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Fractional calculus’ origin

fo)
)

Leibniz replied: “It leads to a
paradox, from which one day useful
consequences will be drawn.”

J

J

Gottfried Wilhelm Leibniz Guillaume de I'Hopital
1646-1716 1661-1704

Fractional calculus is not a new topic, in reality it has almost the same
history as that of the classical one. It goes back to 30 September 1695
when G. W. I’'Hopital’s and G. de Leibniz had some conversations via mail.
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Michela Capubo, Blasfidtd
& Dissipezions, Zaricheli,

Kaith B. Oldham,
Jerome Sgerier, Tha
[Fraciona Calculus:
Thaary andApplication
of Diflarendiafion and
Intagration i Arivany
\Order, Diower Books on
Mathemaics, 1974,

some speculations of GW.
Euler (1730), and it has been
ely up tonow. A list of mathematicians, who
mpartant contributions up to the middle of the:
//"- , includes PS. Laplace (1812), S. F. Lacroix
.lFumer{T322] N. H. Abel (1823-1828), J. Liouvile
873), B. Rmﬁsm H. Hulng'&ﬂf18-ﬁ5—1&ﬁ?] ALK

Stean G, Samio, Anatoly A Kibas, Oleg L Marichew, Fraciional Alsin La Méhats, RaoulR. Migmatulin, R )
Intagrals and Dervaives: Thaory and Applicaions, Nauki . i Framcesco Mainand, Fracional

Tekbriks, Mk, 1887 and Gordon and Bresch, 1950 W | LauertNimen Phches duloroad  Colous e iern n i S

piométiia fracide, Harmes, 26d, 1958,  \jsenaletici

\drginia & Kiryakova,
Generlizd Fracional
Calcuius and Appiicaions.,
Fitman Resaach Notes n
Mahemaics, val. 301,
Chapman & Hall, 1993,

Hasup
Essanca of Nishmot's —

Harnath & Ml

started in 1998. Recently the new joumal Fractional Dynamic Systems has been announced to start in 2010.
The authors belisve that the volume of research in the area of fractional caloulus will continue to grow in the:
forthcoming years and that it will constitute an important tool in the scientific progress of mankind.

- Fracional Signal Processing and Ap plicaions, wol. 83, lssue 11_ Now. m
- Fraciional Caliou s Applicaions in Signals and Systems, vol. 88, Issus 10, Oct. 2008,
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Chapman & Hall/{CRC
Numerical Analysis and Scientific Computing

Numerical Methods

for
Fractional Calculus

Other references

Changpin Li

Fanhai Zeng
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» Introduction to fractional calculus

» Numerical methods for fractional integral
and derivatives

» Numerical methods for fractional ODEs

» FDM for fractional PDEs

» FEM for fractional PDEs
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What is fractional calculus?
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Riemann-Liouville fractional integral

n-fold definite integral

f dx j( dx- - - f F(x)dx = = _1 = j((x ~ " () dt

left- and right-hand sided Riemann-Liouville fractional integralsl

—a — — _ L _ ya=1
Da.r f(f) — RLDa.r f(f) — [(@) f(f s) UQf(s) ds}
a > 0 |f = Ll(a, bi I'(s) = je‘tts_1 ds
— - 1 ’ (Y—O
D, , f()=RrLD, , f(1) = o) j; (s—=0)" 1 f(s)ds
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Introduction to fractional calcu

Riemann-Liouville fractional integral
Some useful properties

\left and right Riemann—Liouville fractional integral

D—(YD_)Bf(f) — —ﬁD (04 (T) = D_(Y_/Bf(r)

a gt —a.t u Gl ¢ W 4 a.l

@8>
D,i;;’ (1) =D D¢ f(1) =D f(1)

a.1
IT—>1 t—b

If f(1) is continuous on |a,b]

lim D, (1) = lim D73/ /(1) = 0, vn>oi
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Introduction to fractional calcu

Griinwald-Letnikov fractional derivative

the original formula for derivatives of order

i > imo(=1Y (5 f(x — jh)
D2(f(t)) = lim =~

2(f()) = fim .
!left and right Griin wa[d—Letnikov derivatives‘
| 1

‘QLDU,f(I)— lim lz_”Z( l)( )f(r Jh)

‘ h—0)

Nh=t—a J=0

a > 0l

h—0)

Nh=b—t J=0

LD}, f(t)= lim h_”Z( 1)( )f(r+]h)u
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Introduction to fractional calc

Riemann-Liouville fractional derivative

’left and right Riemann—Liouville derivarivesl
n

a d —(m—a
LD”f(t) - d m[ a.t f(T)]
l d’" f m—a—1
- T(m—-a)dr J, (7=35) f(s)ds
o> of m—1<a<n
rRLD;,, f(1) = (=1 )’” = [Dr—[()m—n-) I t)]
(_ | )m dm b

_ am—a-—1
['(m—a)dr ,(S ") f(s)dg
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Introduction to fractional calcu

Riemann-Liouville fractional derivative
Some useful properties

1

] (r— a)”“"

D¢ (kDS f(D) = f(1) - ZE:[RLI)ZII maT(@—j+1)

!m — 1 <a <m, mis a positive mreger.l

m — 7
a-—j (b—f)“/ 8

Dy (reDf, f0) = 0= ), [aeD] 0] L, o=

j=1

D¢ kDS, f(1) = (1), DyjreDy,f(0) = f0)
|.[R_.f(/)(a) (,,( LDZf.rf(f)) RLDE:rﬁf(T)—Z[RLDz:’;Jf(T)]
RDLDEF(1) = fUt ",Tf

— b— 1)~
B (D%, () = D2 F ) = > = -
rLD;, Do f(1) = f(1 "”(RL /(D) = ReD7 ;F(Hﬁ—ﬁ

—

P

(t—ay/

=a T(1+8~ )]
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Introduction to fractional calcu

Riemann-Liouville fractional derivative
Some useful properties

(t—a)™
=a (1 -a-))

| =
RLD;:r(RL urf(f))_RLDE,;ﬁf(T)—Z[RL al f(f)]
m—-1<a<m.n-—1 <b’<n|

rLD, ,,( LDfl,f(T)) RLDHﬂf(T)—Z[RL ,,,’f( )]

(b . r)—a/—j
=b (1 -—a-j)

lRL ”’If(t)Jf:a ~ lRL /’-_fjf(r)Jr:b lRL ‘:-’Af(f)Jr:u l D‘/’Yfl\f(f)]f:b - (1

[

v
RLDZI}(RL /(D) = Re af(RLDifrf(f)) = reDy, £t
rLD; ,,( LDﬁ/,f(T)) =RL (RLD", f(f)) RLD‘Hﬂf(f'
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Introduction to fractional calcu

Caputo fractional derivative

’leﬁ and right Caputo derivarivesl
CD(jrf(f) R rm (r)lf(m)(r)]

m—a—1 p(m)
— = d
['(m —(Y) L (£=5) S0

[—d

a > O m-1<a<m
(_ l )m ’ =dr— m
cDy, f(1) = o) (S—T) ' (s)ds
limeDY, f(1) = thD, S =0, a> 0|

f(1) is sufficiently smooth and " is boundedl_
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Introduction to fractional calcu

Caputo fractional derivative

o (D

(

_”,
a.l

f(0) =3

\

Some useful properties

D;_‘,‘r_ﬂ’f(r), BLaora<pf, a €N,

n—m

. a)/\'+(Y—,B’

a<B. m—l<(r<m, n—1<pB<n, mneN.

Dl

(

D—(Y

t.b

f(r)) =

\

DZ})"'_ﬁ’f(r), B<aora<p, a €N,

f(/\’)(b)
['(k+1+a-p)

n—m

LANUEDY

k={)
a<B.m-1<a<mn-1<p<n, mnéeN.

(b . I‘)/H-“’_ﬁ,
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Introduction to fractional calcu

Caputo fractional derivative
Some useful properties

IC ,,CDZ',f(I‘) - CDZ';Lﬁf(r) p>0,me N1
RLDa t (RL » ,f(l‘)) — RLD;:’jﬁf‘(f)J

(n—=p) g m—n— )
DDy (1) =rcDlyreDy 7 7 (0) = reDl " (1)

() |
=RLD:','_r+ﬁf(I‘)— Z — f(a) (t—ay-"*A

= + J=m=p)
= o " (a) _
RLD’f,(RLD ff(f)) =RLD§J Ft)— S j)(f— a) P
m—1
+m f('l)(a) A\ J=p-m|
=k D), f(1) - ) r(1+j_ﬁ_m)“ a)
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Riesz fractional derivative

Riesz derivative]
> f
T gDy f(0) = co(reD,f(1) + RUDY,F(0)
— l — L
_C" - _2cos(mr/2)’a #2k+1,k=0,1,

Remark
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Introduction to fractional calcu

Some relations between fractional derivatives
f€C"a,b]
RLDf() = LDy f(1), gD, f(1) = LD, f(1)
\ feC™ a,t] and £ is integrable onl[a,T]!

-1 =
v fMaia-a)

RLD(rrf(f) — ("D(er(’) Z { ['(k+1—-a)

m—-1<a<m =0
lf“")(a)=0(k 0,1,2,---.m—-1,m-1 <(Y<111)I
RLDa rf(f) — CD“; rf(f)‘
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Some relations between fractional and ordinary d

f(1) is suitably smooth, m— 1 < & < m, m is a positive intege
lim g Dg, f(1) = f™(r),  lim  peDg, f(1) = f"V(0);

a—m- a—(m—1)

. . -1 -1
lim cDg, f()=f" (),  lim Dy, f(r)=f"""(n)— " (0)
a—m a—(m—1)*

Remark
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Introduction to fractional calcu

Some other properties of fractional derivatives

Leibniz rulel
I

| d" n\ ok
—(gns) = > ( k)g“‘)(r)f‘ (1)
| k=0

Lelbmz rule for fractional differentiation

0

— RLD‘,,(gmf(r)):Z(:)g""u)f“”"”(f)

| [=

k=0 f("_k)(l‘) = RLDZf;kf(r)l

3 U (27) o (@) - g
> rLD, ,8(1) = l"(l—a) (f)+Z( )F(l_(th) (1)
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Introduction to fractional calc

Some other properties of fractional derivatives

0

( (f— a\ (1 a)/\ 0% -
!g(r)RLE(II’fr())I)— - Z( )F(l—(Hk) ’

—F(lz(r)) — k! Z F™ (h(1)) Z ]_] . (h“ )(”)

m=

(_)(Y

D()

4. ,F (II(I‘ ))= F( /1( 1)) | fractional derivative of a composite function I

[(]l-a)

k=1

m=1

> [\ k(- a)f ™ o Wt
+Z(Z)F(II—Z+A)ZF( (/z(r)Zﬂa,(' )
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Introduction to fractional calcu

Some other properties of fractional derivatives

F(l - k)
| pplying the Riemann—Liouville derivative operator:
I f /\)( ) o
riD,  f(1) = t—a) " +DI (), a<n

(0, a <0,

lim g DY, f(1) =1 fla), a=0,|f(r) =1

t—a+0

oo, a>0.
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Laplace transform of the RL fractional integral

Laplace transform of a given function f(1)|

F(s) = Lif(1); s} = f e‘”f(r)dJ
Ol f()|<Met"  holds for all 1> 1]

f(1) = g(t)—ff(f—S)g(s)dS‘—ff(S)g(r—s)ds
LIf(1) *g(1); 5} = F(5)G(s)
- g _— __ a1 : . L a—1 .
_D‘)-’f(r)_F(<Y)L(I ) f(s)ds = F((Y)r f(t*

Laplace transform of the fractional integrall

|
L{Dy5 f(1); s} = mL{r" Vs £(0): s} = sTOLLf(1); 8) = 9‘”’F(s)|

;g(f) — raf—l
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Introduction to fractional calc

Laplace transform of the RL fractional derivative

n—1 n—1

L{j.(n)([); S} = .S”L{f(f), S} _ Z Si!-—/\'—-lf(/\')(()) = S”L{f(f), S} _ Z Skf(n—-k-l )(O

k=0 k=0

‘g(t) _ D(—)‘(rm—(r)f(r){ |_> RLD&ff(f) _ g(m)([)1

y

m—1
LiRLDf, f(0): ) = L™ () s} = 5" Lig(e): s) = ) st ! ’(0)|
k=0

L{g(0;5) = LD f(1); 5} = 5" L{f();

Laplace transform of the Riemann—Liouvillelderivativel

m—1

Lirc D, f(0):5) = s"LUf(@0:sh = " s* [DG* f(0)] L. m—1<a< m{
k=0
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Introduction to fractional calcu

Laplace transform of the Caputo fractional derivati
cDY (1) =D;"Ve(n), g(t) = ™)

LicDg, f(1): s} =L{Dy ;" "g(1):5} = s~ L{g(1): s}

m—1
:S—(m—(r) .S"”L{f( 1): .S'} . Z Sm—/\—lf(l\)(())}
k=0
m—1
=E{fGst— )y, &1 i),

k=0

Laplace transform of the Caputo derivative

m— |

L{(D{;Jf(r);s} =s"L{f(1);s} - Z .s"’_l"_")"(""(()), m—1l<a<n
k=0
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Introduction to fractional calcu

Fourier transform of the RL fractional integral

F{f(t),w} = f e"""’f(r)d*

f(f)*g(r)=J f(f—.S')g(.S‘)dS:j f(s)g(t—s)ds
F{f(1) # g();w) = FLf(1); w}Flg(); w)

| o] Ethe (0w} = ()" Do, f(1) = he()  f ()
he() ={ T(@)’ ’
O<a<llo, r=0. Flhi(=1);w} = (=iw)™" Drf () = hy(=1) = f(2)

FIDZG 1 f ()0} =F{h (1) = f(1); 0} = Flho (1), 0} F{f (1), 0}
left =(iw) " Ff(1); )
FID 5 f(0);0} = Flhy (=), w}F{f(1); w} = (-iw) " F{f(1);w)right
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Introduction to fractional calcu
Fourier transform of the fractional derivative
If () (k=0,1,2,---,n— 1) vanish as t — +oq

F{f"(1):w) = (iw)"F{f(1):w)
I [(1) is sufficiently smooth and f®)(—c0) (k=0,1,--- ,m—1) arej boundedl

D
RIDZf(D) b = (-1)"D; IV M), m-1<a<mnf

| F{reD%,f (0w} = F{reDZ " £ (1); w)

=(iw)" "V F{f" (100} = (i0)™" " ((0)" F{f(1):w)
=(iw)" F{f(1);w}.

F{riD; o f(1);w}) = (—iw)" F{f(1); w)
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Introduction to fractional calcu

Directional integral and derivative in R?

a-th order fracrional integral in theldirection of 6

D, “u(x,y) = f E7 N y(x — Ecosh,y — Esinb) dé
a >0, 8e[0,2n)

D jpu(x,y) = DZ, ju(x,y),
D_‘/ju( x,y) = Dygu(x,y).
a-th order fractional derivative in the direction ¢
D2u(x,y) = DD, " u(x, y)
n—1<a<n b€ [(_),272‘1
0 0

’ i
Dou(x,y) = (cos 96_ + sin 96_\) u(x,y)

['(a)

D" u(x,y) =DZ, (u(x,y),
D “u(x,y) =D u(x,y),

X,00
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Introduction to fractional calcu

Directional integral and derivative in R?

@, B>0, 0€[0,21), u € L*(R?)

Dg"D;ﬁ u(x,y) = D;”_ﬁ u(.x,y)|

@ >0, 0€[0,2m), u € LX(R?)
D,D,“u(x,y) = u(x,_\*)l

| e :
Flu(x,y);w) =J e ’(‘“"‘“"3-‘)u(.x,_\')d.\'d}i
| R ‘

‘F{D;“’u(.x‘,_\‘);w} = ({w1 cOoSH + iw» SIn 6))_”F{u(.\‘,_\’);w}l

lu - CB"(Q),Q e R? and a > q
\F{D;j’u(x,.\’);w} = (w1 cosl +iw>sin)" Flu(x, y);w}|
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rLD

Introduction to fractional calc

@) +@

".( ¥ ] -\.( Y 2

Partial fractional derivative

’ Partial RL derivative of order a; + «, |
' l ot :

['(m—a))l'(n—az) 0xM0y"
Xy
X f (x— )"~y =7y 2=l (5, 1) drds
0 Jo

u(x,y) =

O |
X
|

m— 1 <a; <m, n—1<ay <n, m, nare positive integers

.(l‘,
-\2 e

D¢r|+u'2+---+(r[u( Y \’) - - -
c &g B\, ’ Partial Caputo derivative of order a; + --- + a; |

._\[

1

X Xy
— 7 f f (-‘-[_E[)m[—*(r[—l san (61 _fl)ml_”l-]
[1,_ TOng—ax) Jo 0

iy +mo+---+my
(9 | 2 {

X R Ly
OE o8, - ggp ! e Tk

my -1 <ap <my (k=1,2,---,0), my are positive integers
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Fractional calculus versus classical calculu

lim  ¢Dj x(1) = x""(0) - x""1(0), lim ¢Dg,x() = x"(1)
a—(n—1) a1 a € (I’l — L,n)

) Eraddnne X' (1) exists on the domain{[0, 1) U (1, | + 7
X(f) =
r—1,te(l,1+1). |RLD81x(r) (@ € (0, 1)) exists on the interval (0, 1 + 7o

[The RL derivative s not the mathematica generaization of the typicl derivativ |
| Remark l
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Introduction to fractional calcu

Geometrical and physical meaning of fractional integral/d

w—

Recalling Y . 1 t 1 etry, it means

the area of theD,; f(1) = RLDG(, f(@) = (T —5)" " f(s)dsF(x) = 0. From
. ) [(a)

the viewpointorrpryoremrmprresre—omsprasesrermeromo—~o—o———A) 1ndicates the

VBlOCltV at fime v Thp opnmptrmnl and nhvunnl meanino of the derivative 1§ well
known 1cate =) T € |a, t],Dn the
D_" = T)dY, (7 ={ Tla+Iy 18
a , T <d.

time s S (7) e acceleraunon dat ume 7. NOW WC Z1VC d POSSIDIC INICIpreiduon of the

T eSS L RO ) [ [

This is the standard Stieltjes integral. Y, (1) is a monotonously increasing function in
(—o0,1]. The positive number « is an index characterizing the singularity: the smaller
@, the stronger singularity the integral. If Y, (1) = 7, the above integral is reduced to

a typical one. So D¢ f(7) indicates the generalized area in the sense of length Y, (7)
(geometrical meaning) or the generalized displacement in the sense of Y, (7) if f(1)
means the velocity at time 7 (physical meaning).
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Geometrical and physical meaning of fractional integral/

d (7 | ()l
RLD  f(1) = Ef firidY1-alT] Y1_a(7) ={ To T €lai]
d

| i T2 a.
\

Obviously, Y_,(7) is a monotonously increasing function in (—oo,r]. So gz D{;, f(1)
indicates the generalized slope in the sense of length Y-, (7) if f(7) means the slope
(geometrical meaning) or the generalized velocity in the sense of length Yi_,(7) if
f(t) means the velocity (physical meaning). If Y|_,(7) = 7, it is reduced to the classi-

cal case.

(f—T)]—”

. .
cDy f(D) = f F 0¥ 1-u(7] Yl_(,,(r)z{ ~To-a T Elal;
a |

. T a.

So ¢Dg,f(1) indicates the generalized displacement of the curve f(7) in the sense
of length Y|_,(7) (physical meaning) if f(z) means the displacement, or represents
the generalized curve in the sense of length Y;_,(7) if f(7) is a curve (geometrical
meaning). If Y|_,(7) = 7, the above integral is reduced to the typical one.
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Numerical solution of fra

Introduction to fractional calcul

Fractional initial value problems

Caputo fractional differential equation

Dy x(0) = f(x.0), n—1<a<neZ'|
\

cDg x(t) =Dy D", (T):D(;,(f”_(”-’f(”)(f)l
d |

’ Ordinary differential equation |

: l d I
'-_ (n) ) = D@ f x.1) = _f — )Ly : =-
(1) = gDy f(x.1) o= nEl) G, (t—=1)"" f(x(7), T)dT =: F(x,1)

I
E/

‘ Necessary (for being well-posed) initial conditions |

WO0) =2 k=0,1,....n— I

R. Mokhtari (mokhtari.iut.ac.ir), iranian-Austrian summer school, Sep. 2019, University of Graz




Numerical solution of fra

Introduction to fractional calcul

Fractional initial value problems

' RL fractional differential equation I

reDY X(1) = f(x.0). n—1 <a<neZ

\
(I )
rLD}y  X(1) = d,” RLD o (f)‘
v’

d" —(n—a) .
— (reDy, " x(0) = fx.0)
d n
{ |
1
’ Necessary (for being well-posed) initial conditions |
d/\ _ g 1%
F( Dg; " x(0) _, = D" xO)lm0 =237, k=0,1,...,n- 1‘
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Numerical solution of fra

Introduction to fractional

calcu

Two-point fractional boundary value problem

RLD(,\\’(Y)—f(r y), x € (a,b), 1 <(Y<2|

! Necessary (for being well-posed) bounda

ry conditions I

i e D% B g = C1 rRLDT; "\(X) x=b = C2,

i) RLDG L V(0)|i=a = €3, REDY, ¥(X)]a=p = 4,
iii) REDI L Y()lk=a = €1, RLDYS V()] =p = ca,
iv) RLDG ! V(0| x=a = €3, RLDY 7Y (X)|e=p = 2.
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Numerical solution of fra

Introduction to fractional calcu

Fractional initial-boundary value problem

oy D 3l X, £) = RLDﬁ__\-u(-X',I‘), t>0,x€(a,b),ac(0,1),Be(1,2 -
| 0.1

1) Dirichlet type \ Boundary conditions |

RLD  u(X, Dlx=a = E1(0), LD " u(x, )= = &2(1).
11) Neumann type

- ~1
RLDG (X, 1)| =y = &1(2), RLDib u(x, )| x=p = &0

ii1) Rubin type

(RL a}]u(.x'.l‘)—(rlfeLfo,_,\~2 u(.r,r)) l=fl(r). o >0,

X=(

(RLD{i._b] u(x,t)+o> RLDﬁ__bzu(.x‘, I‘)) = &), aa > 0.

A=

t(l’ = (l, 2] ‘ Initial conditions IRLD&?zu(x, D=0 = ¢(x), RLD{;;'U(.x,r)I,Z() = g{/(.x')l

R. Mokhtari (mokhtari.iut.ac.ir), iIranian-Austrian summer school, Sep. 2019, University of Graz




-

]
i
]

! 1
E

kA
T

i I

Ll
ki

i B




