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n-associativity

F(x1,x2,...,%,) € C|llx1,x2,...,%,]], n >3,

F(0,0,...,0) =0, so F can be substituted into any formal power series

il—l—...—l—inZI
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n-associativity

F(x1,x2,...,%,) € C|llx1,x2,...,%,]], n >3,

F(0,0,...,0) =0, so F can be substituted into any formal power series

F(Xl,XQ...,Xn) — Z Clilj.__,inxlll XZQ
(i1,----in)ENG
il—l—...—l—inZI
F(F(xl,xz,...,xn),xn+1,...,x2n_1) (1
F(Xl,F(xZ,...,xn+1),xn_|_2,...,.in_1> (2)

F(-x17°"7xn—17F(xn7-xn—|—17'"7x2n—1)) (n)
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n-associativity

F(x1,x2,...,%,) € C|llx1,x2,...,%,]], n >3,

F(0,0,...,0) =0, so F can be substituted into any formal power series

Fxi,%0...,%) = Y @iy} -

| (ll ..... in)€N8
il—l—...—l—inZl

|
| F(F(xl,xz,...,xn),xn+1,...,x2n_1) (1)
| F(Xl,F(.Xz,...,xn+1),xn_|_2,...,in_1> (2)
| F(-x17°"7xn—17F(xn7-xn—|—17'“7x2n—1)) (n)
|

F is n-associative if (1) = (2) = ... = (n). This is a system of (})

| equations in C [[xl,xz, ‘e ,XQn_l]].
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Different types of solutions

1. Trivial solutions:

F(xi,...,x,) =x;and F(xq,...,X,) = X,.
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Different types of solutions

1. Trivial solutions:
F(xi,...,x,) =x;and F(xq,...,X,) = X,.

| 2. Solutions of the form F(xi,...,x,) = x1 - X, F1 (x1,...,X,):

F(x17°°°7xn) :f_l(f(xl)"'f(xn))

| where f €1, i.e. f is invertible with respect to substitution.
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Different types of solutions

1. Trivial solutions:
F(xi,...,x,) =x;and F(xq,...,X,) = X,.
2. Solutions of the form F(xy,...,x,) = x1 - X, F1(x1,...,X,):

F(x17°°°7xn) :f_l(f(xl)"'f(xn))

| where f €1, i.e. f is invertible with respect to substitution.

- 3. Solutions of the form F(xi,...,%,) =x1+x,+....

F(x1,. %) = fH(f(x) +pf(x) +p2f (x3) + ...+ f ()

f(x) =x+ Y0 fix* €Ty
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Similarly as in the last part of [2], it is possible to determine the power
umi Series f by differentiation. This will be shown next:

|_GRAZ
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Similarly as in the last part of [2], it is possible to determine the power
umi Series f by differentiation. This will be shown next:

|_GRAZ

 For F(xy,...,x,) € Cllxy,...,x,] let

| 0

(DiF)(x1,...,%0) = =—F(x1,...,%), 1< j<n.
8)6]'
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UNI
|_GRAZ

Similarly as in the last part of [2], it is possible to determine the power
series f by differentiation. This will be shown next:

 For F(xy,...,x,) € Cllxy,...,x,] let

| 0

(DiF)(x1,...,%0) = =—F(x1,...,%), 1< j<n.
| 8)6]'

| We will prove the following fact. If
|

.....

Jj1t--t+ijn=1

| IS an n-associative formal power series, then there exists a uniquely

determined series f(x) =x+... € I'}, so that

| F(x1,c0%) = £ (fa) +pf () +. .+ p" 2 f(%a-1) + f (%)), where
| P =0ao1,0...0 which satisfies pn—l = 1.
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Lemma

mY If F is n-associative and of the form

| SN fa)+pf(x2)+...4+p" 2f (xu—1) + f(x4)), Where p is a root of

unity of ordern— 1, and f(x) =x+... € I', then

1

| fi(x) =

DlF(O,. ..,O,X) .
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|_GRAZ

Lemma

If F' is n-associative and of the form
| SN fa)+pf(x2)+...4+p" 2f (xu—1) + f(x4)), Where p is a root of

unity of ordern— 1, and f(x) =x+... € I', then

| fi(x) = 1

DlF(O,. . .,O,X) .

| S (F(x1,. . s%0) ) DiF (x1,. .., %) = f(x1)=>
' F(F(0,...,0,x,))DiF(0,...,0,x,) = f(0) =

| f/(xn)DlF(O, . ,O,xn) =]

| Both f'(x,) =1+...and D;F(0,...,0,x,) = 1+... are units in

C [[x1,...,x,]] and the assertion follows.
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Theorem

| Let F(xi,...,x,) be n-associative, p = ag .. 0, and let f(x) be the

unique primitive series of 1/D;F(0,...,0,x) satisfying f(0) = 0, then
 f(x)=x+...€TI}, and

F(x1,ex) = 7 (F () +pf () + o+ p" 2 f (X1) + f (x0))-
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Theorem

| Let F(xi,...,x,) be n-associative, p = ag .. 0, and let f(x) be the

unique primitive series of 1/D;F(0,...,0,x) satisfying f(0) = 0, then
 f(x)=x+...€TI}, and

F(x1,ex) = 7 (F () +pf () + o+ p" 2 f (X1) + f (x0))-

| | Proof.

o 1. If we write F(xy,...,x,) = ¥, @;(x;) + F(x1,...,x,), then we can

| show that there exists a root p of unity of order n — 1 and a series

w(x) €Ty so that ¢y(x) = w(py ' (x)) and @;(x) = @ '(x), 1< j<n.

J [ A
| D]F(O,,O):g ( (Pi(Xi)‘|_F(x17---7xn)>
J \i=lI

=9/ (0)+0=p/!, 1<j<n
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2. Now we prove that

DF... 0x) =P
/ yeeey Uy Ap) = )
| ] S (%)

1<j<n—1.

. For j =1 the assertion is clear due to the construction of f. Consider

some 2 < j < n— 1. Differentiation of (1) = (j) with respect to x; we have
|

 DIF(F (X150 3%0)y Xt 1y -+« s X2n 1) DiF (X150, %) =

|
D;F (xl, cos X1, F (Xjy e X jn—1)y X jny - - - ,xzn_l)DlF(xj, s Xjgn—1)-

| : :
Setting x; = ... = xp,_» = 0 we obtain
|

DF(0,...,0,x2,_1)D;F(0,...,0) = D;F(0,...,0,x2,—1)D1F(0,...,0)
|

| which means that

| DjF(O,...,O,)Czn_l)
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3. For 1 < j <nwe have

J=1 £ (.
D;F(0,...,0,xj,...,%;) = — CU), . (%)
| m f (F(O,...,O,xj,...,xn))
|
We differentiate (j) = (n) with respectto x;, andsetx; = ... =x; 1, =0

| to get

|
D;F(0,...,0,F(0,...,0,X4n—1),Xjtns- s Xan—1)D1F(0,...,0,% 1 1) =

|
D;F(0,...,0,F(0,...,0, %10 1., %21)),
|

| which means by 2. that

pj_lf,(ijrn—l)

| DjF(()a-'-707xj+n—17°--7-x2n—1):

S(F(O,...,0,Xj5n 15, X2n-1))
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4. Let G(x1,..., %) = f(F (X1, -, %)) — fF(x1) —pf(x2) — ... — fxn).

unmi  We prove that G = 0. Differentiating G with respect to x; we obtain

| D\G(x1,...,x,) = [ (F(x1,...,%) ) DiF (x1,...,%,) — f'(x1).
|

From (x) for j = 1 we get D1G(xy,...,x,) =0, thus G(x1,...,x,) does

' not depend on x;, whence G(xi,...,x,) = G(0,x2,...,Xy,).

| Using the same arguments we show for 2 < j < n that
| | G(O,...,O,xj,...,xn) — G(O, ..,O,xj+1,...,xn).

| Finally we have G(xy,...,x,) = G(0,...,0,x,) =

| f(F(0,...,0,x,)) — f(x) = f(xs) — f(x4) =0. Thus G =0 and F has

the given representation.
|
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