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ABSTRACT. C-domains are defined via class semigroups, and every C-
domain is a Mori domain with nonzero conductor whose complete integral
closure is a Krull domain with finite class group. In order to extend the
concept of C-domains to rings with zero divisors, we study v-Marot rings
as generalizations of ordinary Marot rings and investigate their theory of
regular divisorial ideals. Based on this we establish a generalization of a
result well-known for integral domains. Let R be a v-Marot Mori ring, R
its complete integral closure, and suppose that the conductor § = (R : E)
is regular. If the residue class ring R/f and the class group C(E) are both
finite, then R is a C-ring. Moreover, we study both v-Marot rings and
C-rings under various ring extensions.

1. Introduction

Arithmetical studies of noetherian or, more generally, of Mori domains split
into two cases. First suppose that the domain is completely integrally closed.
Then it is a Krull domain, the monoid of v-invertible v-ideals is free abelian, and
there is a transfer homomorphism from the domain to the monoid of zero-sum
sequences over a subset G p of the class group. This and a finiteness assumption
on the subset Gp are the basis for a variety of arithmetical finiteness results
for Krull domains.

First arithmetical investigations of not completely integrally closed Mori
domains were restricted to one-dimensional domains and then to weakly Krull
domains. The concept of C-monoids opened the door to arithmetical investi-
gations of higher dimensional Mori domains. A C-monoid is a submonoid of
a factorial monoid with finite class semigroup, and a domain is a C-domain
if its multiplicative monoid is a C-monoid. If R is a C-domain, then R is a
Mori domain, its complete integral closure R is a Krull domain with finite class
group and the conductor § = (R : R) is nonzero (see [18, 35]). The finiteness of
the class semigroup allows to derive similar arithmetical finiteness results for
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C-monoids as they are known for Krull monoids with finite class group (see
Proposition 4.2 for a summary, or [12, 13, 16, 18]).

Krull rings with zero divisors were introduced independently by Kennedy [28]
and by Portelli and Spangher [34], and they found a solid treatment in Huck-
aba’s monograph [24] in the setting of Marot rings. The theory of Krull and
Mori rings was further developed (even without requiring the Marot property)
by Chang, Glaz, Kang, Lucas, and others ([7, 8, 9, 19, 25, 26, 27, 29, 30, 31, 33]).

Factorization theory in rings with zero divisors was initiated by Daniel D.
Anderson in the 1980s. This research was continued by various authors (e.g.,
[1, 2, 3, 4, 5, 6, 10, 11, 15, 32]), but in comparison to the domain case our
knowledge on the arithmetic of rings with zero divisors is still very rudimentary.
One possible approach is to focus on the monoid of regular elements, which
definitely makes sense if the ring has few zero divisors. If R is a Marot Krull
ring, then its monoid of regular elements is a Krull monoid (][20], Corollary
3.6). Thus all arithmetical results for Krull monoids hold true for the monoid
of regular elements of a Marot Krull ring. So far only little is known on the
arithmetic of regular elements in the non Krull case.

The present paper provides a systematic approach towards the arithmetic
of regular elements in a Mori ring which is not Krull. Let R be a Mori ring
and R® the monoid of its regular elements. The relationship between regular
divisorial ideals of R and regular divisorial ideals of the monoid R® is crucial
for our strategy. For this reason we study v-Marot rings (Definition 3.2) which
turn out to be precisely those commutative rings for which there is a canonical
semigroup isomorphism between the semigroup of regular divisorial ring ideals
and the semigroup of regular divisorial ideals of R® (Theorem 3.5). In Section
3 we study the theory of regular divisorial ideals of v-Marot rings.

In Section 4 we introduce C-rings as commutative rings whose monoid of
regular elements is a C-monoid. A v-Marot C-ring R turns out to be a Mori
ring whose complete integral closure R is Krull with finite class group and
with regular conductor § = (R : R) (Corollary 4.4). Our main result offers
a partial converse which was well-known in the domain case ([18, Theorem
2.11.9])). Indeed, if R is a v-Marot Mori ring with the above properties and if
in addition the residue class ring R/f is finite, then R is a C-ring (Theorem
4.8). Thus the monoid of regular elements of such a v-Marot Mori ring satisfies
all arithmetical finiteness results of C-monoids (a summary of such results is
given in Proposition 4.2).

2. Preliminaries on Marot, Mori, and Krull rings

We denote by N the set of positive integers and set Ny = N U {0}. For
integers a,b € Z, we denote by [a,b] = {z € Z | a < x < b} the discrete
interval.

Semigroups. By a semigroup, we mean a multiplicatively written, commu-
tative semigroup with unit element. By a monoid, we mean a cancellative
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semigroup. Our notation and terminology are consistent with [18]. We briefly
gather some key notions. Let S be a monoid. Then S* denotes the unit
group, and for any subgroup T' C S*, S/T = {sT | s € T} forms a com-
mutative semigroup (with an identity) in a natural sense. If T = S*, then
Srea = {8S™ | s € S} is the associated reduced semigroup. We say that S is
reduced if S* = {1}.

Let H be a monoid. Then q(H) denotes the quotient group of H, and
Hc q(H) the complete integral closure of H. For subsets X, Y C q(H) = Q
we set

Y:ipX)=(:X)={acQ|aX CY},
X '=(H:X), and X,,, = X, = (X1 .

We say that X is H-fractional if there is some ¢ € H such that ¢cX C H, that
X is a fractional v-ideal of H if X is H-fractional and X, = X, and that X
is a v-ideal of H if X C H and X, = X. We denote by v-spec(H) the set of
prime v-ideals of H, by (F,(H),,) the semigroup of fractional v-ideals of H
with v-multiplication, and by Z,(H) the subsemigroup of v-ideals of H. Then
IX(H) =I,(H) N Fy(H)™ is the monoid of v-invertible v-ideals of H and its
quotient group is F,(H)*. In any context, the terms v-ideal and divisorial
ideal will be used synonymously.
The monoid H is called a
e Mori monoid (v-noetherian resp.) if it satisfies the ACC (ascending
chain condition) on v-ideals,

e Krull monoid if it is a completely integrally closed Mori monoid.
Class groups. Let F' be a monoid and H C F a submonoid. We say that
HCUFis

o saturated if H=FNq(H),

e cofinal if for all a € F there is an element b € H such that a | b.

For every a € F we set [a]p/g = aq(H) € q(F)/q(H), and we define

F/H = {lalp/u [a € F} Ca(F)/a(H).
Then H C F is cofinal if and ouly if F//H is a group. In particular, if F'/H is
finite or if q(F)/q(H) is a torsion group, then F/H = q(F)/q(H).
Now suppose that H is a Mori monoid and set H = {aH | a € H}. Then
H C I} (H) is saturated and cofinal, and all above concepts coincide with the
usual v-class group of H. Indeed, we have

Co(H) = Fu(H) /a(H) = Z;(H)/H .

Rings. By a ring, we mean a commutative ring with unit element. Let R be a
ring. We denote by R* the group of invertible elements of R, by T(R) the total
quotient ring of R, by Z(R) the set of zero divisors, by R the integral closure of
R in T(R), and by R the complete integral closure of R in T(R). For a subset
X C T(R), we denote by X® = X \ Z(T(R)) the set of all regular elements of
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X, and we say that X is regular if X® # (). Clearly, the set of regular elements
R® of R is a monoid, and T(R)® = T(R)* = q(R*®).
Let X,Y C T(R) =T be subsets. We define
k

XY ={zy|zeX,yeY} and Xk:{Hxi|x1,...,zk € X} forallk e N.

i=1
Moreover, X is called R-fractional if cX C R for some ¢ € R®*. If X C T°,
then X is regular if and only if X # (), and X is R-fractional if and only if X
is R®-fractional. We set

Y X)=Y:X)={acT|aXCY},
X '=(R:X), and X,, =X, = (X" 1) .

We say that X is a regular fractional v-ideal of R if X is regular, R-fractional,
and X, = X, and that X is a regular v-ideal of R if X C R is regular and X, =
X. We denote by v-spec(R) the set of regular prime v-ideals of R, by (F,(R), -+,)
the semigroup of regular fractional v-ideals of R with v-multiplication, and by
Z,(R) the subsemigroup of regular v-ideals of R. Then Z}}(R) = Z,(R)NF,(R)*
is the monoid of v-invertible regular v-ideals of R and its quotient group equals
Fu(R)*. Note that if X is regular and R-fractional, then X, € F,(R), and
every regular fractional v-ideal is a regular submodule of T(R).
The ring R is called a

e Marot ring if every regular ideal of R is generated by its regular elements,
o Mori ring if it satisfies the ACC on regular divisorial ideals of R,
o Krull ring if it is a completely integrally closed Mori ring.

Finite direct products of domains, noetherian rings, polynomial rings over ar-
bitrary commutative rings are Marot rings, and all overrings of Marot rings are
Marot rings. This and various characterizations of Marot rings can be found
in Huckaba’s book [24]. For more information on Mori rings we refer to the
work of Lucas [29, 30, 31], and in particular to the characterization given in
[29, Theorem 2.22]. For a characterization of Krull rings we refer to the work
of Kang [27, Theorem 13] (note that older concepts of Krull rings — as given
in [34] and in Huckaba’s monograph [24] — coincide with the present one in the
setting of Marot rings).

It is well-known that the v-system on a commutative ring still has many of
the nice properties of a v-system on a domain. Formally speaking, the v-system
on a commutative ring R is a weak ideal system (in the sense of [21]). This can
be seen from the next lemma. However, since we will use only the v-system
in this paper, we do not give the abstract definition of (weak) ideal systems.
For their properties and their relationship to star and semistar operations, the
interested reader may want to consult the survey article [23].

Since the relationship between the regular divisorial ideals of a ring R and
the regular divisorial ideals of its regular monoid R® is crucial in the present
paper, we provide a careful analysis of these properties with full proofs. We



ON »-MAROT MORI RINGS AND C-RINGS 5

start with two lemmas (parts of which are definitely well-known) and a remark,
where we remind of two main differences between the v-system on a general
ring and the v-system on a domain.

Lemma 2.1. Let R be a ring, T =T(R), X, Y CT, and ce T.
(1) Xu{0}C X, and (X,)" 1 =X"1
(2) X CY, zmplzes that X, C Y,,.
(3) (XY)'=(X""urY).
(4) (XY)y = (XpY ).
(5) ¢X, C (cX)y and if c€T®, then cX, = (¢X),.
(6) (Xv T Y) (Xv T Yv).

Proof. (1) Let x € X and y € X~ !. Then 2y € R, hence X! C R, and
thus € X,. Next we show that (X,)™! = X~ 1. Let 2 € (X,)~! be given.
Then zy € R for all y € X,,. Therefore, xzy € R for all y € X, hence z € X '.
Conversely, let € X~!'. Then zy € R for all y € X,. Consequently, X, C R,
and thus z € (X,) L.

(2) It follows by (1) that Y= = (Y,)~* € X ~!. Therefore, X, = (X~ 1)~! C
V)=,

(3) Let x € T. Then z € (XY)~!if and only if 2XY C R if and only if
2Y ¢ X tifand only if z € (X117 Y).

(4) It follows by (1) and (3) that (X,Y), = ((X,Y)™ )™ = ((X,)™! i1
V)= (X"t:p V) ! = (XY),.

(5) By (1) and (4) we have ¢X,, C (¢Xy)p = ({c} X))o = {c} X))y = (¢X),.
Now let ¢ € T® and x € T. Then z € (cX)~! if and only if zc¢X C R if and
only if cx € X1 if and only if z € ¢7!X 1. Therefore, (¢X)™! = ¢ 1 XL
Consequently, (cX), = ((¢cX) 1)t = (X))t =(c)"H (X)L =cX,.

(6) Note that (XU T Yv) = ((R T Xﬁl) T Yv) = (R T Xﬁlyv) = ((R T
Y, 7 X H=((R:xY):r X )= (R:r X71Y) = (X, :x Y) by (1) and
(3). O

In general, the v-system is not an ideal system. This means that in general
we do not have ¢X, = (¢X), for all ¢ € T, as we point out in the following
remark.

Remarks 2.2. (1) We provide an example of a ring R for which there are ¢ € R
and X C R such that ¢X, C (¢X),. Let R be a ring with R = Z(R)UR*, and
let a,b € Z(R) \ {0} with ab=0. Then T(R) = R,

{a}y = (R:r (R:r {a})) = (R:r R) = R,

b{a}, = bR, but {ab}, = {0}, = R whence b{a}, C {ab},.

(2) In general, a divisorial ideal need not be the intersection of the fractional
principal ideals containing it. The first example is due to Daniel D. Anderson
([4, Example]; see also [24, Section 27, Example 11]). However, v-Marot rings
— as considered in Section 3 — do have this property.



6 ALFRED GEROLDINGER, SEBASTIAN RAMACHER, AND ANDREAS REINHART

Lemma 2.3. Let R be a ring, T = T(R), H=R®, Q =q(H), and f = (R :r
R).
(1) For every R-module M C T and every subset Y C T, we have
(M:p r(Y*))*=(M"*:q Y’) and (M :p R(Y’}) = (M:,T Y*).
(2) For every finite subset E C R, we have E,, C R, and (R)y, = (f :7 f).
(3) For every subset a C Q, we have (R:7a)® = (H:ga) and (ay,)® C ayy, .

Proof. (1) By definition, we have (M : 1 g(Y*))® C (M®:o Y*). Conversely,
let z € (M®*:q Y®). If 2 € g(Y®), then x = My1 + -+ + A\nYm, where
meN, A,...;,\n € R,and y1,...,ym € Y*. Then zyy,..., 2y, € M®, and
zr = Azy1 + -+ Amzym € M. The proof of the second equation runs along
the same lines.

(2) Let E C R be finite. There is some sequence (c.)cecp of regular elements
of R such that c.e¥ € Rfor all e € E and k € N. Set ¢ = [locpce It
follows that ¢ € R® and ¢E* C R for all k € N. Let z € E,. Then czF €
(Ey)* C (¢(BEy)*)y = (cE¥), C R for all k € N, hence z € R. We have
(Frf) =R R):rf)=(R:r Rf) = (R:r f) = (Rir (R:7 R)) = (R)vg-

(3)If a € (R:7a)® then a € T® with aa C R, hence aa C R®, and thus
a € (R*:ga). It is obvious that (H :g a) C (R 7 a)®. Let z € (a,,)®. Then
z(H g a) C (R :p a) C R, hence z(H :¢g a) C RNQ = H. Therefore,
T E Uyy- 0

3. On v-Marot rings

A finitary weak module system r on a commutative ring R gives rise to
a weak module system on the monoid R°®, and R is said to be an r-Marot
ring if every regular r-module is generated by its regular elements (if the d-
system denotes the system of classical ring ideals, then the notion of a d-Marot
ring coincides with the notion of an ordinary Marot ring). These abstract
concepts were introduced in [22] to study Dedekind and Priifer monoids without
cancellation.

In this section we study v-Marot rings which were first considered in [4]
(they are precisely the rings satisfying Property (D)). Clearly, v-Marot rings
generalize ordinary Marot rings and allow an inclusion preserving isomorphism
between the semigroup of regular divisorial ring ideals and the semigroup of
regular divisorial ideals of the associated monoid (see Theorem 3.5). There-
fore v-Marot rings provide the perfect setting for the study of C-rings done in
Section 4.

Lemma 3.1. Let R be a ring and T = T(R). Then the following statements
are equivalent :
(a) For every I € I,(R), we have I = (I°®), (i.e., each regular divisorial
ideal of R is v-generated by its reqular elements).
(b) For every I € F,(R), we have I = (I®),.
(c) For every I € Fy(R), we have I =(,cpe g~y 2R
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Proof. (a) = (b) Let I € F,(R). Then ¢l € Z,(R) for some ¢ € R®. Tt follows
that ¢(I®), = (cI*), = ((¢I)®), = ¢l, and thus (I*), = 1.

(b) = (c) Let I € F,(R). Then I"! € F,(R). Set E = (I"1)*. Then I~! =
E,, hence I = B~ = (\;cp f~'R. This implies that I C (\,cqe .z 2R C
Nier f7'R = I. Therefore, I = (,cpe .p-; 2R

(c) = (a) Let I € Z,(R). Then I~ € F,(R). Set F ={z€T*| 2R D> I '},
and E = {z7"' |z € F}. Tt follows that I™' =, cp2R=(\,cpz 'R=E"",
hence I = E,,. Therefore, I = E, C (I*), C I, and thus I = (I°),. O

Definition 3.2. A ring R is called a v-Marot ring if it satisfies the equivalent
conditions of Lemma 3.1.

The next proposition first points out that every Marot ring is a v-Marot
ring. Moreover, in our main results we will often assume that the conductor
(R:ﬁ) of the given ring R is regular, and every v-Marot C-ring will have this
property (see Corollary 4.4). Based on the work of Chang and Kang, the next
proposition demonstrates that this assumption holds true in very general but
natural settings.

Proposition 3.3. Let R be a ring.

(1) If R is noetherian, then R is a Marot ring, and if R is a Marot ring,
then R is a v-Marot ring.

(2) Let S be a ring with R C S C T(R) and suppose that S is a finitely
generated R-module. Then (R : S) is reqular and we have
(a) R is noetherian if and only if S is noetherian.

(b) Every regular ideal of R is finitely generated if and only if every
regular ideal of S is finitely generated.

(3) Suppose that every regular ideal of R is finitely generated. Then R is
a Mori ring, its integral closure R is a Krull ring, and hence R = R.
Moreover, f = (R:]?B) is reqular if and only if Risa finitely generated
R-module.

Proof. (1) A proof of the first statement can be found in [24, Theorem 7.2].
Let R be a Marot ring and I € Z,(R). By Lemma 2.3(1), we infer that
I=1I,= (R<I.>)v = (I.)v-

(2) Statement (a) is the Theorem of Eakin-Nagata, and Statement (b) is
a generalization due to Chang [8]. If S = g(a1b7",...,asb; ") where s € N,
ai,...,as € R, and by,...,bs € R®, then b =107 -...-bs € R*, bS C R, and
hence b € (R:S).

(3) If (I,)n>0 is an ascending chain of regular divisorial ideals, then the union
UI, is a regular ideal, hence finitely generated, and thus the chain becomes
stationary. The integral closure of R is a Krull ring by [9]. Thus R is completely
integrally closed and hence R = R IfRisa finitely generated R-module, then
(R : R) is regular by (2). Suppose that f is a regular ideal, and let f € f*. Then
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f RCRisa regular ideal, hence a finitely generated R-module by assumption
and the same is true for the isomorphic R-module R. (I

A ring, whose regular ideals are finitely generated, is always Mori but it need
not be a v-Marot ring (see [24, Example 11, Section 27]).

Lemma 3.4. Let R be a v-Marot ring, T = T(R), H = R®, and Q = q(H).
(1) If I € Fo(R), then (R 7 1)* = (H :0 I°).
(2) If 0 # a C Q is H-fractional, then (a,,)® = ay, .

Proof. (1) Let I € F,(R). Tt follows that (R :r I)® = (R 7 (I*)y,)® = (R
I°)* = (H :q I°) by Lemma 2.1(6) and Lemma 2.3(3).

(2) Let @ # a C Q be H-fractional. Then a C T is regular and R-fractional,
hence (R :7 a) € F,(R). By (1) and Lemma 2.3(3) we have (a,,)® = (R i1
(R T Cl)). = (H Q (R T Cl).) = (H Q (H Q U.)) = Oy - O

Theorem 3.5. Let R be a ring and H = R® its monoid of reqular elements.
(1) Then R is a v-Marot ring if and only if the maps

{fv(R) = F(H)\{0} o {E(H)\{@} — Fu(R)

I — I° a = Oyp

are inclusion preserving semigroup isomorphisms which are inverse to
each other. If this holds, then
(a) *|Fu(R)*: Fy(R)* — Fu(H)™ is a group isomorphism.
(b) ¢*|Z,(R): Z,(R) — Z,(H) \ {0} is a semigroup isomorphism.
(c) t*|v-spec(R): v-spec(R) — v-spec(H) \ {0} is a bijection.
(2) (]?E)' = (ﬁ) If R is completely integrally closed, then R® is completely
integrally closed, and if R is a v-Marot ring, then the converse holds.
(3) If R is a Mori ring, then H is a Mori monoid, and if R is a v-Marot
ring, then the converse holds.
(4) If R is a Krull ring, then H is a Krull monoid, and if R is a v-Marot
ring, then the converse holds.

Proof. We set T = T(R) and Q = q(H).
(1) If «* and ¢° have the mentioned properties, then

I=(°o)I)=°(I")=(I"),, foreveryI e F,(R),

and thus R is a v-Marot ring.

Conversely, suppose that R is a v-Marot ring. Let I,J € F,(R) and a,b €
Fo(H)\{0}. Clearly, I® # () and I*® is H-fractional. Therefore, Lemma 3.4(2)
implies that (1°),, = ((I*)y,)® = I*, and thus :*(I) € F,(H)\{0}. Note that
a C R is regular and R-fractional, hence (°(a) = a,, € F,(R). This implies
that +* and (° are well-defined maps. Clearly, both maps ¢* and ¢° are inclusion
preserving.

Observe that (1°0:°)(a) = (a,,)® = a,, = a by Lemma 3.4(2). It is obvious
that (.°0¢®)(I) = (I*),, = I. Consequently, ¢* and ¢° are mutually inverse.
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It is clear that (*(R) = R® and (°(R*®) = R. Obviously, I*J* is a non-empty
H-fractional subset of ). Consequently, Lemmas 2.1(4) and Lemma 3.4(2)
iply that (7 ay ) = (1)og)* = (T)o (T )un)un)® = (1°7%)0r)* =
(I°J®)yy = (1) -y, t°(J). Note that ab is a non-empty H-fractional subset of
Q. By Lemma 3.4(2) we infer that :°(a -, 0) = ((ab)yy vy = (((00)y,) v, =
(ab)"JR = (a'URb'UR)'UR = Lo(a) ‘WR Lo(b)'

It is straightforward to prove that ¢*(Z,(R)) = Z,(H)\{0} and .* (F,(R)*) =
Fo(H)*. Therefore, 1*|Z,(R): Z,(R) — Z,(H)\{0} and ¢*|F,(R)* : Fp(R)* —
Fu(H)* are semigroup isomorphisms. Consequently, (*|F,(R)*: F,(R)* —
Fu(H)* is a group isomorphism.

It remains to show that ¢*(v-spec(R)) = v-spec(H) \ {0}. First let P € v-
spec(R) and z,y € H be such that xy € *(P). Then zy € P, hence x €
PNH=*(P)orye PNH=:.(P).

Conversely, let p € v-spec(H) \ {0}. Tt is sufficient to prove that :°(p) € v-
spec(R). Let z,y € R be such that xy € :°(p). Let z € p. Since R is a v-Marot
ring, there are some E, F C H such that {z,z},, = Fy, and {y, 2}y, = Fu,,.
Note that p,, is an ideal of R, hence {zy,rz,yz, 2%} C py,. This implies that
EF C (EF)UR = (E'URF'UR)UR = ({x’Z}UR{y’Z}'UR)UR = ({x,z}{y,z})UR =
{2y, 22,92, 2%} o C Pop. Therefore, EF C p,, N H = (p,,)® = p, and thus
E Cypor F Cyp. It follows that x € E,, C (°(p) or y € F,, C °(p).

(2) By definition, we have

(R)*=RNT*
= {xz € T* | there is a ¢ € R® such that cz" € R for all n € N}
= {xz € T"* | there is a ¢ € R® such that cz™ € R® for all n € N}
= {z € q(R®) | there is a ¢ € R® such that cz™ € R® for all n € N}

= (R*).
If R is completely integrally closed, then R = R and hence R® = (é)' = (/R-'\)
and hence R® is completely integrally closed. Suppose that R is a v-Marot ring
and that R® is completely integrally closed. Let z € R. Then {1,z},, € F,(R)

and {1,2},, C R by Lemma 2.3(2). Thercfore, {1,2},, = E,, for some E C

~ s

T*. It follows that E C (R)® = (R®) = R* C R. Consequently, z € E,,, C R.

(3) If R is a v-Marot ring, then (1) implies that R is a Mori ring if and only
if H is a Mori monoid. Now suppose that R is a Mori ring, and let (a,,),>0 be
an ascending chain of regular divisorial ideals of H. Note that ((a,)vz)n>0 18
an ascending chain of regular divisorial ideals of R, which becomes stationary
by assumption. By Lemma 2.3(3) it follows that a,, = ((ay)s,)® for all n € Ny,
hence (ay,)n>0 becomes stationary.

(4) This follows immediately from (2) and (3). O

The fact that a Marot ring R is a Krull ring if and only if the monoid R*®
is a Krull monoid was first proved by Halter-Koch in [20]. We continue with



10 ALFRED GEROLDINGER, SEBASTIAN RAMACHER, AND ANDREAS REINHART

a lemma on class groups. The arithmetical significance of the distribution of
prime divisorial ideals in the classes will be discussed after Corollary 4.4.

Corollary 3.6. Let R be a ring, H = R®, Q = q(H), Hr = {zR | z € Q},
and Hg = {zH | z € Q}.
(1) If Fo(R)/Hr is finite, then F,(H)/Hp is finite.
(2) If Fo(R)/HRr = {PHR | P € v-spec(R)}, then F,(H)/Hy = {pHm |
p € v-spec(H)}.
(3) If R is a v-Marot ring, then there is an isomorphism

CU(R) = IU(R)X/HR - IU(H)X//HH = CU(H),

which maps the set of classes of C,(R) containing prime ideals p € v-
spec(R) onto the set of classes of C,(H) containing prime ideals p € v-
spec(H).

Proof. (1) Let F,(R)/Hr be finite. Observe that {I,,Hgr | I € F,(H)\{0}} =
{I,,Hr | I € E} for some finite E C F,(H) \ {0}. It is sufficient to prove
that Fo(H)/Hy = {IHg | I € EU{0}}. Let J € F,(H)\ {0}. Then
Jop = ¢l for some ¢ € Q and I € E. Using Lemma 2.3(3) this implies that
J = (Jup)® = (clyy)® = ((cI)yy)® = cl. Therefore, JHg = [Hy.

(2) Let Fy(R)/Hr = {PHRr | P € v-spec(R)} and I € F,(H). Without
restriction let I # (). Note that I,, € F,(R), and thus there is some P € v-
spec(R) such that PHp = I,, Hr. Therefore, P = cI,,, for some ¢ € Q). Since
cl € F,(H), it follows from Lemma 2.3(3) that P® = (cI,,)® = ((cI)yy)® = cl.
Using this it is straightforward to prove that P® € w-spec(H). Therefore,
IHy = P*Hy € {pHu | p € v-spec(H)}.

(3) This follows easily from Theorem 3.5(1). O

In view of the Corollary 3.6, we identify C,(R) and C,(H) in the case of
v-Marot rings. In the Krull setting, we write C(R) and C(H) for the v-class
groups, and these are isomorphic to the respective divisor class groups.

Proposition 3.7. Let R be a ring, T = T(R), and = (R :7 R).
(1) Let I € Fy(R). Then I is v-invertible if and only if (I :x I) = R.
2) R=Ujer, g v I) and if  is regular, then R € F,(R).
) R is completely integrally closed if and only if F,(R) = F,(R)*.
) If R is completely integrally closed and C,(R) s finite, then C,(R®) is
finite.

Proof. (1) Using Lemma 2.1(3) we obtain that I is v-invertible if and only if
(IT7Y), = R if and only if (II7!)~! = R if and only if (I, :7 I) = R if and
only if (I .7 I) = R.

(2) Let 2 € R be given. Then there is some ¢ € R® such that cz™ € R for
all n € N. Set I = {2" | n € Ng},. Note that {2 | n € Ny} is a regular
R-fractional subset of 7', hence I € F,(R). Moreover, I C {z" |ne€ N}, C I
by Lemma 2.1(5), and thus € (I :p I). Conversely, let I € F,(R) and

(
(3
(4
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x € (I :p I). There are some ¢,d € R® such that ¢cI C R and d € cINR°®. Note
that 2™ € (I :p I) for all n € N, hence da™ € cx™I C ¢l C R for all n € N.
Consequently, = € R.

Now let f be regular. It follows from Lemma 2.1(1) that f € Z,(R). There-
fore, Lemma 2.3(2) implies that (R),, = (f :7 f) C R, and thus (R),, = R.
Consequently, R € F,(R).

(3) Clearly, R C (I :x I) for all I € F,(R). Therefore, (1) and (2) imply that
R is completely integrally closed if and only if (I :7 I) = R for all I € F,(R)
if and only if F,(R) = F,(R)*.

(4) This is an immediate consequence of Theorem 3.5(2), Corollary 3.6(1),
and of (3). O

Proposition 3.8. Let R be a ring and R C S C T(R) an overring of R such
that S € Fy(R).

(1) Fo(S) C Fu(R).

(2) If R is a Mori ring, then S is a Mori ring.

(3) If R is a v-Marot ring, then S is a v-Marot ring.

(4) If R is a Mori ring such that (R : ﬁ) is regular, then R is a Krull ring.

Proof. We set T = T(R).

(1) Let I € F,(S). We have I,, C (Iy,)vs = Ing = I C I,,,, by Lemma
2.1(6), and thus I,,,, = I. Moreover, there are some ¢,d € S® such that ¢ C S
and dS C R. Observe that cd € R®, cdI C Rand I® # (. Therefore, I € F,(R).

(2) Let (I;)ien be an ascending chain of elements of Z,(S). There is some
c € (R:r S)*. Obviously, (¢l;);en is an ascending chain of elements of Z,(.5)
such that c¢I; C R for all ¢ € N. It follows by (1) that (cl;);en is an ascending
chain of elements of Z,(R), hence there is some k € N such that ¢I; = cIj for
all i € N>j. This immediately implies that I; = I, for all i € N>

(3) Let R be a v-Marot ring and I € F,(S). By (1) we have I € F,(R),
hence I = (I°®) It follows that I = I,, = (I*)vp)vs = (I*)vs by Lemma
2.1(6).

(4) Let f € (R :x R)® and = € R. Then there is a ¢ € (R)* such that
ca™ € R for all n € N. Then fc € R® and fcz™ € R for all n € N. This implies
that z € R. Consequently, R is completely integrally closed. It follows from

Proposition 3.7(2) that R € F,(R), and hence (2) implies that R is a Mori
ring. 0

VR "

Proposition 3.9. Let R be a Mori ring, T = T(R), and S C R® a multiplica-
tively closed subset.
(1) If E C T is reqular and R-fractional, then S~ (R :7 E) = (S7IR :p
STIE) and ST'E, = (ST'E)y,_, ..
(2) If I € Fo(S7IR), then I = S71J for some J € F,(R).
(3) S-'R = S—'R.
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(4) If (R :1 R) is reqular, then S (R :r R) = ('R :p S/*ﬁ%)

(5) If R is a v-Marot ring, then S™'R is a v-Marot ring.

(6) If Fo(R)/{aR | a € T*} is finite, then F,(ST'R)/{aS™ R | a € T*} is
finite.

Proof. (1) Let E C T be regular and R-fractional, and let x € S™Y(R :7 E).
Then zs € (R 7 E) for some s € S. Let 2 € S™'E. Then 2t € E for some
t € S. We have stzz € R, hence vz € S™'R, and thus » € (S™'R 7 S7LE).
Conversely, let * € (S™'R :7 S7'E). Then *E C S™'R. Note that F, €
Fu(R), hence there is some finite regular F' C F such that F, = E,. We obtain
that zF C S~'R. This implies that 2tF C R for some t € S. It follows that
2tE C xtE, = xtF, C (2tF), C R. Therefore, 2t € (R :7 E), and thus
r € STYR :r E). Consequently, S~'E, = S™Y (R :r (R:r E)) = (S7'R i1
ST R E))=(ST'R:r (ST'R:x S7'E)) = (ST'E)u,_, -

(2)Let I € F,(S7'R). Thencl € Z,(S™'R) for some c € T*. Set J = cINR.
Observe that ¢ = S~'J and J is a regular subset of R. Let x € .J,. Then
(R 7 J) C R. Therefore, (1) implies that 2(S7'R 7 ¢I) = 2(S7'R :p
S71J) =S Y(R:r J) € ST'R. Consequently, z € (cI),,_, , N R =J. This
implies that J € Z,(R), hence I = S~1(c71J) and ¢71J € F,(R).

(3) Letz € S=1R be given. It follows by Proposition 3.7(2) that « € (I :p I)
for some I € F,(S™'R). There is some J € F,(R) such that I = S~1J by
(2). We infer by (1) and Proposition 3.7(2) that = € S~'(J :p J) C S7'R.
Conversely, let © € S ~1R. Then xt € R for some t € S. Consequently, there is
some ¢ € R® such that ct"z" € R for all n € N. We obtain that ¢ € (S™!R)®
and cz™ € STIR for all n € N. Therefore, z € S/*ﬁ%

(4) Let (R :7 R) be regular. Then R is regular and R-fractional. Con-
sequently, S™Y(R :7 R) = (S™*R :x S'R) = (S7'R :p S/*ﬁ%) by (1) and
(3).

(5) Let R be a v-Marot ring and I € F,(S™'R). It follows by (2) that
I = S~1J for some J € F,(R). By (1) we have I = S~1(J*), = (S~1J*)
Since S~1.J* C I* we infer that I = (I®),_, .

(6) It follows from (1) and (2) that f : F,(R) — F,(S™'R) defined by f(I) =
S~ for all I € F,(R) is a surjective map. Using this it is straightforward to
prove that f : F,(R)/{aR | a € T*} — F,(S~'R)/{aS™'R | a € T*} defined
by f(I{aR | a € T*}) = f(I){aS™'R | a € T*} is a surjective map. This
immediately implies the assertion. (]

Vs—1Rr"*

4. C-monoids and C-rings

In this section we define C-rings as commutative rings whose monoid of reg-
ular elements is a C-monoid. Originally, C-monoids and C-domains have been
introduced in order to study the arithmetic of non-integrally closed higher-
dimensional noetherian domains, and since then their arithmetic has been
studied in detail. In Proposition 4.2 we summarize some arithmetical finiteness



ON »-MAROT MORI RINGS AND C-RINGS 13

results for C-monoids. The main result in this section is Theorem 4.8 (together
with Corollary 4.9). It states that a v-Marot Mori ring R with regular conduc-
tor f = (R : R), for which the residue class ring R/§ and the class group C(R)
are both finite, is a C-ring. In particular, this implies that all arithmetical
finiteness results of Proposition 4.2 are satisfied.

In order to give the definition of C-monoids we need to recall the concept of
class semigroups which are a refinement of ordinary class groups in commutative
algebra (a detailed presentation can be found in [18, Chapter 2]). Let F be
a monoid and H C F a submonoid. Two elements y,y’ € F are called H-
equivalent, if y " 'HNF =y “'HNF. H -equivalence is a congruence relation
on F. For y € F, let [y]% denote the congruence class of y, and let

C(H,F)={lyliy |y € F} and C*(H,F)={lyliy |y e F\F*)u{1}}.

Then C(H, F) is a semigroup with unit element [1]%; (called the class semigroup
of Hin F) and C*(H,F) C C(H, F) is a subsemigroup (called the reduced class
semigroup of H in F'). It follows from the very definitions that, for every subset
T C F, there is a bijective map

41) {WilyeTy > {y'"HNF|yeT}, givenby [ylf; =y 'HNF.

If C(H,F) is a torsion group, then H C F is saturated and cofinal, and if
H C F is saturated and cofinal, then C(H, F) = q(F)/q(H).

Definition 4.1.

(1) Let H be a monoid. If H is a submonoid of a factorial monoid F' such
that HNF* = H* and C*(H, F) is finite, then H is called a C-monoid.
(2) A ring R is called a C-ring if R® is a C-monoid.

Next we gather some arithmetical concepts which are required to present the
main arithmetical finiteness results of C-monoids. Let H be a Mori monoid.
Then every non-unit a € H can be written as a finite product of irreducible
elements, say a = uy - ... - up, where uq,...,u;r € H are irreducible and k € N
is called the length of the factorization. Since H is a Mori monoid, the set
L(a) € N of all possible factorization lengths is finite ([18, Theorem 2.2.9]),
and L(a) is called the set of lengths of a. It is convenient to set L(a) = {0}
for a € H*. For k € N, the set Uy(H) denotes the union of sets of lengths
L(a) (over all @ € H) with k € L(a). Unions of sets of lengths can either
be finite or infinite. For a finite set L = {my,...,my} C Z with k € N and
my < -+ < my, we denote by A(L) the set of (successive) distances of L, that
is A(L) = {my41 —m, | v € [1,k —1]}. Then

AH) = | A(L(a)

denotes the set of distances of H. By definition, A(H) = ) if and only if
IL(a)| =1 for all @ € H if and only if Uy (H) = {k} for all k € N. If there is
some a € H with |L(a)| > 1, then |L(a™)| > n for every n € N.
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In C-monoids sets of lengths and their unions have a well-defined structure.
We do not repeat here the rather involved definitions of AAMPs (almost arith-
metical multiprogression), AAPs (almost arithmetical progression), or of the
catenary degree (they can be found in [18]). Roughly speaking, AAMPs and
AAPs are generalized arithmetical progressions which are controlled by several
parameters, and Proposition 4.2 states that all these parameters are globally
bounded.

Proposition 4.2 (Arithmetic Properties). Let H be a C-monoid.
(1) H has finite catenary degree and finite set of distances A(H).
(2) There is a constant M* € N such that for every a € H the set of lengths
L(a) is an AAMP with difference d € A(H) and bound M*.
e There are constants k*, M™* € N such that for all k > k* the union of
sets of lengths Uy (H) is an AAP with difference d and bound M*.

Proof. (1) and (2) can be found in [18, Theorems 3.3.4 and 4.6.6]. For (3) see
[16, Theorems 3.10 and 4.2]. O

More on the arithmetic of C-monoids can be found in [12, 13]. We switch
to their main algebraic properties.

Proposition 4.3 (Algebraic Properties). Let H be a C-monoid. Then H is a
Mori monoid with (H:H) # (), and the complete integral closure H is a Krull
monoid with finite class group C(H).

Proof. See [18, Theorems 2.9.11 and 2.9.13]. O

Corollary 4.4. Let R be a ring and H = R®.

(1) Let R be a Krull ring. If every class of C(R) contains a prime divisorial
ideal, then every class of C(H) contains a prime divisorial ideal. If C(R)
is finite, then C(H) is finite and R is a C-ring.

(2) Let R be a v-Marot C-ring. Then R is a Mori ring, (R:E) is regular,
and R is a v-Marot Krull ring with finite class group.

Proof. (1) The first statement follows from Corollary 3.6(2) and from Propo-
sition 3.7(3). Let R be a Krull ring with finite class group. Then H is a Krull
monoid by Theorem 3.5, and H has finite class group by Proposition 3.7(4).
Thus H is a C-monoid by [18, Theorem 2.9.12].

(2) Let T be the total quotient ring of R. It follows from Proposition 4.3
that H is a Mori monoid, (H :7e H) # 0, and that H is Krull with finite
class group C,(H). By Theorem 3.5(2), R is a Mori ring and (R)® = H.
Proposition 3.8 implies that R is a v-Marot Krull ring, and by Corollary 3.6(3)
we obtain that C,(R) = C,((R)®) = C,(H) is finite. In order to verify that
(R:]-AE) is regular, we choose an element © € (H :7e Ig') and have to show that
2z € (R:r R). Let y € R. By Lemma 2.3(2) it follows that {1,y},, C R.
Moreover, {1,y}y, € Fu(R), hence there is some F C T*® such that {1,y},, =
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E,,. Observe that E C (R)* = H, and thus zE C R* C R. Therefore,
axy € 2By, = (¢E),, C R. O

Let H be a Krull monoid with class group G and let Gp C G denote the set
of classes containing prime divisorial ideals. Then there is a transfer homomor-
phism 0: H — B(Gp), where B(Gp) is the monoid of zero-sum sequences over
G p. Transfer homomorphisms preserve sets of lengths (and other arithmetical
invariants), and they allow to show that the finiteness of G'p induces arithmeti-
cal finiteness results (including all what is mentioned in Proposition 4.2). If
moreover Gp = G is finite, then there is a variety of most precise arithmeti-
cal information (see [18] and the surveys [17, 36]). Corollary 4.4 reveals that
all these results apply to Krull rings and, by Corollary 3.6(3), the connection
is most close in the v-Marot case, since in that case there is an isomorphism
between the class groups and a bijection between the set of classes containing
prime divisorial ideals. In particular, we regain a classical result by Anderson
and Markanda ([3, Theorem 3.6] and [4]), saying that R® is factorial if and only
if R is a Krull ring with trivial class group. We discuss one example.

Example 4.5. Let R be a ring. Then R[X] is a Krull ring if and only if R is a
finite direct product of Krull domains, say R = Ry X - -- X Ry, ([7, Theorem 3]).
Suppose this holds true. For every Krull domain R,, with v € [1,n], we have
C(R,) = C(Ry[X]), and every class of C(R,[X]) contains a prime divisorial
ideal ([14, Theorem 14.3]). Moreover, R[X]| = Ri[X] x -+ X R,[X] is a finite
direct product of Krull domains again. For each two Krull monoids H; and Ho,
there is an isomorphism f: C(Hq) ® C(Hz2) — C(H1 x H) and if, for v € [1, 2],
G, C C(H,) is the set of classes of C(H,) containing prime divisorial ideals,
then f(G1WG2) C C(Hy x Ha) is the set of classes containing prime divisorial
ideals. Thus, if R has finite class group, then R[X] is a Krull ring with finite
class group. Using induction we infer that, for each s € N, R[X1,..., X ] is a
Krull ring with finite class group and hence a C-ring. Moreover, R[X1, ..., X;]
has class group G =G @ - - DG, and Gy U--- UG, C G is the set of classes
containing prime divisors, where (G, is isomorphic to the class group of R, for
each v € [1,n].

Next we handle finite direct products.

Lemma 4.6. For v € [1,2], let R, be a ring with total quotient ring T, and
I, C T, a non-empty subset.

(1) (Rl X R2 Ty XTs Il X IQ) = (Rl Ty Il) X (R2 Ty 12).

(2) (Il X IQ)URI XRy (Il)le X (IQ)URQ'

Proof. Observe that T x Ts is a total quotient ring of Ry X Rs.

(1) Let # = (z1,22) € Ty x Ty, and note that 117 # 0 and zoly # 0.
Therefore, © € (Ry X Ry i1yx1, 11 x I) if and only if (z1,22)([; x I3) C
Ry X Rg if and only if 114 X x9ls C Ry X Rg if and only if 1137 C Ry and
x2ls C Ro if and only if 21 € (Ry iy, I1) and a2 € (Rg :p, I2) if and only if
xr € (Rl T Il) X (R2 Ty IQ)
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(2) Note that (Ry iy, 1) # 0 and (Rg :p, I2) # 0. By (1) we have (I; x
I)op, wr, = (R1 X Ry :1yxr, (R1 X Ry i1yxr, T1 X I2)) = (R1 X Ry i1y x7
(R1 i1y Ii) x (R2 1, I2)) = (R1 iy (R1 iy 1)) X (R i1, (Ro iy, I2)) =
(Il)URl X (IQ)URQ‘ ]

Proposition 4.7. Let R1, Ro, and R be rings such that R = Rq X R».

(1) R is a Marot ring (a v-Marot ring) if and only if Ry and Re are Marot
rings (v-Marot rings).

(2) R is a C-ring if and only if the following three conditions are satisfied:
(a) Ry and Rg are both C-rings.
(b) R1* =R, or ]/%\QX/RQX is finite.
() Re®* = RS, or ]/%\1X/R1X is finite.

Proof. Clearly, we have (R x R2)® = R;® X Rs®, and a subset I C Ry x Ry is
an ideal of Ry X Ry if and only if I = I} x Iy for some ideal I; of Ry and some
ideal I of R5. Furthermore, for all subsets J; C R; and Jo C Rs, we have
(Jl X JQ). = Jl. X JQ..

(1) The fact that Ry X Rg is a Marot ring if and only if both Ry and Rs
are Marot rings is easy and well-known (see [34, Proposition 4]). We verify the
statement for v-Marot rings. Let Ry X Ro be a v-Marot ring and I; € Z,,(R;y).
It follows from Lemma 4.6 that I; x Re € Z,,(R1 X Rg). Therefore, Lemma 4.6
implies that Il X RQ = ((Il X RQ).)URlng = (11. X RQ.)URlng = (Il.)le X
(R2*)vp, = (I1*)up, X Ra, and thus Iy = (11°*)y,, . This implies that Ry is a
v-Marot ring. Analogously, it follows that Rs is a v-Marot ring.

Conversely, suppose that Ry and Ry are v-Marot rings and I € Z,,(R; X Ra).
Thus I = I x I for some ideal I; of Ry and some ideal I of Ry. By Lemma
4.6(2), we infer that Iy x [ = I = L vr, = (Il)UR1 X (IQ)»URZ, and since
I # () and I, # 0 it follows that I} = (11)vp, and Iy = (I2)yy,,. Thus we
obtain that I1* x I,* = I®* # ), and thus I;* # 0 and I°* # (). Therefore,
I € Z,(Ry) and I € Z,(R3). Tt follows from Lemma 4.6 that I = I} x Iy =
(Il.)le X (IQ.)URQ = (Il. X 12.)11121 xRy (I.)URlxRQ'

(2) The characterization of when R; x Ry is a C-ring follows from [18, The-
orem 2.9.16]. O

Corollary 4.4(2) provides a list of necessary conditions for a v-Marot ring to
be a C-ring. The next theorem demonstrates that these necessary conditions
together with one additional condition (namely the finiteness of the residue
class ring) actually guarantees that a v-Marot ring is a C-ring. In the domain
case there are ring theoretical characterizations of C-domains in various set-
tings. Among others, if R is a non-local semilocal noetherian domain, then R
is a C-domain if and only if the class group C(R) and the residue class ring
R/(R : R) are both finite ([35, Corollary 4.5]), and these are precisely the
conditions which we have in Theorem 4.8(2).

Theorem 4.8. Let R be a v-Marot Mori ring such that | = (R:é) s reqular.
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R is a v-Marot Krull ring.
IfC(R) and R/f are both finite, then R is a C-ring.
(1

(1

~
[\
~— —

) This follows from Proposition 3.7(2) and from Proposition 3.8.

(2) We use the following facts from the theory of Krull monoids (see [18,
Section 2.4]). Every Krull monoid H has a divisor theory, and H = H* x H for
a reduced Krull monoid Hy with Hy & Hyeq. If o: H — F = F(P) is a divisor
theory, then there is an isomorphism ¢*: F — I*(H) and an isomorphism
P: G =q(F)/q(p(H)) — C,(H). We consider the classes g € G as subsets of
q(F). Thus for any subset F’ C F', the set g N F”’ consists of all elements of F’
lying in the class g.

By Theorem 3.5 and by (1), R® is a Krull monoid. Thus there exists a
reduced Krull monoid D such that R®* = R* x D and D = (R®);eq. Let the
embedding D < Fy = F(P) be a divisor theory, and set F = R* x Fy. Then
R*C R* = EX x D C R* x Fy = F and F is factorial. Also F'* = R* and
F*NR*=R*NR*=R".

Thus we have that R® is a submonoid of a factorial monoid F' and it remains
to prove that the reduced class semigroup C*(R®, F)) is finite. We will even show
that the class semigroup C(R®, F') is finite, and this will be done in several steps.

Let n: FF — Fy denote the canonical projection. Then n|]§‘: R* — Iy is a
divisor theory, and there is an isomorphism n*: Fy — I:(E‘). In particular,
if a,b € F and aF N R* = bF N R®, then aF = bF, and if a € R*, then
aR® = aF N R*. R R

The group G = q(F)/q(R?®) is isomorphic to C,(R®), and thus G is finite by
Proposition 3.7(4). Since R® C F is cofinal, it follows that F/R® = G (see the
discussion of class groups in Section 2), and thus the canonical map ¢: F' — G
is surjective.

Since G is finite and F' = {J,c¢ 1" Hg) = Ugec 9 N I, it follows from (4.1)
that it suffices to prove that, for each g € G, the set

{y_lR'ﬂF|y€gﬂF}

is finite.
Now let g € G be fixed and let b € gN F. Set B =bF NR®* € Z;(R®). Then
there is a bijective map

{B_l —gnNF
~:
x — bx.

Indeed, if z € B!, then B € Z7(R®) and thus B = b'F N R* for some
bV € Fy. If u € B, then ux € R® and therefore

uzbF N R* = uzB = (uF N R*) (FNR*) =ub'FNR".

“ore
Hence uxzbF = ub'F, which implies bz € F'. Since ¢(bx) = 1(b) € g, we obtain
bz € g N F and thus v is well-defined. Clearly, v is injective.
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For surjectivity, let ¥’ € g N F. Then «(b) = ¢«(b') implies z = b=’ € q(R*),
and Bx C q(R*) NbzF C q(R*)NF = R*. Hence € B~! and V/ = ~(x).
Thus v is surjective.

Now let € B!, then

V@) 'R NF =b" (2 'R*NbF) = b~ (z  R* Nq(R*) N F N bF)
=b Yz 'R*NR*NbF) =b"'(z"'R* N B).

Thus it already suffices to prove that the set Z = {z7'R*N B |z € B~1} is
finite.

Nowset C' = (B™1),. and Zy = {z7'RN(R:C) | z € C*}. Then C € F,(R).
Since B~! € fv(ﬁ'), and R is a v-Marot ring, it follows by Lemma 3.4 that
C*=((B™'),,)* =B " and (R: C)* = (R*: C*). Therefore,

Z={z'R*N(R*:B ) |zeB Y ={z'R*N(R*:C*) |z € C*}
—{@'R)*NR:C)*|zeC*}={(x'RN(R:C))* |z cC*}
={I*|1¢€ Z}.

~

If z € C*, then we have the R-modules (R:C) C 7 *RN (R:C) C (R:C).
Hence it suffices to prove that (R:C)/(R:C) is finite.
Since F,(R) C F,(R) by Proposition 3.7(2) and Proposition 3.8 and since
R is a v-Marot Mori ring, there exists a finite regular set E' C C*® such that
C = Ey,. Hence E,, C C and since E,, € F,(R) C F,(R), it follows that
By, = (Ey, )y O By =C and so C = E,. = E,,. We now have
(R:C) = (R:E)= (] e 'R, and
eeE
(R:C)=(R:E)=()e 'R
eeE
and thus there is a monomorphism (R : C)/(R : C) — [lece e 'R/e"'R.
Since for every ¢ € E we have e 'R/e™'R = R/R = (R/f)/(R/f) and this
group is finite by assumption, so (R:C)/(R:C) is also finite. O

Corollary 4.9. Let R be a v-Marot Mori ring such that (R : E) is regular
and R/(R : R) and C(R) are both finite. Let R C A C R be a ring such that
Ayp = A and let S C R® be a multiplicatively closed subset.
(1) A is a v-Marot Mori ring, (A : A\) s reqular, and E/(A : /Al) and C(/Al)
are both finite.
(2) ST'R is a v-Marot Mori ring, (ST'R : S/*ﬁ%) is regular, and
5{?%/(5711% : 5{?%) and C(ﬁ) are both finite.
(3) A and ST'R are C-rings.
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Proof. We set T = T(R).

(1) Clearly, R € A C R = R, and thus A = R. Therefore, C(A) = C(R) is
finite. Moreover, (R : R) = (R : A) C (A : A), and thus (A : A) is regular.
We have A/(A: A) = R/(A: A) is an epimorphic image of R/(R : R). This
implies that A/(A : A) is finite. Observe that A € F,(R). It follows from

Proposition 3.8 that A is a v-Marot Mori ring.

(2) By [29, Theorem 2.13] we have S~'R is a Mori ring. It follows from
Proposition 3.9 that S™'R is a v-Marot ring, S-1R = S=IR, and (R: R) C
S~Y(R:R)=(S"'R: 5{?%) Therefore, (SR : S/*ﬁ%) is regular. Since for
every ideal I of a ring D and every multiplicatively closed subset S C D we

have
ST'D/STHI=(S+1/)N(D/I),

it follows that S/*ﬁ%/(S’lR : S/*ﬁ%) = S"1R/SY(R: R) is finite. By Propo-
sition 3.8(4) we have Ris a Krull ring. Consequently, Proposition 3.7(3) implies
that F,(R)/{aR | a € T*} = C(R) is finite. It follows from Proposition 3.9(6)
that C(S—1R) = C(S~'R) C F,(S~'R)/{aS~'R | a € T*} is finite.

(3) This is an immediate consequence of (1), (2) and Theorem 4.8. O
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