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Lie–Gröbner series

Let F(x),H(x) ∈ C[[x]] be formal series. Consider the differential
operator

D:C[[x]]→ C[[x]], D(F) := F ′(x)H(x).

Iterative powers of D are defined as

Dn(F) =

{
F if n = 0
D(Dn−1(F)) if n > 0.

The Lie–Gröbner series of F is the series

LG(F) := ∑
n≥0

yn

n!
Dn(F) ∈ C[[x,y]].
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Observations (1)

For Fi ∈ C[[x]], ci ∈ C, 1≤ i≤ m, n,m ∈ N we have

Dn
( m

∑
i=1

ciFi

)
=

m

∑
i=1

ciDn(Fi), (Linearity)

D(F1 ·F2) = D(F1)F2+F1D(F2), (product rule)

Dn(F1 ·F2) =
n

∑
j=0

(
n
j

)
D j(F1)Dn− j(F2),
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Observations (1)

For Fi ∈ C[[x]], ci ∈ C, 1≤ i≤ m, n,m ∈ N we have

Dn
( m

∑
i=1

ciFi

)
=

m

∑
i=1

ciDn(Fi), (Linearity)

D(F1 ·F2) = D(F1)F2+F1D(F2), (product rule)

Dn(F1 ·F2) =
n

∑
j=0

(
n
j

)
D j(F1)Dn− j(F2),

LG
( m

∑
i=1

ciFi

)
=

m

∑
i=1

ciLG(Fi), (Linearity)

LG
( m

∏
i=1

Fi

)
=

m

∏
i=1

LG(Fi). (Multiplicativity)
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Commutation Theorem

For F(x) = ∑
n≥0

fnxn ∈ C[[x]]

let Fk(x) =
k

∑
n=0

fnxn ∈ C[x]. Then

LG(Fk(x)) = LG
( k

∑
n=0

fnxn
)
=

k

∑
n=0

fnLG(x)n = Fk(LG(x)).

Since F is the limit of Fk we obtain

Theorem 1. For any power series F(x) ∈ C[[x]] we have

LG(F(x)) = F(LG(x)). (LG)
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The translation equation

Translation equation

F(s+ t,x) = F
(
s,F(t,x)

)
, s, t ∈ C. (T)
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The translation equation

Translation equation

F(s+ t,x) = F
(
s,F(t,x)

)
, s, t ∈ C. (T)

We study solutions

F(s,x) = x+ ∑
n≥k

cn(s)xn ∈ C[[x]]

of (T) in the ring of formal power series over C where cn:C→ C, k ≥ 2,
ck 6= 0. The cn are polynomials Pn(ck) in ck.
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The translation equation

Translation equation

F(s+ t,x) = F
(
s,F(t,x)

)
, s, t ∈ C. (T)

We study solutions

F(s,x) = x+ ∑
n≥k

cn(s)xn ∈ C[[x]]

of (T) in the ring of formal power series over C where cn:C→ C, k ≥ 2,
ck 6= 0. The cn are polynomials Pn(ck) in ck.

Solutions of (T) are called iteration groups of type II .
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The translation equation

Translation equation

F(s+ t,x) = F
(
s,F(t,x)

)
, s, t ∈ C. (T)

We study solutions

F(s,x) = x+ ∑
n≥k

cn(s)xn ∈ C[[x]]

of (T) in the ring of formal power series over C where cn:C→ C, k ≥ 2,
ck 6= 0. The cn are polynomials Pn(ck) in ck.

Solutions of (T) are called iteration groups of type II .

(T) implies that ck is an additive function.
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Formal iteration groups of type II

If ck is a nontrivial additive function, then ck takes infinitely many values.
Each occurrence of ck(s) and ck(t) for indipendent values s, t ∈ C in (T)
can be replaced by y and z, two independent variables. We obtain the
formal translation equation in (C[y,z])[[x]]:

G(y+ z,x) = G
(
y,G(z,x)

)
(Tformal)

G(y,x) = x+ yxk + ∑
n>k

Pn(y)xn, Pn(y) ∈ C[y], n > k ≥ 2,

G(0,x) = x. (B)
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Formal iteration groups of type II

If ck is a nontrivial additive function, then ck takes infinitely many values.
Each occurrence of ck(s) and ck(t) for indipendent values s, t ∈ C in (T)
can be replaced by y and z, two independent variables. We obtain the
formal translation equation in (C[y,z])[[x]]:

G(y+ z,x) = G
(
y,G(z,x)

)
(Tformal)

G(y,x) = x+ yxk + ∑
n>k

Pn(y)xn, Pn(y) ∈ C[y], n > k ≥ 2,

G(0,x) = x. (B)

Theorem 2. F(s,x) = x+ ck(s)xk +∑n>k Pn(ck(s))xn is a solution of (T) if
and only if G(y,x) = x+ yxk +∑n>k Pn(y)xn is a solution of (Tformal) and
(B).
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A differential equation for the translation equation

We are looking for relations between the solutions G(y,x) of (Tformal) and
the formal generator H(x) of G

∂

∂y
G(y,x)|y=0 = xk + ∑

n>k
hnxn = H(x).

Here hk := 1. Notice that in the situation of an analytic iteration group
the coefficient of xk in H(x) may be different from 1.
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A differential equation for the translation equation

We are looking for relations between the solutions G(y,x) of (Tformal) and
the formal generator H(x) of G

∂

∂y
G(y,x)|y=0 = xk + ∑

n>k
hnxn = H(x).

Here hk := 1. Notice that in the situation of an analytic iteration group
the coefficient of xk in H(x) may be different from 1.

Differentiation of (Tformal) with respect to z together with the mixed chain
rule and putting z = 0 yields

∂

∂y
G(y,x) = H(x)

∂

∂x
G(y,x). (PDformal)

In other words ∂

∂y G(y,x) = D(G(y,x)), where D(F(x)) := H(x) ∂

∂x F(x).
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Reordering the summands of G

Since the solutions of (Tformal) are elements of (C[y])[[x]] it is possible to
write them in the form

G(y,x) = ∑
n≥0

φn(x)yn ∈ (C[[x]])[[y]].
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Reordering the summands of G

Since the solutions of (Tformal) are elements of (C[y])[[x]] it is possible to
write them in the form

G(y,x) = ∑
n≥0

φn(x)yn ∈ (C[[x]])[[y]].

This allows us to rewrite (PDformal) and (B) as

∑
n≥1

nφn(x)yn−1 = ∑
n≥0

D(φn(x))yn (1)

φ0(x) = x. (2)

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 8 of 28

Go Back

Full Screen

Close

Quit

Reordering the summands of G

Since the solutions of (Tformal) are elements of (C[y])[[x]] it is possible to
write them in the form

G(y,x) = ∑
n≥0

φn(x)yn ∈ (C[[x]])[[y]].

This allows us to rewrite (PDformal) and (B) as

∑
n≥1

nφn(x)yn−1 = ∑
n≥0

D(φn(x))yn (1)

φ0(x) = x. (2)

(1) is satisfied if and only if

φn+1(x) =
1

n+1
D(φn(x)) (1n)

holds true for all n≥ 0.
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Solution as a Lie–Gröbner series

By induction we derive from (1n) that

φ0(x) =
D0(x)

0!
and φn(x) =

Dn(x)
n!

, n≥ 1.

Thus
G(y,x) = ∑

n≥0
φn(x)yn = ∑

n≥0

1
n!

Dn(x)yn = LG(x),

where
D:C[[x]]→ C[[x]], D(F(x)) := H(x)F ′(x).
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Solution as a Lie–Gröbner series

By induction we derive from (1n) that

φ0(x) =
D0(x)

0!
and φn(x) =

Dn(x)
n!

, n≥ 1.

Thus
G(y,x) = ∑

n≥0
φn(x)yn = ∑

n≥0

1
n!

Dn(x)yn = LG(x),

where
D:C[[x]]→ C[[x]], D(F(x)) := H(x)F ′(x).

Theorem 3. 1. If G is a solution of ((Tformal),(B)), then it is a solution of
(PDformal), whence it is the Lie-Gröbner series LG(x) where H is the
formal generator of G.
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Solution as a Lie–Gröbner series

By induction we derive from (1n) that

φ0(x) =
D0(x)

0!
and φn(x) =

Dn(x)
n!

, n≥ 1.

Thus
G(y,x) = ∑

n≥0
φn(x)yn = ∑

n≥0

1
n!

Dn(x)yn = LG(x),

where
D:C[[x]]→ C[[x]], D(F(x)) := H(x)F ′(x).

Theorem 3. 1. If G is a solution of ((Tformal),(B)), then it is a solution of
(PDformal), whence it is the Lie-Gröbner series LG(x) where H is the
formal generator of G.
2. For any generator H(x) = xk +∑n>k hnxn, k ≥ 2, the unique solution
G(y,x) = LG(x) of the system ((1),(2)) is a solution of (Tformal).
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Proof

G(y,G(z,x)) = ∑
n≥0

1
n!

ynDn
(

∑
ν≥0

1
ν!

zνDν(x)
)

= ∑
n≥0

∑
ν≥0

1
n!

1
ν!

ynzνDn+ν(x)

= ∑
N≥0

N

∑
n=0

1
N!

N!
n!(N−n)!

ynzN−nDN(x)

= ∑
N≥0

1
N!

( N

∑
n=0

(
N
n

)
ynzN−n

)
DN(x)

= ∑
N≥0

1
N!

(y+ z)NDN(x)

= G(y+ z,x).
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Commutation Theorem for iteration groups of type II

As an immediate conseqeunce of the commutation theorem (LG) we get

Theorem 4. Let

G(y,x) = ∑
n≥0

1
n!

Dn(x)yn, D(F(x)) = F ′(x)H(x),

be a formal iteration group of type II with formal generator H(x). Then
for any power series K(x) of order at least 1 we have

G(y,K(x)) = K(G(y,x)).
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The general idea

functional equation
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The general idea

functional equation
m

formal equation

replacing indepenedent values by independent variables
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The general idea

functional equation
m

formal equation
⇓

differential equation

differentiation, mixed chain rule, purely algebraic differentiation
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The general idea

functional equation
m

formal equation
⇓

differential equation
⇓

reordering of the series

reordering the summands

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 12 of 28

Go Back

Full Screen

Close

Quit

The general idea

functional equation
m

formal equation
⇓

differential equation
⇓

reordering of the series
⇓

solution as a (generalized) Lie–Gröbner series

solving by comparing coefficients
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The general idea

functional equation
m

formal equation
⇓

differential equation
⇓

reordering of the series
⇓

solution as a (generalized) Lie–Gröbner series
⇓

this (generalized) Lie–Gröbner series is a solution of the formal equation

⇐=

relative simpel proof
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The first cocycle equation
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The first cocycle equation

α(s+ t,x) = α(s,x)α
(
t,F(s,x)

)
, s, t ∈ C, (Co1)

for
α(s,x) = ∑

n≥0
αn(s)xn, with α(0,x) = 1.

F is an iteration group of type II. α0 is an exponential function.
Substitution into the logarithmic series yields

γ(s,x) := log
(

α(s,x)
α0(s)

)
= ∑

n≥1
γn(s)xn,

γ(s+ t,x) = γ(s,x)+ γ
(
t,F(s,x)

)
, γ(0,x) = 0. (Co1log)

We obtain the formal first cocycle equation in (C[y,z])[[x]]

Γ(y+ z,x) = Γ(y,x)+Γ
(
z,G(y,x)

)
, Γ(0,x) = 0. (Co1formal)

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 13 of 28

Go Back

Full Screen

Close

Quit

The first cocycle equation

α(s+ t,x) = α(s,x)α
(
t,F(s,x)

)
, s, t ∈ C, (Co1)

for
α(s,x) = ∑

n≥0
αn(s)xn, with α(0,x) = 1.

F is an iteration group of type II. α0 is an exponential function.
Substitution into the logarithmic series yields

γ(s,x) := log
(

α(s,x)
α0(s)

)
= ∑

n≥1
γn(s)xn,

γ(s+ t,x) = γ(s,x)+ γ
(
t,F(s,x)

)
, γ(0,x) = 0. (Co1log)

We obtain the formal first cocycle equation in (C[y,z])[[x]]

Γ(y+ z,x) = Γ(y,x)+Γ
(
z,G(y,x)

)
, Γ(0,x) = 0. (Co1formal)
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The first cocycle equation

α(s+ t,x) = α(s,x)α
(
t,F(s,x)

)
, s, t ∈ C, (Co1)

for
α(s,x) = ∑

n≥0
αn(s)xn, with α(0,x) = 1.

F is an iteration group of type II. α0 is an exponential function.
Substitution into the logarithmic series yields

γ(s,x) := log
(

α(s,x)
α0(s)

)
= ∑

n≥1
γn(s)xn,

γ(s+ t,x) = γ(s,x)+ γ
(
t,F(s,x)

)
, γ(0,x) = 0. (Co1log)

We obtain the formal first cocycle equation in (C[y,z])[[x]]

Γ(y+ z,x) = Γ(y,x)+Γ
(
z,G(y,x)

)
, Γ(0,x) = 0. (Co1formal)
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A differential equation for the first cocycle equation

Differentiation of (Co1formal) with respect to z together with the mixed
chain rule and putting z = 0 yields

∂

∂y
Γ(y,x) = K(x)+H(x)

∂

∂x
Γ(y,x), (Co1PDformal)

where K(x) := ∂

∂y Γ(y,x)|y=0 and H(x) is the formal generator of the
formal iteration group G(y,x).

Thus ∂

∂y Γ(y,x) = K(x)+D(Γ(y,x)), where D(F(x)) := H(x) ∂

∂x F(x).
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A differential equation for the first cocycle equation

Differentiation of (Co1formal) with respect to z together with the mixed
chain rule and putting z = 0 yields

∂

∂y
Γ(y,x) = K(x)+H(x)

∂

∂x
Γ(y,x), (Co1PDformal)

where K(x) := ∂

∂y Γ(y,x)|y=0 and H(x) is the formal generator of the
formal iteration group G(y,x).

Thus ∂

∂y Γ(y,x) = K(x)+D(Γ(y,x)), where D(F(x)) := H(x) ∂

∂x F(x).
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A differential equation for the first cocycle equation

Differentiation of (Co1formal) with respect to z together with the mixed
chain rule and putting z = 0 yields

∂

∂y
Γ(y,x) = K(x)+H(x)

∂

∂x
Γ(y,x), (Co1PDformal)

where K(x) := ∂

∂y Γ(y,x)|y=0 and H(x) is the formal generator of the
formal iteration group G(y,x).

Thus ∂

∂y Γ(y,x) = K(x)+D(Γ(y,x)), where D(F(x)) := H(x) ∂

∂x F(x).
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Reordering the summands of Γ

Since the solution of (Co1formal) are elements of (C[y])[[x]] it is possible to
write them in the form

Γ(y,x) = ∑
n≥1

ψn(x)yn ∈ (C[[x]])[[y]].
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Reordering the summands of Γ

Since the solution of (Co1formal) are elements of (C[y])[[x]] it is possible to
write them in the form

Γ(y,x) = ∑
n≥1

ψn(x)yn ∈ (C[[x]])[[y]].

This allows us to rewrite (Co1PDformal) as

∑
n≥1

nψn(x)yn−1 = K(x)+ ∑
n≥1

D(ψn(x))yn. (3)
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Reordering the summands of Γ

Since the solution of (Co1formal) are elements of (C[y])[[x]] it is possible to
write them in the form

Γ(y,x) = ∑
n≥1

ψn(x)yn ∈ (C[[x]])[[y]].

This allows us to rewrite (Co1PDformal) as

∑
n≥1

nψn(x)yn−1 = K(x)+ ∑
n≥1

D(ψn(x))yn. (3)

(3) is satisfied if and only if

ψ1(x) = K(x)

ψn+1(x) =
1

n+1
D(ψn(x)), n≥ 1,

holds true.
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Reordering the summands of Γ

Since the solution of (Co1formal) are elements of (C[y])[[x]] it is possible to
write them in the form

Γ(y,x) = ∑
n≥1

ψn(x)yn ∈ (C[[x]])[[y]].

This allows us to rewrite (Co1PDformal) as

∑
n≥1

nψn(x)yn−1 = K(x)+ ∑
n≥1

D(ψn(x))yn. (3)

(3) is satisfied if and only if

ψ1(x) = K(x)

ψn+1(x) =
1

n+1
D(ψn(x)), n≥ 1,

holds true.
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Solution as a generalized Lie–Gröbner series

The unique solution of (3) with Γ(0,x) = 0 is

Γ(y,x) = ∑
n≥1

ψn(x)yn = ∑
n≥1

1
n!

Dn−1(K(x))yn,

where
D:C[[x]]→ C[[x]], D(F(x)) := H(x)F ′(x).
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Solution as a generalized Lie–Gröbner series

The unique solution of (3) with Γ(0,x) = 0 is

Γ(y,x) = ∑
n≥1

ψn(x)yn = ∑
n≥1

1
n!

Dn−1(K(x))yn,

where
D:C[[x]]→ C[[x]], D(F(x)) := H(x)F ′(x).
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Solution as a generalized Lie–Gröbner series

The unique solution of (3) with Γ(0,x) = 0 is

Γ(y,x) = ∑
n≥1

ψn(x)yn = ∑
n≥1

1
n!

Dn−1(K(x))yn,

where
D:C[[x]]→ C[[x]], D(F(x)) := H(x)F ′(x).

Theorem 5. 1. If Γ is a solution of (Co1formal), then it is a solution of
(Co1PDformal), it has a representation as a generalized Lie–Gröbner
series where H is the formal generator of the iteration group G.
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Solution as a generalized Lie–Gröbner series

The unique solution of (3) with Γ(0,x) = 0 is

Γ(y,x) = ∑
n≥1

ψn(x)yn = ∑
n≥1

1
n!

Dn−1(K(x))yn,

where
D:C[[x]]→ C[[x]], D(F(x)) := H(x)F ′(x).

Theorem 5. 1. If Γ is a solution of (Co1formal), then it is a solution of
(Co1PDformal), it has a representation as a generalized Lie–Gröbner
series where H is the formal generator of the iteration group G.
2. Let G be a formal iteration group of type II with formal generator H.
For any series K(x) of order at least 1 the unique solution Γ(y,x) of (3)
with Γ(0,x) = 0 is a solution of (Co1formal). (The proof is based on the
Commutation Theorem for iteration groups of type II.)
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with Γ(0,x) = 0 is a solution of (Co1formal). (The proof is based on the
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Γ(y,x) = ∑
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ψn(x)yn = ∑
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where
D:C[[x]]→ C[[x]], D(F(x)) := H(x)F ′(x).

Theorem 5. 1. If Γ is a solution of (Co1formal), then it is a solution of
(Co1PDformal), it has a representation as a generalized Lie–Gröbner
series where H is the formal generator of the iteration group G.
2. Let G be a formal iteration group of type II with formal generator H.
For any series K(x) of order at least 1 the unique solution Γ(y,x) of (3)
with Γ(0,x) = 0 is a solution of (Co1formal). (The proof is based on the
Commutation Theorem for iteration groups of type II.)
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The second cocycle equation
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The second cocycle equation

β (s+ t,x) = β (s,x)α
(
t,F(s,x)

)
+β

(
t,F(s,x)

)
, s, t ∈ C, (Co2)

for
β (s,x) = ∑

n≥0
βn(s)xn, with β (0,x) = 0.

α is a solution of (Co1), F is an iteration group of type II.

R(ST,U +V,σ + τ,x) = R(S,U,σ ,x)+Sλ P̃(U,x)R(T,V,τ,G(U,x))
(Co2formal)

R(1,0,0,x) = 0. (B2)

where R(S,U,σ ,x) ∈ (C[S,U,σ ])[[x]] and λ ∈ {0,1}.

P̃(U,x) = ∑
k−1
j=1(−κ j)[G(U,x)] j is a solution of (Co1formal), and G(U,x) is

a formal iteration group of type II with formal generator H.
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The second cocycle equation
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for
β (s,x) = ∑
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βn(s)xn, with β (0,x) = 0.
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j=1(−κ j)[G(U,x)] j is a solution of (Co1formal), and G(U,x) is
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The second cocycle equation

β (s+ t,x) = β (s,x)α
(
t,F(s,x)

)
+β

(
t,F(s,x)

)
, s, t ∈ C, (Co2)

for
β (s,x) = ∑

n≥0
βn(s)xn, with β (0,x) = 0.

α is a solution of (Co1), F is an iteration group of type II.

R(ST,U +V,σ + τ,x) = R(S,U,σ ,x)+Sλ P̃(U,x)R(T,V,τ,G(U,x))
(Co2formal)

R(1,0,0,x) = 0. (B2)

where R(S,U,σ ,x) ∈ (C[S,U,σ ])[[x]] and λ ∈ {0,1}.

P̃(U,x) = ∑
k−1
j=1(−κ j)[G(U,x)] j is a solution of (Co1formal), and G(U,x) is

a formal iteration group of type II with formal generator H.
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Differential equations for the second cocycle equation

Consider the generalized operator

D :C[[x]]→ C[[x]], D(F(x)) =
(k−1

∑
j=1
−κ jx j

)
F(x)+F ′(x)H(x).

If κ1 = . . .= κk−1 = 0, then D = D.
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Differential equations for the second cocycle equation

Consider the generalized operator

D :C[[x]]→ C[[x]], D(F(x)) =
(k−1

∑
j=1
−κ jx j

)
F(x)+F ′(x)H(x).

If κ1 = . . .= κk−1 = 0, then D = D.
By differentiating (Co2formal) with respect to S (U and σ ) and setting
S = 1, U = 0, and σ = 0 we get

T
∂

∂T
R(T,V,τ,x) = N1(x)+λR(T,V,τ,x), (Co2PD1)

∂

∂V
R(T,V,τ,x) = N2(x)+D(R(T,V,τ,x)), (Co2PD2)

∂

∂τ
R(T,V,τ,x) = N3(x), (Co2PD3)

where N1, N2 and N3 are generators.
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−κ jx j
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By differentiating (Co2formal) with respect to S (U and σ ) and setting
S = 1, U = 0, and σ = 0 we get

T
∂
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R(T,V,τ,x) = N1(x)+λR(T,V,τ,x), (Co2PD1)

∂

∂V
R(T,V,τ,x) = N2(x)+D(R(T,V,τ,x)), (Co2PD2)

∂
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R(T,V,τ,x) = N3(x), (Co2PD3)

where N1, N2 and N3 are generators.
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Differential equations for the second cocycle equation

Consider the generalized operator

D :C[[x]]→ C[[x]], D(F(x)) =
(k−1

∑
j=1
−κ jx j

)
F(x)+F ′(x)H(x).

If κ1 = . . .= κk−1 = 0, then D = D.
By differentiating (Co2formal) with respect to S (U and σ ) and setting
S = 1, U = 0, and σ = 0 we get

T
∂

∂T
R(T,V,τ,x) = N1(x)+λR(T,V,τ,x), (Co2PD1)

∂

∂V
R(T,V,τ,x) = N2(x)+D(R(T,V,τ,x)), (Co2PD2)

∂

∂τ
R(T,V,τ,x) = N3(x), (Co2PD3)

where N1, N2 and N3 are generators.
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Reordering the summands of R

We consider the solutions R(S,Uσ ,x) of (Co2formal) as elements of
(C[S,σ ])[[U,x]], and write them in the form

R(S,Uσ ,x) = ∑
n≥0

Rn(S,σ ,x)Un

with Rn(S,σ ,x) ∈ (C[S,σ ])[[x]].

(Co2PD2) is rewritten as

∑
n≥1

nRn(S,σ ,x)Un−1 = N2(x)+ ∑
n≥0

D(Rn(S,σ ,x))Un.
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Reordering the summands of R

We consider the solutions R(S,Uσ ,x) of (Co2formal) as elements of
(C[S,σ ])[[U,x]], and write them in the form

R(S,Uσ ,x) = ∑
n≥0

Rn(S,σ ,x)Un

with Rn(S,σ ,x) ∈ (C[S,σ ])[[x]].

(Co2PD2) is rewritten as

∑
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Reordering the summands of R

We consider the solutions R(S,Uσ ,x) of (Co2formal) as elements of
(C[S,σ ])[[U,x]], and write them in the form

R(S,Uσ ,x) = ∑
n≥0

Rn(S,σ ,x)Un

with Rn(S,σ ,x) ∈ (C[S,σ ])[[x]].

(Co2PD2) is rewritten as

∑
n≥1

nRn(S,σ ,x)Un−1 = N2(x)+ ∑
n≥0

D(Rn(S,σ ,x))Un.
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Solutions of the second cocycle equation for λ = 0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = σN3(x)+ ∑
n≥1

1
n!

Dn−1(N2(x))Un,

where N2(x) is arbitrary, N1(x) = 0, and D(N3(x)) = 0.
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Solutions of the second cocycle equation for λ = 0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = σN3(x)+ ∑
n≥1

1
n!

Dn−1(N2(x))Un,

where N2(x) is arbitrary, N1(x) = 0, and D(N3(x)) = 0.
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Solutions of the second cocycle equation for λ = 0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = σN3(x)+ ∑
n≥1

1
n!

Dn−1(N2(x))Un,

where N2(x) is arbitrary, N1(x) = 0, and D(N3(x)) = 0.

Theorem 6. 1. If R is a solution of (Co2formal) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie–Gröbner series, where N1(x) = ∂

∂S R(S,0,0,x)|S=1 = 0,
N2(x) = ∂

∂U R(1,U,0,x)|U=0, N3(x) = ∂

∂σ
R(1,0,σ ,x)|σ=0, D(N3(x)) = 0.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 20 of 28

Go Back

Full Screen

Close

Quit

Solutions of the second cocycle equation for λ = 0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = σN3(x)+ ∑
n≥1

1
n!

Dn−1(N2(x))Un,

where N2(x) is arbitrary, N1(x) = 0, and D(N3(x)) = 0.

Theorem 6. 1. If R is a solution of (Co2formal) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie–Gröbner series, where N1(x) = ∂

∂S R(S,0,0,x)|S=1 = 0,
N2(x) = ∂

∂U R(1,U,0,x)|U=0, N3(x) = ∂

∂σ
R(1,0,σ ,x)|σ=0, D(N3(x)) = 0.

2. If N1(x) = 0, D(N3(x)) = 0, then the unique solution of
((Co2PD1),(Co2PD2),(Co2PD3)) as a generalized Lie–Gröbner series
is a solution of (Co2formal) and (B2).
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Solutions of the second cocycle equation for λ = 0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = σN3(x)+ ∑
n≥1

1
n!

Dn−1(N2(x))Un,

where N2(x) is arbitrary, N1(x) = 0, and D(N3(x)) = 0.

Theorem 6. 1. If R is a solution of (Co2formal) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie–Gröbner series, where N1(x) = ∂

∂S R(S,0,0,x)|S=1 = 0,
N2(x) = ∂

∂U R(1,U,0,x)|U=0, N3(x) = ∂

∂σ
R(1,0,σ ,x)|σ=0, D(N3(x)) = 0.

2. If N1(x) = 0, D(N3(x)) = 0, then the unique solution of
((Co2PD1),(Co2PD2),(Co2PD3)) as a generalized Lie–Gröbner series
is a solution of (Co2formal) and (B2).
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Solutions of the second cocycle equation for λ = 0

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = σN3(x)+ ∑
n≥1

1
n!

Dn−1(N2(x))Un,

where N2(x) is arbitrary, N1(x) = 0, and D(N3(x)) = 0.

Theorem 6. 1. If R is a solution of (Co2formal) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie–Gröbner series, where N1(x) = ∂

∂S R(S,0,0,x)|S=1 = 0,
N2(x) = ∂

∂U R(1,U,0,x)|U=0, N3(x) = ∂

∂σ
R(1,0,σ ,x)|σ=0, D(N3(x)) = 0.

2. If N1(x) = 0, D(N3(x)) = 0, then the unique solution of
((Co2PD1),(Co2PD2),(Co2PD3)) as a generalized Lie–Gröbner series
is a solution of (Co2formal) and (B2).
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Solutions of the second cocycle equation for λ = 1

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = S ∑
n≥0

1
n!

Dn(N1(x))Un−N1(x),

where N1(x) is arbitrary, N2(x) = D(N1(x)), and N3(x) = 0.
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Solutions of the second cocycle equation for λ = 1

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = S ∑
n≥0

1
n!

Dn(N1(x))Un−N1(x),

where N1(x) is arbitrary, N2(x) = D(N1(x)), and N3(x) = 0.
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Solutions of the second cocycle equation for λ = 1

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = S ∑
n≥0

1
n!

Dn(N1(x))Un−N1(x),

where N1(x) is arbitrary, N2(x) = D(N1(x)), and N3(x) = 0.

Theorem 7. 1. If R is a solution of (Co2formal) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie–Gröbner series, where N1(x) = ∂

∂S R(S,0,0,x)|S=1,
N2(x) = ∂

∂U R(1,U,0,x)|U=0, D(N1(x)) = N2(x),
N3(x) = ∂

∂σ
R(1,0,σ ,x)|σ=0 = 0.
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Solutions of the second cocycle equation for λ = 1

The solutions of ((Co2PD1),(Co2PD2),(Co2PD3)) are

R(S,U,σ ,x) = S ∑
n≥0

1
n!

Dn(N1(x))Un−N1(x),

where N1(x) is arbitrary, N2(x) = D(N1(x)), and N3(x) = 0.

Theorem 7. 1. If R is a solution of (Co2formal) and (B2), then R satisfies
((Co2PD1),(Co2PD2),(Co2PD3)), whence is has a representation as a
generalized Lie–Gröbner series, where N1(x) = ∂

∂S R(S,0,0,x)|S=1,
N2(x) = ∂

∂U R(1,U,0,x)|U=0, D(N1(x)) = N2(x),
N3(x) = ∂

∂σ
R(1,0,σ ,x)|σ=0 = 0.

2. If N3(x) = 0, D(N1(x)) = N2(x), then the unique solution of
((Co2PD1),(Co2PD2),(Co2PD3)) as a generalized Lie–Gröbner series
is a solution of (Co2formal) and (B2).
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Observations (2)

D(F1 ·F2) = D(F1) ·F2+F1 ·H(x) · ∂

∂x
F2(x), (product rule)

D(F) =
∂

∂U

(
P̃(U,x)F(G(U,x))

)∣∣∣
U=0

,

∑
n≥0

1
n!

Dn(F(x))Un = P̃(U,x)F(G(U,x)),

∂

∂U
P̃(U,x) = D(P̃(U,x)),

where P̃(U,x) = ∑
k−1
j=1(−κ j)[G(U,x)] j, G(U,x) is a formal iteration

group of type II with formal generator H.
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Observations (3)

P̃(U,x)F(G(U,x)) = F(x)⇐⇒ ∂

∂U (P̃(U,x)F(G(U,x))) = 0⇐⇒
D(F) = 0⇐⇒
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Observations (3)

P̃(U,x)F(G(U,x)) = F(x)⇐⇒ ∂

∂U (P̃(U,x)F(G(U,x))) = 0⇐⇒
D(F) = 0⇐⇒

• if κ1 = . . .= κk−1 = 0: F(x) = F0 ∈ C,
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Observations (3)

P̃(U,x)F(G(U,x)) = F(x)⇐⇒ ∂

∂U (P̃(U,x)F(G(U,x))) = 0⇐⇒
D(F) = 0⇐⇒

• if κ1 = . . .= κk−1 = 0: F(x) = F0 ∈ C,

• if κ1 = . . .= κr−2 = 0 and κr 6= 0 and r < k−1 or r = k−1 and κk−1 6∈N:
F(x) = 0,
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Observations (3)

P̃(U,x)F(G(U,x)) = F(x)⇐⇒ ∂

∂U (P̃(U,x)F(G(U,x))) = 0⇐⇒
D(F) = 0⇐⇒

• if κ1 = . . .= κk−1 = 0: F(x) = F0 ∈ C,

• if κ1 = . . .= κr−2 = 0 and κr 6= 0 and r < k−1 or r = k−1 and κk−1 6∈N:
F(x) = 0,

• if κ1 = . . .= κk−2 = 0 and κk−1 = n0 ∈N: F(x) = Fn0

(
xn0+∑n>n0

Fnxn
)
,

where Fn0 ∈ C.
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Observations (3)

P̃(U,x)F(G(U,x)) = F(x)⇐⇒ ∂

∂U (P̃(U,x)F(G(U,x))) = 0⇐⇒
D(F) = 0⇐⇒

• if κ1 = . . .= κk−1 = 0: F(x) = F0 ∈ C,

• if κ1 = . . .= κr−2 = 0 and κr 6= 0 and r < k−1 or r = k−1 and κk−1 6∈N:
F(x) = 0,

• if κ1 = . . .= κk−2 = 0 and κk−1 = n0 ∈N: F(x) = Fn0

(
xn0+∑n>n0

Fnxn
)
,

where Fn0 ∈ C.

D(F) = R⇐⇒ F(x) =
∫

P̃(U,x)R(G(U,x))dU |U=0 (primitive function)
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