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e Why formal equations in C[x]|?

e The formal translation equation.

| e The formal cocycle equation.

e Formal autonomous, or partial differential equations, or Aczél-
Jabotinsky type equations.
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The translation equation

We study the translation equation
F(S+t,x):F(s,F(t,x)), s,t € C,

where
F(s,x)= Z’lcn(s)x" cClx], seC,

with ord(F'(s,x)) =1 for all s € C, whence c;(s) # 0 for all s € C.
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The translation equation

We study the translation equation

| F(S—I—t,x):F(S,F(t,x)), s,t € C,

|
where

| F(s,x) = Z cq(s)x" € Cllx], s € C,

n>1

ci(s+1) =ci(s)ci(1)
| cr(s+1) = c1(8)ea(t) +ca(s)er (t)?
' co(s+1) =ci(s)cn(t) +cp(s)cr(2)"

|
for all s, € C.

| with ord(F (s,x)) = 1 for all s € C, whence c;(s) # 0 forall s € C.
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Observations:

UNI
o ci(s+1t) =ci(s)ci(t), s,t € C, thus c; is a generalized exponential
function. We restrict ourselves to c¢; # 1.
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Observations:

o ci(s+1t) =ci(s)ci(t), s,t € C, thus c; is a generalized exponential
function. We restrict ourselves to ¢y # 1.

o cu(s) =Py(ci(s)),s€eC,n>1.
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Observations:

o ci(s+1t) =ci(s)ci(t), s,t € C, thus c; is a generalized exponential
function. We restrict ourselves to ¢y # 1.

o cu(s) =Py(ci(s)),s€eC,n>1.

® Cy
B

(s + 1)

(P2 (C

|

(5)

).

Ey

(c1(s) - a1(t)) =

P, (Cl (S)), C1 (t

)

c1(s)Pu(c1(r)) + Bu(ci(s))er(t)" +
vo s Bi_i(c1(2))) forall s,z € C.
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Observations:

UNI
e ci(s+1) = ci(s)ci(t), s,t € C, thus ¢y is a generalized exponential

| function. We restrict ourselves to ¢; # 1.

o cu(s) =Pi(ci(s)),s€eC,n>1.

o c,(s + 1) P,(ci(s) - c1(t)) = c1(s)Py(cy(

: = t)) + Pulci(s))er(t)" +
Pn(Pz(Cl(S)),...,Pn_l(Cl(S)),Cl(t>,. ,Pn_l(Cl(t

))) forall s,z € C.

e Lemma. Assume that e = 1 is a generalized exponential function and

let P(y,z) € Cly,z]. If P(e(s),e(t)) =0 forall s, € C, then P =0.
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The formal translation equation

(T) is equivalent to the formal translation equation
G(y-z,x) = G(y,G(z,x))
in (Cy,2])[[x] for

G(y,x) =yx+ Y P.(y)x",

n>?2

P,(y) € C|y], n > 2, and the boundary condition

G(1,x) =x.

(Tformal)
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Formal differential equations for (T)

G(y-z,x) = G(y,G(z,x))

(Tformal)
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Formal differential equations for (T)

G(y-z,x) = G(y,G(z,x))
Differentiation of (T;,ma) With respect to y yields

J J
75 G(1,3) 1=z = &yG(y,G(w))-

(Tformal)
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Formal differential equations for (T)

G(y y va) — G(y7 G(Z,X)) (Tformal)

| Differentiation of (T;,ma) With respect to y yields

d d

I 25 G(t.3) e = 5-G(0.G(2.)),

For y =1 we get

0
| aZ (Z X) H(G(Z,X)), (Dformal)
| where 3
| H(x) =x+ Z hx" = a—G(y,x)]yzl
n>2 Y

| is the infinitesimal generator of G.



http://www.uni-graz.at
http://www.uni-graz.at/~fripert/

I
8 = :
3 R 3
[0}
3 8 )
@ Q Q
(5}

n 0
4 N
5 o - & S
2 3 ¢ 7
@ > o Q
4] B8 N
S

Formal differential equations for (T) cont.

G(y-z,x) = G(y,G(z,x))

(Tformal)
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Formal differential equations for (T) cont.

G(y-z,x) = G(y,G(z,x))

26
Z&’z

(%) = H(G(z,x))

(Tformal)

(Dformal)
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Formal differential equations for (T) cont.

| G(y y va) — G(y7 G(Z,X)) (Tformal)
| 2 Gle,) = H(G(z 1) (Durn

Similarly, differentiation of (T,.a) With respect to z, application of the

mixed chain rule and setting z = 1 yields

2, 2,
| ya_y G(y7 .X) —3 H(x)a G(y7 X). (PDformaI)
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Formal differential equations for (T) cont.

| G(y y va) — G(y7 G(Z,X)) (Tformal)
| 2 Gle,) = H(G(z 1) (Durn

Similarly, differentiation of (T,.a) With respect to z, application of the
|

mixed chain rule and setting z = 1 yields

| 9 9

| ya_y G(y7 .X) — H(x)a G(y7 .X). (PDformaI)

' Combining (Dsyrma)) @nd (PDy,ma) Yields an Aczél-Jabotinsky differential

. equation of the form

| H(x) 2 Gl3.3) = H(G(y.). (Ao
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Solutions of (PD,.,...)

Theorem.

g
3
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1. For any generator H (x) = x+hox*>+. . . the differential equation (PDyma)
together with (B) has exactly one solution. It is given by

— G(y,x) =yx+ Y P.(y)x" € (CP])[].
I ‘o
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Solutions of (PD,,,...)

| Theorem.

| 1. Forany generator H (x) = x+ hyx*>+ . .. the differential equation (PDymal)
. together with (B) has exactly one solution. It is given by

| G(y,x) =yx+ ) B.()¥" € (CP)[A].

| n>?2

| 2. The polynomials P,, n > 2, are of formal degree n and they are of the
form
|

| ()

where the polynomials &, 1 < j <n—1, are (recursively) determined
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Y h(n—r+ )P ri(y) = Y @ (ha, ... ).
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3. Each solution G(y,x) of (PDyma) and (B) is a solution of (Tima)-
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¥ hn—r4 1P, ch"hz, "

3. Each solution G(y,x) of (PDyma) and (B) is a solution of (Tima)-
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4. Rearranging the solution of (T,ma) @S

» Z ¢n(x)yn7

n>1

we obtain: ¢; € I'y,
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—1

r=2
|

| 3. Each solution G(y,x) of (PDsma) and (B) is a solution of (Tma)-

4. Rearranging the solution of (T,ma) @S
|

| G(y,x) = ) du(x)y",

n>1
|

we obtain: ¢; € I'1, and (@,(x)y"),>1 is a summable family in (C|y])[x].
|

This allows us to rewrite (PD,,...,) and (B) as
|

Y ngu(x)y" =H(x) Y ¢,(x)y", (1)

| n>1 n>1

| Y 0u(x) =x, (2)

n>1


http://www.uni-graz.at
http://www.uni-graz.at/~fripert/

1) S g

S & :

s

3 g 3

(%) Q
© ®

- el
o < 3 g

e S o ©
3 o N

where (¢/(x)),>1 is also a summable family. We note that (1) is satisfied
If and only if

ney(x) = H(x)9,(x) (1)

holds true for all n > 1. This is a Briot—Bouquet differential equation.
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where (¢/(x)),>1 is also a summable family. We note that (1) is satisfied
uNI If and only if

ngy(x) = H(x)9,(x) (1)

holds true for all n > 1. This is a Briot—Bouquet differential equation.

5. Letn > 1. For any (p,/g”) e C, there is exactly one solution ¢, of (1,), so

that
[ » O (x) = @"x" mod X"

| . Let ¢, be the solution corresponding to q),gn) = 1.
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where (¢/(x)),>1 is also a summable family. We note that (1) is satisfied
If and only if

ngy(x) = H(x)9,(x) (1)

holds true for all n > 1. This is a Briot—Bouquet differential equation.

. Letn > 1. For any (p,/g”) e C, there is exactly one solution ¢, of (1,), so

that
O (x) = @"x" mod X"

Let ¢, o be the solution corresponding to q),gn) = 1.

6. Letn > 1. If §,(x) = q),gn)x” mod x""! is a solution of (1,,), then

Pn(x) = (Pr(zn) Pn,0(x).
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where (¢/(x)),>1 is also a summable family. We note that (1) is satisfied
If and only if

ngy(x) = H(x)9,(x) (1)

holds true for all n > 1. This is a Briot—Bouquet differential equation.

. Letn > 1. For any (p,/g”) e C, there is exactly one solution ¢, of (1,), so

that
O (x) = @"x" mod X"

Let ¢, o be the solution corresponding to q),gn) = 1.

6. Letn> 1. If ¢,(x) = q),gn)x” mod x""! is a solution of (1,,), then

Pn(x) = (Pr(zn) Pn,0(x).

7. Qno(x) = [@0(x)]" forn > 1.
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Normal forms of iteration groups

UNI
Theorem.

1. f G(y,x) =Y.,.>1 0.(x)y" is a solution of (T,ma) and (B), then

G(y,x) =5 (yS(x))

1) S g
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2 8 ]
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Normal forms of iteration groups

Theorem.
|

| 1. f G(y,x) =Y.,.>1 0.(x)y" is a solution of (T,ma) and (B), then

| G(y,x) =S5 (yS(x))

| forsome S €17.

2 Conversely, every § € I'| allows the construction of a solution
|

G(y,x) =S5 (yS(x))

Of (Tformal) and (B)
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Normal forms of iteration groups

Theorem.

1. f G(y,x) =Y.,.>1 0.(x)y" is a solution of (T,ma) and (B), then

| G(y,x) =S5 (yS(x))

| forsome S €17.

2. Conversely, every § € I'; allows the construction of a solution

G(y,x) =S5 (yS(x))

Of (Tformal) and (B)

. Proof. Let S(x) := q)lo(x) 2(x) = Y,-, 0%, then

x=G(l,x) = Zn>1q)n S&x)]” Y(S(x)), thus o = S, and

G %) = Lzt 0" 1 0()]" = Z(rS(x))-
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Series as coefficients

Now we replace yby 1 +u and zby 1 +vin (Tyma) and obtain
G(l+u+v+uv,x) =G(1+u,G(1+v,x)).
Denoting G(y,x) which is G(1 4+ u,x) by K(u,x) yields
K(u+v—+uv,x)=K(u,K(,x))
in (Clu,v])|x] for

K(u,x) = (1+u)x+ Y Ou(u)x",

n>2

Q,(u) € Clu], n > 2. The boundary condition (B) is replaced by

K(0,x) = x.
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Since substitution of 0 into a formal power series is possible, we are able
ww 1o determine the solutions even in the ring (C|[u,v]) ||x]]. Here we
consider

| K(u,x) =Y On(u)x",

n>0

| Q.(u) € Cllul]|, n >0, i.e. Q, are not necessarily polynomials but formal
| series.
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Since substitution of 0 into a formal power series is possible, we are able
to determine the solutions even in the ring (C|[u,v])[x]]. Here we
consider

K(u,x) = Z O, (u)x",

n>0
Q.(u) € Cllul]|, n >0, i.e. Q, are not necessarily polynomials but formal
series.

Theorem.

1. For any generator H(x) = x + hox* + ... the differential equation (3)
together with (B’) has exactly one solution

K(u,x) = (1+u)x+ ) Qu(u)x" € (Clul)) [x].

n>?2
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2. The formal series Q,, n > 2, are polynomials of formal degree n and
UNI they are of the form

((1 +u)"— (1 —|—u)j)

(n

| . Where the polynomials @ ), 1 <j<n-—1,are (recursively) determined

by

n—1

' Zh n—r+ 10 rii1() = Y DV (ha, ... 1) (1 +u)’.

j=1
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The other differential equations

Similar results can be obtained for the system (D;,.ma)) @and (B).
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The other differential equations

UNI
Similar results can be obtained for the system (Do) @and (B).
Similar results can be obtained for the system (AJyma) together with
Pi(y) =y.
S
EEEN B

2 g
o = g [y}
= S ® W
=. »
= @ @ 3 IS
S - N
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The cocycle equations

In connection with the problem of a covariant embedding of the linear
functional equation @ (p(x)) = a(x)@(x) + b(x) with respect to an
iteration group (F (s,x))scc we have to solve the two cocycle equations

o(s—+1,x) :Oc(s,x)a(t,F(s,x)), s,t € C, (Co1)
B(s+t,x)= ,B(s,x)oc(t,F(s,x)) +p (t,F(s,x)), s,t € C, (Co2)

under the boundary conditions

a(0,x)=1, B(0,x)=0, (B1)

for

o(s,x) =Y o, (s)x",  B(s,x) =Y Buls)x".

n>0 n>0
Again we restrict ourselves to iteration groups F’ of type |. Moreover, it is

possible to consider just the normal forms F (s,x) = c;(s)x.
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The first cocycle equation

. | don't present any details. It is straight forward to see (in the usual way or

using formal equations) that

for a generalized exponential function o(s) and a formal series E(x) with

L E(x) =1 mod x.
|
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The second cocycle equation

| Simple substitutions show that instead of (Co2) it is enough to solve

: A(s+1,x) = A(s,x) + ﬁA(t, c1(5)x) (Co2)
| and

A(0,x) =0 (B1)
| for

| Aoy - B

0o (s)E(c1(s)x)
| 1f we write A(s,x) as ¥, A", then A(s, x) satisfies (Co2’) if and only if

An(s+1) = Au(s) + ao(s) 'A(t)ei(s)", n>0. (4)
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Different situations

D(ST,o7,x)

n (C[S,T,o,7|)|x] for

D(S,0,x) = ZD (S,0)x

n>0

D(1,1,x)

= D(S,0,x)+0oD(T,t,S5x)

D,(S,0) € C[S,0], n > 0, and the boundary condition

= 0.

| e If 0y and c; are algebraically independent, then the coefficients A,(s)
are polynomials D, (c;(s), ot(s)~!) and we obtain

(Cozformall)

(B2y)
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|f oco_l and c; are algebraically dependent, then they are multiplicatively
dependent and there exist a generalized exponential function e = 1 and
integers ro,7; € Z, such that o; ' = ¢ and ¢; = ¢’1. Without loss of
generality we may assume that r; > 0.

o If o "= e’ £ 1 for all n > 0, then the coefficients A, (s) are rational
functions D, (e(s)) and we obtain

D(ST,x) = D(S,x) + S°D(T,S"x) (CO2%ma)
in (C(S,T))[x] for )
D(S,x) = ;)Dn(S)x”,

D,(S) € C(S), n> 0, and the boundary condition

D(1,x) =0. (B2,)
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o If op =c'°, ng >0, then A,(s) = D,(e(s),A(s)) is a rational function in
NI e(s) and a polynomial in A(s). If A # 0, then we obtain

| D(ST,U +V,x) =D(S,U,x)+S°D(T,V,S8x) (Co2¢rmal,)

in (C(S,T)|U,V])|x| for

‘e D(S,U,x) = ZDn(S,U)x”,

n>0

D,(S,U) € C(S)|U], n > 0, and the boundary condition

| D(1,0,x) = 0. (B23)
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The formal version of the second cocycle equation

| D(ST,GT,U—l—V,X) — D(S, G,U,X) + G)LSMD(Tpfyva va) (Cozformal)

for A,u,v €Z,v >0, where

D(S,0,U,x) =) D,(S,0,U)x" € (C(S)[o,U])[],

n>0

and the boundary condition

D(1,1,0,x) = 0. (B2)
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Three systems of formal differential equations

. 1. Differentiation of (Co2;,.) With respect to 7', 7, or V respectively, and

substitutingT =1, 7=1, V =0 yields

0
S%D(Sj O, U,X) — G)LS'LLK(SVX)a (COZD1 formal)
J 7L 1%
G%D(S O, U X) SHL(S .X'), (COZD2f0rma|)
and p
ﬁD(S G U X) = G)LS‘LLM(S ) (COZDSformal)

where K(x) = a —=D(T,1,0,x)|7=1, L(x) = %D(I,T,O,x)\le and
M) = 2D(L 1V,
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Three systems of formal differential equations

. 1. Differentiation of (Co2;,.) With respect to 7', 7, or V respectively, and

substitutingT =1, 7=1, V =0 yields
d

S%D(Sj O, U,X) — G)LS'LLK(SVX)a (COZD1formaI)
J A 1%
G%D(S,G,U ,x) =0"SHL(S"x), (Co2D2,mal)
and p
ﬁD(S’ G,U,X) —= G)LS‘LLM(SVX), (COZDSformal)
where K(x) = %D(T,l,O,x)]Tzl, L(x) = %D(I,T,O,x)\le and

M(X) — %D(lv lavax)‘V:O-

It is possible to solve these equations. There exists a unique solution
which is determined by K(x), L(x) and M(x). The coefficient functions
are explicitly described.
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2. Differentiation of (Co2,..) With respect to S, o or U, respectively, and

UNI substituting S =1, o = 1, U = 0 yields the equations
| . d
T—D(T,t,V,x) =K(x)+ uD(T,z,V,x) + vx—D(T,t,V,x),
| dT ox
(COZPD1 formal)
|
&,L. (T T V .X) (X) _I_ AD(T7 T? V,X), (COZPDZformaI)
| |
d
| | _D(Tv T,V, x) — M(X) (Co2PD3ymal)

A%



http://www.uni-graz.at
http://www.uni-graz.at/~fripert/

3. Combining the last six differential equations we obtain

uns
| o SHK(SVx) = K(x) +uD(S,0,U,x) + VX%D(S, o,U,x),

| (Co2AJ1 yimal)

| G SHL(Sx) = L(x) + AD(S,0,U,x), (CO2AJ2 01ma)

G SEM(SYx) = M(x). (Co2AJ35rma)

If A 0 or u+nv #0 for all n > 0, then this system has a unique
. solution.

. IfA=0and u+nyv =0 for some ny > 0, then this system together

with

| DnO(ST,GT,U—I—V) :Dno(Svch)+Dn0(T7T7V)

| has a unique solution.
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