¢ =5 mod 8 (then N(ea)=1).
(a) The diophantine equation |2z2 —p"q*y?| =1 is unsolvable.

(b) Ezactly one of the two diophantine equations
2prx2_qsy2:_(£> and prm2_2qsy2: (E)
q q
1s solvable, while the two diophantine equations
2p7‘x2_qsy2: (8) and prx2_2qsy2:_(2>
q q

are both unsolvable.
3. Let p=3 mod 8 and ¢ =7 mod 8 (then N(ea)=1).

(a) The diophantine equations 21> —p"¢*y*| =1 and |p"2? —2¢°y?*| =1
are both unsolvable.

(b) There exists precisely one o € {£1} such that the diophantine equation
2" 2% — ¢°y? = o is solvable, namely

) =DE i 2 < gt P\, s oy
- { (=DFFEif 2p" > ¢, and (71)]{:(5)((1 — %) >0.

(¢) (compare [13, Corollary 10]) If ea = u + v\/2p"¢%, then v is even,
and
)= (-
(;
Proof. We apply Theorem 4.3 with D = 2p"¢®. If N(ea) = 1, then exactly one of
the six diophantine equations
(1) 22%—p"¢*y? = +1, (I) 2p"x?—qy* = +1, (III) p"z?—2¢°y? = +1
is solvable. Otherwise, if N(ea) = —1, then p = ¢ = 1mod 4, and all these
diophantine equations are unsolvable.
1.(a) If z, y € Z are such that 22% —p"¢°y? = o € {£1}, then 222 = o mod g,

and therefore
o 2
1=(3) =)
q q
a contradiction.
If 2,y € Z are such that 2p"z% — ¢°y?> = o € {&1} , then the congruences
2p"2%2 =0 mod ¢ and ¢°y? = o mod p imply that

=G )=-(0) wi =)= (D)

which contradicts the quadratic reciprocity law.

(b) By (a) and Theorem 4.3, there exists exactly one o € {1} such that the
diophantine equation p"z? — 2¢°y? = o is solvable, and o = (—1)* if and only if
p" < 2¢°. In particular, it follows that

=) 2)

¢) By the preliminary remark.

2.(a) Asin 1.(a), since 2 is a quadratic non-residue modulo g.
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(b) By the preliminary remark, exactly one of the four diophantine equations
2p 2% —¢*y? = £1 and p"z?—2¢°y? = +1is solvable. Let z, y € Z and o € {£1}.
If 2p"2% — ¢°y? = 0, then 0 = —¢°y? mod p and therefore

-(3)=--()=-¢)
c=(—)=—(= 77(7 .
p p q
If prx2—2q3y2 = o, then UE—QqsyQ mod p and therefore
-(2)=(51 =)=
c=(—)=(—)=(=)=(>).
(p P p) q>

3.(a) If 2, y € Z are such that 222 — p"¢*y? = o0 € {£1}, then 222 = o mod p
and 222 = ¢ mod ¢, which implies

-1= (%) = (%) = (%) = (S) =1, a contradiction.

If x, y € Z are such that p"z? —2¢°y? = 0 € {£1}, then p"2? = 0 mod ¢ and

—2¢°y? = o mod p, which implies

o= (%) - (‘72‘1) - (%) - f(g) — ,(g) — —o, a contradiction.

(b) By (a) and the preliminary remark, there is exactly one o € {£1} for which
the diophantine equation 2p"z? — ¢°y?> = o is solvable, and by Theorem 4.3 we

obtain o = (—1)* if and only if 2p” < ¢°. If z, y € Z are such that 2p"z?—¢°y? = o,

then 2p"z? = o mod ¢, and therefore

o= (%) = (%7) = <§) ,  which implies (—1)’“(%;)((]S —2p") > 0.

(c) Let (pn)n>—2 the sequence of partial numerators and (g, )n>—2 the sequence
of partial denominators of /2p"¢*. For g € Z, we denote by va(g) the 2-adic
exponent of g.

Assume first that 2p” < ¢*. Then (2p",¢%,1,(—1)%) € L(2p"¢®), and it follows
that pi_; —2p"¢°qz_y = (=1)*2p", 2|pr-1, 2{qr-1, and
ea=(-1)F+2¢°¢_, + %\/W, which implies v = %
and va(v) =va(pr—1) > 1. Since
P =20" (D + i, ] = 2[1 - (=1)*] mod 8,

it follows that 4|px_1 (and thus 4|v) if and only if 2|k, and therefore
DY _ vk _qyu/2
(7) =0 =,

Assume now that ¢® < 2p”. Then (¢°,2p", 1, (—1)*) € L(2p"¢*), and it follows

TS 2

that p? | —2p"¢°q?_, = (—1)*q¢*, hence 2 py_1, and
2Dk —1qk—
ea=(—DF +4p i , + %\/Qprqs , which implies v
q
and va(v) = va(qr—1) +1 > 1. Since

Proa=a"[20"qi_1 + (=1*] = 2¢;_, — (-1)* mod 8,

it follows that 2¢? , = 1+ (—1)* mod 8. Hence 2|gr—1 (and thus 4|v) if and
only if 21k, and therefore

_ 2pk—1qK—1
==

(7)== 0
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