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Barycentrically associative formal power series

Forne N={1,2,...} let F, = F,(x1,...,x,) € C|xy,...,x,]| of order
greater or equal to 1. The family (F;,),cn is called barycentrically
associative if for alln € N and for all £ € {1,...,n} and all nonnegative
integers rsothatr+/¢ <n

Fo(x1,...,%,) =
Fr(xy, oo X Fo0rpty e X))y oo s Fo( X1y ooy X 0) s X041 - - - X)
f—times
holds true.

Associativity of means
Decomposability
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Some remarks

| 1. Assume that (F,),cn is barycentrically associative.

Then either ord(F,) =1 or F, = 0.
|
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Some remarks

| 1. Assume that (F,),cn is barycentrically associative.

Then either ord(F,) =1 or F, = 0.
|

| 2. Assume that (F,),cy is barycentrically associative.

If F,,=0,then F,,; =0,n € N.
|
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Some remarks

. Assume that (F;),cn is barycentrically associative.

Then either ord(F,) =1 or F, = 0.

. Assume that (F;),.cn is barycentrically associative.

If F,,=0,then F,,; =0,n € N.

. Assume that (F,),cn is barycentrically associative.

Then either Fy(x) = x or F; = 0.

. Assume that (F,),cn is barycentrically associative.

For n € N let M, be the homogeneous part of degree 1 of F;, (if F;, =0
then M,, = 0), then the family (M,),cn is a barycentrically associative
family of polynomials.
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5. Classification of barycentrically associative polynomials [1]:
Forze C andn e N let

Afz . Zzn—i(l —Z)i_l-
i=1

If AZ £ 0, then

n

Mi(x1, o ix) = Y211 =) /A
=1

Let n(z) = inf{n € N | A =0} (n(z) = = if A% # 0 for all n).
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5. Classification of barycentrically associative polynomials [1]:

Forz€ Candn €N let
AZ . Zzn—i(l —Z)i_l-
i=1

If AZ £ 0, then

n

Mi(x1, o ix) = Y211 =) /A
=1

Let n(z) = inf{n € N | A =0} (n(z) = = if A% # 0 for all n).

A family (M, ).cn of polynomials is barycentrically associative if and
only if:

Type I: there exists some z € C and some k € N U {e} with k < n(z)
so that M,, = M, for all n < k and M,, constant for n > k;

Type Il Fi(x) = x, F5(x,y) € Clx,y|] of degree at least 2, so that
F>(x,x) = x, and F, constant for all n > 3.
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6. Assume that (F,),cn is barycentrically associative.
If f(x) =x+... € C|x], then (G,).en is barycentrically associative,
where

Gn(xl,...,xn) = (f_lanof)(xl,---,Xn) —
f_l(Fn(f(xl)w-'af(xn)))
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6. Assume that (F,),cn is barycentrically associative.
If f(x) =x+... € C|x], then (G,).en is barycentrically associative,

where
|

Gn(xl,...,xn) = (f_lanof)(xh,,,,xn) —
|

| f_l(Fn(f(xl)w-'af(xn)))

. 7. Assume that (M,).en is a family of barycentrically associative

polynomials of type I, and f(x) = x+... € C[[x]], then (f oM, o f),en
|

IS a nontrivial family of barycentrically associative formal power series.
|
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. Assume that (F,),cn is barycentrically associative.

If f(x) =x+... € C|x], then (G,).en is barycentrically associative,
where

Gn(xl,...,xn) = (f_lanof)(xh,,,,xn) —
f_l(Fn(f(xl)w-'af(xn)))

. Assume that (M,).cn is a family of barycentrically associative

polynomials of type I, and f(x) = x+... € C[[x]], then (f oM, o f),en
IS a nontrivial family of barycentrically associative formal power series.

. Assume that (F,),cn is a family of barycentrically associative formal

power series. Let ny > 2. If F,) = M, , a polynomial, then £, is a
polynomial.

. Assume that (F,).en is barycentrically associative. Let ng > 2. If F, ) =

floM; of forsome f(x) =x+... € C[x]}, z € C where n(z) > ng+1,
and if F,, 11 #0,then F, 1 = ! oM; ,iof.
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|n€&.
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I FZ(Xay)

Symmetric barycentrically associative formal series

Fu(x1,...,x,) is symmetric if F,(xq,...,x,) = Fy(Xz(1),- .., Xz(n)) for all
T ews,.

Assume that (F,),cn is a barycentrically associative family of symmetric
formal series. Then:

Fi(x) =x

Lx4y)+... = o(x) + o(y) +xyh(x,y), where
x+...and h(x,y) = h(y,x).

D [—

P(x) =
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Symmetric barycentrically associative formal series

Fu(x1,...,x,) is symmetric if F,(xq,...,x,) = Fy(Xz(1),- .., Xz(n)) for all
T ews,.

Assume that (F,),cn is a barycentrically associative family of symmetric
formal series. Then:

B (x,y) = 5(x+y) +... = ¢(x) + ¢(y) +xyh(x,y), where
@(x) =3x+...and h(x,y) = h(y,x).

There exists some f(x) =x+... € C[x] sothat (f 'o@o f)(x) = 1x.

Let £, = f~'oF,of, then (F,),cn is a barycentrically associative family
of symmetric formal series, and
Fy(x,y) = 1 (F(f(x), f())) = 5 (x+y) +xyh(x,y). We want to prove

that if £ # 0, then h(x,y) = 0, thus F(x,y) =+ (x+y) = M)/ *(x, ).
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Let P(x,y) = F3(x,x,y) and Q(x,y) = F3(x,y,y), then
v x = F3(x,x,x) = P(x,x) = Q(x,x) and

| Fi(x,y,2) = F3(F2(x,y), F>(x,y),2) = P(F>(x,y),2)

| =...=0(x,F(»2)) = P(Fa(2), %)
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Let P(x,y) = F3(x,x,y) and Q(x,y) = F3(x,y,y), then
x = F3(x,x,x) = P(x,x) = Q(x,x) and
F3(x,y,z) — F3(F2(x,y),F2(x,y),z) — P(F2(x7y)7z)
R Q(X,Fz(y,Z)) — P(FZ(y7Z)7X)°

Ansatz: P(x,y) = Y,>1 Y i o@in—iX'y" " and
xyh(x,y) Zn222?:11hln lxlyn l

Comparing coefficients in P(F»(x,y),z) = P(F>(y,z),x) we obtain that
ayo = 2/3, ap,1 = 1/3, and ai — (O for all l,] >0, l—|-] > 2, and hi,j =0
foralli,j >1,i+j > 2.

Consequently A(x,y) = 0.
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Theorem. Let (F;,),cn be a family of symmetric formal power series of
order at least 1. This family is barycentrically associative if and only if

Fi(x) = x, F>(x,y) € C|lx,y]| symmetric, so that F>(x,x) =x, and F, =0
for all n > 3;

or there exists some f(x) =x+... € C[x]] and some k € NU{e} so
that Fn:f—loMi/zoffor alln <kand F, =0 forn > k.
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