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Numerical solution of fr
FEM for fractional PDEs (FPD
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Numerical solution of fr
FEM for fractional PDEs (FP

Definition 16 ([49]) Let u > O,u#n—1/2,n€N. Define the semi-norm

|
{
ul 1y = 1(RLDfg ctt(x), RLDY, (X))

and the norm

2

1/2
,
g = (Il * )

and let Jg'(Q) (or Jg.()(Q) ) denote the closure of C™(Q) (or C(‘")"(Q)) with respect to)
1112 )
S
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Numerical solution of fr

FEM for fractional PDEs (FP

Definition 17 The Fourier transform of ue L*(R) is defined as

(w)=F(ulx)) = f e “*y(x)dx.
R

Definition 18 ([116, 131]) Let u > 0. Define the semi-norm
lulgee) = llwlall 2@,

and the norm

1/2
7, 9
el ey = (Ilullzg(m, + Iuli;mr»_)) ’

where i(R) is the Fourier transform of function u. And let H*(R) (or H{)' (R)) be the

closure of C*(R) (or C;°(R)) with respect to || - || gu(w).
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Numerical solution of fr

‘ FEM for fractional PDEs (FPDE:
Lemma 5.1.1 ([49,50]) Let u> 0, ue L(R), p>1. The Fourier transform of the left
and right Riemann—Liouville fractional integral and derivatives satisfy:

F(reD_L, u(x) = (iw) i, F (gD ott(x)) = (=iw) i, (5.1)

and
T/ M il 2N e T DA . I XN 2 NN (& N\

Lemma 5.1.4 For pu > 0,u#n—-1/2,neN, the spaces J‘Z(R) and J_‘Sf (R) are equal
with equivalent semi-norms and norms.

Lemma 5.1.5 Let 1> 0, p#n—1/2,neN. Then the spaces J§ (Q) and H,(Q) are
equal, with equivalent semi-norms and norms.

Lemma 5.1.6 Let 1 > 0. Then the spaces J; ((Q), Jp (Q), and Hy(Q) are equal.

Also, if u#n—1/2,n€N, the spaces Jy ((Q), Jp ((Q), J§ ((Q), and H}(Q) have equiv-
alent semi-norms and norms.

Lemma 5.1.3 ([49]) Let i > 0 be given. The spaces J‘Z(R), J%(R), and H'(R) ard
equal with equivalent semi-norms and normes.
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Numerical solution of fr

FEM for fractional PDEs (FPD

Lemma 5.1.7 (Fractional Poincaré-Friedrichs |49)]) For u EJ‘Z_O(Q), 0<s<u, on
has

and for uej‘; 0(Q),u > 0, we have

il < Clid it . (5.14

Lemma 5.1.8 The left and right Riemann—Liouville fractional integral operators ard
adjoints w.r.t. the inner product in LE(Q),Q =(a,b), ie.,

- —{ 2
(Duf\.zl,\')L:(Q) = (i, D Vi2q)y UVEL(Q), u>0.

x.b

Lemma 5.1.9 ([64]) For 0 <B.y <1, ifu(x) € H'(Q),Q = (a.b), then

RLDY « RED) cu(x) = RLDﬁf\-yU(-\')- (5.16)
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Numerical solution of fr

FEM for fractional PDEs (FPD

Lemma 5.1.10 ([94, 171, 175]) Let 0 < B <2, Q = (a.b). Then for any ueHg(Q)
veHg/:(Q), we have

) /2 /2.
( RLD{’,,_‘.u, V)2 = (RLD?:..\- llaRLDi[, V)12(q)

/2 }2

Lemma 5.1.11 (|94, 175]) Let O < B < 1, Q = (a,b). Then for any ue HP(Q);
ve HP2(Q), ula) =u(b) =0, we have

_ /2 /2
(ReD; it V)2Q) = (Dl 1 ’RLDe,b V)2
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Numerical solution of

FEM for fractional PDEs (F

Lemma 5.1.12 (Gronwall’s inequality ) Let a(t),q(t) € L[to.t1], u(t),b(t), t € [to.11]
be real valued continuous functions; b(t) and ¢(t) are nonnegative functions satisfy

ing

u(t)Sa(t)+q(r)fb(s)u(s)ds, Yt e [tg.11].
10

Then we have

!
u(t)<a(r)+ q(r) a(s)b(s)exp(f q(r)b(r)dr)ds, Yt e [t 1]

1)
Lemma 5.1.13 (Discrete Gronwall’s inequality ) Let x, be real positive numbers|

H,C,At >0, xo <H. x, satisfies

n—1

x, <CAt Z X+ H.
k=0

Then we have

X, SHexp(CnAt). )




Numerical solution of

FEM for fractional PDEs (FP

 Riesz fractional diffusion equation |
e
0ime s ot smrs | "
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Numerical solution of fr
FEM for fractional PDEs (FPD

1D time-independent equations : RL advection-dispersio
Lu=-Da( pDa'f + qD;‘: )Du+b(x)Du+c(x)u=f, xe€Q=(xr,xg)=(0,1

b(x)eC' Q)] =0, x€dd c(x)eCQ) with c —Db/2>
a>0 0sp<| |pt+tg=10<pgsl]

Let 2 = (x7,xr) be a general finite domain, and denote by (-, ) the inner product

on the spacewith the L% norm ||-|| and the maximum norm ||-||... Denote(H” (Q)

and[H(€Q)as the commonly used Sobolev spaces with the norm [|- [, and semi-norm

|- |-, respectively. Define [P.(£)]as the space of polynomials defined on Q with the

degree no greater than r, reZ™. Let S, be a uniform partition of ), which is given by

Denote by 4= (xg —xz)/N = x; — xi—1 and ; = [xj-1, x;] fori = 1,2,---,N. We define
the|finite element space X;|as the set of piecewise polynomials with degree at most
r (r>1) on the mesh S, which can be expressed by

X; ={v:vlg. €P.(Q;),veC(Q)).
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Numerical solution of fra
FEM for fractional PDEs (FPD

1D time-independent equations : RL advection-dispersion

Introduce the piecewise interpolation operator I, : C(Q) — X as

r

1;,u|Q_ = Zu(.x'};)F,';(.\‘). ueC(Q),
k=0

where F ,’;_(.\‘) are Lagrangian basis functions defined by

r

. xX—x
Fiw= [] 2% =12

d
1=0.0%k Xk ~ X1

and {x! .k =0,1,---,r} are the interpolation nodes on the interval Q; with x{, = x;_{
and x%. = x;.
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Numerical solution of fra

FEM for fractional PDEs (FPD

1D time-independent equations : RL advection-dispersion

Define ¢' (i =0,1,-+-,N) and«pj\,(kz 1,2,---,r—1i=1,2,---,N) as
,. Fi(x),  x€lxinx], k=1,2,---,r=1,i=1,---,N,
¢ (x) =
0, others,
’Ff.(.x‘), x€lxi-1,x), i=1,:--,N-1,
¢'(xX) =S Fif'(x),  xelxixisrl, i=1-,N-1,

0, others,
Fi(x). x&[x0,x1],
c,o“(.\') _ { 0
0, others,

o™ (x) =

F,N(x) X€E[xn-1,xN],
i others.
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Numerical solution of fra

FEM for fractional PDEs (FPD

1D time-independent equations : RL advection-dispersion

!
Let Xm

Xpo =span{gl.k=1,2,-,r=1,i=12,-- ,NjU{g,i=1,2,--- \N-1}]
X, =spanf{gl.k=1,2,--,r—1,i=1,2,---,Nju{g,i=0,1,---,N}.

= X’ N H ,(€2). Then the spaces X 10 and X; ¢ " can be expressed as

i

o (x), j=@-Dr+k k=1,2,---,r—=1,i=1,2,---,N
¢'(x), j=ir,i=0,1,---,N.

Xpo = span{pj,j = 1,2,--- ,Nr— 1} X; = span{$;,j=0,1,2,--,Nr]
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Numerical solution of fra

FEM for fractional PDEs (FPD

1D time-independent equations : RL advection-dispersion

| . . ~
The orthogonal projection operator 11 ,ll'“ : H(')(Q) — Xj , 1s defined a

(O —T0u),0,v) =0, ueH)(Q).YveX!,.

Lemma 5.2.1 ([9)) Let m,reZ*,r>1, andu e H"(£2)N H(')(Q). If1<m<r+1, then
there exists a positive constant C independent of h, such that

et = TU el g1y < CR™ Nl meqy,  0<I< 1.

Lemma 5.2.2 ([3]) Let m,l be nonnegative numbers, reZ",r> 1, and u € H"(Q). If
0<I<m<r+1, then there exists a positive constant C independent of h, such that

et = Itellggr o < CH" ' tllgmey,  0<I<1.
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Numerical solution of fra

FEM for fractional PDEs (FPDE

1D time-independent equations : RL advection-dispersion

é—Da(pDaﬁ_ +qD;ﬁ )Du+ b(x)Du + c(x)u :fI ;§ \ EC‘”(SZ |

i (—D(apD(—)[i - an:[i)Du + b(x)Du + c(-\')u) vdx = ffvdx
;J Q ; - Q

i a(pD,, +qD ﬁ)DuD\ +b(x)Duv+c(x)uv|dx= | fvdx
0.x o

Jo

C) = oy =1 Hlz2ey - br = 1 lar@) |- Ul = 1L a7 @)

g 0<pB<1andu=0ono€
— D,”Du = gDy Pu. DD, Du = gD i

D \Du= gD, Pu. DD ADu=p, D u
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Numerical solution of frac

FEM for fractional PDEs (FPDEs

1D time-independent equations : RL advection-dispersion e

a=1-8/2 1/2<a<1
A Hg(Q)XHg(Q) — R

A(u,v) = ap(Daiu, Dv) + aq(D;ﬁDu, Dv) + (bDu,v) + (cu,v)
feH " (Q) F :HS(Q)HR F(v)=(f,v)

1 Variational (weak) formulation (problem) |

A(u,v) = F(v),  vEH(Q)
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Numerical solution of fr

FEM for fractional PDEs (FPD

1D time-independent equations : RL advection-dispersio

Definition 20 ([3]) Let (V.(-,-)) be an inner-product space. If the associated norme
linear space (V. || -|lv) is complete, then (V, (-,-)) is called a Hilbert space.
Definition 21 ([3]) A bilinear form A(-,-) on a normed linear space H is said to b
bounded (or continuous) if there exists a positive constant C such that

A, w) <C||[alIWll#, v, W€ H,
and coercive on 'V C H if there exists a positive constant cq such that

;
A, v) > collvllz. veV.
Theorem 34 (Lax-Milgram Theorem (3]) Given a Hilbert space (V, (-,-)), a contin-

uous, coercive bilinear form A(-,-) and a continuous linear functional FeV’, V' is
the dual space of V, there exists a unique u€V such that

A(u,v) = F(v), ve V. (5.26)
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Numerical solution of fr

FEM for fractional PDEs (FPDI

1D time-independent equations : RL advection-dispersio

l Theorem l

\|u|| e (@) S CILf || g2

In order to prove the uniqueness of the solution u to the variational problem, we
need to prove that the bilinear form A(-,-) is continuous and coercive. We first prove
the coercivity. Using c — Db /2 = 0, it is easy to obtain

A(u,u) =ap(Dy,Du, Du) + ag(D } Du, Du) + (bDu, u) + (cu, 1)
=ap(D,"Du,Du) + ag(D /{Du, Du) + (¢ = Db/2)u, u)

>ap(Dy u, Du) + ag(D; Du, Du),
Noticing that u = 0 on 9{) and using some previous Lemmas, we have

= 2 (
(Dof\ Du,Du) = (Doi : Dy .u,Du) = =(Dg .u, DY u) Proof
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Numerical solution of frac

FEM for fractional PDEs (FPDEs)

1D time-independent equations : RL advection-dispersion eq

(D /{Du,Du) = —(D? ,u, D§ ).
Therefore,
2
A(u,u) 2 —a(Dg u, DY ju) = aluljo g
The semi-norm equivalence of /5, (2) and Hy (£2) implies that
2 2
A(u,u) ZaILtIJg(Q) > CIuIH(,,(Q).
Since u = 0 on 9d(), from fractional Poincaré-Friedrichs inequality, we have

2 2

Hence,
2
A(Ll, U) 2 CO”””H“(Q)

Next, we prove that the bilinear form A(:,-) is continuous. We get
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Numerical solution of frac

FEM for fractional PDEs (FPDEs

1D time-independent equations : RL advection-dispersion eq

A, v)| <apl(Dy" Du, Dv)| + agl(D ;Du, Dv)| + [(bDu, v)| + | (cu, v)|
=apl(Dy ., DS V)| +ag|(DS ;u, Dy V)| +[(bDu, v)| +|(cu,v)|

<apllull jo o lVllye @) + agllull e @)lvile @)
+ Cllul| o)l IV e @) + lellLe@llull 2oy V2 )

< Cl|lul|ge @) lIVIIH Q)5

where we have used ‘ o
|bul| ey < Cllul|ge(q) for be C(Q)

For the linear functional F (v), we have

|[FW)| = (I L -l e ).
Therefore,

2
Cllullzra(q) < 1AW, W < Crll fll e llull o)
The proof is completed by using the Lax-Milgram Theorem.
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Numerical solution of fra
FEM for fractional PDEs (FPD

1D time-independent equations : RL advection-dispersion

Finite element method (FEM)

Find u;, € X, ,, such that

| Theorem (Cea’s Lemma) l A(up,v) = F(v), VEX),.

|t — upl|e @) < Cllu —Vllge@), VYveX]

Obviously, we have . Proof
Alu—up,v) =0, YveX,.

Then, we can write
| |

||t — L‘h”%ﬁr(g) = C—OA(u —Up, U— Up) = —OA(u —Up U— V), + V), —Up)
: p wn, v € X, 4
=—Au —up, u—vp) < =l — upl|gellte = villge @)
Co Co
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Numerical solution of fr
FEM for fractional PDEs (FPDE

1D time-independent equations : RL advection-dispersio

Theorem (H” error estimate)

[l — upllge @) SCh ™ lullgr
Using the Cea’s Lemma, we have
et = upll e @) < Cllu = Inull go) < Ch™™llullgrq)

Proof

—Da(pD, ’8+qD ‘B)Dw+b(x)Dn +cx)w=g, x€
0, xeoQ. |
g=e—u—uu_>p4(w v) = (e, V), ve Hy (Q)
3
||W||H2(1(Q)<C”€”L (Q)* for « * Z|
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Numerical solution of

FEM for fractional PDEs (FPC

1D time-independent equations : RL advection-dispersi

Theorem (L2 error estimate)

[l = unllp2 ) <CH llullar @

Substituting v = e = u — uy, in the new variational problem, and applying Galerkin
orthogonalityA(e,v) = 0, VVEX]:O, we have

lell2qp) =A(e:w) = Ae,w = Iyw+ Iyw)

=A(e,w — Iw) < Cllel|ge)llw — Iwllge@)
< Ch®|lellgo@)lIwllg2e )

<Ch"lellge(ollellz2(q)-
It follows that||u — usl|;2(q) < Ch®|lu — upllge ) < Ch'|lullgr(@). Proof
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Numerical solution of frac

FEM for fractional PDEs (FPDEs

1D space-fractional equations : Riesz fractional diffusion eq

(O = gzD2%u+ f(x,0), (x,1)€Qx(0,T]]

| A= gla),  Feld 1/2<a<1.Q=(a.b)

u =0, (x,1)edQx(0,T], | |
(01, V) =(RZD2”U v)+(f,v) ]vEH (Qj

= ’)(P(RLD([ \“ RLD

\,)\)+(RLD 1, r.DY, \1)+(f,1"
! Variational (weak) formulation (problem) |
Find U(r) = U(-,1)eHy (L) U(0) = u(0)
0:U,v)+AU,v) = (f,v), VveH,(Q)

v)+ (DY u, g DY

x.b (l\ )]

A, v) = c2q [(RLDY u, rL D

a.x x.b
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Numerical solution of

FEM for fractional PDEs (FPC

1D space-fractional equations : Riesz fractional diffusi

Theorem

IU@IF+C ||U(s)||,,n(mds<||u(0)||2+— I|f(s)||2

In order to prove the uniqueness of the solution u to the variational problem, we
need to prove that the bilinear form A(-,-) is continuous and coercive. It is easy to

verify that |A(u, V)| < = 2o (KRLDMU RLD(YbV)I‘*'l(RLDabu RLD V)|)
< —C2 (Iuljg(Q)|V|Jg(Q) il |L‘|J;$(9)|V|JE(Q))

< Cllull e @IVl e (),
i.e., the bilinear form A(:,) is continuous. For coercivity, we have Proof
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Numerical solution of frac
FEM for fractional PDEs (FPDEs)

1D space-fractional equations : Riesz fractional diffusion equ

A(u, u)=2c24(rL Dy 1, rL DS

L p)=2c2q cos(am)||r Dy, \Ll||L 2(®)

_”RLDa \u”L (R) = |u|H(r(Q)
ZC”U”H(:'(Q),
where 1 is the zero extension of u outside (). Letting v = U in the weak formulation
yields 1 d )
(0:U,U)+AU,U) = EEIIU(T)H“ +A(U,U) =(f,0).

Therefore we have

- dnU(r)n + Col UM go(n < - Ilf(f)ll +ellU@IP < ||f(r>||2+e||U(r)||i,w(m

where € is a suitable positive constant. By choosing € = CO/Z and integrating over

(O’ t) ! 1 1
IU@I* +Co f 1U (5770 A5 < lu(O)IF + = f £ (s)II* ds.
0 0 Jo
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Numerical solution of frac

FEM for fractional PDEs (FPDEs)

1D space-fractional equations : Riesz fractional diffusion equ

Next, we prove the uniqueness. Suppose that u and w are two solutions to the weak
problem. If e = u — w with e(0) = 0 then(d;e,v) + A(e,v) = (. Hence, we have

[
eI +Co [ (s d5 <0
which yields e(t) = 0, i.e., u = w.

Semi-discrete approximation |

Find up, = up(-, 1) EX;;’O such that
(Orutn,v) + A(up,v) = nf,v), VYveXy, V=
with 1nitial condition u;,(0) = [,u(0)

de(r
(M)ij (i, 4)11 M —— al +SC(1)—F(T%‘I (5 )1J—A(¢l ijj
e X dt C @ (X))

c(t) = (c1(t).cr(t). -+ .cnr1(1)) ] =0 (1); = Unf(1).0))
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Numerical solution o

FEM for fractional PDEs (

1D space-fractional equations : Riesz fractional diffu

i

|
lun(DI* +C ||uh(s)||m(mds len(O)IF + = ||1hf(s)|| ds

Theorem (Error estimate)

t 1/2
L () = un($)|[fpaey ds|  <Ch™*17°
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Numerical solution of frac

FEM for fractional PDEs (FPDEs)

1D space-fractional equations : Riesz fractional diffusion equ

‘ Fully-discrete approximation |

Find u”eX,’O,n =1,2,---,ny, such that

n—= 1

<(5,uh : v)+A(uh,\):(Ihf”,v), YveXy,,

n—l
(Srll =
Al‘

' CN fully-discrete approximation |
|
Find u”eX;o,n =1,2,---,n7, such that },"" 7 _
h )
( _]
]
<(5¢Llh -,v)+A(u, V) =Unf(t,_1),v), YveX,

2

n—1
“h +”h

0
\uh — I/i¢09
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Numerical solution o

FEM for fractional PDEs (

1D space-fractional equations : Riesz fractional diffus

| Theorem l
k
k2 01,2 )
1 0y < Cllf Iy ) + CAL Y 11"

Theorem (Error estimate)

e t3) — 1 || ey < C(AL+ A+
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Numerical solution o

FEM for fractional PDEs (

1D space-fractional equations : Riesz fractional diffus

| Theorem l
k
k2 02 )
e ey S Cll 30y + CAE D 1f e,

Theorem (Error estimate)

T Al (o a Y, R
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Numerical solution of frac

FEM for fractional PDEs (FPDEs

1D time-fractional equations : RL/Caputo fractional diffusion

(leD) u = Ky 07u+g(x.1), (x.1) € Qx(0,T]
u(x,0) =odo(x), xel,
\u(x,1) =0, (x,1))edQx(0,T],
Q=(a,b),K,>0and 0 <y < |
‘ Semi-discrete approximation |
Find un(7) € X}, such that
{ (et v) + Ky(RLDy Osutn, 0xv) = (nfv),  veXp,

{ (CD())/JUIH V) + Ky(a.\‘uha oxv) = (Ing,v), Ve X;;(),
1, (0) = T1, Vo ().

L
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Numerical solution of frac

FEM for fractional PDEs (FPDEs

1D time-fractional equations : RL/Caputo fractional diffusion

M% K SRLD(” Cc(7) = F(f)l
McD}y () + KySe(r) = G(1)

e(r) = (¢ (Do) s enp1 (1))
(S)ij = (0x¢i,0:9;)
(M)ij = (¢is ;)
(F(1)); = (f(1).0))
(G(1); = (g(1).0;)
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Numerical solution o
FEM for fractional PDEs

1D time-fractional equations : RL/Caputo fractional ¢
Theorem (Error estimate)

~

lup () — u(D|)> < Ch>" 2 {|u(o)||? + Ch2+2

Hr+l(Q)
Theorem (Error estimate)

(195, a1y + I 1) I

[
le D} up(s) = u(s))|Pds < Ch*?
i ’
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Numerical solution of frac

FEM for fractional PDEs (FPDEs)

1D time-fractional equations : RL/Caputo fractional diffusion e

CN fully-discrete approximation for the RL problem

Find u, € X , torn=0,1,---,ny — 1, such that
f
G, v) = [ bo(@uai, ™, 0,0) + Z(bn = bY@t 7,0.)
4 .
+ (b, — B,,)(0, u 6 W)+ A0, uh,@ v)]+(1;,f(rn+|) V), YveX,,
) =11, ¢, _ y(n+1/2)"!
h— An - Bn T r(1+y)
P — l [(n +1)Y - n)’] = [(n +1/2)" - n”]
I'(1+7y) ’ I'(1+7y)
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Numerical solution of

FEM for fractional PDEs (FPI

1D time-fractional equations : RL/Caputo fractional diffu

| Theorem l

7 k112
I~ +C max [[f"]|

nn2 012 U
u S u +A[YK 6 u
[l |17 < loe, yllOxu, O<k<n

Theorem (Error estimate)
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Numerical solution of fract

FEM for fractional PDEs (FPDEs)

1D time-fractional equations : RL/Caputo fractional diffusion e

L1 method for the Caputo problem
Find u;, € X}, torn=0,1,---,ny — 1, such that

(6(7)11 V) + Ky (01, 0,v) = (Ing",v)
h’ 04 h
”h Hlogb

n—1

(y) k+1 k
AT b, Ly —uy)
k=10

) _ I -y g 1-vy
b, e y)[(k+1) ad

5()/)1111 —
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Numerical solution o

FEM for fractional PDEs (

1D time-fractional equations : RL/Caputo fractional di

| Theorem l

2 012 k112
ey 11 < 2||ua ||7 +2C max || f]
O<k<n

Theorem (Error estimate)

e = u(t,)|| < CAFZ™Y + '+
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Numerical solution of fract

FEM for fractional PDEs (FPDEs)

1D time-fractional equations : RL/Caputo fractional diffusion e

GL method for the Caputo problem
Find uy € X;, forn=0,1, - ,ny — 1, such that

(5"’)(u”—u§3) V) = Ky (@, 0.00) + (Ing" ), veX),,
u) = 10, O(Ar+h’“1

557’)(11 uh) = A7 Zw(}’) (u uh a)l({y) = (—l)k(Z).
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Numerical solution of frac

FEM for fractional PDEs (FPDEs

1D time-fractional equations : RL/Caputo fractional diffusion

| FLMM-FEM-III for the Caputo problem |
Find u), € X , for n=0,1,---,ny—1, such that

Mzm(un vy =- Z( Dfwy” @, 0xv) = Ky B (D.ady, 0x0)

() | 0 (y) —k :
— K)/Cﬁ | (ax(uh _ Uh)a a,xV) =z -A? Z wn)f /\(Gn s V), VEX;IQ’

10 =119, }w}f”=( (). 6" = [P} g,

>
Wl + 5 A1, > < Co(Ilyll® + A N10.cuey) I )+C|Umax g ||1|

<k<nt

! — u(t,)| < C(AP + 1)
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Numerical solution of frac

| FEM for fractional PDEs (FPDEs

Errors at ¢ = 1 for the CN fully-discrete approximation with N = % = 1000

1D

. B [ 1/Ar] L™-error [ order L*-error | order
.z 16 | 4.1782e-3 3.0566e-3
. 32 | 1.8315e-3 | 1.1898 | 1.3386e—-3 | 1.1912 1]
0.25| 64 | 7.8822e—4 | 1.2164 | 5.7592e-4 | 1.2168 "~
@ 128 | 3.3579e—4 | 12310 | 2.4535e—4 | 1.2311 1)
256 | 1.4227e—4 | 1.2389 | 1.0395¢—4 | 1.2389
1" |y = 16 | 1.2444¢-3 9.1043e—-4 x-))2
0 32 | 4.7937e—-4 | 1.3762 | 3.5020e—4 | 1.3784 ™
0.5 | 64 | 1.7888e—4 | 1.4222 | 1.3067e—4 | 1.4222
128 | 6.5551e-5 | 1.4483 | 4.7884e—5 | 1.4483
256 | 2.3765e¢—-5 | 1.4638 | 1.7359e-5 | 1.4638
16 | 1.6258e—4 1.1881e—-4
32 | 6.4940e-5 | 1.3239 | 4.7437e-5 | 1.3246
64 | 2.3415e-5| 1.4717 | 1.7099¢-5 | 1.4721
128 | 8.0019¢—6 | 1.5490 | 5.8424e—6 | 1.5493
256 | 2.6623e—6 | 1.5877 | 1.9436e-6 | 1.5878
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Numerical solution of frac

| FEM for fractional PDEs (FPDEs

1D 1! Errors at t = 1 for the CN fully-discrete approximation with At = 0.0001

R. Mokhtari (mokhtari.iut.ac.ir), iranian-Austrian summer school, Sep. 2019, University of Graz

p | N=1/h| L™-error | order L>-error order
4 2.9246e-3 2.1485e-3
8 7.2782e—4 | 2.0066 | 5.3600e—4 | 2.0031
0.25 16 1.8404e—4 | 1.9835 | 1.3462e—4 | 1.9933
52 4.7114e-5 | 1.9658 | 3.4450e-5 | 1.9664
64 1.2889¢—5 | 1.8700 | 9.4175¢—-6 | 1.8711
4 2976565 RIS =5
8 7.3959¢—4 | 2.0088 | 5.4475e—-4 | 2.0053
0.5 16 1.8598e—4 | 1.9915 | 1.3605¢e—4 | 2.0014
32 4.6570e-=5 | 1.9977 | 3.4057¢-5 | 1.9982
64 1.1727e=5 | 1.9896 | 8.5690e—6 | 1.9907
4 2.9801e-3 2.1897e-3
8 7.4041e—4 | 2.0090 | 5.4536e—-4 | 2.0055
16 1.8612e—4 | 1.9921 | 1.3615¢—4 | 2.0020
32 4.6532e—-5 | 1.9999 | 3.4028e-5 | 2.0004
64 1.1645¢-5 | 1.9985 | 8.5093e—6 | 1.9996




Numerical solution of frac

FEM for fractional PDEs (FPDEs)

1D time-fractional equations : RL/Caputo fractional diffusion e

UEoi= s ‘L°°errorsatt=1withh=0.001|

method [ 1/A7 ] B=04 | B=05 | B=08 | B=00 | JB=1
16 | 1.9912e-3 | 1.9437e-3 | 3.6981e—3 | 4.3373e—3 | 4.9609e-3
32 | 8.1666e—4 | 6.3689e—4 | 1.1981e—3 | 1.3732e—-3 | 1.5280e-3

CNFDM| 64 | 3.2417e—4 ] 2.0120e—4 | 3.6055¢—4 | 4.0218e—4 | 4.3742¢e—4
128 | 1.2651e—4 | 6.3193e—5 | 1.0259¢e—-4 | 1.1219¢e—-4 | 1.2048e—4
256 | 4.8861e-5 ] 2.3015e-5 | 2.8182e—5 | 3.0469e-5 | 3.2450e-5
16 | 2.0946e-3 | 1.2444e—-3 | 1.4399¢—4 | 1.3778e—4 | 2.0685¢—4
32 | 8.4560e—-4 | 4.7937e—4 | 2.8191e—-5 | 3.0204e—-5 | 5.1681e-5

CNFEM| 64 | 3.3272e—4 | 1.7888e—4 | 1.1328e—-5 | 6.6085e—6 | 1.2893e-5
128 | 1.2907e—4 | 6.5551e—-5 | 4.0791e—-6 | 1.4141e—6 | 3.1999¢e—-6
256 | 4.9656e—-5 | 2.3765e-5 | 1.4023e—6 | 2.8688e—-7 | 7.8039¢e-7

2/3<B<1
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Numerical solution of frac

FEM for fractional PDEs (FPDEs)

1D time-fractional equations : RL/Caputo fractional diffusion e

f CDgJu = K),(?_%u +g(x,1), (x,0)eQx(0,T]
=" +1+2)sin2rx)

' L* errors at t = 1 for the FLMM-FEM-IIl withr = 3, N = 1000

1/At| B=0.1 order | B=0.5 |order| B=09 | order |
32 | 1.8316e-5 8.4548e—5 4.9286e—-5 |

64 | 4.5797e—6 | 1.999 | 2.0821e-5 | 2.021 | 1.2378e-5 | 1.993

128 | 1.1438e—6 | 2.001 | 5.1989e—6 | 2.001 | 3.1014e—6 | 1.996
256 | 2.8575e-7 | 2.001 | 1.3003e—6 | 1.999 | 7.7612e-7 | 1.998
512 | 7.1316e—-8 | 2.002 [ 3.2515e-7 | 1.999 | 1.9403e-7 | 2.000
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