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n-associativity

F(x1,x2, . . . ,xn) ∈ C [[x1,x2, . . . ,xn]], n≥ 3,

F(0,0, . . . ,0) = 0, so F can be substituted into any formal power series

F(x1,x2 . . . ,xn) = ∑
(i1,...,in)∈Nn

0
i1+...+in≥1

ai1,...,inx
i1
1 · · ·x

in
n
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n-associativity

F(x1,x2, . . . ,xn) ∈ C [[x1,x2, . . . ,xn]], n≥ 3,

F(0,0, . . . ,0) = 0, so F can be substituted into any formal power series

F(x1,x2 . . . ,xn) = ∑
(i1,...,in)∈Nn

0
i1+...+in≥1

ai1,...,inx
i1
1 · · ·x

in
n

F(F(x1,x2, . . . ,xn),xn+1, . . . ,x2n−1) (1)

F(x1,F(x2, . . . ,xn+1),xn+2, . . . ,x2n−1) (2)

. . .

F(x1, . . . ,xn−1,F(xn,xn+1, . . . ,x2n−1)) (n)
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n-associativity

F(x1,x2, . . . ,xn) ∈ C [[x1,x2, . . . ,xn]], n≥ 3,

F(0,0, . . . ,0) = 0, so F can be substituted into any formal power series

F(x1,x2 . . . ,xn) = ∑
(i1,...,in)∈Nn

0
i1+...+in≥1

ai1,...,inx
i1
1 · · ·x

in
n

F(F(x1,x2, . . . ,xn),xn+1, . . . ,x2n−1) (1)

F(x1,F(x2, . . . ,xn+1),xn+2, . . . ,x2n−1) (2)

. . .

F(x1, . . . ,xn−1,F(xn,xn+1, . . . ,x2n−1)) (n)

F is n-associative if (1) = (2) = . . .= (n). This is a system of
(n

2

)
equations in C [[x1,x2, . . . ,x2n−1]].
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Different types of solutions

1. Trivial solutions:

F(x1, . . . ,xn) = x1 and F(x1, . . . ,xn) = xn.
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Different types of solutions

1. Trivial solutions:

F(x1, . . . ,xn) = x1 and F(x1, . . . ,xn) = xn.

2. Solutions of the form F(x1, . . . ,xn) = x1 · · ·xnF1(x1, . . . ,xn):

F(x1, . . . ,xn) = f−1( f (x1) · · · f (xn))

where f ∈ Γ, i.e. f is invertible with respect to substitution.
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Different types of solutions

1. Trivial solutions:

F(x1, . . . ,xn) = x1 and F(x1, . . . ,xn) = xn.

2. Solutions of the form F(x1, . . . ,xn) = x1 · · ·xnF1(x1, . . . ,xn):

F(x1, . . . ,xn) = f−1( f (x1) · · · f (xn))

where f ∈ Γ, i.e. f is invertible with respect to substitution.

3. Solutions of the form F(x1, . . . ,xn) = x1+ xn+ . . .:

F(x1, . . . ,xn) = f−1( f (x1)+ρ f (x2)+ρ
2 f (x3)+ . . .+ f (xn))

f (x) = x+∑k≥2 fkxk ∈ Γ1.
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Similarly as in the last part of [2], it is possible to determine the power
series f by differentiation. This will be shown next:

[2] Harald Fripertinger, and Jens Schwaiger.
On 1-dimensional formal group laws in
characteristic zero.
Aeqationes mathematicae, 2014.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 5 of 12

Go Back

Full Screen

Close

Quit

Similarly as in the last part of [2], it is possible to determine the power
series f by differentiation. This will be shown next:

For F(x1, . . . ,xn) ∈ C [[x1, . . . ,xn]] let

(D jF)(x1, . . . ,xn) =
∂

∂x j
F(x1, . . . ,xn), 1≤ j ≤ n.
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Similarly as in the last part of [2], it is possible to determine the power
series f by differentiation. This will be shown next:

For F(x1, . . . ,xn) ∈ C [[x1, . . . ,xn]] let

(D jF)(x1, . . . ,xn) =
∂

∂x j
F(x1, . . . ,xn), 1≤ j ≤ n.

We will prove the following fact. If

F(x1, . . . ,xn) = x1+ xn+ ∑
( j1,..., jn)∈Nn

0
j1+...+ jn≥1

a j1,..., jnx
j1
1 · · ·x

jn
n

is an n-associative formal power series, then there exists a uniquely
determined series f (x) = x+ . . . ∈ Γ1, so that
F(x1, . . . ,xn) = f−1

(
f (x1)+ρ f (x2)+ . . .+ρn−2 f (xn−1)+ f (xn)

)
, where

ρ = a0,1,0,...,0 which satisfies ρn−1 = 1.

[2] Harald Fripertinger, and Jens Schwaiger.
On 1-dimensional formal group laws in
characteristic zero.
Aeqationes mathematicae, 2014.
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Lemma
If F is n-associative and of the form
f−1
(

f (x1)+ρ f (x2)+ . . .+ρn−2 f (xn−1)+ f (xn)
)
, where ρ is a root of

unity of order n−1, and f (x) = x+ . . . ∈ Γ1, then

f ′(x) =
1

D1F(0, . . . ,0,x)
.
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Lemma
If F is n-associative and of the form
f−1
(

f (x1)+ρ f (x2)+ . . .+ρn−2 f (xn−1)+ f (xn)
)
, where ρ is a root of

unity of order n−1, and f (x) = x+ . . . ∈ Γ1, then

f ′(x) =
1

D1F(0, . . . ,0,x)
.

Proof.

f
(
F(x1, . . . ,xn)

)
= f (x1)+ρ f (x2)+ . . .+ρ

n−2 f (xn−1)+ f (xn)=⇒

f ′
(
F(x1, . . . ,xn)

)
D1F(x1, . . . ,xn) = f ′(x1)=⇒

f ′
(
F(0, . . . ,0,xn)

)
D1F(0, . . . ,0,xn) = f ′(0) =⇒

f ′(xn)D1F(0, . . . ,0,xn) = 1

Both f ′(xn) = 1+ . . . and D1F(0, . . . ,0,xn) = 1+ . . . are units in
C [[x1, . . . ,xn]] and the assertion follows.

Differentiation with respect to x1

Set x1 = . . .= xn−1 = 0
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Theorem

Let F(x1, . . . ,xn) be n-associative, ρ = a0,1,0,...,0, and let f (x) be the
unique primitive series of 1/D1F(0, . . . ,0,x) satisfying f (0) = 0, then
f (x) = x+ . . . ∈ Γ1, and
F(x1, . . . ,xn) = f−1

(
f (x1)+ρ f (x2)+ . . .+ρn−2 f (xn−1)+ f (xn)

)
.
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Theorem

Let F(x1, . . . ,xn) be n-associative, ρ = a0,1,0,...,0, and let f (x) be the
unique primitive series of 1/D1F(0, . . . ,0,x) satisfying f (0) = 0, then
f (x) = x+ . . . ∈ Γ1, and
F(x1, . . . ,xn) = f−1

(
f (x1)+ρ f (x2)+ . . .+ρn−2 f (xn−1)+ f (xn)

)
.

Proof.

1. If we write F(x1, . . . ,xn) = ∑
n
j=1 ϕ j(x j)+ F̂(x1, . . . ,xn), then we can

show that there exists a root ρ of unity of order n−1 and a series
ψ(x) ∈ Γ1 so that ϕ2(x) = ψ(ρψ−1(x)) and ϕ j(x) = ϕ

j−1
2 (x), 1≤ j ≤ n.

D jF(0, . . . ,0) =
∂

∂x j

(
n

∑
i=1

ϕi(xi)+ F̂(x1, . . . ,xn)

)∣∣∣∣∣
x1=...=xn=0

= ϕ
′
j(0)+0 = ρ

j−1, 1≤ j ≤ n.

For each summand S of F̂ there exist i 6= j ∈ {1, . . . ,n} so that S is a multiple of xix j.
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2. Now we prove that

D jF(0, . . . ,0,xn) =
ρ j−1

f ′(xn)
, 1≤ j ≤ n−1.

For j = 1 the assertion is clear due to the construction of f . Consider
some 2≤ j ≤ n−1. Differentiation of (1) = (j) with respect to x j we have

D1F
(
F(x1, . . . ,xn),xn+1, . . . ,x2n−1

)
D jF(x1, . . . ,xn) =

D jF
(
x1, . . . ,x j−1,F(x j, . . . ,x j+n−1),x j+n, . . . ,x2n−1

)
D1F(x j, . . . ,x j+n−1).

Setting x1 = . . .= x2n−2 = 0 we obtain

D1F(0, . . . ,0,x2n−1
)
D jF(0, . . . ,0) = D jF(0, . . . ,0,x2n−1)D1F(0, . . . ,0)

which means that

D jF(0, . . . ,0,x2n−1) =
ρ j−1

f ′(x2n−1)
.

F(F(x1,x2, . . . ,xn),xn+1, . . . ,x2n−1) =
F(x1, . . . ,x j−1,F(x j, . . . ,x j+n−1),x j+n, . . . ,x2n−1)

http://www.uni-graz.at
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3. For 1≤ j < n we have

D jF(0, . . . ,0︸ ︷︷ ︸
j−1-times

,x j, . . . ,xn) =
ρ j−1 f ′(x j)

f ′
(
F(0, . . . ,0,x j, . . . ,xn)

) . (∗)

We differentiate (j) = (n) with respect to x j, and set x1 = . . .= x j+n−2 = 0
to get

D jF
(
0, . . . ,0,F(0, . . . ,0,x j+n−1),x j+n, . . . ,x2n−1

)
D1F(0, . . . ,0,x j+n−1) =

D jF
(
0, . . . ,0,F(0, . . . ,0,x j+n−1, . . . ,x2n−1)

)
,

which means by 2. that

D jF(0, . . . ,0,x j+n−1, . . . ,x2n−1) =
ρ j−1 f ′(x j+n−1)

f ′
(
F(0, . . . ,0,x j+n−1, . . . ,x2n−1)

) .

F(x1, . . . ,x j−1,F(x j, . . . ,x j+n−1),x j+n, . . . ,x2n−1) =
F(x1, . . . ,xn−1,F(xn,xn+1, . . . ,x2n−1))

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 10 of 12

Go Back

Full Screen

Close

Quit

4. Let G(x1, . . . ,xn) = f
(
F(x1, . . . ,xn)

)
− f (x1)−ρ f (x2)− . . .− f (xn).

We prove that G = 0. Differentiating G with respect to x1 we obtain

D1G(x1, . . . ,xn) = f ′
(
F(x1, . . . ,xn)

)
D1F(x1, . . . ,xn)− f ′(x1).

From (∗) for j = 1 we get D1G(x1, . . . ,xn) = 0, thus G(x1, . . . ,xn) does
not depend on x1, whence G(x1, . . . ,xn) = G(0,x2, . . . ,xn).

Using the same arguments we show for 2≤ j < n that
G(0, . . . ,0,x j, . . . ,xn) = G(0, . . . ,0,x j+1, . . . ,xn).

Finally we have G(x1, . . . ,xn) = G(0, . . . ,0,xn) =

f
(
F(0, . . . ,0,xn)

)
− f (xn) = f (xn)− f (xn) = 0. Thus G = 0 and F has

the given representation.

D jF(0, . . . ,0︸ ︷︷ ︸
j−1-times

,x j, . . . ,xn) =
ρ j−1 f ′(x j)

f ′
(
F(0, . . . ,0,x j, . . . ,xn)

) , 1≤ j < n

or equivalently

f ′
(
F(0, . . . ,0,x j, . . . ,xn)

)
D jF(0, . . . ,0︸ ︷︷ ︸

j−1-times

,x j, . . . ,xn) = ρ
j−1 f ′(x j) 1≤ j < n

Since ϕn = ϕ
n−1
2 we have ϕn(x) = x and therefore

F(0, . . . ,0,xn) = ϕn(xn) = xn.
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