" Numerical solution

.
¢ fractional PDEs .
) 4
4 Reza Mokhtari

Isfahan University of Technology, Isfahan, Iran

Department of Mathematical Sciences

)

Iranian-Austrian summer school
University of Graz
September 2019
Forth lecture (108 slides)




Numerical solution of fra

» Introduction to fractional calculus

» Numerical methods for fractional integral
and derivatives

» Numerical methods for fractional ODEs

» FDM for fractional PDEs

» FEM for fractional PDEs

R. Mokhtari (mokhtari.iut.ac.ir), iranian-Austrian summer school, Sep. 2019, University of Graz G




Numerical solution of f

FDM for fractional PDEs (FPL

<.

R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz




Numerical solution of

FDM for fractional PDEs (F

R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz




Numerical solution of fra

FDM for fractional PDEs (FPDEs

1D time-fractional equations : RL subdiffusion equatio

(0:U = gDy (Ky02U)+ f(x.0), (1) € (a.b) x (0, TIO<Y <
U(x,0)=d¢o(x), x€(a,b), el
\U(a,t) = Uu1), Ub,t) = Up(t), t€(0,T],

T th+,t
At = — t, = TlAt,n = 0,1, oy N t = il )
Ny n+ 2

N

n=01,..,ny—1

N =

b—a _ Axi=01 . N Xt Xy
N x; =a+1Ax,1 =0,1, ..., xl_+;_— >

Ax = ,0=01,...,N—-1

I = (a,b) U e (I x [0,T]) U™ = U™() = UG, t,) Um = U(x, t,)

7] _ n il — il il n+1 n
) UH _ Ui—!—l Ui 62 U = UH_I 2U’ M Ui_l o UIH_% _ Ui B Ui
OxyU == : - 2 ' ' _

ity AX L Ax? o Al

R. Mokhtari (mokhtari.iut.ac.ir), iranian-Austrian summer school, Sep. 2019, University of Graz °




Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-fractional equations : RL subdiffusion equati

6[U(.Y;, In) —_ K)/ (RLD(I);ya%U) (-xisfn) +f(-rls f”i

U XisIn =i Xis In =i 2l -ls'
an(X,',f”): X +]g[ (x ) +O(Af):(§fUi+— +O(Al‘4

(kLD 02U ) (i) = O, 7 (@2U" (1)) + O(Ar)l

I

n | , _
GL )y _ 2 : ) rrk (y) _ kY
k=0

§2U(xi, 1) = 02U" (%)) = 52U" + O(Ax>)

oU

4

= K, L850 V82U + f + O(At + szj

[ |

R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz




Numerical solution of f

.

FDM for fractional PDEs (FP

1D time-fractional equations : RL subdiffusion equ

| Explicit (forward) Euler method I
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| Theorem l
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f* = 0leadstou!*" =i’ +,uZw( _Y)(”Hl 2k + 1k ). settinguf = preTiAx

k=0

2 k=0

that p,,;1 = é(0)p,, where ¢ is independent of time, we have
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If |€] > 1 for some o then p, grows to infinity and the method is unstable.
Considering the extreme value ¢ = —1, we obtain the following stability bound on u
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This bound depends on n, ie. the number of iterations. Nevertheless, this
dependence is weak, i.e. S, , approaches S, =Ilim;_.S,, in the form of
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example J (G, = D)Vt £, (n1) € (0,7) X (0, 1],
u(x,0)=0, xel[0,r],
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' Maximum L2 error of the explicit Euler method with At = 1/40000 |

N|y=02] & 27| y=05 | &5 |27 y=08 | =095
10 | (NaN) | 1.22 519 19e=H8IR0IUS 2.9621e-3 | 2.5676¢e-3
20 | INaN| | 4.87 9.8971e—4 | 0.20 7.8085¢—4 | 6.8137e—4
30 | INaN| [ 10.95 1 0.29 NaN 0.46 | 0.35 | 3.7647e—4 | 3.3157e—-4
40 | [NaN| [ 19.47 NaN 0.81 2.3491e—-4 | 2.0911e—4
50 | NaN) | 30.42 NaN |2 1.6938¢—4 | 1.5242e—-4

1At y—2

AX <2
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’ Implicit (backward) Euler method |
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l Theorem l : '

Similar to the previous Theorem, we obtain the following relation | Proof
A TAx\ © _
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Forn = 1, it follows using the Lemma that
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It is easy to see that | Proof
N-1 N-1

(70, V)N =Ax Y vidtui = vilOxlty, 1 = Oxlt;_1)

i=1 =1

N-1 N-2

— Z V,'(S_rltHﬁl = Z Vi+l5x”,'+%
j:] ) I-:O )
N-1 N-1
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1:0 ; 1':0 i

N-1
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i=0 i
One can similarly get (u, 5,%17)]\, = —(6,u, 6,V)y.
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| Lemma l

| Theorem (Energy method) I

2 012 0,2 ky 2
[y <llu”lly + AV Ky u [y +C max [y

We rewrite the implicit Euler scheme in the following form Proof

W' =u !+ APK Zw _ y)ézuk ST

l l

From this relation, one can immediately get
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n
- - :
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n
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where previous Lemma is used. Let
n

_ -y T+y)  (m+ 17! i
b"_kzzow"' “ToTm+D Ty o

Obviously b,, — b,,_1 = w,(f‘” and it can be shown that C;b,AtY < At < C, b, AtY
where C; and C, positive constants independent of n. Using the Cauchy-Schwarz
inequality we obtain

) 1 12 )
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1
y k(2 2 2 2
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where € is a suitable positive constant. Let

n
2 k|2
E" = 0"} +A7Ky ) bu-ilu'} .

k=0
Then one gets
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|
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Therefore, one obtains
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By the definition of E™, we have ||u”||2N < ]|u0||]2\, + A17K7|u0|% y +C max ||fk|2N
’ O<k<nt

| Theorem l

lle"|ly < C(Af + Ax?

One can get the error equation as follows

n
n _ n—l1 y (1-y) 2 k n
e; =¢; +Ar'K, E w, oye; +AIR,
k=0

Proof

in which R = O(At + Ax?) is the truncation error which obtained previously.
Based on previous Theorem, to get the error bound, we only need to estimate
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02 0,2 k2
N yI€ 1 N N
lle”||x + A" K, |e”|7 v + C max [|R"]
O<k<nr

where R"™ = (RY, ..., R})T with R = O(At + Ax?). Obviously, ||e°||N = |e°|1N
=0 and||Rk| NS C(At + Ax?). Hence |le"]||y < C(At + sz).

Implicit (backward) Euler method using L1 formula |
e ”__l (1-y) 2 /! n e 1 9

Orll }’RLé ()\ l+f;’ l—l._.,"'..N'_l,
ll- =dglx:), 1=0,1,2.N,
”() = Uu(ty), ” = Up(ty),

.

|LI sMyn = () k+1 k n-’ 0 (),,_(k+l)“>’—k">’
[RLI U A}, Z["/‘](U+_U)+l"(l_ )U 'bl\ - r(z_y)
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Maximum L? error of the implicit Euler method with N = 1000

AR N =102 order ¥ =105 order y =0.8 order
8 | 1.8195¢e-1 1.5777e-1 1.4051e—-1
16 [ 8.9917e-2 | 1.0169 | 7.8387e—-2 | 1.0092 | 7.0388e—-2 | 0.9973
32 | 4.4687e-2 | 1.0087 | 3.9064e—-2 | 1.0048 | 3.5224e-2 | 0.9988
64 |2.2275e-2 | 1.0045 | 1.9499¢-2 | 1.0025 | 1.7619e-2 | 0.9994
128 [ 1.1120e-2 | 1.0022 | 9.7410e—3 | 1.0012 | 8.8112e-3 | 0.9997
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0:U(x;, T”_J;) — K}, (RLD(I)IY(') U)( \‘,‘,I‘”_%) +f(.\’,',f”_%*
n—3 (1-y) 2 14y >
o:U. = =Kyo, "0y U -+f(x,, D+ (AT +Ax
(1-y) n—-.lg [ n—sl; = k-5 4 0
0, U,- i =F b()U,- i _Z(bn—l —k—by- A)U, ~ (bp-1-Bu- l)U,-' _An—lU,' |
! k=1
|
b = (n+ l)y—n”1 |B,, = (n+1/2)" —n”
i) _ g /277
| _ (n+1/2)r~!
AII . BH — 1 [(1+y)
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’ First Crank-Nicolson (CN) method |

n—+

. n— = .
[é,ui j=K76(, y)(i_z\.u!. "+f(.\',-,t”__|;), i=1,2,--- N=-1, n=1,2,---,nt
(dop)ynd ] S - ! 5
(), U. | Sm—— boU. - - (brz—l—k—brz—k)U- '_(bn—l_Bn—])U-'—An—lU'
I Afl Y l ! I l
k=1

h | Second Erank-NicoIson (CN) method |

( n—-ly Ky (1- 2, =
Y) 2 n—1 (1-y) 2 n _
61‘[” — TI(SI O\“’ +6f 5_\‘lli]+f(.-’(',,f”+?l-_),.
i=1,2,---,N-1, n=1,2,---,nr,
u} = ¢o(xp), i=0,1,2,--- N,

\llg = U(l(rll)e UX/ — Ub(rll)')
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l |_|| (9r U(-\Fls TH) - K‘y (RLD(I)_IyazU) ( X,"I‘”) +f(.r“ rll)a
J [ 0l (X 0-1) = (RLDl ’/6 U) (Xis tne1) + f(Xis tnei

(%U(.X',‘ In)+ d!U( XisIn—1)
:K},[(RLD('“)’(’) U)(.r,',tn)+(RLD('”)’a U)(x,-,t,,_l)]+f(.\',-,r,,)+f(..r,',t,,_1 |
n % K =y : _ e
oU; t =—H|kie oiU] + e otU;

]
= _(.f,'” +ﬁ”_l)+O(Arl+7’+AX2), n> 1

1

é,U— = K5 6 V62U + 1 + O(Ar + Ax? )|
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[ Third Crank-Nicolson (CN) method (using L1 formula) |

(
5;11:=Ky(5 e2ul+ £, i=1,2,--,N-1,

I K |
-5 _ Y1 (1-y)2. n, L1 (1-y) 2 n-1 n n—1

i=1,2,--- N-1, n=2,3,---,nr,

u; = po(x;), i=0,1,2,---,N,
\”6 — U(((tll)a “;([ = U[)(rll)e

=1 - 1
l l - n7 Y (k+1)
) ()’) n_ E : (‘y) k+1 _ 7k 0 ()/)=
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A —p _ yoryr!
n = Bn T(1+y)Atl—Y

OSbnSbn—], BnSbn—l, n = 1.,
AnSBna bnSBna

Theorem

n
12 02 02 k+d 2
I <200 + C AP O  + Cane Y IIE4 2,
j=0
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If sutY/2 = (5l ™2, L sy and w2 = @MYL ul YT then

from one of the previous Lemmas we have 1

I 1
(5run+2’un+2)N:# _b0(5.run ‘un+3) +Z(bn e n+] /)(5111/ - \u’H-F’)
j=2

1 Il 1 1 1
e (bfl—l e B”)((quz ) 6.l"un+ ; )N +An(5_ru0, 6)‘~u”+ 2 )N o (f17+2 . ll”+ 2 )N.
Using Cauchy—Schwarz inequality and previous Lemma, we get

| |
(6fu11+:y : ulH-?_y )N

Proof

n—1

i 1 | 1
<3| = 260l 2y + D (b= bt YW+ T )
J=2

312 L2 0,2 _1n | 1
+(bp-1 = Bp)(Ju2[] y + " 2|7 )+ Au(ud|] y + T2 ) [+ E T 02y
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n—1

[ | -]
0 —=2
(=bo— By, '|'An)|u”+2 | [.N + Z(bn—j = bn+l—j)|u'/ 2 |1,N
! =

—_—

K
2

) 0,2 i} 1
+ (bt = BB + AR |+ 0wy

n—1
& 12 =l 0,2 l 1
SE _b()IuIHzl],N+Z(bn—j_bn+l—j)lll‘l EII.N+A”|U |1.N +(f’7+’.7’u’7+’._7)N_
=i

Or

n+1

pesil = )
||ll”+ ”N +/1ATZ[7,;+1_J'|UJ z|1,N
j=1

n
. il L
<l + ALY bu iR 4 pAAOR 4 2808wy
=1
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n+1

If 74! = ||u”+'||N+/uAer,,+1 w21 then
| |
En+] <E" +/lAT|llO| ” o 2Af(f”+7,ll”+z)]v
] | | |
<E"' +uAu’l] Ay + A1) + 2Ar’(f"+z,u"+z W+ ET u"T) N\

E'+uAtu’f NZA,, +2A1‘Z(f”+’l’ u* )y
=1 k=1

n+1 n+1

E' +uAiul? ZA,,+EpA1‘Zb,,+| i N+Z IE32,

H+l—j

Here we have used the Cauchy—Schwarz mequahty and €llu/~3 ||N<|ll’ ’l v using one of
the previous Lemmas. € is a suitable positive constant independent of j, At and Ax.

Therefore, we have
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1D time-fractional equations : RL subdiffusion equatio

n+1

n
1 =L
" 2R < '+ A o) ) A+ CA Y TR,
=1 j=1

where 1/b, < C,n*"YAt'"Y< C,T* Yin wHichCyonIy depends on . Letting n = 0
and using the Cauchy-Schwarz inequality, we obtain

12 ArB L0
u [y +uArBolully

—lla® sz +pAer(5_\-u%,5xllO)N + 2At(f%,u% IN

1 l } 3
<’ ]2V+/JA1‘A0(61|112|%\N+E|UO|%.N)+2AT(4_”&||12v+62“u2”12\/)

€2
where €1, €, > 0 are suitable constants such that
|

1) 1) 1l o)
61/JA()|112|],N+262||113||N§§HB()|112 1 v

Therefore, we obtain
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Numerical solution of fra

FDM for fractional PDEs (FPDEs

1D time-fractional equations : RL subdiffusion equatio

1 1
E' =|u'|[5, + uAtBoluZ|{ y <2lju'|5, + uAtBolu|f

UATA( AV
<2l + 2—61|u°|%,N+g||f7n%,.

Hence

1
12 02 0,2 k512
R < 20uCly + CLAP Oy + CoAr Y I 2R,
j=0

in which - and Ax

and the Jle"*'I5 <2l + C1A7 1"} + C ArZuR"uN<C<Ar'+>’+Ax )

k=0

€ — U(\,,T”) ll1 €f—_ _ Ky(s;]_y)(s'f);e{:—% +R”I : - O(Afl+y+Ax2i

o1 —
ﬁ)eN

=0.i=0.1.---.N| R"=(RLRL-.R)] | en = (ef, .., el |
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Numerical solution o

FDM for fractional PDEs (

1D time-fractional equations : RL subdiffusion eg

| Remark l
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Numerical solution of fract

FDM for fractional PDEs (FPDEs)

1D time-fractional equations : RL subdiffusion equations

l Maximum L? error of the first CN method with N = 1000

[SAT IRy =12 order =105 order vy =0.8 order
8 | 4.2600e-2 0.6759¢-3 2.6338¢e-3
16 | 2.0452e-2 | 1.0586 | 4.4424e—3 | 1.1231 | 4.8959¢—4 | 2.4275
32 19.3682¢—-3 | 1.1264 | 1.8185¢—3 | 1.2886 | 9.4388e¢—-5 | 2.3749
64 |[4.1927e-3 | 1.1599 | 7.0398¢—4 | 1.3692 | 1.8835e¢—5 | 2.3252
128 | 1.8536e—-3 | 1.1775 | 2.6416e—4 | 1.4141 | 8.4538e—6 | 1.1558
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Numerical solution o

FDM for fractional PDEs (

1D time-fractional equations : RL subdiffusion

6-method (weighted average method) I

4
@) = (wp(a) wp(z)—Z—(l—ﬂf p=1,2,.6
=l
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Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-fractional equations : RL subdiffusion equati
9,U = riDy, (Ky02U)+ fenf Fr = [ flxi,9)d

U(xi.ty) =U(xi t—1) + K {[ID()I ) 9 U( Xis f)l 3 "] [[ ()(rl—)/)(?;U("-i’I)Ir:tu_l]} i F;,

} Using left fractional rectangular formula |

n—I1
(1= n k—1 (1-y) k—1
Zb 52U Zl e IO\U

! New epr|C|t method |

U” U” '+Aﬂ’]{ +F”+0(AI(AI+A-\‘2){

n

n—|\
uf =i APKy [ B VST = Y Y T [+ FYL i=1,2,0 N -1
- 0"'12'7 " = O(At+Ax)
u; = ¢o(x;), 1=0,1,2,---,N, \K},Aty ‘
<1/4 (l=y) _ Yy _ 1Y
Lup = Uy(ty), uy = Up(ty), Ax? ‘ ‘b l"(l+y)[(k+l) kj

(
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Numerical solution of fr

FDM for fractional PDEs (FPD

1D time-fractional equations : RL subdiffusion equa

l New implicit method (using right fractional rectangular formula)

n n—1

(1-y) 2k (1-y) 2 k
E b, owu;— E b . o\u;
k=1 k=1

n _  n—l| y
u; =u; +ArK,

’ Unconditionally stable |

+F!, i=12,---,N-1§

(-1 —(n=1-y)n?, k=10,
.y = 1 Sm=k+ 17 £ (n=1=0""'=2(n=1)""" 1<k<n—1
T T(y+2) ’ -0
b iz k = n.
n n—1|
i =T AP K| Y aendtuf = ) agaor62uk [+ FL =12, N1
! k=0 k=0
u) = go(xi), i=0,1,2,--,N,
- 2 2
5 = T, 5% = Thik). ’ Unconditionally stable | ’O(At +Ax’)
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Numerical solution of fract

FDM for fractional PDEs (FPDEs)

1D time-fractional equations : RL subdiffusion equations

Maximum L? error of the new explicit method with At = 1/40000 |

N |ly=02] v=0.5 y =0.8 ¥ =0.95
10 | (NaN) | 3.7998e—3 | 2.9649¢—-3 | 2.5682¢e—3
20 | [NaN| | 9.9768e—4 | 7.8359¢—4 | 6.8199¢—4

30 | [NaN NaN 3.7921e—4 | 3.3219e—-4
40 | |NaN NaN 2.3765e—4 | 2.0973e—4
50 | (NaN, NaN 1.7212e—4 | 1.5304e-4
| KyAtY _ 4
Ax?2 — /
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Numerical solution of frac

FDM for fractional PDEs (FPDEs)

1D time-fractional equations : RL subdiffusion equations

| Maximum L? error of the new implicit method with N = 1000 |

I/At | y=0.2 order y=0.5 order y =0.8 order
8 2.2569¢e—1 2.4567e—1 2.4628e—1
16 | 1.1822e—110.9328 | 1.2830e—1 | 0.9372 | 1.2735e—1 | 0.9515
32 |1 6.1127e-2 | 0.9516 | 6.5855¢-2 | 0.9622 | 6.4805e-2 | 0.9746
64 | 3.1352e-2 | 0.9633 | 3.3465¢e-2 | 0.9767 | 3.2703e—2 | 0.9867
128 | 1.5994e—-2 [ 0.9710 | 1.6904e—-2 | 0.9852 | 1.6431e-2 | 0.9930
\ Maximum L? error of the new CN method with N = 1000
1/At | y=0.2 order y=0.5 order y =0.8 order
8 4.0242e-3 3.1760e-3 3.0590e-3
16 | 9.868le—4 | 2.0279 | 7.8837e—4 | 2.0103 | 7.7210e—4 | 1.9862
32 | 2.4196e—4 | 2.0280 | 1.9645e—4 | 2.0047 | 1.9479¢e—4 | 1.9868
64 | 5.9575e-5 1| 2.0220 | 4.9238e—5 | 1.9963 | 4.9222e-5 | 1.9846
128 | 1.4937e—-5 | 1.9958 | 1.2563e-5 | 1.9706 | 1.2582e-5 | 1.9680
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Numerical solution o

FDM for fractional PDEs

1D time-fractional equations : RL subdiffusion €

| Remark I

9,U = gDy, (9 (d(x)d,U) + f(x,1))
it = 1,3[,D_yl K[O%U - KQRLD_yzU + f(x,1), 0 <y1,y72 <

—71
3

0:U = reDy " (K192U) + Kare Dy, 2 U + f(x,1), 0 < y1,72 < |
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Numerical solution of

FDM for fractional PDEs (
1D time-fractional equations : Caputo subdiffusion
U (0:U = reDy (Ky0RU )+ flx.0), (x,1) € (a.b) X (0,T)

el V5

Ux,0) = do(x), x€(a,b), L<y<]
\Ula,1) = Uy0), Uh,1) = Up(@), 1€(0,T], K2
(¢D) U =K,07U +g(x.0), (x,0) € (a.b)x(0,T]]

U(x.0)= go(x).  x€ (a.b), lgen) = DY fx.1)

N

.

| Remarkl |\ U(a,t) = Uy(t), U(b,t) = Up(t), te€(0,T],
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Numerical solution of fra

FDM for fractional PDEs (FPDE

1D time-fractional equations : Caputo subdiffusion equa

cDJ U(xi,tn) = KydiU(xis tn) + g} = K, 0:U (xi 1a-1) + &7 + O(AY)

VU = K,62U"" + g + O(At + Ax®)

’ Explicit Euler method (using GL formula) l
o Y)on 0y _ 2. n—1 n . _ _
o, (u; —u;)=Kyoou;” +g:, i=12,--- N-1
u? = ¢o(x;), i=0,1,2,---,N,
| \“6 = Uq(ty), UK/ = Up(ty),

'\ il
(y) 0 v) , k 0 (¥) kY
0 Wi —u) = 5= ) @, —u), @ =(=1) (A)

| k=0

,w

N
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Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-fractional equations : Caputo subdiffusion equ

l Explicit Euler method (using L1 formula) |
(6wl =K, o2u! " +g", i=1,2, N—1,
llf-‘ =do(x;), 1=0,1,2,---,N,
| \UB = Uu(ty). UK{ = Up(ty),

——

[ n—| | n—|
5;}/)11}’ = A—ﬂ,Zlf, - ](ul‘+l uf-‘)— = | bou; — Z(bflwk_] (y) )u — by}
k=0 k=0
b, = k1) T 7.
| F(2-}')[ ]
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Numerical solution of fr

FDM for fractional PDEs (FPD

1D time-fractional equations : Caputo subdiffusion eq

| Theorem |

Let Proof
(7’) +2u —u 0 0 0
U (y) +2u —U 0 0
0 W+ 2u 0 0
A= .
0 0 0 (”) o
(7)
0 0 0 —H 20y vy
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Numerical solution of frac
FDM for fractional PDEs (FPDEs)

1D time-fractional equations : Caputo subdiffusion equati

[ 1-=2u U 0 0 0
7 1 —2u 7 0 0
0 7 1-2u  --- 0 0
B= : : ; . :
0 0 0 1 —2u J7
0 0 0 u 1 —2u

(VS (IV =1l

and suppose that for i = 1,...,N — 1, #i;' and g;* are perturbations of u;* and g/,
respectively and U™ = (4, ..., fn_1)" and gt = (Gt ..,gr_)'. Then, we have

Zw(?’) (izl\ ) ﬂll” I(~?+1] 252:-1 ] i ])+Atyg,

Then the matrix representation of this perturbation equation is as follows
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Numerical solution of frac

FDM for fractional PDEs (FPDEs)

1D time-fractional equations : Caputo subdiffusion equatio

(@' =B +A8!, n=1,

o’ wa}’),\u +Zw(”) i’ + A8, n> 1.

Since 2,u<y— —a)}/, it is easy to obtaln |A]| < a)l/ and ||B|]| <1 by the
Greschgorin’s theorem. Here ||A|| denotes the spectral norm (or 2-norm) of the
matrix A, which is equal to the absolute largest eigenvalue of A when A is

symmetric. For convenience, we set
n—1

NV p_ =y 7 L
1= 2 0 = St = Ty TO

Then one can easily prove that AtY < Cb,,_;, where C is a positive constant only
dependent on y and T. Next, we prove that

@) <|la’||+ C max ||g"||=E
| <n<ng
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Numerical solution of frac
FDM for fractional PDEs (FPDEs)

1D time-fractional equations : Caputo subdiffusion equati

where |||| is the discrete L? norm for the vector, which is defined by

N—1 /2
lal| = [Z u?‘] ,  w=(u,uz, - ,uN_l)TGRN_l.

i=1
Using the mathematical induction forn = 1, we get
-1 =) =1 =) =1 ~0) =1
|| =[|Ba” + A" g || <||Blll[a”|| + Chbollg l| < [0”|| + ClIg || < E.
Suppose that ||u"|| < E,n=1,..,m — 1. Forn = m, we have
m—2

W < -wE- ) E+by i E
k=1

m—1
=boE~ » w\"E+byE=E.
k=0
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Numerical solution of

FDM for fractional PDEs (F

1D time-fractional equations : Caputo subdiffusion

| Remark l

4

i
(y) 0 l (y) 0 (y) k
6,}/ (u; —u;) = v any_k(u}' —u;), a)ky ={=1)
At Py k

U Im;Iicit Euler method (u::ing GL formula) l
(6" (! —u)) = K,0ou! +g", i=1,2,---,N-1,
u; = go(x;), i=0,1,2,---,N,
\”8 = Uqy(ty), ”Ijlv = Up(1y),

N
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Numerical solution of

FDM for fractional PDEs (F

1D time-fractional equations : Caputo subdiffusion

I Implicit Euler method (using L1 formula)
(V). n _ 2.n n . __
0, u; = Kyowu; +g;, i=12,--- ,N-
=¢o(x;), 1=0,1,2,---,N,
\”8 = Uu(ty), Ux{ = Up(1y),

H—

Won_ L O kel k

0, 'u; = Ar”zb ;g u; )

Remark

o o
—~

) _ -y 1=y
b, = y)[(k+l) k ]
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Numerical solution of fra
FDM for fractional PDEs (FPD

1D time-fractional equations : Caputo subdiffusion equ
0 u(x. 1)

-

(C;D;’ ux,t) = +f(x,1), x€ (0,1),t € [0, T1

| X "
o P o hmerie-.
{}’(, ux,t) — u P u(\ fy) + Z( ’. Nu(x.t,_;) + uf(x.t,) + R
IR,| = |[Ru(x.1,))| < —— 12(t, — t;)™*" max ﬂ(Jt | Ar
k k —I(1 - k n<t<t,| Ot2

’ Implicit Euler method (using L1-2-3 formula) |

32, k—1
(@) &k u _  (a Z (@) (@), k—i k
Yo W —H—F =V w+ ) (. =+ ouf
i=1
-+ 5+ B 2 [ll‘]s];'.ls)gkl'?(.\.t)|ﬂl g
[1(@—1i)
=]
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Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-fractional equations : Caputo subdiffusion equ

0%u
% o )
ot oiel

AL

|T(x, 1)] < E { V2t — & )~*~! max

—I(] —a) 1, <t<t,

3

ﬂ(x. 1)

== At

+ =(t, — ;)" max
8 - o St<t,

( \

I 1 27 — 10a + a?
+ §+l max

£, 4
[I(ax —1i)
=]

o*u

ﬁ(.\‘. 1)

\ )

4+ — max Ax?, k > 3.

12 0<x<l1
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Numerical solution of frac

FDM for fractional PDEs (FPDEs

1D time-fractional equations : Caputo subdiffusion equa

Example u(x,r) = eXpita Ax = 1/20000

EUY (A
EU?(AZ‘) = max va = (uj)f-v order(u;) = log, NJ
<i< EUY(At/2)
o At EUflV (A1) order (u,) EU’;’ (A1) order (u,) EU?' (A1) order (u)
== 2 Sle= S =)
0.1 1/10 9.6689E—4  0.00 1.190 6E—4  0.00 1.078 6E—35 0.00
1/20 3.015 3E—-4 1.68 1.844 6E-5 2.69 7.897 TE-7 S
1/40 9.111 2E-5 1.73 2.7532E-6 2.74 5.707 OE—8 3.79
1/80 2.694 9E-5 1.76 3.977 3E-7 2.79 4.114 3E-9 3.79
1/160 7.849 2E—6 1.78 5.203 3E-8 2.93 3.2814E—-10  3.65
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Numerical solution of fr

FDM for fractional PDEs (FPD

1D time-fractional equations : Caputo subdiffusion eq

CD();J.\'(I) =Ay(t)+g(r), yO0)=yy, 0O0<y< ]I

I - . - (m) _ (m) I -
v Z Wk (Y(tk)—yo) = A Z 0 Y(tk)+AB, " yo+ A7 Z Wn-k Gk + R
k=0 k=0 k=0
(D, U = KydU+g(x.n), (0.0 €(@b)xO.TH |y = xs
Ux,0) =d¢o(x), xe€(a,b),

=1 ’
’g(x, 1) = DgJ f(x, d , =

\Ula,n) = U41), U(b,1) =Up(t), 1€(0,T],
l ) k 0 “ (m) &2 57k (m) &2 570 l 5 k !
—_— E p-(U: =U;) = A E g o0 U +AB, o U, +——= E - kGr + R
*Ar)f kzow k( i :) - 1=k~ X1 X~ ArY A:Ow kYJ; i

L‘J (1) | (m) _ l : Y - (m) _ ~1¥) 0 4>
e = —(—Bn — an—kk = Z Hl\' =0(n )" = L;m = 1,2"
|J n = 5y [(1+y) & S ——‘zu
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Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-fractional equations : Caputo subdiffusion equ

| ¢

I - n—k 0 KY - k 2. n—k (2 0l
| AY Zwk(“,‘ —u;)|= EZ(_I) wroyu; ~ +KyB), o,
k=0 k=0
| FLMM-EDM [ | < ik
4 + A7 . Z wp-kG; ",

r}unconditionally stable and convergent of order O(Af + Ax”)
T x _ >
— Zwk(ll:-'_" - u?)} =K, ’(l ~ %)O\u” + y() u'" ]]+ K, B( )(‘) U (

AtY = =
! [FLMM-FDM1[ | 1 [a-Dar+Xar),
Al 20020 =(—1)k(3\f]
0 .
[[:¢()(\) 1201?"'.N.. 1 B
: n _ = )
\“;I) = Uu(’n) “N UI)(IH) }G’ [D()" g(x:,t)-fzf‘v]
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Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-fractional equations : Caputo subdiffusion equ

I
Zwk(u’-' "—u =

L
Aty k=0
|Impr0ved FLMM-FDM I

Zw () 2 —u?)

k=0

Z( Dfwrs2u* + K, BV s%u!
27 k=0

+ K.C V82! — 10+ — Y‘w LGN

Y 2 n-1 2)2.0
5()_\.11,- + K, B, 0 u;

= K, [( [ - 3)5_%1:;’ +

A)’

2) 2 l Y Y -
(2) 2, 1 0 n n—1
Improved FLMM-FDM 1 +K, ;26! —u))+ — 1= D67+ 2671 |

W = go(x), i=0,1,2,-+,N,

Gi = [Df, 80| | o = (-DA())

| “8 = Uy(ty), UXJ = Up(ty),

| Byt stk |

|unc0nd1t10nal stability and convergence of order O(AF + Ax?).2)
| k=0 ol |

R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz




Numerical solution of frac

FDM for fractional PDEs (FPDEs)

1D time-fractional equations : Caputo subdiffusion equatio

Example

1 /At

| Maximum L? error of the Improved-FLMM-FDM-I with N = 5000 I=

=2

order

¥ =0.5

order

3—(’8

order

16

52

64

128
256

3.8041e—4
8.1801e-5
1.7541e-5
3.7303e—6
7.6683e—7

22174
2.2214
2.2334
2.2823

6.2221e—4
1.0391e—-4
2.2495e-5
5.7013e-6
1.4901e—6

2.5820
2.2077
1.9803
159555

6.2077e—4
9.0134e-5
2.2715e—3
Sl ae=0
1.5035e-6

2.7839
1.9884
1.9806
1.9366

1 /At

Maximum L? error of the Improved-FLMM-FDM-II with N = 5000 |

f—

16
52
64
128

3.8041e—-4
8. 1351le=3
1.7541e-5
3.7303e-6

256

7.6682e—7

22174
2.2214
2.2334
2.2823

6.2221e—4
1.0391e—4
1.7223e-5
2.8273e—-6
4.5046e—7

2:5620)
2.5930
2.6068
2.6500

6.2077e—4
7.9829¢e-5
1.0414e-5
1.8163e—6
5.1733e-7

29591
2.9384
2.5194
1.8119
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Numerical solution of fra
FDM for fractional PDEs (FPD

1D space-fractional equations
One-sided space-fractional diffusion equation

(0, U =d(x)riD" U +g(x,1), (x.1)€(a.b)x(0,T]}

ax

U(x,0)=¢o(x), xe(a,b), dx)>0 [l <a<?
'KU(a N =U,@), UDb,t) = Uz,(r) t€ (0,71,

(RLDﬁ\ )(x,-,r)— (,,Zw‘”U(f Xi-j) + O(Ax)
Proposition I Ax j=0

Let u;' be the approximate solutions. The explicit Euler method on the Ginwald-

Letnikov appro]ﬂrlnatlon is as foIIows ‘w(.‘” _ (_1)_;'((}1

u;
(() /! .
W +o., 1=1,2,---,N—1
At Ax“ Z ey & | Proof
| R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz |@
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Numerical solution of frac

FDM for fractional PDEs (FPDEs)

1D space-fractional equations
One-sided space-fractional diffusion equation

dZw(() i+ Arg

n

u?“ =+

Ax(l’

If u) = u + & then

At
l 0 0 0 0 ]
u; = pfiu; + G d; E W' )u,-_j+Atgi = Ui&; + U,

where At
i = 1 + AX(Y

So, & = ;e which leads to € = (u;)"e?. Obviously, y; > 1 (amplification factor)
and &* will amplify when n increases. Hence, the method is unstable.

di

R. Mokhtari (mokhtari.iut.ac.ir), iranian-Austrian summer school, Sep. 2019, University of Graz @




Numerical solution of

FDM for fractional PDEs (F

1D space-fractional equations
One-sided space-fractional diffusion equation

Remark

(0% 1 X (@)
(kDG U) (xi,1) = o D U xij+ pAX) + C(p - @/2)Ax+ O(AX)

J=0
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Numerical solution of frac

FDM for fractional PDEs (FPDEs

1D space-fractional equations
One-sided space-fractional diffusion equation

’ Explicit (left) and implicit (right) Euler method (with shifted (1 shift) GL formula) |

”""7 n+;

5rll - d 5(\ )u?_'_l +gtl\1—l 2.+ N — 1]5ru 2 _d 5(\ )L?:II +g11+l
u} = po(x;), i=0,1,2,---,N,
” = Ugy(tn), Un = Up(ty),

((Y) i+1 (<) /! (@) _ i«
LOy U g = Aw D=0 i B ‘(_1)‘(.1')

! CN method (with shifted (1 shift) GL formula) |

O(Af + Ax) O(Af + Ax)

n++ (@) n+s

Orl,; > =di16. U, -+g(x,, 7) ’0(A12+ij

R. Mokhtari (mokhtari.iut.ac.ir), iranian-Austrian summer school, Sep. 2019, University of Graz @




Numerical solution of fra

FDM for fractional PDEs (FPD

1D space-fractional equations
One-sided space-fractional diffusion equation

(

()

()

W, W, 3
(L)S:r) (L)zlr) () ()
() _ .
ég/Vl—l o . . )
(av) () ()
Wy_y @Wyi3 Wy =
(1)((Y) (1)((Y) (i)((r) ;
\ U] N-2 N-3 1 (N—1)x(N-1)|
( wy” ) f 0 )
w(;r) 0
() _ (@) _
s BY =|
0@ 0
= ()
w((}) \ ) )
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Numerical solution of fra

FDM for fractional PDEs (FPDE

1D space-fractional equations
One-sided space-fractional diffusion equation

u’ = (" -y ' ot —={o® ... of
p= g 0 =Gy ) g = (g gy )]

S =DN—15X;11» Dy_y =diag(dy.d>,- - adN—l)l

%BL - B:j”- xd, Bp= BX/”'*d’ d=(d, ,dN—l)Tl

} Matrix form of the explicit, implicit and CN methods (with shifted GL formula) |
| | .
u'tl = (E+uS)u" + Arg” +u(Bruy + Bru| 1

(E /JS)uIH'l — u +Afg”+l +/1(B “lH-l +B U”+11

| | |
n+1 n n n+1 L mrs
(E- ES)E T=(E+ ES)E + 7(5 +8" ) +u(BLuy © + Bruy )I
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Numerical solution of

FDM for fractional PDEs

1D space-fractional equations
m One-sided space-fractional diffusion equatio
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Numerical solution o
FDM for fractional PDEs (

1D space-fractional equations
(Remark ] | One-sided space-fractional diffusion equation|

o (E-Es)y (E+ES)u+Db

R. Mokhtari (mokhtari.iut.ac.ir), Iranian-Austrian summer school, Sep. 2019,




Numerical solution of fra

FDM for fractional PDEs (FPD

1D space-fractional equations
Two-sided space-fractional diffusion equation

[3:U = c(x, HreD;, U +d(x, I)RLD\ RyU +8(x,1),
1 Ux,0) = ¢o(x), xe€(a,b),
\Ula,.t)=U(b.1)=0, 1€(0,T],

(x,1) € (a,b)x (0,T]
l<a<?
c(x,1),d(x,1) >0

6-method (with shifted GL formula) |

n+~=|5- '

6,u ! —[(1—9)c"+' T

:+l

+(1-6)g" " +0g,
u(:) =dalx), i=W01.2.» N,
“() Ua(tn), ”N = Ub(’n)

n+1 n oa@) n
+6c" 16\ ,+,]

[(1 —H)d”+l (fl) n+l +H n b((? n

l: l"_’...

,N—1%
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Numerical solution of fra

FDM for fractional PDEs (FPDE

1D space-fractional equations
Two-sided space-fractional diffusion equation

Ty " BT e no_ ]
p= e g = e, and iy, = pd]

’ 6-method (with shifted GL formula) |
n+l —(] =8 [/J”--HL()(\“)U”H +H£;Tl s\ n+l‘

C,l

-':lli-’+9[ (:”ll”+/.1[’ \”)ll”‘+Af[(l— ) ”+I+Hg ] i=1,2,--- N-1|

C l

”E—(l _H))US:HI]EHH :(E+HH5H)EH+AT[(1 _H)EHH +9gn

S" = diag(cl,ch, -,y DS\ | +diag(dl,ds, - . d%_ S

(lTIIX = max ((\’,) dn]lx = max d(‘1 3‘ — 5‘/1
U<i<N 0<i<N ‘
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Numerical solution of

FDM for fractional PDEs (F

1D space-fractional equations
m Two-sided space-fractional diffusion equatio

—2a(Comax + dimax) <20\ (i +d;) < A1<0

R. Mokhtari (mokhtari.iut.ac.ir), Iranian-Austrian summer school, Sep. 2019,




Numerical solution of

FDM for fractional PDEs (F

1D space-fractional equations
Riesz space-fractional diffusion equation

(0iU = grzDLU +g(x,1), (x,1) €(a,b)x(0,T]
U(x,0) = ¢o(x), x€(a,b), d(x) >0
\U(a,))=Ub,1)=0, te(0,T], | <a<2

N

|

'RZD.(:U = "'C(Y(RLD::A,_VU TRL D(:ij

Ca = 3 cos(am/2)|

Remark
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Numerical solution of

FDM for fractional PDEs (F

1D space-fractional equations
Riesz space-fractional diffusion equation

’ Fractional central difference operator I

" (-D'C(a+1)
P/ (X) = Z_:r(</2-k+l)r(a/2+k+1)f(x—mx)’ o

Lemma

(-=DET(a+1)
8k = TalP kDL (@ 21kt

R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz e




Numerical solution of

FDM for fractional PDEs (F

1D space-fractional equations
Riesz space-fractional diffusion equation

rzDS f(x) =

‘ 1
fla)=f(b) =] —p rzDIf(x)=-— Z a1 f(x = kAx) + O(Ax>)
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Numerical solution of fra

FDM for fractional PDEs (FPDE

1D space-fractional equations
Riesz space-fractional diffusion equation

} Fractional central difference 6-method

n+~{-

] (

(5;1!1- = (1 —H)de(\f”ll;“rl +9R2(5_(\-”u?
+(1-0)g" " +0g", i=1,2,---,N-1,0<60<1|

u) = ¢o(x;), i=0,1,2,---,N,

n __ n _
Lup =0, uy =0,

| (-DT(a+1) |
(@) n _ 1" , =
= , E .g/\u,_,\.s 8k [(a/2-k+ DI'(a/2 +k+l)|
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Numerical solution of fra

FDM for fractional PDEs (FPDEs

iy = uy = J—p ;[E—(l —O)usS Ju""!

1D space-fractional equations
Riesz space-fractional diffusion equation

= (E+p6S)u" + Ar[(1- 0)g"" +0g"|
(80 21 g-2 " EB_N+#l
| g1 8 &1t &-N+2
SnN-2 BN-3 BN-4 81
\ gN-1 8EN-2 8N-3 *°° 20

R. Mokhtari (mokhtari.iut.ac.ir), iranian-Austrian summer school, Sep. 2019, University of Graz




Numerical solution o

FDM for fractional PDEs (

1D space-fractional equations
Riesz space-fractional diffusion equation

Remark

i—1

A+gol<p D lad<g
k=—N+i.k#0

220 <4<
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Numerical solution of frac

FDM for fractional PDEs (FPDEs)

1D space-fractional equations
Example Riesz space-fractional diffusion equation

(0, U = RLD&‘_U +RLD3:| U+g(x,1), (x,0)e(0,1)x(,1],

Ux,00=x*(1-x)% xe,1), Ut =cosx*(l—x)
UO,n=U,n=0, te(0,1], l<a<?

N

L? error at t = 1 of the SFC difference method with 8 = 0.5 and At = 1/1000
N | a=12 | order | a=1J5 order | a=1.8 | order
8§ | 8.9228e-5 1.5660¢e—-4 1.4640e—4
16 | 3.5343e-5| 1.3361 | 5.6465¢-5 | 1.4717 | 4.1501e-5| 1.8186
32 | 1.5504e-5 | 1.1888 | 1.6347e-5| 1.7883 | 1.0880e—5 | 1.93135
64 | 4.7751e-6 | 1.6991 | 4.3544e—6 | 1.9085 | 2.773%e-6 | 1.9717
128 | 1.3052e-6 | 1.8713 | 1.1218e-6 | 1.9566 | 6.9973e-7 | 1.9870
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Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-space fractional equations
Time-space fractional diffusion equation with Caputo derivati

(D], U =(LU)x.0)+g(x.0), (x.0) € (a,b)x(0,T].

U(x,0) =¢o(x), x€(a,b),

\U(a,t) =0, Ub,1)=0, t€(0,T],
L‘”’—c(\ HrLDY,  +d(x, I)RLD” O<y<Il,l <a<2, andc, d>q

(n ((}) n n_cla)
d; 1 U. | +tciroy U, ,,
N A |

|6 )U'f ik6VUL q=2,
LA“IU’ a n (l7) n n oa.2)rmn

&1 8CPU + M p8EPUr, g=3,

~(r)

\RZO\ U:_I’ q — 49

2N

q=1
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Numerical solution of fra

FDM for fractional PDEs (FPDE

1D time-space fractional equations
Time-space fractional diffusion equation with Caputo derivati

Ly U = (LU)(xis 1) + O(AF)

(Y on () (a.n) n .
0, (u; —u;) = LA q,+g,, i=1,2,---, —1|
| I )
PR = gox). i=0.1.2..N, e ||N<C<Ar+Ax'>|
N =un =0, |3 <2/’ ||N+c max ||g”||,v|
| <n<nr

(L1 YY) oon (0”) " ¥ — —
| C Or ll’ _LA +gl I = 1929 ?N l’

VuP =go(xi), i=0,1,2,---,N,
=0 =0 |||e”||N|< C(AY +Ax”)|
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Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-space fractional equations
Time-space fractional diffusion equation with Caputo derivat

IIL Y (ﬂn)n Y (an-1) n-1
ArVZw —-u (I—E)LA‘I, QLA-\'-f/ l;

| Q)(uﬁ)() n n-1
< +B, LA_MI it [(l—— )G + G ]

u; = go(xi), i=0,1,2,+,N,

n_ .n _
|y =y =0,

’w/\ —(—l)l\( ) G _[ mg(x,,f) r:r,J

'||u"||N<Cl(||u“||N+Ar>’Axnu"ns)+C~> max lg"lif |O(At + Ax”)

O<k<nrt
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Numerical solution of fra

FDM for fractional PDEs (FPD

1D time-space fractional equations
Time-space fractional diffusion equation with Caputo derivat

(
n—k _ 0 () Y ;(@n—-1) n—1
Awal\(u’ —u )—(1——)LAH/ i+ L Vul
k=0
+B:I‘))L(“ 0) () C,(I‘) (L(H’l) ll _L((Y()) ())

o l__Gu _Gn l]
o CREIAS:

uf-)=¢()(.x,-), i=0.1.2.-~ N,

Ly = uy =0,

0 y 0 n
"I <1 (Il + A Axllu”l§) + C2 max g ”“4 O(A2 A"

)<k <”T
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Numerical solution of frac

FDM for fractional PDEs (FPDEs)

1D time-space fractional equations

Time-space fractional diffusion equation with Caputo derivative

(¢D} U =g DG U+ DS U+g(x,1), (x.0)€(0,1)x(0,1],

Ux,0)=2x*(1 —x)*, x€(0,1), O<y<l.l<a<?
UW0,n=U(1,n=0, 1€(0,1], Ux.t) = (7 + 1+ 20 (1 - x)

N

L? error at t = 1 for the L1 method with y = 0.8, At = 0.001 |

q| N

a=1.2

order

a=1.5

order

a=1.8

order

8

16
21 32
64
128

2.0521e—-4
4.8876e—5
1.2163e-5
3.1149¢-6

8.9300e—-7

2.0699

2.00606|

1.9653

(.8024

2.8394e—4
6.6752e-5
1.6502e-5
4.1429¢e—-6
1.0696e—6

2.0887
2.0161
1.9940

1.9539

3.5194e-4
8.1674e-5
2.0134e-5
5.0316e-6
1.2734e—-6

2.1074
2.0203
2.0005

9823
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Numerical solution of fra
FDM for fractional PDEs (FPDE

1D time-space fractional equations
Time-space fractional diffusion equation with RL derivative in t

(0,U = gDy, (LU)+g(x.0),  (x.1) € (a.b)x (0, T]

1 U(x,0) =do(x). xE€(a.b),
\U(a,t)=U(b,1)=0, 1€(0,T],
‘Lm’ = c(x, D1 D2 . +d(x, I‘)RLD" O<y<l,l<a<2,and c,d > q

a.x

! Explicit Euler method (with GL formula) |
GL(S;l—}’J( (av.n) n)+fn i=1,2.-- ,N-1}
ui = po(xi), i=0, 1,2, -+, N,

n _ ..n _
\up =uy =0,
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Numerical solution of frac

FDM for fractional PDEs (FPDEs)

1D time-space fractional equations
Time-space fractional diffusion equation with RL derivative in ti

Implicit Euler method (with GL formula) I
: 1

B | A=l AN
A-p) [ ;(@n—5) n—»5 . (a,n— a_;) = Z (av.k 5) k 5
0, (LA-r, g U _Al‘l_y boL, . g W T (Dn—i-2—byr)L Arg Wi

((Y 7) ’Iy

af()
— (b, — B,,)L 2 _A qu) ?]

Crank-Nicolson method |

( —'l —_ ( =y l .
oo n 6( Y) L(Q’n ")ll” )+ i=1.2,- N—1,
Li \ Ax,q

! = ¢go(x;)), i=0,1,2,---,N,

(g =uy =0,
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Numerical solution of fra

FDM for fractional PDEs (FPDEs

1D time-space fractional equations
Time-space fractional diffusion equation with RL derivative in ti

’ Integration method | I

» ”_JT J(1- }’ (ar,n) n n .
S, T =0y V(L) + £, i=1,2,- ,N-1
< llf-)=¢()(.\‘,'), i=0.0,2.% . N,

¢ R |
iy = uy =0,

n n—|

(| -Y) (tYH) ny _ l (1-y), s (@ k=1)_ k-1 (1=y) (u/\ 1) k-1
(LA\ q I)_ - Zln k (LA\ q 5 )= Zln k— l( Axq “; )|
ArY 1S =1

1" Y = [(k+l))’—ky].

['(1+
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Numerical solution of fra

FDM for fractional PDEs (FPDEs

1D time-space fractional equations
Time-space fractional diffusion equation with RL derivative in ti

’ Integration method Il |

I
« B—% (1-y) .
T =60 (Lo )+ £ i=1,2,,N- 1]

”f =¢()(-\'l)v i=0,l,_,"'.N,
n_ .n _
Uy =uy =0,

-

“_Y)(L(A”\’;/) :’ = Z[n k (”'l‘ )_Zbizl—l\}/)] (A”\i/)“f) k|
. 1
pi") = k+ 1) - k1.
O I +)/)[( ) |
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Numerical solution of

FDM for fractional PDEs (FF

1D time-space fractional equations
Time-space fractional diffusion equation with RL derivative

Remark

c(x,n) =d(x,1) = K, >0,

(8,U = RLD(])__,Y(RLD&_\.U +rLDY U)+g(x.1),  (x,0)€(0,1)x(0,1];
CUW(0)=0, xe(0.1), O<y<l,l<a<?
(vO.n=U.n=0, 10,11, UGxt) = (22 + a1 - )]

R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz @




Numerical solution of frac

FDM for fractional PDEs (FPDEs)

1D time-space fractional equations

Time-space fractional diffusion equation with RL derivative in tim

| L? error at t = 1 for the Crank-Nicolson method with At = 0.001 |

q

N

(7, @)
=(0.2,1.2)

order

(y,@)
={0.5. [L.5)

order

(v, @)
=(0.8,1.8)

order

8
16
32
64
128

2.9761e—4

7.5926e-5
1.9605e-5
5.1805e—6
1.5276e—6

1.9708

1.9534
1.9201

1.7618,

3.1824e—4
7.8473e-5
1.9822e-5
5.0220e-6
1.2836e—6

2.0198

1.9851
1.9808

1.9680),

2.6556e—4

6.3540e-5
1.5808e—5
3.9573e-6
9.9178e~-7

2.0633

2.0070
1.9980

1.9964,

8
16
32
64
128

1.7941e-4
7.1000e-5
3.0397e-5
0.4881e—6
2.7937e—6

(T 227 A7)

1.3374
1.2239
1.6798

[.7640,

3.0921e—-4
1.1228e—4
3.2374e-5
8.6250e—6
2.2403e-6

1.4615

1.7942
1.9082

1.9448,

2.9140e—-4
8.2738e-5
2.1694e-5
5.5311e-6
1.3959¢e-6

1.8164

1.9313
1.9716

1.9863)
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Numerical solution of fract

FDM for fractional PDEs (FPDEs)

1D time-space fractional equations

Time-space fractional diffusion equation with RL derivative in tim

{ L? error at t = 1 for the integration method Il with N = 1000 I

(¥, @) (¥, @) (7, @)
q| /At =(0.2,1.2) | order | =(0.5,1.5)| order | =(0.8,1.8) | order
8 6.7781e—4 7.8483e—4 8.3669e—4
16 | 3.5113e—4 [[0.9489]| 4.0995e—4 110.9369|| 4.3435e—4 |(0.9458
31 32 | 1.8027e—4 [|0.9619|| 2.1054e—4 |10.9614|| 2.2147e—4 ({0.9717
64 | 9.1999e-5 |10.9704|| 1.0703e—4 [|0.9760(] 1.1188e—4 [[0.9852
128 | 4.6759e-5 [[0.9764|| 5.4081e—5 |]0.9849|| 5.6238e—5 |10.9923
8 6.7781e—4 7.8482¢e—4 8.3669¢—4
16 | 3.5112e—4 [[0.9489|| 4.0994e—4 110.9369(| 4.3434e—4 |10.9459
41 32 | 1.8026e—4 [10.9619|| 2.1053e—4 [(0.9614|]| 2.2147e—4 [|0.9717
64 | 9.1987e—5 |10.9705|| 1.0702e—4 [|0.9761|] 1.1187e—4 [[0.9852
128 | 4.6746e-5 [10.9766/| 5.4072e-5 [10.9850)] 5.6234e—5 110.9924
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Numerical solution of fra

FDM for fractional PDEs (FPD

2D time-fractional equations
Time-fractional diffusion equation with RL derivative in ti

(0,U =g, Dy, (K102U + K203U ) + f(x.y.1)
< U(x,v,0)=do(x,y), (x,y)€(a,b)x(c,d),

U(a,y,t) = U,(y,1), U(b,y,t) = Up(y,t),
\U(x,c,t) =U(x,1), Ux,d,t) = Uy(x,1),

,  (x,y,0) €(a,b)x(c,d)x(0,T]

(v, 1) € (c.d)*x(0,T],
(x,1) € (a,b) x(0,T],

O<y<|
Ki,Ky >0

Q = (a,b) X (c,d)x |0, T] At =T /nr, Ax

= (b—a)/N, and Ay = (d —c)/N|

te = kAt, x; = a+iA\]

yi=C+ jAv|

el = +Tk+l)/2{

U" = U'(-) = Ulx.y.t)
il _J]h
(5-U” _ Ui+l.j Ui.j
SN Ax

g7 — SRR

U".j — U(-xl’.\ .151’11
i _qn
Uiinn— Ui}

Ay

6,U" | =

l._i+=,'
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Numerical solution of fra

FDM for fractional PDEs (FPD

2D time-fractional equations
Time-fractional diffusion equation with RL derivative in tim
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2D time-fractional equations
Time-fractional diffusion equation with RL derivative in tim
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Time-fractional diffusion equation with RL derivative in tim
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% - eyt | ,2
k=0

Avec(u') = vec(RHS")

|-
Lq = ENy—1®EN, -1 — a)z) y)(,ulEN_\._1®S Ny—1 +/JZSN\._1®EN_‘._|]

R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz




Numerical solution of frac

FDM for fractional PDEs (FPDEs

2D time-fractional equations
Time-fractional diffusion equation with RL derivative in time
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Time-fractional diffusion equation with Caputo derivative
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Fractional diffusion equation with Caputo time derivative
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’ Corresponding ADI method
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Dy, U = (RiDg  + RLDY DU + (LD + RLDY DU +8(x.3.1),

FDM for fractional PDEs (FPDEs)

2D time-space fractional equations

Fractional diffusion equation with RL time derivative

L? error at t = 1 for the ADI method when N = N, = N, with At = 0.001

(x,y,1) € (0,1)x(0,1)x(0,1],
Ux,y,1) = (122 +t+ Da*(1 = x)*y*(1 = p)*

)

O<y<l,

q

N

a=1.2

order

a=1.5

order

a=1.8

order

8
16
32
64

1.1109e—-6
2.8707e-7
7.3656e—8
1.8704e—8

1.9523
1.9625
1.9775

1.2108e—6
3.0289e—-7
7.6649¢e—8
1.9296e—-8

1.9991
1.9825
1.9899

1.0371e—6
2.5046e-7
6.2291e—8
1.5465e—8

2.0499
2.0075
2.0100

4

8
16
32
64

6.4331e-7
2.7603e-7
1.1582e-7
3.5216e—8

1.2207
1.2530
1.7175

1.1712e—-6
4.3286e-7
1.2524e-7
3.3269e—-8

1.4360
1.7892
1.9124

1.1338e—6
3.2506e-7
8.5447e—8
2.1678e—8

1.8024
1.9276
1.9788
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