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1D time‐space fractional equations

Time‐space fractional diffusion equation 
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2D time‐fractional equations

Time‐fractional diffusion equation 
with Caputo derivative in time

Time‐fractional diffusion equation 
with RL derivative in time

2D time‐space fractional equations

Time‐space fractional diffusion 
equation with Caputo derivative in time

Time‐space fractional diffusion 
equation with RL derivative in time

FDM for fractional PDEs (FPDEs)

3



FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

∆𝑡 ൌ
𝑇

𝑛்
          𝑡௡ ൌ 𝑛∆𝑡, 𝑛 ൌ 0,1, … , 𝑛்          𝑡

௡ାଵ
ଶ

ൌ
𝑡௡൅, 𝑡௡ାଵ

2 , 𝑛 ൌ 0,1, … , 𝑛் െ 1

∆𝑥 ൌ
𝑏 െ 𝑎

𝑁           𝑥௜ ൌ 𝑎 ൅ 𝑖∆𝑥, 𝑖 ൌ 0,1, … , 𝑁          𝑥
௜ାଵ

ଶ
ൌ

𝑥௜ ൅ 𝑥௜ାଵ
2 , 𝑖 ൌ 0,1, … , 𝑁 െ 1

𝐼 ൌ 𝑎, 𝑏             𝑈 ∈ C I ൈ 0, 𝑇              𝑈௡ ൌ 𝑈௡ · ൌ 𝑈 ·, 𝑡௡              𝑈௜
௡ ൌ 𝑈 𝑥௜, 𝑡௡
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Explicit (forward) Euler method

To construct similar schemes, following FBDF and L1 formulae for approximating
the RL fractional derivative must be applied.

Remark

Explicit (forward) Euler method
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Explicit Euler method is stable if 𝜇 ൑ ଵ
ଶమషം.

Theorem

Proof

𝑓௜
௡ ൌ 0 leads to                                                                                . Setting                           

where 𝑗ଶ ൌ െ1 deduces that                                                                               Assuming

that 𝜌௡ାଵ ൌ 𝜉ሺ𝜎ሻ𝜌௡ where 𝜉 is independent of time, we have

If 𝜉 ൐ 1 for some 𝜎 then 𝜌௡ grows to infinity and the method is unstable.
Considering the extreme value 𝜉 ൌ െ1, we obtain the following stability bound on 𝜇

7



FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

This bound depends on 𝑛 , i.e. the number of iterations. Nevertheless, this
dependence is weak, i.e. 𝑆ఊ,௡ approaches 𝑆ఊ ൌ lim௡→ஶ𝑆ఊ,௡ in the form of
oscillations with small decaying amplitudes. Since

then the explicit Euler method is stable as long as

Since sinଶሺఙ୼௫
ଶ

ሻ ൑ 1, we can give a more conservative but simple bound

Fractional
von Neumann

stability
analysis
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

If the RL fractional derivative is discretized by the FBDF formula, someone can
obtain a series of explicit methods. For example, for 𝑝 ൌ 2 with 𝑤ଶ

ଵିఊ ሺ𝑧ሻ
ൌ ሺଷ

ଶ
െ 2𝑧 ൅ ௭మ

ଶ
ሻଵିఊ, it can be deduced that the explicit Euler method is stable

when

Remark

Using simple manipulations, someone can obtain that the local truncation error
of the explicit Euler method is 𝑂ሺΔ𝑡ሺΔ𝑡 ൅ Δ𝑥ଶሻሻ. It is a little difficult to get the
global truncation error.

Remark
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Example

Maximum 𝐿ଶ error
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Maximum 𝐿ଶ error of the explicit Euler method with ∆𝑡 ൌ 1/40000
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Implicit (backward) Euler method
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Implicit (backward) Euler method
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

If 0 ൏ 𝛾 ൏ 1 and 𝜔௞
ଵିఊ ൌ ሺെ1ሻ௞ ଵିఊ

௞ then

Lemma

Implicit Euler method is unconditionally stable.

Theorem

ProofSimilar to the previous Theorem, we obtain the following relation

If 𝜇∗ ൌ 4𝜇sinଶሺఙ∆௫
ଶ

ሻ then we have
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

For 𝑛 ൌ  1, it follows using the Lemma that

Suppose that  𝜌௞ ൑ 𝜌଴ for 0 ൑ 𝑘 ൑ 𝑛 െ 1. For 𝑘 ൌ  𝑛, we get from the Lemma
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

If 𝒖 ൌ ሺ𝑢଴, … , 𝑢ேሻ், 𝒗 ൌ ሺ𝑣଴, … , 𝑣ேሻ் and 𝑢଴ ൌ 𝑢ே ൌ 𝑣଴ ൌ 𝑣ே ൌ 0 then

Lemma
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

One can similarly get  𝒖, 𝛿௫
ଶ𝒗 ே ൌ െሺ𝛿௫𝒖, 𝛿௫𝒗ሻே.

It is easy to see that Proof
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

If 𝒖 ൌ ሺ𝑢଴, … , 𝑢ேሻ் and 𝑢଴ ൌ 𝑢ே ൌ 0 then there exists 
a positive constant 𝐶 such that  𝒖 ே ൑ 𝐶 𝒖 ଵ,ே.

Lemma

If 𝒖௡ ൌ ሺ𝑢଴
௡, … , 𝑢ே

௡ ሻ் is the solution of the implicit Euler method, 𝑢଴
௡ ൌ 𝑢ே

௡ ൌ 0 and
𝒇௡ ൌ ሺ𝑓଴

௡, … , 𝑓ே
௡ሻ் then there exists a positive constant 𝐶 independent of 𝑛, ∆𝑡 and

∆𝑥 such that

Theorem (Energy method)

ProofWe rewrite the implicit Euler scheme in the following form

From this relation, one can immediately get
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

where previous Lemma is used. Let

Obviously 𝑏௡ െ 𝑏௡ିଵ ൌ 𝜔௡
ሺଵିఊሻ and it can be shown that 𝐶ଵ𝑏௡∆𝑡ఊ൑ ∆𝑡 ൑ 𝐶ଶ𝑏௡∆𝑡ఊ

where 𝐶ଵ and 𝐶ଶ positive constants independent of 𝑛. Using the Cauchy‐Schwarz
inequality we obtain
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

where 𝜖 is a suitable positive constant. Let

Then one gets

where the previous Lemma is utilized. Choosing suitable 𝜖 ൌ ௄ം
ଶ஼భ஼మ

satisfies

Therefore, one obtains
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

By the definition of 𝐸௡, we have

If 𝑈 is the exact solution of the problem, 𝑢 is the solution of the implicit Euler
method, 𝑒௜

௡ ൌ 𝑢௜
௡ െ 𝑈 𝑥௜, 𝑡௡ , 𝑖 ൌ 0, … , 𝑁, 𝑛 ൌ 1, … , 𝑛் and 𝒆௡ ൌ ሺ𝑒଴

௡, … , 𝑒ே
௡ሻ்

then there exists a positive constant 𝐶 independent of 𝑛, ∆𝑡 and ∆𝑥 such that

Theorem

ProofOne can get the error equation as follows

in which 𝑅௜
௡ ൌ 𝑂ሺ∆𝑡 ൅ ∆𝑥ଶሻ is the truncation error which obtained previously.

Based on previous Theorem, to get the error bound, we only need to estimate
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

where 𝑹௡ ൌ ሺ𝑅଴
௡, … , 𝑅ே

௡ሻ் with 𝑅௜
௡ ൌ 𝑂ሺ∆𝑡 ൅ ∆𝑥ଶሻ. Obviously, 𝒆଴

ே ൌ 𝒆଴
ଵ,ே

ൌ 0 and 𝑹௞
ே ൑ 𝐶ሺ∆𝑡 ൅ ∆𝑥ଶሻ. Hence 𝒆௡

ே ൑ 𝐶 ∆𝑡 ൅ ∆𝑥ଶ .

Implicit (backward) Euler method using L1 formula
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Maximum 𝐿ଶ error of the implicit Euler method with 𝑁 ൌ 1000
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Using the Fourier method or the energy method, we can similarly prove that the
Implicit (backward) Euler method using L1 formula is unconditionally stable and
convergent of order 𝑂ሺΔ𝑡 ൅ Δ𝑥ଶሻ.

Remark

Cui proposed a compact finite difference scheme to solve the RL subdiffusion
equation, in which the time discretization is the same as the implicit Euler method,
while the space was discretized by a fourth‐order compact finite difference
scheme. An implicit method similar to the implicit Euler method which is
unconditionally stable and convergent of order 𝑂ሺΔ𝑡 ൅ Δ𝑥ଶሻ has been presented
by Chen for solving a fractional reaction‐subdiffusion equation. Chen also
constructed an explicit method in which the integer‐order time derivative was
discretized by the forward Euler method, i.e., 𝛿௧𝑢௜

௡ିଵ/ଶ is replaced by 𝛿௧𝑢௜
௡ାଵ/ଶ.

Remark
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

First Crank‐Nicolson (CN) method

Second Crank‐Nicolson (CN) method
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Third Crank‐Nicolson (CN) method (using L1 formula)
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

If 0 ൏ 𝛾 ൑ 1, and 𝑩௡ and 𝑏௡ defined as before then
Lemma

If 𝒖௡ ൌ ሺ𝑢଴
௡, … , 𝑢ே

௡ ሻ் is the solution of the first CN method, 𝑢଴
௡ ൌ 𝑢ே

௡

ൌ 0 and 𝒇௡ିଵ/ଶ ൌ ሺ0, 𝑓ଵ
௡ିభ

మ, … , 𝑓ேିଵ
௡ିభ

మ, 0ሻ் then

where 𝐶ଵ is a positive constant independent of 𝑛, 𝑇, ∆𝑡 and ∆𝑥 and 𝐶ଶ
is a positive constant independent of 𝑛, ∆𝑡 and ∆𝑥.

Theorem
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FDM for fractional PDEs (FPDEs)
1D time‐fractional equations : RL subdiffusion equations

Using Cauchy–Schwarz inequality and previous Lemma, we get

If 𝛿௧𝒖௡ାଵ/ଶ ൌ ሺ𝛿௧𝑢଴
௡ାଵ/ଶ, … , 𝛿௧𝑢ே

௡ାଵ/ଶሻ் and 𝒖௡ାଵ/ଶ ൌ ሺ𝑢଴
௡ାଵ/ଶ, … , 𝑢ே

௡ାଵ/ଶሻ் then
from one of the previous Lemmas, we have

Proof
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1D time‐fractional equations : RL subdiffusion equations

Or
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1D time‐fractional equations : RL subdiffusion equations

Here we have used the Cauchy–Schwarz inequality and using one of
the previous Lemmas. 𝜖 is a suitable positive constant independent of 𝑗, ∆𝑡 and ∆𝑥.
Therefore, we have

If                                                              then                                                         
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1D time‐fractional equations : RL subdiffusion equations

where 1/𝑏௡ ൑ 𝐶ఊ𝑛ଵିఊ∆𝑡ଵିఊ൑ 𝐶ఊ𝑇ଵିఊin which𝐶ఊonly depends on 𝛾. Letting 𝑛 ൌ 0
and using the Cauchy‐Schwarz inequality, we obtain

where 𝜖ଵ, 𝜖ଶ ൐ 0 are suitable constants such that

Therefore, we obtain
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1D time‐fractional equations : RL subdiffusion equations

Hence

in which 𝐶ଵ is independent of 𝑛, 𝑇, ∆𝑡 and ∆𝑥 and 𝐶ଶ is independent of 𝑛, ∆𝑡 and ∆𝑥
and the proof is completed.

𝒆௡ ൌ ሺ𝑒଴
௡, … , 𝑒ே

௡ሻ்
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1D time‐fractional equations : RL subdiffusion equations

In a similar manner, we can show that the third CN method is unconditionally
stable and convergent of order 𝑂ሺΔ𝑡୫୧୬ ଶିఊ/ଶାఊାଵ ൅ Δ𝑥ଶሻ. For the second CN
method, one can prove that it is unconditionally stable if the time fractional
operator is discretized by the following Grünwald–Letnikov formula

But the convergence rate is not very satisfactory for the smooth enough
solutions. We can see that the first CN type method is more natural than the
other two CN methods.

Remark
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1D time‐fractional equations : RL subdiffusion equations

Maximum 𝐿ଶ error of the first CN method with 𝑁 ൌ 1000
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1D time‐fractional equations : RL subdiffusion equations

𝜃‐method (weighted average method)

If 𝜃 ൌ 1/2, 𝜃‐method is reduced to the second CN method. The stability was
studied by using the fractional von Neumann analysis when 𝛿௧

ሺଵିఊሻ ൌ  𝛿௧
ሺଵିఊሻ

௣
஻ .

The 𝜃‐method is unconditionally stable for 0 ൑ 𝜃 ൑ 1/2 and stable for 1/2 ൏ 𝜃
൑ 1 under the condition

௄ം∆௧𝜸

∆௫మ ൑ 1/ሺ2 2𝜃 െ 1 𝑤௣
ሺఊିଵሻ െ1 ሻ where

If 𝜃 ൌ 0 (or 𝜃 ൌ 1), the explicit (or implicit) Euler method is recovered.

Remark
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Using left fractional rectangular formula

New explicit method 

𝐾ఊ∆𝑡𝜸

∆𝑥ଶ ൑ 1/4
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New implicit method (using right fractional rectangular formula)

New CN method (using fractional trapezoidal formula)

Unconditionally stable

Unconditionally stable
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1D time‐fractional equations : RL subdiffusion equations

Maximum 𝐿ଶ error of the new explicit method with ∆𝑡 ൌ 1/40000

𝐾ఊ∆𝑡𝜸

∆𝑥ଶ ൑ 1/4
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1D time‐fractional equations : RL subdiffusion equations

Maximum 𝐿ଶ error of the new implicit method with 𝑁 ൌ 1000

Maximum 𝐿ଶ error of the new CN method with 𝑁 ൌ 1000
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1D time‐fractional equations : RL subdiffusion equations

The new explicit, implicit and CN methods known as integration methods
can be used to solve other fractional equations, such as the fractional
Fokker–Planck equation

the fractional cable equation

and the Stokes’ first problem for a heated generalized second grade fluid
with fractional derivative

Remark
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1D time‐fractional equations : Caputo subdiffusion equations

If 𝑈 is suitably smooth in time then  D଴,௧
ఊ

஼ 𝑈 𝑥, 𝑡 ൌ  D଴,௧
ఊ

ோ௅ ሺ𝑈 𝑥, 𝑡 െ 𝑈 𝑥, 0 ሻ.
Hence, a natural way to discretize the above Caputo derivative is to use the
Grünwald–Letnikov approximation, the L1 method, the FLMM and so on. The
space derivative is discretized by the classical methods such as the central
difference method or any compact difference method.

Remark
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1D time‐fractional equations : Caputo subdiffusion equations

Explicit Euler method (using GL formula)

44
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1D time‐fractional equations : Caputo subdiffusion equations

Explicit Euler method (using L1 formula)

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations

The explicit Euler method (using GL formula) is stable if 𝜇 ൑ 𝛾/2 where 𝜇 ൌ ௄ം∆௧𝜸

∆௫మ .

Theorem

Let Proof

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations

and suppose that for 𝑖 ൌ 1, … , 𝑁 െ 1, 𝑢෤௜
௡ and 𝑔෤௜

௡ are perturbations of 𝑢௜
௡ and 𝑔௜

௡,
respectively and 𝒖෥௡ ൌ ሺ𝑢෤ଵ

௡, … , 𝑢෤ேିଵ
௡ ሻ் and 𝒈෥௡ ൌ ሺ𝑔෤ଵ

௡, … , 𝑔෤ேିଵ
௡ ሻ். Then, we have

Then the matrix representation of this perturbation equation is as follows

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations

Since 2𝜇 ൑ 𝛾 ൌ െ𝜔ଵ
ఊ , it is easy to obtain 𝐴 ൑ െ𝜔ଵ

ఊ and 𝐵 ൑ 1 by the
Greschgorin’s theorem. Here 𝐴 denotes the spectral norm (or 2‐norm) of the
matrix 𝐴, which is equal to the absolute largest eigenvalue of 𝐴 when 𝐴 is
symmetric. For convenience, we set

Then one can easily prove that ∆𝑡ఊ൑ 𝐶𝑏௡ିଵ, where 𝐶 is a positive constant only 
dependent on 𝛾 and 𝑇. Next, we prove that

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations
where  · is the discrete 𝐿ଶ norm for the vector, which is defined by

Using the mathematical induction for 𝑛 ൌ  1, we get

Suppose that  𝒖෥௡ ൑ 𝐸, 𝑛 ൌ 1, … , 𝑚 െ 1. For 𝑛 ൌ 𝑚, we have

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations

From this Theorem, we can obtain that the explicit Euler method (using GL

formula) is convergent with order 𝑂ሺ∆𝑡 ൅ ∆𝑥ଶሻ if
௄ം∆௧𝜸

∆௫మ ൑ െ ଵ
ଶ

𝜔ଵ
ሺఊሻ ൑ ఊ

ଶ
. One can

similarly prove that the explicit Euler method (using L1 formula) is conditionally

stable and convergent with order 𝑂ሺ∆𝑡 ൅ ∆𝑥ଶሻ if ௄ം∆௧𝜸

∆௫మ ൑ ௕బ
ሺംሻି௕భ

ሺംሻ

ଶ
൑ ଵିଶషം

୻ሺଶିఊሻ
.

Remark

Implicit Euler method (using GL formula)
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1D time‐fractional equations : Caputo subdiffusion equations
Implicit Euler method (using L1 formula)

It is easy to prove that the implicit Euler method (using GL formula) and implicit
Euler method (using L1 formula) are unconditionally stable using the Fourier
method or the energy method, and are convergent of order 𝑂ሺ∆𝑡 ൅ ∆𝑥ଶሻ and
𝑂ሺ∆𝑡ଶିఊ ൅ ∆𝑥ଶሻ, respectively.

Remark

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations

Implicit Euler method (using L1‐2‐3 formula)

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations

Example
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1D time‐fractional equations : Caputo subdiffusion equations

FDM for fractional PDEs (FPDEs)
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1D time‐fractional equations : Caputo subdiffusion equations
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1D time‐fractional equations : Caputo subdiffusion equations
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1D time‐fractional equations : Caputo subdiffusion equations
Example

Maximum 𝐿ଶ error of the FLMM‐FDM‐I with 𝑁 ൌ 5000

Maximum 𝐿ଶ error of the FLMM‐FDM‐II with 𝑁 ൌ 5000

Maximum 𝐿ଶ error of the Improved‐FLMM‐FDM‐I with 𝑁 ൌ 5000

Maximum 𝐿ଶ error of the Improved‐FLMM‐FDM‐II with 𝑁 ൌ 5000

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
One‐sided space‐fractional diffusion equation

The explicit Euler method solution based on the GL approximation is unstable.

Proposition

Proof

Let 𝑢௜
௡ be the approximate solutions. The explicit Euler method on the Günwald‐

Letnikov approximation is as follows

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
One‐sided space‐fractional diffusion equation

If 𝑢௜
଴ ൌ 𝑢௜

଴ ൅ 𝜀௜
଴ then

where

So, 𝜀௜
ଵ ൌ 𝜇௜𝜀௜

଴ which leads to 𝜀௜
௡ ൌ ሺ𝜇௜ሻ௡𝜀௜

଴. Obviously, 𝜇௜ ൐ 1 (amplification factor)
and 𝜀௜

௡ will amplify when 𝑛 increases. Hence, the method is unstable.

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
One‐sided space‐fractional diffusion equation

Similarly, one can show that the implicit Euler method (using GL formula) and
CN method (using GL formula) are also unstable. The shifted GL formula

can be used to overcome this drawback. Here 𝐶 is independent of ∆𝑥.
Obviously, the best performance comes from minimizing 𝑝 െ 𝛼/2 . For 1 ൏ 𝛼
൑ 2, the optimal choice is 𝑝 ൌ  1.

Remark

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
One‐sided space‐fractional diffusion equation

Explicit (left) and implicit (right) Euler method (with shifted (1 shift) GL formula)

CN method (with shifted (1 shift) GL formula)

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
One‐sided space‐fractional diffusion equation
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1D space‐fractional equations
One‐sided space‐fractional diffusion equation

Matrix form of the explicit, implicit and CN methods (with shifted GL formula)
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1D space‐fractional equations
One‐sided space‐fractional diffusion equation

Using the Gerschgorin theorem, we can obtain that the eigenvalues 𝜆 of the
matrix 𝑆 satisfy

which implies

Therefore, the eigenvalue of the matrix 𝐸 ൅ 𝜇𝑆 lies in ሾ1 െ 2𝜇𝛼𝑑୫ୟ୶,1], and the
eigenvalue of the matrix 𝐸 െ 𝜇𝑆 lies in ሾ1,1 ൅ 2𝜇𝛼𝑑୫ୟ୶]. Thus, we can obtain
that the explicit Euler method is stable if

Since the eigenvalues of the matrix 𝐸 െ 𝜇𝑆 are all equal to or greater than 1, the
eigenvalues of ሺ𝐸 െ 𝜇𝑆ሻି𝟏 are not greater than 1. Hence, the implicit Euler
method is unconditionally stable.

Remark

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
One‐sided space‐fractional diffusion equation

For the Crank–Nicolson method, we have

It is known that if 𝜆 is the eigenvalue of the matrix 𝑆 then ሺ1 െ 𝜇𝜆ሻି𝟏ሺ1 ൅ 𝜇𝜆ሻ is
the eigenvalue of ሺ𝐸 െ 𝜇𝑆ሻି𝟏ሺ𝐸 ൅ 𝜇𝑆ሻ. Since 𝜆 has negative real part then ሺ1
െ 𝜇𝜆ሻି𝟏 1 ൅ 𝜇𝜆 ൏ 1. Hence, the CN method is unconditionally stable.

Remark

The explicit, implicit and CN methods are special cases of the following 𝜃‐method
Remark

If 𝜃 ൌ 1/2 , 𝜃 ‐method is reduced to the CN method. The 𝜃 ‐method is
unconditionally stable for 0 ൑ 𝜃 ൑ 1/2 and stable for 1/2 ൏ 𝜃 ൑ 1 under the
condition ∆௧

∆௫ഀ ൑ 1/ሺ 2𝜃 െ 1 𝛼𝑑୫ୟ୶ሻ . If 𝜃 ൌ 0 (or 𝜃 ൌ 1 ), the explicit (or
implicit) method is recovered.
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1D space‐fractional equations
Two‐sided space‐fractional diffusion equation

𝜃‐method (with shifted GL formula)
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1D space‐fractional equations
Two‐sided space‐fractional diffusion equation

𝜃‐method (with shifted GL formula)
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1D space‐fractional equations
Two‐sided space‐fractional diffusion equation

Using the Gerschgorin theorem, we can obtain that the eigenvalues 𝜆 of the
matrix 𝑆 satisfy

According to the definition of 𝜔௝
ሺఈሻ, we have

So

On the other hand, if 𝜆 is the eigenvalue of the matrix 𝑆 then 𝜆ሚ
ൌ ሺ1 െ 𝜇ሺ1 െ 𝜃ሻ𝜆ሻି𝟏ሺ1 ൅ 𝜇𝜃𝜆ሻ is the eigenvalue of ሺ𝐸 െ 𝜇ሺ1 െ 𝜃ሻ𝑆ሻି𝟏ሺ𝐸
൅ 𝜇𝜃𝑆ሻ. Therefore, the 𝜃‐method is unconditionally stable for 0 ൑ 𝜃 ൑ 1/2
since 𝜆ሚ ൑ 1. For 1/2 ൏ 𝜃 ൑ 1, we deduce from 𝜆ሚ ൑ 1 that 𝜇 ൌ ∆௧

∆௫ഀ ൑ 1/ሺሺ2𝜃
െ 1ሻ𝛼ሺ𝑐୫ୟ୶൅𝑑୫ୟ୶ሻሻ which is the stability condition.

Remark

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
Riesz space‐fractional diffusion equation

Obviously, the Riesz space fractional derivative can be seen as the linear
combination of the left and right Riemann–Liouville derivatives. Therefore, we
can use the previous 𝜃–method. However, the symmetrical fractional central
(SFC) difference method is more popular.

Remark

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
Riesz space‐fractional diffusion equation

Fractional central difference operator

If 𝛼 ൐ െ1 and

are the coefficients of the central difference approximation then

and

Lemma

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
Riesz space‐fractional diffusion equation

If 𝑓 ∈ Cହሺℝሻ and all derivatives up to order 5 of 𝑓 belong to Lଵሺℝሻ
then

where

Lemma

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
Riesz space‐fractional diffusion equation

Fractional central difference 𝜃‐method
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1D space‐fractional equations
Riesz space‐fractional diffusion equation
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75

1D space‐fractional equations
Riesz space‐fractional diffusion equation

Using the Gerschgorin theorem, we can obtain that the eigenvalues 𝜆 of the
matrix 𝑆 satisfy

On the other hand, if 𝜆 is the eigenvalue of the matrix 𝑆 then 𝜆ሚ
ൌ ሺ1 െ 𝜇ሺ1 െ 𝜃ሻ𝜆ሻିଵሺ1 ൅ 𝜇𝜃𝜆ሻ is the eigenvalue of ሺ𝐸 െ 𝜇ሺ1 െ 𝜃ሻ𝑆ሻିଵሺ𝐸
൅ 𝜇𝜃𝑆ሻ. Therefore, the 𝜃‐method is unconditionally stable for 0 ൑ 𝜃 ൑ 1/2
since 𝜆ሚ ൑ 1. For 1/2 ൏ 𝜃 ൑ 1, we deduce from 𝜆ሚ ൑ 1 that 𝜇 ൌ ∆௧

∆௫ഀ ൑ 1/ሺሺ2𝜃
െ 1ሻ𝑔଴ሻ which is the stability condition.

Remark

FDM for fractional PDEs (FPDEs)
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1D space‐fractional equations
Riesz space‐fractional diffusion equationExample

𝐿ଶ error at 𝑡 ൌ 1 of the CN method (using GL formula) with ∆𝑡 ൌ 1/1000𝐿ଶ error at 𝑡 ൌ 1 of the CN method (using shifted GL formula) with ∆𝑡 ൌ 1/1000𝐿ଶ error at 𝑡 ൌ 1 of the SFC difference method with 𝜃 ൌ 0.5 and ∆𝑡 ൌ 1/1000

FDM for fractional PDEs (FPDEs)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with Caputo derivative

FDM for fractional PDEs (FPDEs)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with Caputo derivative

FDM for fractional PDEs (FPDEs)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with Caputo derivative

FDM for fractional PDEs (FPDEs)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with Caputo derivative
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1D time‐space fractional equations
Time‐space fractional diffusion equation with Caputo derivative

𝐿ଶ error at 𝑡 ൌ 1 for the L1 method with γ ൌ 0.8, ∆𝑡 ൌ 0.001

FDM for fractional PDEs (FPDEs)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with RL derivative in time

Explicit Euler method (with GL formula)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with RL derivative in time

Implicit Euler method (with GL formula)

Crank‐Nicolson method

FDM for fractional PDEs (FPDEs)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with RL derivative in time

Integration method I
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1D time‐space fractional equations
Time‐space fractional diffusion equation with RL derivative in time

Integration method II
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1D time‐space fractional equations
Time‐space fractional diffusion equation with RL derivative in time

The stability and convergence analysis of these methods are more complicated
than their counterparts of the integer order equations.
If then the implicit method, the Crank‐Nicolson and the
integration method II are unconditionally stable and convergent of order 𝑂ሺ∆𝑡
൅ ∆𝑥௣ሻ, 𝑂ሺ∆𝑡ଶିఊ ൅ ∆𝑥௣ሻ and 𝑂ሺ∆𝑡 ൅ ∆𝑥௣ሻ, respectively.

Remark

FDM for fractional PDEs (FPDEs)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with RL derivative in time

𝐿ଶ error at 𝑡 ൌ 1 for the Crank‐Nicolson method with ∆𝑡 ൌ 0.001

FDM for fractional PDEs (FPDEs)
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1D time‐space fractional equations
Time‐space fractional diffusion equation with RL derivative in time

𝐿ଶ error at 𝑡 ൌ 1 for the integration method II with 𝑁 ൌ 1000

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with RL derivative in time

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with RL derivative in time

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with RL derivative in time

Implicit method

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with RL derivative in time

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with RL derivative in time

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with RL derivative in time

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with RL derivative in time

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with RL derivative in time

PR‐ADI finite difference method

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with Caputo derivative

FDM for fractional PDEs (FPDEs)
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2D time‐fractional equations
Time‐fractional diffusion equation with Caputo derivative

FDM for fractional PDEs (FPDEs)



99

2D time‐fractional equations
Time‐fractional diffusion equation with Caputo derivative

D‐ADI finite difference method

FDM for fractional PDEs (FPDEs)
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2D time‐space fractional equations
Fractional diffusion equation with Caputo time derivative

FDM for fractional PDEs (FPDEs)



2D time‐space fractional equations
Fractional diffusion equation with Caputo time derivative
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2D time‐space fractional equations
Fractional diffusion equation with Caputo time derivative
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2D time‐space fractional equations
Fractional diffusion equation with Caputo time derivative

D‐ADI finite difference method

103
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2D time‐space fractional equations
Fractional diffusion equation with RL time derivative
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2D time‐space fractional equations
Fractional diffusion equation with RL time derivative

CN finite difference method
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2D time‐space fractional equations
Fractional diffusion equation with RL time derivative

Corresponding ADI method
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2D time‐space fractional equations
Fractional diffusion equation with RL time derivative
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2D time‐space fractional equations
Fractional diffusion equation with RL time derivative

𝐿ଶ error at 𝑡 ൌ 1 for the ADI method when 𝑁 ൌ 𝑁௫ ൌ 𝑁௬ with ∆𝑡 ൌ 0.001
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