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Fractional calculus’ origin
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Gottfried Wilhelm Leibniz
1646‐1716

Guillaume de l'Hôpital
1661‐1704

Fractional calculus is not a new topic, in reality it has almost the same
history as that of the classical one. It goes back to 30 September 1695
when G. W. l’Hôpital’s and G. de Leibniz had some conversations via mail.

Leibniz asked: “Can the meaning
of derivatives with integer order
to be generalized to derivatives
with non‐integer orders?”

l'Hôpital wondered: “What if 
the order will be ½?”

Leibniz replied: “It leads to a
paradox, from which one day useful
consequences will be drawn.”



A timeline of fractional calculus during 1650‐1950

A poster about the old history of
fractional calculus, J. A. Tenreiro
Machado, Virginia Kiryakova, Francesco
Mainardi, Fractional Calculus and
Applied Analysis 13(4), 447‐454, 2010.
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A timeline of fractional calculus during 1975‐2010

A poster about the recent history of
fractional calculus, J. A. Tenreiro
Machado, Virginia Kiryakova, Francesco
Mainardi, Fractional Calculus and
Applied Analysis 13(3), 329‐334, 2010.
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Introduction to fractional calculus
Numerical methods for fractional integral 
and derivatives
Numerical methods for fractional ODEs
FDM for fractional PDEs
FEM for fractional PDEs

5



Introduction to fractional calculus

Fractional calculus, as its name suggests, refers to fractional
integration and fractional differentiation. In other words, the
theory of integrals and derivatives of arbitrary order, may unify
and generalize the notion of integer‐order differentiation and
integration. It does not mean the calculus of fractions, neither
does it mean a fraction of calculus.
Fractional calculus is often regarded as a branch of
mathematical analysis which deals with integro‐differential
equations where the integrals are of the convolution type and
exhibit (weakly singular) kernels of the power‐law type.

Definition What is fractional calculus?
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Introduction to fractional calculus
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Fractional calculus

Fractional integration Fractional differentiation

Riemann‐Liouville integral

Grünwald‐Letnikov derivative

Riemann‐Liouville derivative Caputo derivative

Riesz derivative



Introduction to fractional calculus
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Riemann‐Liouville fractional integral



Introduction to fractional calculus
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Riemann‐Liouville fractional integral
Some useful properties



Introduction to fractional calculus
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Grünwald‐Letnikov fractional derivative



Introduction to fractional calculus
Riemann‐Liouville fractional derivative

The left‐inverse operators to the corresponding fractional RL integrals
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Introduction to fractional calculus
Riemann‐Liouville fractional derivative
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Some useful properties



Introduction to fractional calculus
Riemann‐Liouville fractional derivative
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Some useful properties



Introduction to fractional calculus
Caputo fractional derivative
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Introduction to fractional calculus
Caputo fractional derivative
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Some useful properties



Introduction to fractional calculus
Caputo fractional derivative
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Some useful properties



Introduction to fractional calculus

In the above definitions, the initial value 𝑎 is often set to zero.
When we say the fractional integral (or Riemann–Liouville
integral), the Grünwald–Letnikov derivative, the Riemann–
Liouville derivative, and the Caputo derivative, we often mean
the left fractional integral/derivative.

Riesz fractional derivative
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Remark



Introduction to fractional calculus
Some relations between fractional derivatives
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Introduction to fractional calculus

Obviously, the Riemann–Liouville derivative is reduced to the
classical derivative when the fractional order 𝛼 approaches an
integer for the fixed 𝑡, but it is not the case for the Caputo
derivative if the homogeneous initial conditions are not satisfied.

Some relations between fractional and ordinary derivatives
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Remark



Introduction to fractional calculus
Some other properties of fractional derivatives
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Introduction to fractional calculus
Some other properties of fractional derivatives

fractional derivative of a composite function
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Introduction to fractional calculus
Some other properties of fractional derivatives
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Introduction to fractional calculus
Laplace transform of the RL fractional integral
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Introduction to fractional calculus
Laplace transform of the RL fractional derivative
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Introduction to fractional calculus
Laplace transform of the Caputo fractional derivative
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Introduction to fractional calculus
Fourier transform of the RL fractional integral
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Introduction to fractional calculus
Fourier transform of the fractional derivative
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Introduction to fractional calculus
Directional integral and derivative in ℝ𝟐

28



Introduction to fractional calculus
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Directional integral and derivative in ℝ𝟐



Introduction to fractional calculus
Partial fractional derivative

Partial RL derivative of order 𝛼ଵ ൅ 𝛼ଶ

Partial RL derivative of order 𝛼ଵ ൅ ⋯൅ 𝛼௟
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Partial Caputo derivative of order 𝛼ଵ ൅ ⋯൅ 𝛼௟



Introduction to fractional calculus
Fractional calculus versus classical calculus

Overall, fractional calculus, closely related to classical calculus, is
not direct generalization of classical calculus in the sense of
rigorous mathematics.

The Caputo derivative is not the mathematical extension of a typical derivative.

The RL derivative is not the mathematical generalization of the typical derivative.
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Introduction to fractional calculus
Geometrical and physical meaning of fractional integral/derivative
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Introduction to fractional calculus
Geometrical and physical meaning of fractional integral/derivative
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Introduction to fractional calculus
Fractional initial value problems

Caputo fractional differential equation

Ordinary differential equation

Necessary (for being well‐posed) initial conditions
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Introduction to fractional calculus
Fractional initial value problems

RL fractional differential equation

Necessary (for being well‐posed) initial conditions
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Introduction to fractional calculus
Two‐point fractional boundary value problem

Necessary (for being well‐posed) boundary conditions
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Introduction to fractional calculus
Fractional initial‐boundary value problem

Initial condition

Boundary conditions

Initial conditions
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