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1: %% FEM vs analytical solution for -u’’ + a*u = f, mixed BC
2: clear; clc;
3: %% Parameters
4: n = 10;               % number of elements
5: a = 2;                % reaction term
6: alpha = 5;            % Robin BC
7: gB = 1;               % Robin BC value
8: f = 3;                % constant RHS
9: h = 1/n;

10: x = linspace(0,1,n+1);
11:
12: %% Assemble FEM matrices
13: A = zeros(n+1,n+1);
14: F = zeros(n+1,1);
15:
16: % Linear shape functions, 1D FEM
17: K_diff = (1/h)*[1,-1;-1,1];
18: K_reac = a*(h/6)*[2,1;1,2];
19:
20: for e=1:n
21:     nodes = [e, e+1];
22:     A(nodes,nodes) = A(nodes,nodes) + K_diff + K_reac;
23:     F(nodes) = F(nodes) + f*(h/2)*[1;1]; % f*v integral ap

prox
24: end

25:
26: % Dirichlet BC u(0)=0
27: A(1,:) = 0; A(:,1) = 0; A(1,1) = 1;
28: F(1) = 0;
29:
30: % Robin BC at x=1
31: A(end,end) = A(end,end) + alpha;
32: F(end) = F(end) + alpha*gB;
33:
34: %% Solve FEM
35: u_fem = A\F;
36:
37: %% Analytical solution
38: syms C
39: C1 = (alpha*gB - (f/a)*alpha*(1 - exp(-sqrt(a))) - (f/sqrt

(a))*exp(-sqrt(a))) ...
40:       / (alpha*sinh(sqrt(a)) + sqrt(a)*cosh(sqrt(a)));
41: u_exact = @(x) C1*sinh(sqrt(a)*x) + (f/a)*(1 - exp(-sqrt(a

)*x));
42: u_an = u_exact(x);
43:
44: %% Plot
45: plot(x,u_fem,’o-’,’LineWidth’,2); hold on;
46: plot(x,u_an,’r--’,’LineWidth’,2);
47: legend(’FEM’,’Analytical’);
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48: xlabel(’x’); ylabel(’u(x)’);
49: title(’FEM vs Analytical solution’);
50: grid on;
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1: %% FEM vs analytical solution for -(lambda(x) u’)’ = 0 wit
h Dirichlet BC

2: clear; clc;
3:
4: %% Parameters
5: n = 20;                 % number of elements (increase for

 nicer plot)
6: h = 1/n;
7: x = linspace(0,1,n+1)’; % node coordinates
8:
9: % Jump location
10: x0 = 1/sqrt(2);
11:
12: % Piecewise lambda function
13: lambda_fun = @(x) (x < x0).*1 + (x >= x0).*10;
14:
15: %% Assemble FEM matrix and RHS (lifting via u_D(x)=x)
16: A = zeros(n+1,n+1);
17: F = zeros(n+1,1);
18:
19: % Derivatives of linear shape functions are constant on ea

ch element
20: phi_prime = [-1/h; 1/h];
21:
22: for e = 1:n
23:     % element nodes
24:     nodes = [e, e+1];
25:     xL = x(nodes(1)); 
26:     xR = x(nodes(2));
27:
28:     % CASE A: no jump inside the element
29:     if (xR <= x0) || (xL >= x0)
30:         lambda_e = lambda_fun((xL + xR)/2);  % constant la

mbda
31:         A_e = lambda_e * (1/h) * [1 -1; -1 1];
32:         % load due to u_D’(x)=1
33:         F_e = [ lambda_e; -lambda_e ];
34:
35:     % CASE B: jump inside the element -> split integrals
36:     else
37:         h1 = x0 - xL;
38:         h2 = xR - x0;
39:
40:         % Local stiffness contributions
41:         A_e = [ (1*h1 + 10*h2)/h^2 , -(1*h1 + 10*h2)/h^2 ;
42:                -(1*h1 + 10*h2)/h^2 ,  (1*h1 + 10*h2)/h^2 ]

;
43:
44:         % load vector components
45:         F_e = [ (h1 + 10*h2)/h ;
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46:                -(h1 + 10*h2)/h ];
47:     end
48:
49:     % Assemble
50:     A(nodes,nodes) = A(nodes,nodes) + A_e;
51:     F(nodes) = F(nodes) + F_e;
52: end

53:
54: %% Apply Dirichlet BC: u(0)=0, u(1)=1
55: % Dirichlet BC: w(0)=0, w(1)=0
56: A(1,:) = 0; A(:,1) = 0; A(1,1) = 1;
57: A(end,:) = 0; A(:,end) = 0; A(end,end) = 1;
58: F(1) = 0;
59: F(end) = 0;
60:
61: %% Solve FEM
62: w = A \ F;
63: u_fem = x + w;
64:
65: %% Analytical solution with piecewise Î»(x)
66: x0 = 1/sqrt(2);
67: J = 1 / (x0 + (1-x0)/10);
68:
69: u_exact = @(x) (x <= x0) .* (J*x) + ...
70:                (x >  x0) .* ( J*x0 + (J/10)*(x - x0) );
71: u_an = u_exact(x);
72:
73: %% Plot
74: plot(x,u_fem,’o-’,’LineWidth’,2); hold on;
75: plot(x,u_an,’r--’,’LineWidth’,2);
76: legend(’FEM’,’Analytical’,’Location’,’Best’);
77: xlabel(’x’); ylabel(’u(x)’);
78: title(’FEM vs Analytical Solution for (B)’);
79: grid on;

Mobile User



Ex3.m Wed Nov 26 09:00:23 2025 1

1: clear; close all; clc;
2: p = 70;
3: Nvals = [10 20 30 40 70];
4:
5: figure; hold on; box on;
6:
7: for N = Nvals
8:     h = 1/N;
9:     x = linspace(0,1,N+1)’; 
10:     A = zeros(N-1);
11:     b = zeros(N-1,1);
12:
13:     for i = 1:N-1
14:         A(i,i) = 2/h;
15:
16:         if i > 1
17:             A(i,i-1) = -1/h - p/2;
18:         end
19:
20:         if i < N-1
21:             A(i,i+1) = -1/h + p/2;
22:         end
23:     end
24:     b(end) = (1/h - p/2);
25:     uh_inner = A\b;
26:     uh = [0; uh_inner; 1];
27:
28:     plot(x, uh, ’o-’, ’LineWidth’, 2, ...
29:          ’DisplayName’, [’FEM, N=’, num2str(N)]);
30: end

31:
32: x_exact = linspace(0,1,2000)’;
33: u_exact = (exp(p*x_exact) - 1)/(exp(p) - 1);
34: plot(x_exact, u_exact, ’k’, ’LineWidth’, 1, ’DisplayName’,

 ’Exact’);
35:
36: title("FEM vs Analytical Solution for -u’’ + p u’ = 0,  p=

70");
37: xlabel(’x’); ylabel(’u(x)’);
38: legend(’Location’,’best’);
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