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Element decomposition

Assume: Finite element simulation over a complicated domain using an
unstructured mesh.
@ Main Strategy: Domain decomposition of the mesh.
» Elements are distributed onto different processors
> Graph partitioning problem: METIS/PARMETIS software
» Communication setup requires global node numbers and local element
connectivity
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General Parallelization - Operators

The linear system of equations
Kh-u, = £,

resulting from a (FEM-) discretization of an elliptic spd. operator, i.e..
@ Kj, is unstructured, sparse and has a large dimension,
o Kj is symmetric, i.e., Ky = K|,
e K positive definite, i.e., (Ky- vy, v,) >0  Vy, e RV v, #£0
has to be solved in parallel:
@ iterative solvers
@ multigrid as preconditioner

@ AMG as preconditioner

Gundolf Haase (KFU Graz) Extended LinAlg Graz, Nov 2025 3/16



General Parallelization - Operators

accumulated distributed
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Parallel linear algebra works great for distributed matrix K stored as K.
What about operations with an accumulated Matrix 9t stored as 91,7
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Some definitions: classes of nodes

Set of subdomains among node

3;m---m:m-m-m-i; :49 X[’] is shared:
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Ex. o ={12)  w(c)=1{3,4,510,11,12}
ol =24y (ol ={20,21,27,28,34,35}
ol = {2} w({2}) = {6,7,13,14}
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Matrix Patterns and their Application

The following operations can be performed in parallel without any communication:
f=K-.u

Matrix 91 fulfills the pattern condition:
Vijew: ol goll = =0  j¢—j

= i)jtm
= WT-E

K = " K. m|
Theorems/Proofs [Haase]
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Admissible Matrix Operations

My 0 0
M = | Mgy Mg 0 =M +NDp = u=N-w
My DMe Ny

Pattern condition ¢l Z oll — M =0 has to be fulfilled in all
submatrices!!
Allows operations as (Parallel ADI [DouHaal)

P
o= M-wc= (M4 Mp)-u+ Y ATMy R -1,

s=1

or, for M = £~ . 4! ([Haase])

P
w o= e =gy AT
s=1
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Parallel Iteration Schemes to Solve

@ Richardson iteration:

P
= Z (f—K-u
P
@ Jacobi iteration with © = 3" diag {K,}:
s=1

P
L_léﬂ—l — Llﬁ + w@s—l Z (f —K 'le)
q=1

q

@ Incomplete factorization 8 = 4[- £ +A:

P
w = Y U (- Ke)
g=1
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Parallel Multigrid : pmG (K, u,f,?)

if / == 1 then
SSATKA -u = f > Coarsest grid solver
s=1
else
1<+ SmooTH(K,u,f,v) > e.g., Jacobi iteration
d«f—K-u > Defect
d”? 7 -d
wh«0
pmGY (KM wH, d" 0 —1) > Get the correction
W« P-wf > Interpolation
Ueu+mw
u <« SmooTtH(K, 1, f, v) > e.g., Jacobi iteration
end if
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Recall: Main Parts of AMG

(i) Coarsening:
wh = w'& Uw,’l— .
(i) Interpolation weights:
P = {aj}icun jewr * RY =R
(iii) Coarse matrix:

K =pPT.K.P

(iv) (i)-(iii) recursively applicable.
(v) Apply the standard MG-procedure.
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|dea for Parallelizing of AMG setup

parallel MG < interpolation ‘B has to fulfill the pattern condition

I
KH — q3T - K -3 can be used in PMG(KH,EHnyaE -1).

I

Idea

Control of coarsening and interpolation
such that the pattern condition is fulfilled for 3.

[Haase]
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Coarsening in sequential AMG

(we,wr) COARSE({S;;’T},wC,wF)

while wc Uwr 2 wy do
k — Pick({S; 7}, wh \ (we Uwr),
if ST+ 1S5 Nwe| = 0 then
wWr — wrp U (wh \ w(;)
else
we +— wec U {k}
WE — wrp U (S:’T \wc)
end if
end while
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Controlling the Pattern in the Coarsening Process

COARSEP ({S'}, wm,wa,w,,wc,wF)

pattern __
Ki K’ ®, active nodes
active nodes: - visible nodes

©,  grouped nodes

w, ={i cws : ol =0y},
O invisible nodes
@ visible nodes:

wy ={i € ws : oll ¢ ok}, -
grouped nodes:

wg = {i € ws : ol 5 Ok}

@ invisible nodes :
ws \ (wa Nwy Nwyg) -
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Coarsening on Subsets of Nodes in Parallel AMG

(we,wr) COARSEP({S,';’T}, Wiy Wa, Wy, WC, WF)

while wc Uwr 2 w, do
k +— PIck({S; 7}, wm \ (we Uwr), wr)
if ST+ 1S5 Nwe| = 0 then
wr +— wrU (w,s \wce)
else
we + we U{k}
WF +— wrp U ((S:’T \ wc) Nw,, )
end if
end while
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ParCoarse({S"7}, ws, wc, wr)

Determine the list [o],_; .

..,mcg
(= Communication groups).
forall k =1,...,mcs do
wa 4+ {i € ws : oll = o}
wy + {i € ws : ol c ok}
wg + {i€ws : ol Doy}

if s ==Roor(o) then
COARSEP ({S"7}, wa, wa, wy, we, Wr)
Wm — wec Nw,
end if
end for
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Extended LinAlg

forall k=1,...,mcs do
wWm < BROADCAST(0%, wm)
if st =RooT(ok) then
COARSEP ({S"T}, W, Wa, Wy, WC, WF)
end if
for all i € w, do
if i € wr then
SPT TN (w,Uw,)
else
ST ST (w,Uwy)
end if
end for
end for
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Parallel AMG:
{K, ‘,Bf COARSELEVEL « PARSETUP(Kp, wh, £)

if ||wD > COARSEGRID then
K* « Kh

= P _
R (ES:l(Aﬁ)TKSA£> pattern

{571 + GETSTRONG(R)
({S*T},we.wr) < PARCOARSB({S™T}, )

B WEIGHTS({Si’T}e R, we, wr)
Ky « (mZ)TKlmE
WH < W¢
PARSETUP(Ky, wp, £ + 1)
else
COARSELEVEL <« /
end if
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