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Lie—Grobner series

|
Let F(x),H(x) € C[x]] be formal series. Consider the differential
| operator

| D:Clx] — Cllx], D(F):=F'(x)H(x).

| lterative powers of D are defined as

F fn=0

' DA(F) = {D(D"l(F)) 1> 0.
|

| The Lie—Grobner series of F' is the series

| LG(F):= Y X D'(F) € Clx.y].

!
nZOn‘
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Observations (1)

For ;e C|x],c; € C, 1 <i<m,n,méeN we have
D" (Z CiFi) = ZciD”(Fi), (Linearity)
i=1 i=1

D(Fl : Fz) — D(Fl)Fz —I—FlD(Fz), (product rule)

n

D'(F-F)=Y (’j’) DI(F)D"(F),

J=0
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Observations (1)

For ;e C|x],c; € C, 1 <i<m,n,méeN we have
D”(Z ciFi) =Y e:D'(F), (Linearity)
i=1 i=1

D(Fl : Fz) — D(Fl)F2 —I—FlD(Fz), (product rule)

n

D'(F-F)=Y (’J’) DI(F)D"(F),

j=0

LG (Zc ) = iciLG(Fi), (Linearity)
—1

1=
m

LG(HE) =][LG(F). (Muttiplicativity)

=1 =1

3
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Commutation Theorem

For F(x) = Y £ € C[l]

n>0

let Fi(x Z fux" € Clx]. Then

LG(AW) = LG( X /") = Y ALGW)" = F(LG())

n=0
Since F is the limit of F;, we obtain

Theorem 1. For any power series F(x) € C|x] we have

LG(F(x)) = F(LG(x)).

(LG)
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The translation equation

Translation equation

F(s+1,x)=F(s,F(t,x)),

s,t € C.
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The translation equation

Translation equation
F(s+t,x)=F(s,F(t,x)), s,t€C. (T)
We study solutions

F(s,x) =x+ ) cu(s)x" € C[x]

n>k

of (T) in the ring of formal power series over C where ¢,,:C — C, k > 2,
cx # 0. The ¢, are polynomials P,(ci) in cy.
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n>k

of (T) in the ring of formal power series over C where ¢,,:C — C, k > 2,
cx # 0. The ¢, are polynomials P,(ci) in cy.

Solutions of (T) are called iteration groups of type II.
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The translation equation

Translation equation
F(s+t,x)=F(s,F(t,x)), s,t€C. (T)
We study solutions

F(s,x) =x+ ) cu(s)x" € C[x]

n>k

of (T) in the ring of formal power series over C where ¢,,:C — C, k > 2,
cx # 0. The ¢, are polynomials P,(ci) in cy.

Solutions of (T) are called iteration groups of type II.

(T) implies that c; is an additive function.
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Formal iteration groups of type i

Lt ¢k Is a nontrivial additive function, then ¢, takes infinitely many values.
. Each occurrence of ¢ (s) and ¢ (t) for indipendent values s,t € C in (T)

can be replaced by y and z, two independent variables. We obtain the

' formal translation equation in (Cly, z])[x]):
|

| G(y—l—z,x) — G(y7 G(Z,X)) (Tformal)

| G(y,x) = x +yx* + Y P(y)x", P.(y)eCl], n>k>2,

n>k

G(0,x) = x. (B)
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Formal iteration groups of type i

If ¢, is a nontrivial additive function, then c; takes infinitely many values.
Each occurrence of ¢,(s) and ¢, (¢) for indipendent values s,¢ € C in (T)
can be replaced by y and z, two independent variables. We obtain the

' formal translation equation in (Cly, z])[x]):

G(y+2,%) = G(y,G(z,x)) (Tiormal)
G(y,x) = x+yx* + ZPn(y)x”, P,(y) eCl], n>k>2,
n>k
G(0,x) = x. (B)

Theorem 2. F(s,x) = x+ ci(s)x* + ¥~ P.(ck(s))x" is a solution of (T) if

- and only if G(y,x) = x+yx* + ¥ P,(y)x" is a solution of (Tima) and

(B).


http://www.uni-graz.at
http://www.uni-graz.at/~fripert/

A differential equation for the translation equation

We are looking for relations between the solutions G(y,x) of (Tima) @and
the formal generator H(x) of G

d
5 G(y,%)|y—0 = X" + Z hx" = H(x).
y n>k

Here h; := 1. Notice that in the situation of an analytic iteration group
the coefficient of x* in H(x) may be different from 1.
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A differential equation for the translation equation

We are looking for relations between the solutions G(y,x) of (Tima) @and
the formal generator H(x) of G

d
5 G(y,%)|y—0 = X" + Z hx" = H(x).
y n>k

Here h; := 1. Notice that in the situation of an analytic iteration group
the coefficient of x* in H(x) may be different from 1.

Differentiation of (T:,.a) With respect to z together with the mixed chain
rule and putting z = 0 yields

d d

&_y (;(y7 x) — H(x)gc G(y, X) : (PDrormal)

In other words %G(y,x) = D(G(y,x)), where D(F(x)) := H(x)2F(x).
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Reordering the summands of G

| Since the solutions of (T,,m) are elements of (C|y])|x] it is possible to

write them in the form

| G(y,x) = }_ ¢u(x)y" € (C[K)].

n>0
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Reordering the summands of G

| Since the solutions of (T,,m) are elements of (C|y])|x] it is possible to

write them in the form

| G(y,x) = }_ ¢u(x)y" € (C[K)].

n>0

This allows us to rewrite (PDy,...,) and (B) as

Zn¢n(x)yn_1 — ZD(¢n(x))yn (1)

| n>1 n>0

| Po(x) = x. (2)
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Reordering the summands of G

Since the solutions of (T,ma) are elements of (C|y|)|x] it is possible to
write them in the form

G(y,x) = }_ ¢u(x)y" € (C[K)].

n>0

This allows us to rewrite (PDy,...,) and (B) as

Zln%(x)y”_l — ;)D((Pn(x))y" (1)
Po(x) = x. (2)

(1) is satisfied if and only if

1

——D(0,(x) (1,

(Pn+1(x) —

holds true for all n > 0.
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Solution as a Lie—-Grobner series

| By induction we derive from (1,,) that

| 0 n

| do(x) = = O(!x) and ¢n(x):Dn(!"), n> 1.

- Thus i

| = ¥ 0,0y = ¥ D (w)y" = LG(x).
n>0 n>0

. Where

D:Clx] = C[x],  D(F(x)) := H(x)F'(x).
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Solution as a Lie—-Grobner series

| By induction we derive from (1,,) that

o) =2 ang 4,00 =20y
- Thus i

| ’;)d)n )y —’;6 D"(x)y" = LG(x),
| where

D:Clx] = C[x],  D(F(x)) := H(x)F'(x).

Theorem 3. 1. If G is a solution of ((T:,ma),(B)), then it is a solution of

(PDiormat), Whence it is the Lie-Grobner series LG(x) where H is the
. formal generator of G.
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Solution as a Lie—-Grobner series

By induction we derive from (1,,) that

i) =21 and 0, =20 s
Thus
= Y 0.0y = ¥ D)y = LG(),
where = .

D:Clx] = C[x],  D(F(x)) := H(x)F'(x).

Theorem 3. 1. If G is a solution of ((T:,ma),(B)), then it is a solution of
(PDiormat), Whence it is the Lie-Grobner series LG(x) where H is the
formal generator of G.

2. For any generator H(x) = x*+Y -, h,x", k > 2, the unique solution
G(y,x) = LG(x) of the system ((1),(2)) is a solution of (Tma)-
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Proof

| 1

G(y,G(z,x)) = Z —'y”D”(Z —ZVDV(x))

!

— Z Z liynZan+V(X)

I v!

Y1 N B
:ZZN!n!(N—n)!ynZN D (x)

N>0n=0
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Commutation Theorem for iteration groups of type li

As an immediate consegeunce of the commutation theorem (LG) we get
|

Theorem 4. Let
|

1

D' (), D(F(x) = F'(x0)H (x),

| G(y,x) =)

n>0

be a formal iteration group of type Il with formal generator H(x). Then

' or any power series K(x) of order at least 1 we have
|

| G(y,K(x)) = K(G(y,x)).
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The general idea

functional equation
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The general idea

functional equation

0

formal equation

o
‘ replacing indepenedent values by independent variables
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The general idea

functional equation

0

formal equation

4

differential equation

2 differentiation, mixed chain rule, purely algebraic differentiation
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The general idea

functional equation

0

formal equation

4

differential equation

|

reordering of the series

P

| & reordering the summands
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The general idea

functional equation

0

formal equation

4

differential equation

|

reordering of the series

|

solution as a (generalized) Lie—Grobner series

&

solving by comparing coefficients
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The general idea

functional equation

0

formal equation <«

4

differential equation

|

reordering of the series

4

solution as a (generalized) Lie—Grobner series

4

this (generalized) Lie—Grobner series is a solution of the formal equation

g
</ relative simpel proof
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The first cocycle equation
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The first cocycle equation

o(s—+1,x) :Oc(s,x)a(t,F(s,x)), s,t € C,

for
o(s,x) = Z o, (s)x", with a(0,x) = 1.

n>0

F is an iteration group of type Il. o is an exponential function.
| Substitution into the logarithmic series yields

Y(s,x) := log (O;(OS(’S)

) — ;1 }/n(s)xn,

Y(s+1,x) = ¥(s,x) +y(t,F(s,x)),  ¥(0,x) =0.
We obtain the formal first cocycle equation in (Cly, z])[/x]

I'(y+z,x) =T(yx)+I(z,G(yx)), ['(0,x) =0.

(Co1)

(CO1 Iog)

(CO1 formal)
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The first cocycle equation

| ot(s+1,x) = a(s,x)oe(z, F(s,x) s,t € C, (Cot)

¥(0,x) = 0. (Co1oq)

Y(s+1,x) = y(s,%) +v(t, F (
| We obtain the formal first cocycle e

| [(y+z,x) =T(yx)+I(z,G( I'(0,x) =0. (CO T torma)
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The first cocycle equation

o(s—+1,x) :Oc(s,x)a(t,F(s,x)), s,t € C,

for
o(s,x) = Z o, (s)x", with a(0,x) = 1.

n>0

F is an iteration group of type Il. o is an exponential function.
| Substitution into the logarithmic series yields

Y(s,x) := log (O;(OS(’S)

) — ;1 }/n(s)xn,

Y(s+1,x) = ¥(s,x) +y(t,F(s,x)),  ¥(0,x) =0.
We obtain the formal first cocycle equation in (Cly, z])[/x]

I'(y+z,x) =T(yx)+I(z,G(yx)), ['(0,x) =0.

(Co1)

(CO1 Iog)

(CO1 formal)
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A differential equation for the first cocycle equation

Differentiation of (Co1:,..) With respect to z together with the mixed
. chain rule and putting z = 0 yields

| 0

J
| a—yr(% x) — K(.X) ah H(x)af(y, X), (CO1 I:)Dformal)

. where K(x) := a%F(y,x) y—0 and H (x) is the formal generator of the

formal iteration group G(y,x).
|

Thus $-T(y,x) = K(x) + D(T'(y,x)), where D(F (x)) := H (x) £ F ().
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A differential equation for the first cocycle equation

Differentiation of (Co1ya) With re
chain rule and putting z =0

ct to z together with the mixed

(CO1 P Dformal)

oy Where K(x) := a%l“(y, | generator of the

formal iteration group

Thus %F(y,x) = K(x)+
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A differential equation for the first cocycle equation

Differentiation of (Co1:,..) With respect to z together with the mixed
. chain rule and putting z = 0 yields

| 0

J
| a—yr(% x) — K(.X) ah H(x)af(y, X), (CO1 I:)Dformal)

. where K(x) := a%F(y,x) y—0 and H (x) is the formal generator of the

formal iteration group G(y,x).
|

Thus $-T(y,x) = K(x) + D(T'(y,x)), where D(F (x)) := H (x) £ F ().
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Reordering the summands of I

Since the solution of (Co1,..) are elements of (C|y])[x] it is possible to

write them in the form

L(y,x) = ) wu(x)y" € (C[])D]-

n>1
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Reordering the summands of I

| Since the solution of (Co1,ma) are elements of (C|y|)|x] it is possible to

| write them in the form

| L(y,x) = ) wu(x)y" € (C[])D]-

n>1

This allows us to rewrite (Co1PD,ma) as

Y ny(x0)y" ! = K(x) + ) D(ya(x))y". (3)

| n>1 n>1
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Reordering the summands of I’

Since the solution of (Co1,.) are elements of (C|y])|x] it is possible to
write them in the form

L(y,x) = ) wu(x)y" € (C[])D]-

n>1

This allows us to rewrite (Co1PD,ma) as

Y ny(x0)y" ! = K(x) + ) D(ya(x))y". (3)

n>1 n>1

(3) is satisfied if and only if

Vi (x) = K(x)
Vnii(9) = DY), 0> 1,

| holds true.
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Reordering the summands of I

| Since the solution of (Co1,.) are elements of (C|y])[x] it is possible to

write them in the form

| (3) is satisfied if and only if

| vl

| l//114—1

| holds true.
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Reordering the summands of I’

Since the solution of (Co1,.) are elements of (C|y])|x] it is possible to
write them in the form

L(y,x) = ) wu(x)y" € (C[])D]-

n>1

This allows us to rewrite (Co1PD,ma) as

Y ny(x0)y" ! = K(x) + ) D(ya(x))y". (3)

n>1 n>1

(3) is satisfied if and only if

Vi (x) = K(x)
Vnii(9) = DY), 0> 1,

| holds true.
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Solution as a generalized Lie—Grobner series

| The unique solution of (3) with I'(0,x) =0 is
| 1

C(yx) =) yu(x)y" =), D" (K(x))",

|
| n>1 nZln'
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Solution as a genera’, ie—Grobner series

F(y7x) — Z 7
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Solution as a generalized Lie—Grobner series

| The unique solution of (3) with I'(0,x) =0 is
| 1

| T(y,x) = ;1 Wy (x)y" = Z;HDn_l(K ()",
. where
D:Clx]] = C[x],  D(F(x)) := H(x)F'(x).

| Theorem 5. 1. If ' is a solution of (Co1,ma), then it is a solution of

(Co1PDyma), it has a representation as a generalized Lie—Grobner
. series where H is the formal generator of the iteration group G.
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Solution as a generalized Lie—Grobner series

The unique solution of (3) with I'(0,x) =0 is
1

L(y,x) = 21 Wy (x)y" = 21 D" (K (X)),
where
D:Clx]] = C[x],  D(F(x)) := H(x)F'(x).

Theorem 5. 1. If ' is a solution of (Co1,ma), then it is a solution of
(Co1PDyma), it has a representation as a generalized Lie—Grobner
series where H is the formal generator of the iteration group G.

2. Let G be a formal iteration group of type Il with formal generator H.
For any series K(x) of order at least 1 the unique solution I'(y, x) of (3)
with I"(0,x) = 0 is a solution of (Co1,ma). (The proof is based on the
Commutation Theorem for iteration groups of type Il.)
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Solution as a generalized Lie—Grobner series

The unique solution of (3) with I'(0,x) =0 is
1

LOw) = X )y = X 0" (KGO
where
D:C[x] — C[x]. = H(x)F'(x).

Theorem 5. 1. If I is a soluti
(Co1PDy,ma), it has a represe
series where H is the formal ¢
2. Let G be a formal iteration
For any series K(x) of order a
with I'(0,x) = 0 is a solutio
Commutation Theorem for iter

), then it is a solution of
a generalized Lie—Grobner
e iteration group G.
\ with formal generator H.
ique solution I'(y,x) of (3)
he proof is based on the
s of type Il.)

"

oup o
ast 1
"4
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Solution as a generalized Lie—Grobner series

The unique solution of (3) with I'(0,x) =0 is
1

L(y,x) = 21 Wy (x)y" = 21 D" (K (X)),
where
D:Clx]] = C[x],  D(F(x)) := H(x)F'(x).

Theorem 5. 1. If ' is a solution of (Co1,ma), then it is a solution of
(Co1PDyma), it has a representation as a generalized Lie—Grobner
series where H is the formal generator of the iteration group G.

2. Let G be a formal iteration group of type Il with formal generator H.
For any series K(x) of order at least 1 the unique solution I'(y, x) of (3)
with I"(0,x) = 0 is a solution of (Co1,ma). (The proof is based on the
Commutation Theorem for iteration groups of type Il.)
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The second cocycle equation
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The second cocycle equation

B(s+t,x)= ,B(S,x)oc(t,F(s,x)) + (t,F(s,x)), s,t e C, (Co2)

for

B(s,x) =Y PBu(s)x", with B(0,x)=0.

n>0

| o is a solution of (Co1), F is an iteration group of type Il.

R(ST,U+V,6 +1,x) =R(S,U,0,x)+S*P(U,x)R(T,V,7,G(U,x))
(C02formal)
R(1,0,0,x) = 0. (B2)

where R(S,U,o0,x) € (C[S,U,o])[x]] and A € {0,1}.

P(U,x) = Y Z1(—x;)[G(U,x))/ is a solution of (COlima), and G(U,x) is

a formal iteration group of type |l with formal generator H.
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The second cocycle equation

B(s+t,x) :ﬁ(s,x)a(t,F(s,x))+ﬁ ,x)), s,t e C, (Co2)

(0,x) =0.

| o is a solution of (Co1), F |_s p of type Il.

| R(ST,U+V,oc+1,x) =R(S,U, (U,x)R(T,V,7,G(U,x))

(Cozformal)

R(1,0, (B2)

" where R(S,U,o0,x) € (C|S,U,o])|

{0,1}.
P(U,x) = Y21 (—x)[G(U,x)) is f (Cotiorma), and G(Ux) is

| a formal iteration group of type |l with formal generator H.
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The second cocycle equation

B(s+t,x)= ,B(S,x)oc(t,F(s,x)) + (t,F(s,x)), s,t e C, (Co2)

for

B(s,x) =Y PBu(s)x", with B(0,x)=0.

n>0

| o is a solution of (Co1), F is an iteration group of type Il.

R(ST,U+V,6 +1,x) =R(S,U,0,x)+S*P(U,x)R(T,V,7,G(U,x))
(C02formal)
R(1,0,0,x) = 0. (B2)

where R(S,U,o0,x) € (C[S,U,o])[x]] and A € {0,1}.

P(U,x) = Y Z1(—x;)[G(U,x))/ is a solution of (COlima), and G(U,x) is

a formal iteration group of type |l with formal generator H.
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Differential equations for the second cocycle equation

| Consider the generalized operator

2:Clxll = Clxl,  2(F(x))

fxi=...= k.1 =0, then ¥ = D.
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Differential equations for the second cocycle equation

| Consider the generalized operator

| k—1

 ZC = CRL 2(F() = (L K ) F(x) +F ()H ().

j=1

) Ki=...= K1 =0, then ¥ = D.
- By differentiating (Co2;,..) With respect to S (U and o) and setting

| S=1,U =0, and o = 0 we get

| T%R(T, V.7,x) = Ni(x) + AR(T,V,7,x), (Co2PD1)
|

| %R(T, V,7,x) = Na(x) + Z(R(T,V,7,x)), (Co2PD2)
| (%_R(T, V. 7,x) = N3(x), (Co2PD3)

where N;, N, and N3 are generators.
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Differential equations for the second cocycle equation

Consider the generalized operator

2:C|x] — C|x], ) F(x)+F'(x)H (x).

fxKi=...=K_1 =
| - By differentiating (Co

S=1,U=0,and o =

%,
| T&‘_TR (Co2PD1)
| )
| WR(T, V,T,x (Co2PD2)
| (Co2PD3)

where N;, N, and N3 are generators.
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Differential equations for the second cocycle equation

| Consider the generalized operator

| k—1

 ZC = CRL 2(F() = (L K ) F(x) +F ()H ().

j=1

) Ki=...= K1 =0, then ¥ = D.
- By differentiating (Co2;,..) With respect to S (U and o) and setting

| S=1,U =0, and o = 0 we get

| T%R(T, V.7,x) = Ni(x) + AR(T,V,7,x), (Co2PD1)
|

| %R(T, V,7,x) = Na(x) + Z(R(T,V,7,x)), (Co2PD2)
| (%_R(T, V. 7,x) = N3(x), (Co2PD3)

where N;, N, and N3 are generators.
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Reordering the summands of R

We consider the solutions R(S,U o, x) of (Co2,ma) as elements of
(C[S,o])[U,x], and write them in the form

R(S,Uc,x) =Y R,(S,0,x)U"

n>0

With R, (S, 0,x) € (C[S, 0]) ]

(Co2PD2) is rewritten as

Zan(S,G,x)U”_l —I—Z@ (S,0,x))

n>1 n>0


http://www.uni-graz.at
http://www.uni-graz.at/~fripert/

Reordering the summands of R

| We consider the solutions R(S,Uo.x) of (Co2,.) as elements of

(T[S, 0))[U,x], and write

Un

With R,(S,0,%) € (CS, 0))[x]

(Co2PD2) is rewritten as

| Y nR,(S,0,x)U"." = N>(x) S,0,x))U".

n>1
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Reordering the summands of R

We consider the solutions R(S,U o, x) of (Co2,ma) as elements of
(C[S,o])[U,x], and write them in the form

R(S,Uc,x) =Y R,(S,0,x)U"

n>0
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Solutions of the second cocycle equation for A =0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,0,x) = oN3(x) + l@”_I(Nz(x))U”,

where N,(x) is arbitrary, N;(x) =0, and Z(N3(x)) = 0.
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Solutions of the second.~2axgle equation for A =0

" The solutions of ((Co2PD1),(

2PD3)) are

R(S,U,0,x) =

where N,(x) is arbitrary, N;(x) =0,



http://www.uni-graz.at
http://www.uni-graz.at/~fripert/

Solutions of the second cocycle equation for A =0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

where N,(x) is arbitrary, N;(x)

R(S,U,0,x) = oN3(x

o

n>1

@”INZ (x))U",

=0, and @(N3(X)) = 0.

Theorem 6. 1. If R is a solution of (Co2,..) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie—Grobner series, where Ny (x) = aSR(S,O,O,X)’S:1 =0,

N> (x)

__d
_8UR

(1,U,0,x)|y=0, N3(x)

_8R

 Jdo

(1,0,0,x)|6=0, Z(N3(x))

= 0.
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Solutions of the second cocycle equation for A =0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,0,x) = 6N3(x) Z @”INZ (x))U",

n>1

where N,(x) is arbitrary, N;(x) =0, and Z(N3(x)) = 0.

Theorem 6. 1. If R is a solution of (Co2,..) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie—Grobner series, where Ny (x) = aSR(S,O,O,X)’S:1 =0,
NQ( ): aaUR(l U 0) x)‘U:(), N3( ): aaGR(l O O x)‘c;:(), @(N3(X)) = 0.
2. If Ni(x) =0, Z(N53(x)) = 0, then the unique solution of
((Co2PD1),(Co2PD2),(Co2PD3)) as a generalized Lie—GrObner series
is a solution of (Co2;,.) and (B2).
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Solutions of the second cocycle equation for A =0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,0,x) = oN3(x) + l@’l_l(Nz(x))U”,

where N,(x) is arbitrary, N;(x) =0, and Z(N3(x)) = 0.

| 4

Theorem 6. 1. If R is a soluti
((Co2PD1),(Co2PD2),(Co2P
generalized Lie—Grobner serie
N> (x) = 2 R(1,U,0,x)|y=0, N3(x) =
2. f Ni(x) =0, Z2(N3(x)) =Q
((Co2PD1),(Co2PD2),(Co2
is a solution of (Co2;,..) and (B

— ﬂal) and (B2), then R satisfies
IS has a representation as a

) = 2.R(S,0,0,x)|s—1 =0,
,G,x)’c;:(), @(Ng()c)) = 0.
e solution of

ralized Lie—Grobner series

(

n thy
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Solutions of the second cocycle equation for A =0
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is a solution of (Co2;,.) and (B2).
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Solutions of the second cocycle equation for A =1

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,0,x) Z @” (N1 (x))U" — Ny (x),

n>0

where N (x) is arbitrary, N>(x) = Z(N;(x)), and N3(x) = 0.
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Solutions of the second cocycle equation for A = 1

The solutions of ((Co2PD1),(C 2PD3)) are

))Un —Nl(X),

| R(S,U,0,x) =

where N (x) is arbitrary, N>(x) = Z(W¥1(X)), and N3(x) = 0.
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Solutions of the second cocycle equation for A =1

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,0,x) Z @” (N1 (x))U" — Ny (x),

n>0

where N (x) is arbitrary, N>(x) = Z(N;(x)), and N3(x) = 0.

Theorem 7. 1. If R is a solution of (Co2,,..) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie—Grdbner series, where N;(x) = %R(S,0,0,xﬂs:l,

Ny (x) = %R(l,U,O,x)\U:(), D (Ni(x)) = No(x),

N3(x) %R(I,O,G,X)lg:():().
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Solutions of the second cocycle equation for A =1
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Solutions of the second cocycle equation for A =1

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,0,x) Z @” (N1 (x))U™ — Ny (x),

n>0

where N (x) is arbitrary, N>(x) = Z(N;(x)), and N3(x) = 0.

Theorem 7. 1. If R is a solutic
((Co2PD1),(Co2PD2),(Co2P
generalized Lie—Grobner seri
No(x) = aaUR(l U,0,x)|y—o, &
N3( ) = %R(I,O, G,X)lgz() = 0.
2. If N3(x) =0, Z(N,(x)) =
((Co2PD1),(Co2PD2),(Co2
is a solution of (Co2,.) and (B

) and (B2), then R satisfies
- “Wis has a representation as a
(x) = $5R(S,0,0,x)]s=1,

/X),

tho” nique solution of

ralized Lie—GrObner series
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P(F1-F) =9(

2(F)

Observations (2)

d
Fl) - Py + I H(X) ' an(x)’ (product rule)
Jd

- (P(U,x)F(G(U,x))) ‘ ,

U=0

Y L 9n(F(x)U" = BU.X)F(G(U,x)),

!
nzon.

where P(U,x) = Y|

J - -
ﬁP(va) = 9(P(U,x)),

(—x;)[G(U,x)), G(U,x) is a formal iteration

group of type Il with formal generator H.
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Observations (3)

F(x) < % (P(U,x)F(G(U,x))) =0 <
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Observations (3)
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P(U.
- 9(F)

x)F

0 <—

.ifK'lz

® ifK1=

F(x)

Observations (3)

(G(U,x)) = F(x) <= 75 (P(U,x)F(G(U,x))) = 0 <=

=K1 =0: F(X):F()E(C,
.=kK_,=0andk,#0andr<k—lorr=k—1landk;,_; ¢ N:

0,
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Observations (3)

P(U,x)F(G(U,x)) = F(x) <= 57 (P(U,x)F (G(U,x))) = 0 <=

| D(F ):O

0ifK]:...:Kk_1:OZF(X):F()E(C,

e ifiy=...=K ,=0andk,#0andr<k—lorr=k—1and x;_{ €N:
F(x) =0,

eifki=...=K,.,=0and K,_1 =ngp € N: F(x) — FnO (Xn0—|—zn>n0ann),

where F,, € C.
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Observations (3)

P(U,x)F(G(U,x)) = F(x) < £ (P(U,x)F(G(U,x))) = 0 <>
Y (F)=0<«<=

e iffxKi=...=K,_1=0: F(X):F()EC,

e ifiy=...=K ,=0andk,#0andr<k—lorr=k—1and x;_{ €N:
F(x) =0,

o ifKi=...=K,_»=0and k;_; :FZQENZ F(x) :Fno(xn0+zn>n0ann),

where F,, € C.

Y(F)=R<= F(x) = /P(U,x)R(G(U,x))dU|U:0 (primitive function)
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