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1D time‐space fractional equations
Time‐space fractional diffusion equation 

with Caputo derivative in time

RL advection‐dispersion equation1D time‐independent equations

1D space‐fractional equations Riesz fractional diffusion equation
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1D time‐fractional equations RL/Caputo time‐fractional 
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1D time‐independent equations : RL advection‐dispersion equation

Variational (weak) formulation (problem)
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1D time‐independent equations : RL advection‐dispersion equation

There exists a unique solution 𝑢 ∈ 𝐻଴
ఈሺΩሻ to the variational problem such that

Theorem

Proof

In order to prove the uniqueness of the solution 𝑢 to the variational problem, we
need to prove that the bilinear form 𝐴ሺ·,·ሻ is continuous and coercive. We first prove
the coercivity. Using 𝑐 െ D𝑏/2 ൒ 0, it is easy to obtain

Noticing that 𝑢 ൌ  0 on 𝜕Ω and using some previous Lemmas, we have



FEM for fractional PDEs (FPDEs)

19

1D time‐independent equations : RL advection‐dispersion equation

Therefore,

The semi‐norm equivalence of 𝐽ௌ,଴
ఈ ሺΩሻ and 𝐻଴

ఈሺΩሻ implies that

Since 𝑢 ൌ  0 on 𝜕Ω, from fractional Poincaré‐Friedrichs inequality, we have

Hence,

Next, we prove that the bilinear form 𝐴ሺ·,·ሻ is continuous. We get
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1D time‐independent equations : RL advection‐dispersion equation

where we have used

For the linear functional 𝐹ሺ𝑣ሻ, we have

Therefore,

The proof is completed by using the Lax‐Milgram Theorem.
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1D time‐independent equations : RL advection‐dispersion equation
Finite element method (FEM)

If 𝑢 and 𝑢௛ are solutions to the variational problem and FEM, respectively
then

Theorem (Cea’s Lemma)

ProofObviously, we have

Then, we can write
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1D time‐independent equations : RL advection‐dispersion equation

If 𝑢 ∈ 𝐻଴
ఈሺΩሻ ∩ 𝐻௥ ሺΩሻ (𝛼 ൑ 𝑟) and 𝑢௛ are solutions to the variational problem

and FEM, respectively then there exists a positive constant 𝐶 independent of ℎ
such that

Theorem (𝑯ఈ error estimate)

Proof
Using the Cea’s Lemma, we have
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1D time‐independent equations : RL advection‐dispersion equation

If 𝑢 ∈ 𝐻଴
ఈሺΩሻ ∩ 𝐻௥ ሺΩሻ (3/4 ൏ 𝛼 ൑ 𝑟) and 𝑢௛ are solutions to the variational

problem and FEM, respectively then there exists a positive constant 𝐶
independent of ℎ such that

Theorem (𝑳ଶ error estimate)

Proof

Substituting 𝑣 ൌ 𝑒 ൌ 𝑢 െ 𝑢௛ in the new variational problem, and applying Galerkin
orthogonality , we have

It follows that .
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1D space‐fractional equations : Riesz fractional diffusion equation

Variational (weak) formulation (problem)
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1D space‐fractional equations : Riesz fractional diffusion equation

Let 1/2 ൏ 𝛼 ൏ 1 and 𝑡 ∈ ሺ0, 𝑇ሿ. There exists a unique solution 𝑈ሺ𝑡ሻ ∈ 𝐻଴
ఈሺΩሻ

to the variational problem such that

where 𝐶 is a positive constant.

Theorem

Proof

In order to prove the uniqueness of the solution 𝑢 to the variational problem, we
need to prove that the bilinear form 𝐴ሺ·,·ሻ is continuous and coercive. It is easy to
verify that

i.e., the bilinear form 𝐴ሺ·,·ሻ is continuous. For coercivity, we have
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1D space‐fractional equations : Riesz fractional diffusion equation

where 𝑢෤ is the zero extension of 𝑢 outside Ω. Letting 𝑣 ൌ 𝑈 in the weak formulation
yields

Therefore, we have

where 𝜖 is a suitable positive constant. By choosing 𝜖 ൌ 𝐶଴/2 and integrating over
ሺ0, 𝑡ሻ
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1D space‐fractional equations : Riesz fractional diffusion equation
Next, we prove the uniqueness. Suppose that 𝑢 and 𝑤 are two solutions to the weak
problem. If 𝑒 ൌ 𝑢 െ 𝑤 with 𝑒 0 ൌ 0 then Hence, we have

which yields 𝑒 𝑡 ൌ 0, i.e., 𝑢 ൌ 𝑤.

Semi‐discrete approximation
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1D space‐fractional equations : Riesz fractional diffusion equation

Let 1/2 ൏ 𝛼 ൏ 1 and 𝑡 ∈ ሺ0, 𝑇ሿ. There exists a unique solution 𝑢௛ሺ𝑡ሻ ∈ 𝑋௛଴
ఈ ሺΩሻ

to the semi‐discrete problem such that

where 𝐶 is a positive constant.

Theorem

Let 1/2 ൏ 𝛼 ൏ 1 and 𝑡 ∈ ሺ0, 𝑇ሿ. If 𝑓ሺ𝑡ሻ ∈ 𝐻௥ାଵሺΩሻ and 𝑢ሺ𝑡ሻ ∈ 𝐻଴
ఈሺΩሻ ∩ 𝐻௥ାଵሺΩሻ

and 𝑢௛ are solutions to the variational and semi‐discrete problems, respectively
then there exists a positive constant 𝐶 such that

Theorem (Error estimate)
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1D space‐fractional equations : Riesz fractional diffusion equation
Fully‐discrete approximation

CN fully‐discrete approximation
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1D space‐fractional equations : Riesz fractional diffusion equation

Let 1/2 ൏ 𝛼 ൏ 1. If 𝑓 ∈ 𝐶ሺ 0, 𝑇 , 𝐿ଶሺΩሻሻ and 𝑢௛
௞, 𝑘 ൌ 1, … , 𝑛் is a solution to the

fully‐discrete problem then

where 𝐶 is a positive constant independent of 𝑛, ℎ and 𝛥𝑡.

Theorem

Let 1/2 ൏ 𝛼 ൏ 1 and 𝑚 ൒ 𝑟 ൅ 1. If 𝜙଴ ∈ 𝐻௠ሺΩሻ, 𝑓 ∈ 𝐶ሺ 0, 𝑇 , 𝐻௠ሺΩሻሻ, 𝑢௛
௞, 𝑘

ൌ 1, … , 𝑛் is the solution to the fully‐discrete problem and 𝑢 ∈ 𝐻ଶ ሺ 0, 𝑇 , 𝐻଴
ଵሺΩሻ

∩ 𝐻௠ሺΩሻሻ is the solution to the variational problem then there exists a positive
constant 𝐶 independent of 𝑘, ℎ and 𝛥𝑡 such that

Theorem (Error estimate)
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1D space‐fractional equations : Riesz fractional diffusion equation

Let 1/2 ൏ 𝛼 ൏ 1. If 𝑓 ∈ 𝐶ሺ 0, 𝑇 , 𝐿ଶሺΩሻሻ and 𝑢௛
௞, 𝑘 ൌ 1, … , 𝑛் is a solution to the

CN fully‐discrete problem then

where 𝐶 is a positive constant independent of 𝑛, ℎ and 𝛥𝑡.

Theorem

Let 1/2 ൏ 𝛼 ൏ 1 and 𝑚 ൒ 𝑟 ൅ 1. If 𝜙଴ ∈ 𝐻௠ሺΩሻ, 𝑓 ∈ 𝐶ሺ 0, 𝑇 , 𝐻௠ሺΩሻሻ, 𝑢௛
௞, 𝑘

ൌ 1, … , 𝑛் is the solution to the CN fully‐discrete problem and
𝑢 ∈ 𝐻ଷ ሺ 0, 𝑇 , 𝐻଴

ଵሺΩሻ ∩ 𝐻௠ሺΩሻሻ is the solution to the variational problem then
there exists a positive constant 𝐶 independent of 𝑘, ℎ and 𝛥𝑡 such that

Theorem (Error estimate)
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

Semi‐discrete approximation
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1D time‐fractional equations : RL/Caputo fractional diffusion equation
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

Let 1/2 ൏ 𝛾 ൏ 1 and 𝑡 ∈ ሺ0, 𝑇ሿ. If 𝑔 ∈ 𝐿ଶሺ 0, 𝑇 , 𝐻௥ାଵሺΩሻሻ, 𝑢௛ሺ𝑡ሻ is the solution to
the semi‐discrete problem and 𝑢 ∈ 𝐶ଵ ሺ 0, 𝑇 , 𝐻଴

ଵሺΩሻ ∩ 𝐻௥ାଵሺΩሻሻ is the solution to
the Caputo problem then there exists a positive constant 𝐶 such that

Theorem (Error estimate)

Let 1/2 ൏ 𝛾 ൏ 1 and 𝑡 ∈ ሺ0, 𝑇ሿ. If 𝑓 ∈ 𝐿ଶሺ 0, 𝑇 , 𝐻௥ାଵሺΩሻሻ, 𝑢௛ሺ𝑡ሻ is the solution to
the semi‐discrete problem and 𝑢 ∈ 𝐶ଵ ሺ 0, 𝑇 , 𝐻଴

ଵሺΩሻ ∩ 𝐻௥ାଵሺΩሻሻ is the solution to
the RL problem then there exists a positive constant 𝐶 such that

Theorem (Error estimate)
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

Fully‐discrete approximation for the RL problem
CN fully‐discrete approximation for the RL problem
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Let 1/2 ൏ 𝛾 ൏ 1. If 𝑓 ∈ 𝐶ሺ 0, 𝑇 , 𝐿ଶሺΩሻሻ and 𝑢௛
௡ is the solution to the (CN) fully‐

discrete problem then there is a positive constant 𝐶 independent of 𝑛, ℎ and 𝛥𝑡
such that

Theorem

If 1/2 ൏ 𝛾 ൏ 1, 𝑓 ∈ 𝐶ሺ 0, 𝑇 , 𝐻௥ାଵሺΩሻሻ, 𝑢௛
௡ is the solution to the fully‐discrete

problem and 𝑢 ∈ 𝐶ଷ ሺ 0, 𝑇 , 𝐻଴
ଵሺΩሻ ∩ 𝐻௥ାଵሺΩሻሻ is the solution to the RL problem

then there exists a positive constant 𝐶 such that

Theorem (Error estimate)

1D time‐fractional equations : RL/Caputo fractional diffusion equation
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

L1 method for the Caputo problem
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

Let 1/2 ൏ 𝛾 ൏ 1. If 𝑓 ∈ 𝐶ሺ 0, 𝑇 , 𝐿ଶሺΩሻሻ and 𝑢௛
௡ is the solution to the L1 method

then there is a positive constant 𝐶 independent of 𝑛, ℎ and 𝛥𝑡 such that

Theorem

If 1/2 ൏ 𝛾 ൏ 1, 𝑓 ∈ 𝐶ሺ 0, 𝑇 , 𝐻௥ାଵሺΩሻሻ, 𝑢௛
௡ is the solution to the fully‐discrete

problem and 𝑢 ∈ 𝐶ଷ ሺ 0, 𝑇 , 𝐻଴
ଵሺΩሻ ∩ 𝐻௥ାଵሺΩሻሻ is the solution to the Caputo

problem then there exists a positive constant 𝐶 such that

Theorem (Error estimate)
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

GL method for the Caputo problem
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

FLMM‐FEM‐III for the Caputo problem
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1D time‐fractional equations : RL/Caputo fractional diffusion equationErrors at 𝑡 ൌ 1 for the CN fully‐discrete approximation with 𝑁 ൌ ଵ
௛

ൌ 1000
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1D time‐fractional equations : RL/Caputo fractional diffusion equationErrors at 𝑡 ൌ 1 for the CN fully‐discrete approximation with ∆𝑡 ൌ 0.0001

𝑟 ൌ 1
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

𝐿ஶ 𝐞rrors at 𝑡 ൌ 1 with ℎ ൌ 0.001
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1D time‐fractional equations : RL/Caputo fractional diffusion equation

𝐿ଶ errors at 𝑡 ൌ 1 for the FLMM‐FEM‐III with r ൌ 3, 𝑁 ൌ 1000



Any question?


