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ON MONOIDS OF PLUS-MINUS WEIGHTED ZERO-SUM SEQUENCES:
THE ISOMORPHISM PROBLEM AND THE CHARACTERIZATION PROBLEM

FLORIN FABSITS, ALFRED GEROLDINGER, ANDREAS REINHART AND QINGHAI ZHONG

Let G be an additive abelian group. A sequence S = g; -...- g of terms from G is a plus-minus
weighted zero-sum sequence if there are €1, ...,&; € {l,—1} such that ;g1 + ...+ g¢g¢ = 0. We first
characterize (in terms of G) when the monoid $B4 (G) of plus-minus weighted zero-sum sequences is
Mori, respectively, Krull, respectively, finitely generated. After that, we study the isomorphism problem
and the characterization problem for monoids of plus-minus weighted zero-sum sequences.

1. Introduction

Let G be an additively written abelian group. We consider (finite unordered) sequences (with repetition
allowed) of terms from G as elements of the (multiplicatively written) free abelian monoid %(G) with
basis G. Let I' C End(G) be a nonempty subset of the endomorphism group of G. A sequence
S=g1-...-g¢ € F(G) is called a (I'-)weighted zero-sum sequence if there are y1,...,y, € I' such
that y1(g1) + ...+ ye(gg) = 0. Then the set Br(G) of all I'-weighted zero-sum sequences over G is a
submonoid of #(G). A special emphasis has been laid on the case I' = {idg, —idg}. In that case one
speaks of plus-minus weighted zero-sum sequences, and the associated monoid is denoted by B (G).

For the last decade, combinatorial and number theoretic problems of weighted zero-sum sequences have
seen a lot of interest. Many of the classical zero-sum invariants (including the Davenport constant D(G),
the Erd6s—Ginzburg—Ziv constant s(G ), Gao’s constant E(G) and the Harborth constant g(G)) have found
their weighted analogs (for a weighted version of E(G) see [17, Chapter 16], for connections with coding
theory see [26], and for a sample of papers with a strong number theoretic flavor see [1; 16; 18; 19; 20;
22; 24; 25; 27]; see also the remark at the end of Section 2).

Algebraic properties of the monoid of weighted zero-sum sequences were first studied by Boukheche
et al. [4]. There are transfer homomorphisms from norm monoids in orders of algebraic number fields
(and others) to monoids of weighted zero-sum sequences; see [4, Theorem 7.1] and [15, Theorems 3.2
and 3.5]. This implies that arithmetic questions in norm monoids (in particular, their sets of lengths) can
be studied in monoids of weighted zero-sum sequences, and it demonstrates the connection of the latter
with questions in commutative ring theory.

This work was supported by the Austrian Science Fund FWF (P36852-N) and by the National Natural Science Foundation of
China (12001331).

2020 AMS Mathematics subject classification: primary 20M12, 20M13, 13A05, 13A15, 11B30; secondary 11R27.

Keywords and phrases: Krull monoids, Mori monoids, sets of lengths, weighted zero-sum sequences.

Received by the editors on April 28, 2023, and in revised form on September 6, 2023.

DOI: 10.1216/jca.2024.16.1 © Rocky Mountain Mathematics Consortium


https://doi.org/jca.2024.16-1
https://doi.org/10.1216/jca.2024.16.1

2 FLORIN FABSITS, ALFRED GEROLDINGER, ANDREAS REINHART AND QINGHAI ZHONG

In the present paper, we focus on the monoid B (G) of plus-minus weighted zero-sum sequences.
In Section 3, we characterize when %4 (G) is a Mori monoid (Theorem 3.4), when it is a Krull monoid
(Corollary 3.5) and when it is finitely generated, respectively, a C-monoid (Theorem 3.7).

In Section 4, we study the isomorphism problem and the characterization problem. We recall these
two problems.

The isomorphism problem (for plus-minus weighted zero-sum sequences). Let G; and G, be abelian
groups such that the monoids B+ (G1) and B4 (G») are isomorphic. Are the groups G; and G5 isomor-
phic?

It is well known that the isomorphism problem has an affirmative answer for monoids of (unweighted)
zero-sum sequences over abelian groups [9, Corollary 2.5.7]. The isomorphism problem was recently
studied for power monoids of numerical monoids [3; 32] and for monoids of product-one sequences over
nonabelian groups [11]. For the isomorphism problem for group rings, we refer to the survey [28]. In
the present paper, we give an affirmative answer to the isomorphism problem for plus-minus weighted
zero-sum sequences in the case where one group is a direct sum of cyclic groups (Theorem 4.3).

The characterization problem asks whether or not two monoids (or domains), from a given class of
monoids, are already uniquely determined by their systems of sets of lengths. This problem has its origin
in algebraic number theory. Indeed, in the 1970s, Narkiewicz asked whether or not the ideal class group
of a number field can be characterized by arithmetic properties of the ring of integers. Nowadays, this
question got reformulated in terms of monoids of (unweighted) zero-sum sequences over finite abelian
groups, where an affirmative answer is expected (for an overview, we refer to the survey [12]).

The characterization problem (for plus-minus weighted zero-sum sequences). Let G; and G, be
finite abelian groups with Davenport constant D4 (G1) > 4 such that their systems of sets of lengths
FL(BL(Gy)) and L(BL(G2)) coincide. Are the groups G and G5 isomorphic?

Clearly, a necessary condition for an affirmative answer to the characterization problem (for a class of
abelian groups) is an affirmative answer to the isomorphism problem. Any work on the characterization
problem (both for unweighted, as well as for weighted zero-sum sequences) requires a lot of ingredients
from additive combinatorics. If £(B1.(G1)) = L(B1(Gr)), respectively, L(B(G1)) = L(B(G2)), then
one easily gets that for the associated Davenport constants we have D+ (G1) = D4 (G»), respectively,
D(G1) = D(G»). In spite of being studied for decades, the precise value of the Davenport constant of a
finite abelian group G (in terms of the group invariants) is unknown for general groups of rank r(G) > 3.
In Section 4, we settle the characterization problem for plus-minus weighted zero-sum sequences in the
case when G is a cyclic group of odd order (Theorem 4.6).

2. Prerequisites

We denote by P C N C Ny C Z the sets of prime number, positive integers, nonnegative integers and
integers. Fora,b € Z,let [a,b] ={x € Z:a < x < b} be the discrete interval between a and b. For subsets
A,BCZ,wedenoteby A+ B ={a+b:aec A, be B} the sumset of A and B, and for k € Z, we set
k+A=1{k}+A Fork eN,letN>y ={aeN:a>k},andletk-A = {ka:a € A} be the dilation of A
by k. If A ={mo,...,my} CZ, withk € Ng and mg < ... <my, then A(A) ={m; —m;—y:i €[1,k]}
is the set of distances of A.
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By a monoid, we mean a commutative cancellative semigroup with identity element, and we use
multiplicative notation. Let H be a monoid. Then H* denotes the group of invertible elements and q(H)
denotes the quotient group. Furthermore, let

e H' = {x € q(H) : there is some n € N such that x™ € H for each m € N>,} be the seminormal
closure of H,

e« H= {x € q(H) : there is some n € N such that x* € H} be the root closure of H,

« H= {x € q(H) : there is some ¢ € H such that cx” € H for all n € N} be the complete integral
closure of H.

Then HCH' CHCHC q(H), and H is said to be seminormal, or root closed, or completely integrally
closed,if H=H’,or H=H,or H= H. Foraset P, we denote by F(P) the free abelian monoid with
basis P, and we will use multiplicative notation for %#(P). The monoid H is factorial if its associated
reduced monoid Heq = {aH > : a € H} is free abelian. A monoid homomorphism ¢ : H — D is said to
be a

e divisor homomorphism if a,b € H and ¢(a) | ¢(b) (in D) implies thata | b (in H),

e divisor theory (for H) if D is free abelian, ¢ is a divisor homomorphism and for every o € D there
are di,...,ay, € H such that @ = ged(p(ay), ..., ¢(am)).

If o : H — D is a divisor theory, then 6(H) = q(D)/q(¢(H)) is the (divisor) class group of H. If H
is a submonoid of D, then it is easily checked that the inclusion H < D is a divisor homomorphism
ifand only if H =q(H)N D.

Ideal theory of monoids. Our main references are [9; 21]. To fix notation, we gather some key concepts
needed in the sequel. For subsets I, J C q(H), weset (I1:J)={xeq(H):xJ CI}, I\ =(H:I)
and I, = (I71)~!. Then I C H is called an s-ideal if IH = I, and it is called a divisorial ideal (or
a v-ideal) if I = I,,. We denote by s-spec(H) the set of prime s-ideals of H and by X(H) the set of
minimal nonempty prime s-ideals of H. The monoid H is said to be a

e Mori monoid if it satisfies the ascending chain condition on divisorial ideals,

e Krull monoid if it is a completely integrally closed Mori monoid (equivalently, if it has a divisor
theory).

If H is a Krull monoid, then every v-ideal is v-invertible and the monoid of v-ideals is free abelian
(with v-multiplication as operation) with basis X(H). If %, (H ) denotes the semigroup of fractional
v-ideals, then 6, (H) = Fy(H)> /{aH :a € q(H)} is the v-class group of H. If H is a Krull monoid,
then 6, (H ) is isomorphic to the divisor class group of H.

We need the concept of C-monoids (for details, see [9, Chapter 2]). Let F be a factorial monoid, and let
H C F be a submonoid. Two elements y, y’ € F are called H-equivalentif y " 'HNF =(y")"'HNF,
equivalently, if

for all x € F, we have xy € H if and only if xy’ € H.

This defines a congruence relation on F', and for y € F, we denote by [y] I’f, = [y] its congruence class. Then

C*(H.F)={[yl:y e (F\F*)U{l}} C6(H,F)={[yl:y € F}
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are commutative semigroups with identity element [1], ‘€(H, F) is the class semigroup and 6*(H, F)
is the reduced class semigroup of H in F. A monoid H is said to be a C-monoid (defined in F) if it is
a submonoid of F such that H N F* = H>* and 6€*(H, F) is finite. If H is a C-monoid, then H is Mori,
(H: H ) # @ and ‘6(?[ ) is finite. Every Krull monoid with finite class group is a C-monoid, and in that
case, the class semigroup and the class group coincide. A commutative ring is a C-ring if its monoid of
regular elements is a C-monoid (for a sample of work on C-monoids and C-rings, see [5; 6; 8; 23; 29; 30]).

Arithmetic theory of monoids. We denote by s4(H) the set of atoms of H, and we say that H is atomic
if every noninvertible element of H can be written as a finite product of atoms. If a =u;-...-uy € H,
where k e N and uy,...,u; € d(H), then k is called a factorization length of @, and the set L(a) C N
of all possible factorization lengths of a is called the set of lengths of a. It is convenient to set L(a) = {0}
fora € H*, and then L(H) = {L(a) : a € H} denotes the system of sets of lengths of H. Thus, H is
atomic if and only if all sets of lengths are nonempty. Furthermore, H is said to be

e half-factorial if |L| =1 for all L € $(H),

e a BF-monoid if all L € ¥£(H) are finite and nonempty.

Every Mori monoid is a BF-monoid and every factorial monoid is half-factorial.

Sequences over abelian groups. Let G be an additively written abelian group, and let Go C G be a
subset. Then [Go] C G denotes the submonoid generated by Go and (Go) C G is the subgroup generated
by Ggo. Let exp(G) € N U {co} denote the exponent of G. For n € N, let C,, be an additive cyclic
group with n elements, and let nG = {ng : g € G}. For a prime p € P, the group G is called an
elementary p-group if pG = 0 (equivalently, every nonzero element has order p). We denote by %(G) the
multiplicatively written free abelian monoid with basis G. In additive combinatorics, elements of %(G)
are called sequences over G. Let

S=g1'---'g€= 1—[ ng(S)
geiG

be a sequence over G, where £ € Ng, g1,...,8¢ € G and vg(S) € Ny with vg(S) = 0 for almost all
g € G. Then

e |S| =41 €Ny is the length of S,

e supp(S) =1{g € G : vg(S) > 0} C G is the support of S,

* h(S) = max{vg(S) : g € G} is the maximum multiplicity of a term of S,

co0(S)=g1+...+8 =) gecVe(S)g € G is the sum of S,

e o01r(S)={c181+...+ergr:€1,...,60 €{—1,1}} is the set of plus-minus weighted sums of S.
The sequence S is called a

e zero-sum sequence if o(S) =0,

e plus-minus weighted zero-sum sequence if 0 € 1. (S).

Then
B(Go) ={S € F(Gop) : S is a zero-sum sequence} C F(Gy)
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is the monoid of zero-sum sequences over Gy,
B1(Go) ={S € F(Gyp) : S is a plus-minus weighted zero-sum sequence}
is the monoid of plus-minus weighted zero-sum sequences over G and we have

B(Go) C B+(Go) C F(Go).
Furthermore,
e D(Gy) = sup{|S| :S e &d(%(GO))} is the Davenport constant of Gy,
e D1(Go) = sup{|S |:S € sﬂ(%i(Go))} is the plus-minus weighted Davenport constant of Gy.
It is easy to see that B(Go) and B (Go) are BF-monoids, and it is well known that each of A4 (B(G)),
A(BL(G)), D(G) and D4 (G) is finite if and only if G is finite.
We end with a remark on notation. For sequences over Gg, as well as for plus-minus weighted

sequences over Gy, the following three properties have been studied (for simplicity, we formulate them
only for plus-minus weighted sequences):

(a) What is the smallest integer N € N such that every sequence S € #(Gy) has a plus-minus weighted
zero-sum subsequence?
(b) What is the maximal length of a sequence that has no plus-minus weighted zero-sum subsequence?
(c) What is the maximal length of a minimal plus-minus weighted zero-sum sequence?
All these integers have been called weighted Davenport constants and were denoted as D4 (Go), or
as d1(Gy), or similarly. The constant addressed in (c) fits into the general concept of a Davenport
constant of a monoid, embedded in a free abelian monoid, as introduced in [7] and further used in [4].

Since in the present paper, we do not need constants fulfilling properties (a) and (b), we use the shorthand
notation D (Gy) for the Davenport constant of the monoid & (Gy), whence we have

D+(Go) = D(B+(Go)),

where the latter notation is used in [4; 7].

3. Characterizations of ideal theoretic properties

In this section, we study algebraic properties of the monoid B (G). We characterize when it is Mori
or Krull (equivalently, completely integrally closed, respectively, root closed) or finitely generated
(equivalently, a C-monoid); see Theorems 3.4 and 3.7 and Corollary 3.5.

Lemma 3.1. Let G be an abelian group.

(1) If|G| <2, then
B(G) = B+(G) = F(G) = (NI, 4).

(2) The following statements are equivalent:
@ |G| =2
(b) BL(G) is factorial.
(©) B1(G) is half-factorial.
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Proof. (1) Obvious.

(2) Note that (a) = (b) follows from (1) and (b) = (c) is obvious.
Consider (c) => (a). We suppose that |G| > 3 and show that B (G) is not half-factorial. To do so, it is
sufficient to find some atom U = g1 -...- g; € B4 (G) with |U| > 3. Then we have U? = (g?)-.. .- (gl%).
If there is an element g € G with ord(g) =n > 3 odd, then U = g”" is an atom. If there is an element
g € G with ord(g) = oo, then U = g2(2g) is an atom. If there are two distinct elements e; and e, of
order two, then U = ejex(eg + e2) is an atom. If none of these conditions hold, then G has an element g
with ord(g) = 4, whence U = g?(2g) is an atom. |

Theorem 3.2. Let G be an abelian group.
(1) BL(G) = %/ﬂ:—@ is a Krull monoid.

(2) If |G| # 2, then the inclusion BL(G) — F(G) is a divisor theory. Its class group is isomorphic to a
factor group of G, and every class contains a prime divisor.

Proof. If |G| < 2, then all statements hold true by Lemma 3.1. Thus, we suppose that |G| > 3. We set
1(G) = a(B+(G)) NF(G).
Since
B+(G) CRBL(G) and BL(G) C q(B+(G)),
it follows that
A(B+(G)) Cq(BL(G)) Ca(B+(G)).

This implies that

BL(G) = q(BL(G) NF(G).

whence B (G) < F(G) is a divisor homomorphism and B (G) is a Krull monoid. Thus, 3% (G) is
completely integrally closed, which implies that

B+(G) C B1(G) C BL(G).
If S € q(B+(G)) NF(G), then S? € B+ (G), whence
4(B+(6)) NF(G) = BL(G) C B+ (G).
Thus, it follows that -
B:(G) = BL(G) = BL(G).
By [9, Proposition 2.5.6], the inclusion B(G) < F(G) is a divisor theory with class group

q(F(G))/a(B(G)) = G

and every class contains precisely one prime divisor. Therefore, every S € %(G) is a greatest common
divisor of elements from %B(G), and hence it is a greatest common divisor of elements from B4 (G).
Thus, the inclusion B4 (G) — F(G) is a divisor theory with class group

A(F(G))/a(BL(G)) = q(F(G)/a(B(G)) / a(B£(G)/a(B(G)) = G [ a(B£(G))/a(B(G)). O
Lemma 3.3. Let G be an abelian group, and let g € G. with ord(g) = oco. For every n € N, let
Sn =g (2" 1g)*((2"*2 ~1)g) and an = (2¢) [1j=1((3-27)g).
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(1) Foreveryn € N,
Sn €B(G), an €A(B(G)), anSn+1 € B+(G), anSi € B+(G)
foreachi € [1,n].

(2) BL(G) is not a Mori monoid.

Proof. Let Q be the quotient group of B4 (G).
(1) Let n € N. Since 1 —27T1 —27+1 1 (2742 _ 1) = 0, we have that

g+ (D@ + (=D + (2" ~1g =0,
and thus S, € B4 (G). Next we show that zg € Q for each z € 2Z. Let z € 2Z. Then
(328)*. (z8)(328)” € BL(G).

and hence . ’
_ 9)(328)

1 2
(3z¢8)
Consequently, a, € Q.
Now we prove that a, Sy +1 & B+ (G). Assume that a, S, +1 € B4 (G). Then there are some ¢, (g; )7=1
and (171-);;1 such that &, &;,n; € {—1, 1} for each j € [1,n] and i € [1, 4] and

€ Q.

e(2g) + ,il g/((3-2)) + mg+ (2 +13) (2" ?g) +na (2" = Dg) = 0.
=

Since ord(g) = oo, it follows that
n .
2e+ Y 36,27 + 1+ (n2 +13)2" T2+ 2" 1) = 0.
j=1

Without restriction, we can assume that n4 = 1. Suppose that n3 = 1. Then

n .
M2 o3 = 2e + > 3¢;2) + 1 + 22" 2|
j=1

n .
<2433 2/ 14212
j=1

noo.
— 2n+2 +3 Z 2J) = 2n+2 +3(2n+1 _ 1) — 2n+2 +3 _2n+1 -3
Jj=0
< 2l1+2 + 2n+3 _ 1
a contradiction. Consequently, n3 = —1. It follows by analogy that n, = —1. Therefore,
n .
264+ > 362 4+ —1=0,
=1
and hence
n—1 . n—1 . n—-1 .
32" = |2e4+) 362/ +m—1| <2+ 327 +1+1=143) 2/ =14+32"—-1) =3-2"-2<3.2",
j=1 j=1 j=0
a contradiction.
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Leti € [1,n]. Note that

. i—1 . .. n—1 . . . .
2(_1)l+1 + Z 3(_1)l+1—j2] _ Z 3.2/ +3_2n_1+2l+1_21+1_(21+2_1)
j=1 j=i
. . i—1 . n—1 .
=2(—1) T 4+ 3(=1)' T Y (=2)/ =3 ¥ 2/ 43.2" -2 F2
i=1 j=i

. —2) —1 n_ i_ .
= (—1)’*1(2+3(%—1))—3(%—%) 43.0n _0i+2

= (1)t (2—((-2) +2)) -3(2" —2") +3.2" —2'*2
— (_1)i+2(_2)i _2i — (_1)2i+22i _2i —=0.

We infer that
. i—1 . . . n—1 )
DT+ E DTG 200 + X (D(G-2)g)
J= Jj=i

+(3-2g + (-Dg +2 g + (=D + (D@~ g) =0.
Therefore, a, S; € BL(G).
(2) It follows from (1) that for each n € N,
(BL(G):{S; i €[l,n]}) 2 (BL(G) :{Si i e[l,n+1]}),
and hence, ({S; :i € [1,n]})y € ({S; :7 € [1,n + 1]})y for each n € N. Therefore, B4 (G) is not a Mori
monoid. O

Let H and D be monoids, and let ¢ : H — D be a divisor homomorphism. Note that H is seminormal
if and only if for each x € q(H) with x2,x3 e H,wehave that x € H (e.g., see [13]). Moreover, it follows
from [13, Lemma 3.2.2] that H x D is seminormal if and only if H and D are seminormal. Finally, if D
is seminormal, then H is seminormal. (This can be proved along similar lines as [13, Lemma 3.2.4].) We
use these facts about seminormality without further mention.

Theorem 3.4. Let G be an abelian group. Then the following statements are equivalent:

(@) B1(G) is a Mori monoid.

(b) (B+(G): BL(G)) # 2.

(c) 2G is finite.

(d) G = Gy ® Gy, where G is an elementary 2-group and G is a finite group.
If these equivalent conditions are satisfied, then B4 (G) is seminormal if and only if exp(G) | 4.
Proof. Let Q be the quotient group of B+ (G).

(a) = (c): It follows from Lemma 3.3 that G is a torsion group. Assume that 2G is infinite. Clearly,
there is some eg € G such that 2eq # 0. Now let i € No, and let (e; )§‘=1 be elements of G such that
2er & ({ej 1 j €0,k —1]}) for each k € [1,i]. Note that ({e; : j € [0,i]}) is finite, and hence there is
some e;+1 € G such that 2e; 11 & ({e; : j €[0,i]}). Consequently, there exists a sequence (¢;);en, of
elements of G such that 2eg # 0 and for each i € N, 2¢; 11 & ({e; : j €[0,i]}).
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For each n € N let

2
[T e

Sn = (2e0)(eo +en)(eo —en) and ap = 5
€o

It is sufficient to show that for each n € N, we have S, € BL(G), an € Q, anSn+1 € B+(G) and for
each i € [1,n], anS; € B+(G). (Then ({S; :i € [1,n]})y S ({S; :i € [l,n+1]}), foreachn e N, a
contradiction.) Let n € N. Since (—1)(2eg) + (eo + ex) + (eo — en) = 0, we have that S,, € B+ (G).
Clearly, (2e9)?, e%(Zeo) € B4 (G), and thus,
e% _ 8(2)(260)
2eo  (2e9)?

Since ej? € B4 (G) for each j € [0, n], we infer that

no 2 2
[li—ief e

2
ey 2ep

e Q.

e Q.

dp =

Leti € [1,n]. Then
n n
Y e+ X (=Dej+(=Dei +(=Dei + (eo +ei) + (=1)(eo —ei) =0,
J=1,j#i J=1,j#i
and hence, a, S; € BL(G).
Assume that @, S,+1 € B+(G). Then there are some (O‘j)7=1’ (ﬂj);’:l e{—1,1}"and y,6 € {—1, 1}
such that "
> (ej + Bj)ej +y(eo + ent1) +8(eo —ent1) = 0.
j=1
If y #6, then 2e, 41 € ({ej : j €0, n]}), acontradiction. Therefore, y = § and Z;'l=1(aj +Bj)ej+2yeo =
0. Assume that o; + ; # 0 for some j € [1,n]. Let j € [1,n] be maximal with a; + ; # 0. Then
2ej € ({e; :i €[0, j —1]}), a contradiction. Consequently, o; + ; =0 for all j € [1, n], and thus 2e¢ =0,
a contradiction.

(b) = (c): First we show that 2G C m Let z € 2G. Then z = 2g for some g € G. Note that
g2,28% € B4+ (G), and hence, z = zg?/g? € Q. Since z2 € B+(G), we infer that z € B4 (G). There is
some S € B (G) such that Sz € B4 (G) for each z € 2G. Observe that 2G C 04.(S), and thus 2G is finite.

(¢) = (d): If N = |2G|, then (2N)g = 0 for each g € G. Thus G is bounded, whence it is a direct
sum of cyclic groups; see [31, Chapter 4]. Therefore, there is a set $, a family (G;);eg of subgroups
of G and (n;)jey € (sz)y such that G; is cyclic of order n; for eachi € $ and G = ;4 G;. Let
$={ied:n =2}, H=4{ieI:n #2},G, = @ieg G; and G, = P,y Gi. Note that G and G,
are subgroups of G, G = G1 @ G3 and G is an elementary 2-group. Moreover, since 2G is finite, we
have that ¥ is finite, and thus G5 is finite.

(d) = (a): Let

0:BL(G) = F(G) x BG) x B (Ga). 11 +x) > (TG 4. TTxf 11 /)

i=1 i=1 i=1 i=1

A4 r IINT r
for each r € Ny, (x;);_; € G7 and (x;);_, € G;.
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We prove that ¢ is a divisor homomorphism. Let r € No, (x/)/_, € G and (x]')/_, € G be such that
[Ti=1(x! +x!) € B+(G). Then there is some (e;)_; € {—1,1}" with };_; & (x] +x/) =0, and thus,

r r r

Yoxi=Y aix;=0 and > o;x] =0.

i=1 i=1 i=1
Therefore,

r r r
(TG40, T1 ). T1 /') € F(G) x B(G1) X Bs(Ga).

This implies that ¢ is well defined, since each element of B4 (G) has a unique representation (up to
order) as a formal product of sums of elements of G and G,. It is straightforward to prove that ¢ is
a monoid homomorphism.

Let S, T €eBL(G), AeF(G), BeRB(G1) and C € BL(G») be such that o(T) = ¢(S)(A, B, C) (i.e.,
@(S) divides ¢(T) in F(G) xB(G1) xB+(G2)). There are some m,n € Ny, (g/)7_, € GT, (g/)}_, € G5,
(h});';l € G!" and (h}’);’;l € GJ' such that

m

n
S=TI(g+g) and A= []H;+h)).
i=1 j=1

We have that T = SA, and hence

(. 11 & 11w 11 ef T187) =01 = 9534, B.C) = (4. (11 &) 8. ( 11 87)C).

i=1 j=1 "~ i=1 j=1 i=1 i=1

It follows that ]_[;."=1 h} = B € B(G1) and ]_[;."=1 h}’ = C € B4(Gy). Therefore,

m m
Z h; =0 and ) Bih} =0
Jj=1 Jj=1

for some (,Bj);.” | € {—1,1}". Note that

i / 4 &z / & 4 & /
2 Bk +hy) = 20 Bl + X Bihj = 2 hj =0,
J=1 J=1 7=1 7=1

and thus A € BL(G) and S divides T in B (G). This shows that ¢ is a divisor homomorphism.
Clearly, #(G) and $B(G1) are Mori monoids (since they are Krull monoids). It follows from [15, The-
orem 5.1] and [9, Theorem 2.9.13] that B4 (G>) is a Mori monoid. Therefore, #(G) x B(G1) x B4 (G2)
is a Mori monoid by [9, Proposition 2.1.11]. We infer by [9, Proposition 2.4.4 (b)] that B4 (G) is a Mori
monoid.
(d) = (b): Since G, is finite, -
(B£(G2) : Br(G2)) # @

by [15, Theorem 5.1] and [9, Theorem 2.9.11]. There is some a € (BL(G») : @SI(G\z)). It suffices
to show that @ € (B1(G) : B1(G)). Note that

a€B(Gy) CHB(G) and aB(Gy) C BL(Gy).

Let x € m It remains to show that ax € B4 (G).
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There is some y € B4 (G) such that xy € BL(G). Furthermore there are some £,m,n € Ny,
(ar)i_, € G5, (x))7_, € G" and (»j)7_; € G™ such thata = Mo ak. x=]]'_y xiand y = [T ).
Frnally, there are some (x))7_, € G{’, (x”)l_1 e G7, (yj);"=1 € G and (yj’.’);"=1 € G%' such that
x; = x] 4+ x/' for each i € [1,n] and y; —y +y for each j € [1,m].

Slnce y € BL(G), there is some (on) € 1 1} with Zj—l a;jy; =0. Since G = G; ® G2 and
G is an elementary 2-group, this 1mphes that

m , m , m /
Elyjzgl()[]y] =0 and EIO[Jy] =0.

Consequently, ]_[J_1 y] € B+(Gy).
Since xy € B+(G), there are some (B;)7_, € {—1,1}" and ()/j)m | €4—1, 1} with

Z Bixi + Z vjyj =0.
i=1

Again since G = G & G, and G is an elementary 2-group, we have that

> X ZX+Zy—Zﬁ1x+Zwy,—0 and Zﬁzx/”rZV/y

i=1 i=1 i=1

This implies that []7_; x/’ ]_[]_1 y] € B+(Gr).
Observe that, by the proof of Theorem 3.2,

n
[T x{ € B+(G2)
i=1

since [ 7= x/ € F(G2), ]_[]_1 yj € B+(G2) and [[7_q x/ ]_[J_1 y] € B+(Gy). It follows that

n
a 1_[ x; € B+(Ga),
i=1
and hence there are some (Sk)k €1, 1}¢ and (&1)7_ € {—1,1}"" with Z£=1 Skar+d 74 gix! =0.
Since G is an elementary 2-group, we infer that

Z Sax + Z giXxi = Z Srar + Z gix; + Z gi X = Z gi X = Z x; =0.
=1 i=1 i=1 i=1 i=1 i=1
Therefore, ax € B4 (G).

Now let the equivalent conditions be satisfied and let ¢ : BL(G) — F(G) X B(G1) X BL(G) be
the divisor homomorphism from above. Furthermore, let ¢ : BL(G2) — F(G2) X BL(G) be defined
by ¥(S) = (S, S) for each S € BL(G,). Then ¥ is a divisor homomorphism (e.g., see the proof of
Corollary 3.5 below).

Firstlet B4 (G) be seminormal. Since %(G») is seminormal, %(G,) xR+ (G) is seminormal, and hence

B+ (G2) is seminormal (since Y is a divisor homomorphism). Consequently, we have that exp(G») | 4
[15, Theorem 5.3.2]. Since exp(G1) | 2, we obtain that exp(G) = lem(exp(G1), exp(G2)) | 4.
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Now let exp(G) | 4. Then exp(G2) | 4 and B4 (G>2) is seminormal [15, Theorem 5.3.2]. Since #(G) and
%B(G1) are Krull monoids (and thus seminormal), we have that #(G) X B(G1) X B4 (G3) is seminormal.
Therefore, B4 (G) is seminormal (since ¢ is a divisor homomorphism). O

A monoid homomorphism 6 : H — B is said to be a transfer homomorphism if the following two
conditions hold:

(T1) B=6(H)B* and 0~ (B*) = H*.
(T2) If u € H, b,c € B and 0(u) = bc, then there exist v, w € H such that u = vw, #(v) € bB* and
f(w) € cB*.

A monoid is said to be transfer Krull if it has a transfer homomorphism to a Krull monoid. Thus, every
Krull monoid is transfer Krull, because the identity is a transfer homomorphism. For a list of transfer
Krull monoids, that are not Krull, we refer to [12, Section 5] and to [2].

Corollary 3.5. Let G be an abelian group. Then the following statements are equivalent:

(@) B+ (G) is a Krull monoid.

(b) BL(G) is completely integrally closed.
(©) BL(G) is root closed.

(d) BL(G) is a transfer Krull monoid.

(e) G is an elementary 2-group.

Proof. (a) = (b): Every Krull monoid is completely integrally closed.
(b) = (c): Every completely integrally closed monoid is root closed.
(¢) = (a): If BL(G) is root closed, then B (G) = B4 (G) is a Krull monoid by Theorem 3.2 (1).

(a) <= (d): Every Krull monoid is transfer Krull and the reverse implication was proved in [4, Proposi-
tion 3.8].

(e) = (a): If G is an elementary 2-group, then B4 (G) = B(G) is a Krull monoid by [9, Proposition 2.5.6].

(a) = (e): It follows from Theorem 3.4 that there are some subgroups G; and G, of G such that
G = G1 ® Gy, G is an elementary 2-group and G is finite. Let ¢ : BL(G2) = F(G2) X BL(G) be
defined by ¢(S) = (S, S) for each S € BL(G,). Clearly, ¢ is a monoid homomorphism. Moreover,
since #(G2) N B4 (G) = B4 (G2), we obtain that ¢ is a divisor homomorphism. It follows from [9,
Proposition 2.3.7] that #(G5) x B4 (G) is a Krull monoid, and hence B4 (G») is a Krull monoid by [9,
Proposition 2.4.4 (b)]. Therefore, G, is an elementary 2-group by [15, Theorem 4.4], and thus, G is an
elementary 2-group. O

Lemma 3.6. Let G be an abelian group and let G1 and G, be subgroups of G such that G = G| & G5,
G is an elementary 2-group and G is finite. Then q(B+(G))/q(B(G)) is finitely generated.

Proof. Let N = |G,| and let E = {g? : g € G,}. First we show that for each S € B4 (G), there is
some e € [E] such that S € eq(B(G)). Let S € BL(G). Then there are some n € Ny, (g/)7_, € G}
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and (g/)?_, € G} such that § = []/_, (g} + g/). Moreover, there is some (c;)?_, € {—1, 1}" such that

Yi—12i(gl +g/) =0. Observe that
n n
Y gi=0 and ) a;g] =0.
Sete = ]_[;;Lal:l(g;’)z. Then e € [E]. Since
& / A & / & /!
> N(@gi+g)=N3 g+ 2 Ng =0,
we have that SV € B(G). Moreover,
& / 1 & 1 & / “ 1 & 1
YXWN-=D@gi+g)+ X 2=WN-DYg+XWN-Dg'+ > (I+a)g;

i=1 i=la;=1 i=1 i=1 i=la;=1
n n n n
= > (N-Dg/+ X (1 +a)g/ =3 Ngi'+ 3 aigi =0.
i=1 i=1 i=1 i=1
Consequently, SV ~1e € B(G). This implies that
SN
S = €W S BQ(%(G))
Since F is finite, it is sufficient to show that q(B1+(G))/q(B(G)) = {yq(B(G)) : y € E}). Clearly,
E CB+(G), and thus ({yq(B(G)) : y € E}) Ca(B+(G))/q(B(G)).
Now, let x € q(B+L(G))/a(B(G)). Then there are some S, T € B4 (G) such that

x = 2a(@(G)).

As shown before, there are some ¢, f € [E] such that S € eq(B(G)) and T € fq(B(G)). It follows that
Sq(B(G)) = eq(B(G)) € ({ya(B(G)) : y € E}) and Tq(B(G)) = fa(B(G)) € {ya(B(G)) : y € E}).
This implies that Sq((G))
q .
me({)’Q(%(G»-YeE})- o

Theorem 3.7. Let G be an abelian group. Then the following statements are equivalent:

x = 2.a(B(G)) =

(a) B1(G) is finitely generated.

(b) BL(G) is a C-monoid defined in F(G).

(©) BL(G) is a C-monoid.

(d) BL(G) is a Mori monoid and 6, (%/i(\G)) is finitely generated.

(e) G is finite.
Proof. (a) = (d): It is an immediate consequence of [9, Proposition 2.7.11 and Theorems 2.7.13

and 2.7.14] that B4 (G) is a Mori monoid, B4 (G) is a finitely generated Krull monoid and X (m) is
finite (since B+ (G) and B (G) are reduced). We have that

Gy (B(G)) = A e i X(B(G)})

(since B (G) is a Krull monoid), and thus, €, (973/1—(G\)) is finitely generated.



14 FLORIN FABSITS, ALFRED GEROLDINGER, ANDREAS REINHART AND QINGHAI ZHONG

(b) = (c): This is obvious.

(¢) = (d): We have that B4 (G) is a Mori monoid by [9, Theorem 2.9.13]. Moreover, C(%v(%i(G)) is
finite by [9, Theorem 2.9.11].

(d) = (e): Without restriction, we can assume that |G| > 3. It follows from Lemmas 3.3 and 3.6
and Theorem 3.4 that G is a torsion group and qQ(BL(G))/q(B(G)) is finitely generated. Since
B4 (G) — F(G) is a divisor theory by Theorem 3.2 (2), we infer by [9, Theorem 2.4.7] that

€y (B+(G)) = q(F(G))/a(B+(G)).

Therefore,

A(F(G))/q(B£(G)) = a(F(G))/a(B=(G))

is finitely generated, and hence q(%(G))/q(B(G)) is finitely generated. Since G = q(F(G))/q(B(G))
by [9, Proposition 2.5.6], we obtain that G is finitely generated. Consequently, G is finite (since G is a
torsion group).

(e) = (a), (b): This follows from [15, Theorem 5.1] and its proof. O

4. On the isomorphism problem and the characterization problem

In this section, we first give an affirmative answer to the isomorphism problem for groups which are
direct sums of cyclic groups (Theorem 4.3). Then we study the characterization problem (Theorems 4.5
and 4.6).

Proposition 4.1. Let G and G, be abelian groups such that |G1|, |G2| # 2, and let ¢ : B+ (G1) = BL(G2)
be a monoid isomorphism.

(1) (0) =0 and |A| = |@(A)] for every A € B+(G1).

(2) For every g € Gy, there exists h € G, with ord(h) = ord(g) such that ¢(g?) = h?.

(3) For every h € G, there exists g € Gy such that ¢(g?) = h?.

(4) Let g € Gy. For every k € Z \ {0}, there exist h € G, and & € {—1, 1} such that ¢((kg)?) = (ekh)?.
(5) There is a bijection ¢y : G1 — G».

Proof. (1) We first show that ¢(0) = 0. Assume to the contrary that there exists U € A(BL(G2))
with U 5% 0 such that ¢(0) = U. Then 0 & supp(U) and |U| > 2. Suppose U = g1...g¢. Then
there exist nontrivial T4, ..., Ty € B+ (Gq) such that o(T;) = gl.z, whence ¢(T; ...Ty) = U? = ¢(0?).
Thus 0> = Ty ...Ty, whence £ =2, Ty = T> =0, and U = g%. Let g € G2 \ {0,—g1}, and let
V1, Va,V € sdl(B+(G1)) such that (V1) = g%, p(V2) = (g1 + 2)% ¢(V) = g1g(g1 + g). Then

0(0V1V2) = g18%(g1 + 8)* = (g18(g1 + £)* = 0(V?),

whence 0V V, = V2 and hence 0 | V. It follows from V € s{(B+(G)) that V = 0, a contradiction.
Let A = 0% B be such that k € Ng and 0 ¢ supp(B). Then

|B| = max L(B?) = max L(¢(B?)) = max L((¢(B))?) = |¢(B)],
whence |A| =k + |B| =k + |p(B)| = |p(A)|.
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(2) Let g € G;. If g = 0, then the assertion is trivial. Suppose g # 0. Since g2 € B+(G1), we have
¢(g?) € B+(G2) and |p(g?)| = 2. Thus there exists & € G, such that ¢(g?) € {h?, h(—h)}. Assume
to the contrary that ¢(g?) = h(—h) with ord() > 3. Then there exist nontrivial 77, T» € B (G1) such
that ¢(T7) = h? and ¢(T>) = (—h)?, whence ¢(T1T>) = h*(—h)? = ¢(g?)? = ¢(g*). Tt follows that
Ty = T» = g% and h = —h, a contradiction to the assumption that ord(/) > 3.

It remains to show that ord(h) = ord(g). We distinguish three cases.

Case 1. Assume ord(g) is odd.
Then g°4®) s an atom and ¢(g°4(®))2 = ¢(g2°d(®)) = j20rd&)  whence

p(g®) =1 € (B (Ga)).
It follows that ord(#) = ord(g).

Case 2. Assume ord(g) = 2m for some m € N.

Then (mg)g™ is an atom and ¢((mg)g™)? = ¢((mg)?)ep(g>)™ = hghzm for some kg € G,, whence
o((mg)g™) = hoh™ € A(BL(G>)). Tt follows that kg € {mh, —mh}. Suppose ord(sg) > 3. Then there
exist g’ € Gy with g’ # mg and T € B4 (G) such that ¢((g")?) = (—ho)? and ¢(T') = ho(—hg). Then

o((mg)*(g)?) = hg(=ho)* = (ho(—ho))* = (T?),

whence T = (mg)g’ € B+(G1). Note that 2mg = 0. We have ¢’ = mg, a contradiction. Suppose
ord(hg) = 2. Then hg = mh and ord(h) | 2m = ord(g). If ord(h) < 2m, then ord(h) < m, and hence
(mh)h™ = (mh)hm—od®) . pord(h) js not an atom, a contradiction. Thus, ord(h) = 2m = ord(g).

Case 3. Assume ord(g) = oo.

Then for every k € N, we have (kg)gX € 4(B+(G)). Assume to the contrary that ord(h) = n is finite.
Then ¢((ng)g")? = ¢((ng)*>g>") = h(h")?* for some ho € G2, whence ¢((ng)g") = hoh” € A(B+(G2)),
and hence hg € {nh, —nh} = {0}, a contradiction.

(3) Note that (p_l :BL(G2) = B1(G1) is a monoid isomorphism. Let & € G,. Then (2) implies that
there exists g € Gy such that ¢! (h?) = g2, and hence ¢(g?) = h>.

(4) Let g € G1. Then (2) implies that there exists # € G, with ord(h) = ord(g) such that ¢(g?) = k2. Let
k € Z\{0}. We set k' = |k| if ord(g) is infinite and set k" = min{k1, ord(g)—k}, where k1 € [0, ord(g)—1]
with k1 = k mod ord(g), if ord(g) is finite. Then (kg)gX € st(B+(G1)). Let hy € G, be such that
o((kg)?) = h%. Then

0((kg)g¥)? = ((kg)2g?') = h3h?* = (hoh')?,

whence <p((kg)gk/) = hoh*" is an atom. It follows that ho € {k'h, —k'h} = {kh,—kh}, whence there
exists & € {—1, 1} such that hy = ekh and ¢((kg)?) = (ekh)?.
(5) An isomorphism BL(G1) — B (G,) lifts to an isomorphism 9/731\(G1/) — m Since the
inclusions

B+(G1) = F(G1) and BL(G2) = F(G2)

are divisor theories by Theorem 3.2, the uniqueness theorem for divisor theories [9, Theorem 2.4.7] shows
that there is an isomorphism ¥ : %#(G1) — %(G»). Each isomorphism between two free abelian monoids
stems from a bijection between the basis sets, whence the claim follows. O
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In the next remark, we provide a simple example showing that such a bijection ¢o : G; — G2, as given
above, need not be a homomorphism.

Remark 4.2. Let G be an abelian group, and let g € G with ord(g) > 5. Then the map ¢ : G — G,
defined by ¢(g) = —g, ¢(—g) = g, and p(h) = h for all h € G \ {g,—g}, is a bijection. Since
0(2g) =2g # —2g = ¢p(g) + ¢(g), we observe that ¢ is not a homomorphism. The bijection ¢ induces
a monoid isomorphism ¥ : F(G) — %(G), and it is easy to see that the restriction ¥|g_ () is also a
monoid isomorphism. Thus, we have an isomorphism between monoids of plus-minus weighted zero-sum
sequences, which does not stem from a group homomorphism.

Theorem 4.3. Let G and G, be abelian groups, and suppose that G1 is a direct sum of cyclic groups.
Then the groups G and G, are isomorphic if and only if their monoids of plus-minus weighted zero-sum
sequences B (G1) and B4 (G,) are isomorphic.

Proof. If Gy and G, are isomorphic, then the associated monoids B (G1) and B4 (G5) are isomorphic.
Conversely, suppose we have a monoid isomorphism ¢ : B4+ (G1) — BL(G3). If one of the monoids is
factorial, then both are factorial and Lemma 3.1 shows that G and G, are isomorphic.

Suppose that none of the monoids is factorial. Then Lemma 3.1 implies that |G| > 3 and |G3| > 3.
Suppose that G1 = P ¢ ({e;}). By Proposition 4.1 (2), there exist f; € G2 with ord(f;) = ord(e;) and
(p(ejz) = fiz for all j € J. We define a group homomorphism v : G; — G5 by setting

W( > kl-e,-) = kifi
iel iel
for all finite subsets / C J and all k; € Z, withi € 1.
We first show that v is surjective. Let i € G». We need to show that 4 € ¥/ (G1). By Proposition 4.1 (3),
there exists g € G such that ¢(g?) =h? and g = Zjejo tje; for some finite subset Jo C J and ¢; € Z\ {0}
for all j € Jo, whence

g 1—[ ej|.tj‘ c %:I:(Gl) and ¢(g2 1—[ eflt”) — h2 l_[ f}2|tl|
Jj€Jo j€Jo jedo

It follows that ¢(g [Tjes, e”) = h [Tz, £} € BL(Ga). whence h e ({f : j € Jo}) C¥(Gy).

It remains to show that ¥ is a monomorphism. Assume to the contrary that ¥ is not a monomor-
phism. Then there exist finite @ # I C J and k; € Z\ {0} for i € I such that ) ,.; k; fi = 0.
By Proposition 4.1 (4), there exist g; € {—1, 1} fgr all i € I such that ¢((g;k;e;)?) = (k; f;)? for all
i € I, whence (p(]_[iel(sikiei)z) = (Hiel ki fi)". Let T € B4(G1) be such that o(T) = [;¢; ki fi.
whence

o(T?) = ¢( [ Gikien?).
iel

and hence T = [[;¢;(¢ik;e;) € B+(G1), a contradiction to the independence of (e;);e;. O

Our next goal is to settle the characterization problem for cyclic groups of odd order (Theorem 4.6; a
weaker result in this direction is given in [15, Theorem 6.10]). In order to do so, we need some more
invariants controlling the structure of sets of lengths.
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Let H be a BF-monoid. Then

AH)= |J A(L)CN
Le%(H)

denotes the set of distances of H. By definition, we have that H is half-factorial if and only if A(H) = @.
If H is not half-factorial, then min A(H) = gcd A(H). Let w(H) be the smallest N € Ng U {oo} with
the following property:

Forallu € #(H), alln e Nand all ay,...,a, € H withu | ay -...-ay, there is Q C [1, n] such that
Q] <N and u | [],eq av-

If H is not half-factorial, then, by [10, Proposition 3.6.3], we have
(4-1) 2+sup A(H) < w(H).

A subset L C 7 is said to be an almost arithmetic progression (AAP) with difference d € N, length ¢,
and bound M if
L=y+((L'UL*UL"YCy+dZ,

where L* is an arithmetic progression with difference d, length £, and min L* =0, L’ C [-M, —1], and
L"” C max L* + [1, M]. We define A(H) to be the set of all d € N having the following property:

For every k € N, there is L, € $(H) that is an AAP with difference d and length at least k.
For k € N, we denote by
e WUp(H) = UkeL,Le&B(H) L C N the union of sets of lengths (containing k),
e o (H) = supUy (H) the k-th elasticity of H.
The unions Uy (B (G)) are finite intervals by [4, Theorem 5.2] and for the elasticity p(H ), we have

o(H) = supd XL vy 2 1 e oyl = lim Pk (kH)

min L
Lemma 4.4. Let G and G be finite abelian groups such that £(B+(G1)) = L(BL(G?)).
(1) max A1 (B+(G1)) = max A1 (B+(G2)).
(2) pr(B1(G1)) = px (B£(G2)) for every k € N, and D+ (G1) = D+(G2).

Proof. The claims on Aj(-) and on pg(-) follow immediately from L(B+(G1)) = L(B+(G2)). Since
02(BL(G;)) =D4(Gy) fori €[1,2] [4, Theorem 5.7], we infer that D1 (G1) = DL (G>). O

LetG=Cp,®...0Cp, withl <ny| ... |n,. Weset

-
D*(G)=1+ > (n; —1).
i=1
Then D*(G) < D(G) and equality holds if » <2 or if G is a p-group; see [9, Chapter 5]. If |G| has odd
order, then D4 (G) = D(G) by [4, Corollary 6.2]. Set ng = 1. If n is even, then D_(C,) = 1 4+ n/2 and
if € [0, r] is maximal such that 2 } n;, then

t r
DL(G)=14+>Y (ni—D+ > %n,’;
i=1 i=t+1
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see [4, Theorem 6.7 and Corollary 6.8]. This shows that G has Davenport constant D (G) = 3 if and
only if G is isomorphic to one of the groups

C3, C4 CrCo.

Furthermore, we have D4 (G) = 4 if and only if G is either isomorphic to C23 or to Cp @ Cy4. Indeed, the
above mentioned results on the Davenport constant show that no other finite abelian groups G can have
D1 (G) =4, and in the following theorem we outline that D (C @ Cy4) = 4.

Theorem 4.5. (1) L(BL(Cy)) = L(BL(Cr)) = {{k}: k € Ng}.
(2) £(B+(C3)) = L(B+(Cs)) = L(BL(C2® C2)) ={y +2k +[0,k] : y, k € No}.

(3) EBL(C)) ={y+(k+1)+[0.k]:yeNg, k€[0,2]}U{y +k+[0.k]: y € No, k >3}
U{y+2k+2-[0,k]:y, k eNp}.

4  Di(C20Cq) =4, ABL(C2®Cy)) =[1,2] and
L B(Co®Cs)) ={y +k +[0,k]:yeNo, k >2}U{y+2k +2-[0,k]: y, k € No}.

In particular, we have $(%i(C2?’)) C L(BL(Cr @ Cy)).
Proof. (1) This follows from Lemma 3.1.
(2) If g € C3 with ord(g) = 3, then
AB£(C3)) = {0, g%, (—2)%. (—2)g. g7, 87 (—2). g(—9)*. (—8)*}.
If g € C4 with ord(g) = 4, then
ABL(Ca)) = {0,287, (-2)%. (—2)g. (22), (22)g%. 22)(-8)*. (28)(=2)g}.
If e1, e € Cy @ C, are distinct and nonzero, then
AB+(C2 ® C2)) = {0,€7, €3, (e1 +e2)*, erea(er +e2)}.

This shows that, in each of the three groups, the sequence S = 0 is the only prime element and the product
of any two atoms of length three has a factorization as a product of three atoms of length two. Thus, the
assertion follows (details in the case of C, & C; are given in [9, Theorem 7.3.2]).

(3) Since %(C;) = %i(CS), the assertion follows from [9, Theorem 7.3.2].

(4) We set G = Cy @ C4 and choose a basis (e1, ez) of G with ord(e;) = 2 and ord(ep) = 4. Then
G ={0,e1,2e3,e1 +2e3, ez, £(e1 + e2)}. We proceed in five steps.

Al. DL (G) =4 and p(B+L(G)) = 2.

Proof of Al. Since 5 =D(G) > D1 (G) > 4, in order to show D (G) = 4, it suffices to prove that for
every A € A(B(G)) with |A| =5, we have A &€ A(BL(G)). Let U € A(B(G)) with |U| = 5. The
elements of sA(B(C, @ C4)) are written down explicitly in [14, Lemma 4.6]. Here, we go briefly through

the possible cases. By symmetry and after renumbering if necessary, we may assume that v, (U) = h(U).
Note that U has four terms of order 4 and one term of order 2. Moreover,

{er +e2,e1—e2} ¢ {g € supp(U) :ord(g) = 4} C{ez, €1 +e2,€1 —e2}.

We have h(U) = 3, and hence U = eg(el + ez)e; or U = eg(el — ez)(e1 + 2e2), which is not in
A(B1(G)). Therefore, D1 (G) = 4 and p(B4(G)) = 2 [4, Theorem 5.7]. O
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A2. On #(%B4(G)) and some relations.
We set Gg = {0, e1,2¢e3,e1 + 2e2, €2, e1 + e} and observe that
L(B+(G)) =L(B+(Go)) and D+x(G) =Dx(Go).

A simple calculation shows that
{A € A(BL(Go)): |A| =4}

= {eJe1(e1 +2e2), (e1 + €2)e1(e1 +2e2), e2(e1 + e2)e1(2e2), e2(e1 + €2)(2e2) (e + 2e2)}
and
1A € A(B+(Go)) : |A] =3}

={e1(2ez)(e1 + 2e3), e§(2e2), (e1 + e2)?(2e2), ea(er + e2)(e1 + 2e2), ea(e1 +e2)er ).
Note that
(1) For every atom A € #(%B1(Gp)) of length 4, we have L%i(GO)(Az) = {2, 4} if and only if

A e{esei(e1 +2e2). (e1 + e2)*er1(e1 +2e2)};
(ii) For every atom A € s4(B4(Gy)) of length 4, we have L%i(GO)(Az) = [2, 4] if and only if
A € {ex(e1 + e2)e1(2e2), e2(e1 +e2)(2e2)(e1 + 2e2)};
(iii) For any two distinct atoms A1, As € 4(B+(Gy)) of length 4, we have e1ez(e1 + e2) divides A1 A,
in B4 (Go), which implies that 3 € Ly (G,)(A142);
(iv) For any two atoms A1, A2 € A(B+(Go)) of length 3, we have either 3 € Ly, (G,)(A4142) or
A1A, = Uy U, for some atoms Uy, Uz € A(BL(Go)) with |Uy| =2 and |Uz| = 4;
(v) We have A(B+({e1,e2,e1 +2e2})) = {2};
(vi) We have L, (Go)(UD) = {2.4}, Loy (Go)(U3) = [2.4], and Ly (6,)(U1U2U3) = [3.6], where
Uy = ese1(er +2e2), Uz = ez(eq + e2)e1(2e2), and Us = ex(e1 + €2)(2e2)(eq + 2e2);
(vii) For all atoms A € A(BL(Go)) \ A(BL({er,2e2,e1 +2e2})), we have 01 (A) = {0, 2e5}.
A3. ABL(G)) =11,2].
Proof of A3. Relation (vi) shows that [1,2] C A(®B+(G)). Thus, by Inequality (4-1), it suffices to verify
that o(B+(G)) < 4.

Let A, Aq,..., Ay € A(BL(Gp)) \ {0} such that A | Ay -...- Ay in BL(Gy). If £ < 4, then there
is nothing to do. Suppose £ > 5. Since |A| < 4, after renumbering if necessary, we may assume that
A|Ay-...-Ay. f A= g19293g4 such that g; | A; forevery i €[1,4], then A7 Ay -...- Ay € BL(Go)
and hence A | Ay -...- Aq in B4 (Gy). Otherwise after renumbering if necessary we may assume that
A| A1A2As. Set A = A"V A1 Ay A3. Then (vii) implies that 04 (A") C 0+ (A1 4243) = {0,2e5}. If
0€o+(A"), then A| A1 A2 A3 in B (Gy). Suppose o (A’) = {2ez}. Since A | Ay -...- Ay in B+(Gyp),
there exists i € [4, £] such that o (A4;) = {0, 2e5}, whence 0 € 61 (A’A;). It follows that A | A} A» A3 A;.
Therefore, ®(BL(G)) = w(BL(Gp)) < 4. O

Ad. FBo(Go) DLy +k+[0,k]:yeNg, k>2yU{y+2k+2-[0,k]: v, k €N
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Proof of A4. Let L =y + 2k +2-[0, k] for some y, k € No. Then (v) implies that Ly, (G,)(0” Ulzk) =1L,
whence {y +2k +2-[0,k]: y, k e No} C L(BL(Gyp)).

Let L =y +k + [0, k] for some y € Ny and some k > 2. Suppose k is even. Then (vi) implies that
Las, (Go) (07 UX) = L. Suppose k > 3 is odd. Then (v) and (vi) imply that Ly, (G,)(0? UfF2U>Us) = L,
whence {y +k +[0,k]: y € Ng, k > 2} C L(B+(Gy)). O

AS. L BL(Go)) C{y+k+[0,k]:yeNp, k=2 U{y+2k+2-[0,k]:y, k eNp}.
Proof of AS. Let B € B1(Go). We distinguish three cases.
Case 1. Assume A(Lg, (G,)(B)) = 9.

Then Ly, (Go)(B) € {y +2k +2-[0,k]: y, k € No}.

Case 2. Assume 2 € A(Lg (G,)(B))-
We set . s ;
— Ui vj
B il;ll vi jl;ll Y kl;ll W
where r, 5,1, u;,v; € Np, U; € A(B+(Go)) fori € [1,r] are distinct atoms of length 4, V; € A(B+(Gop))
for j € [1, s] are distinct atoms of length 3, and Wy, € A(B+(Gy)) for k € [1,¢] are atoms of length 2,
such that

r K r S
.Zlu,'—i- -21 V) +t+1¢L%i(Go)(B) and ~Zlui+ 'Zl vj +t+2EL%i(GO)(B)-
i= j= i= j=

We may assume that the factorization

r ot
B=1T] Uiui H Vjv] [T Wk

is the one such that Y7 _; u; is maximal. By (iv), we obtain that } *;_; v; <1, whence s = 1 and v; € {0, 1}.
By (iii), we have r = 1 and by (i) and (ii), we have U; € {e%el(el +2e3), (e1 + e2)%eq(e1 + 2e3)}.
After changing bases if necessary, we may assume that U; = e%el (e1 + 2e3). Moreover, we have uy > 2
since u1 +v1 +1 +2 € Ly (Go)(B)- If supp(B) = {e1, €2, €1 + 22}, then vy = 0 and (v) implies that
A(Lg (Go)(B)) = {2}, whence

Lay, (Go)(B) =u1 +1 +2:[0, [u1/2]] € {y + 2k +2-[0.k] : y, k € No}.

Otherwise there exists g € Go \ {e1, €2, e1 + 2e2}, and hence g = e1 + e or 2e;. If there exists k € [1,¢]
such that g [ W, then 4 € Lgy  (G,) (U 12 W), a contradiction. Suppose g | V1. If Vi # (e1 +e2)?(2e2), then
3 € Lgy, (Go)(U1V1), a contradiction. If V1 = (e1 + e2)%(2e,), then 4 € L%j:((;o)(Ul2 V1), a contradiction.

Case 3. Assume 1 € A(Lg, (G,)(B))-
Then A(Lg (Go)(B)) = 1 and min Lg_ (G,)(B) > 2, whence
Lar.. (Go)(B) = [min Ly, (4)(B). max Ly (G,)(B)] C [min Ly (gy)(B).2min Ly, (g,)(B)].
Therefore, Ly (Go)(B) €{y +k +[0,k]:y € Np, k >2}. |
This completes the proof of Theorem 4.5. O

Theorem 4.6. Let G be a finite abelian group, and let n > 5 be odd such that £(BL(G)) = L(BL(Cy)).
Then G = Cy,.
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Proof. Since n is odd, [4, Corollary 6.2] implies that Dy (C,) = D(C,), whence n = D(Cp,) =
D+(Cy) = D1(G) by Lemma 4.4, Let L € £(B1(Cy)) be such that {2,n} C L. Then there exist
atoms Ay, A2, Uy, ..., Uy € A(BL(Cy)) such that AyAp = Uy -...-Uy and L%i(C”)(AlAZ) = L. Since
|A;i| <nforeveryi €[l,2] and |U;| > 2 for every j € [I,n], we have that |[A;| = |A2| =n and |U;| =2
for all j €[1, n]. It follows that supp(A1), supp(A42) C {g, —g} for some g € C,, with ord(g) = n, whence
L = {2,n}. Therefore, for every L € £(B4+(G)) such that {2,n} C L, we have L = {2,n}.

Let U € A(BL(G)) with |U| = DL(G) = n. Without loss of generality, we may assume that
U € A(B(G)). Since {2,n} C L%i(G)(Uz), we have {2,n} = L%i(G)(Uz), whence for every atom
W € A(B+(G)) dividing U2, we obtain |W| € {2,n}.

If |supp(U)| = 1, then U = g" for some g € G with ord(g) = n, and hence G = C,,.

Suppose |supp(U)| > 2. If there exists g € supp(U) with ord(g) > 3 such that vy (U) = 1, then we set
V =g"12g)(—g)U € B+(G). Since |V | > n, we have that g~ U has a decomposition g~1U =TT
such that (2¢)71,(—g)T2 € BL(G). Since g7 € BL(G) and |gT»| < n, we have that g7, is a
product of atoms of length 2, a contradiction to the fact that g & supp(7>) and —g & supp(7>). Thus,
h(U) = 1 implies that all terms of U have order 2. If h(U) = 1, then (supp(U)) = G implies that G
is an elementary 2-group, whence G = CJ~! and B4 (G) = B(G). By [9, Corollary 6.8.3], we have
n—3¢e A (B(G)) = A1(B(Cp)). For every k € N, there exists Sx € B+(Cy) such that Ly, (c,)(Sk)
is an AAP with difference n — 3 and length at least k. Since (B4 (C,)) is finite, for every large enough
k € N, there exists V € s4(B+(Cy)) such that V2" | Sy in B (C,). Whence for every g € C,,, we have
g201(®) | §; in B4 (Cy). It follows that ord(g) —2 € A(Lg(c,)(Sk)), and hence ord(g) —2 is a multiple
of n — 3, a contradiction. Therefore, we have h(U) > 2.

Next we distinguish two cases depending on |supp(U)]|.

Case 1. Assume |supp(U)| = 2.

Then there exists g1 € supp(U) such that vg, (U) > 3. Let g2 € supp(U) \ {g1} and set V =
gl_z(gl + g2)(g1 — g2)U. If V is not an atom, then (g;)™2U has a decomposition (g1) 2U = T T,
such that (g1 + g2)T1, (g1 —g2)T> € B4 (G), whence g1g2T1, g182T> € B4 (G) are both subsequences
of U? and 3 < |g1g2T1|, |g182T>| < n. It follows that both g1g>7; and g1g> 7> are products of atoms
of length 2, whence U = g%Tl T, is a product of atoms of length 2, a contradiction. Therefore, V' is
an atom of length n. Similarly we can show that Lg jE(G)(Vz) = {2, n}, a contradiction to the fact that
(g1 +82)8182|V.

Case 2. Assume |supp(U)| > 3.

Then there exist g1 € supp(U) with vg, (U) > 2 and distinct g, g3 € supp(U) \ {g1}. Set V =
(g182) '(g1 — g3)(g2 + g3)U. Assume to the contrary that V is not an atom. Then (g1g2)” U
has a decomposition (g1g2) " 'U = TT> such that (g; — g3)T1, (g2 + g3)T2 € B+(G), whence
21837T1.8283T> € B+(G) are both subsequences of U? and 3 < |g1g37T1|, |g2837>| < n. It follows
that both g1g371 and gog37T5 are products of atoms of length 2, whence U = g1g,T175 is a product
of atoms of length 2, a contradiction. Therefore, V' is an atom of length n. Similarly, we can show that
Lar, (6)(V'?) = {2, n}, a contradiction to the fact that (g1 — g3)g183 | V. O
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