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n-associative series

R a commutative ring with 1,
F(x1,...,x,) € R|x1,...,x,], a formal power series in n variables, n > 3,
IS n-associative iff

F(F (X1, 3X0),Xna1y- - Xm1) =F (X1, F (X2, o+, X001) s Xnt 2y« - s X2n—1) =

— e — F(Xl, oo 7-xn—17F(xn7xn—|—17 oo 7-x2n—1))
hold true. These are (}) equations.

A formal power series F(xy,...,x,) € R[x,...,x,] can be substituted
into a formal power series if F(0") = F(0,...,0) = 0 which means that
ord(F) > 1, i.e. the coefficient ay . o =0 and

_ 4] i
F(xl,...,xn) — Z Ajy....igX1 " Xy -

i1+...+in=>1


http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/

In

Harald Fripertinger. On n-associative formal power series. Aequationes
. mathematicae, 90(2):449-467, 2016.

. n-associative formal power series over C were studied.



http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/

In

Harald Fripertinger. On n-associative formal power series. Aequationes
mathematicae, 90(2):449-467, 2016.

n-associative formal power series over C were studied.

This was a generalization of associativity, which is the special case of
2-associativity and was investigated in

Harald Fripertinger, Ludwig Reich, Jens Schwaiger, and Jorg
Tomaschek. Associative formal power series in two indeterminates.
Semigroup Forum, 88(3):529-540, 2014.


http://www.uni-graz.at
http://https://imsc.uni-graz.at/fripertinger/

In

Harald Fripertinger. On n-associative formal power series. Aequationes
mathematicae, 90(2):449-467, 2016.

n-associative formal power series over C were studied.

This was a generalization of associativity, which is the special case of
2-associativity and was investigated in

Harald Fripertinger, Ludwig Reich, Jens Schwaiger, and Jorg
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for formal power series in two variables over commutative rings

Franz Halter-Koch. Associative power series. Aequationes
mathematicae, 89(3).:765—769, 2015.
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The starting point for all these investigations had been Hazewinkel’s
book in which formal group laws are studied over (Q-algebras.

. Michiel Hazewinkel. Formal groups and applications. Academic Press,

New York, San Francisco, London, 1978.
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Series depending only on one variable

Consider an n-associative formal power series F for n > 3. In order to
distinguish different situations we introduce

@i(x) ;== F(0'" ', x,0""), ie{l,...,n},

where x stands in the i-th position.

¢;(0) =0,
ord(¢;) > 1, it can be substituted into formal power series,
@ denotes the k-th iterate of @;, k > 1,

forie{l1,...,n}.
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For F'(x1,...,%,) :=F(x1,...,%,) — X", @;(x;), we get
F(x,0") =F(0,x,0" ") =...=F(0" ', x,) =0.

For each non-zero summand S of F' there existi # j € {1,...,n} so that
S is a multiple of x;x;.
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Lemma 1
If F'is n-associative, then:

1. @1(x) = e;x and @,(x) = e,x with e = e, €

l.e., e; and e, are idempotent elements of R.

— en! el7en E Rs

2. Let ¢;(x) = e1x and ¢,(x) = e,x where ¢; and e, are idempotent
elements of R, then ¢;(x) € eje xR|x||, i € {2,...,n—1}.
@7 (x) = ejenx, i.e. @, is an iterative root of e;e,x of order n — 1,
=0 2<i<n-—1.
Similarly, @, is an iterative root of e;e,x of order n — 1, and
Ooi=0 _,,1<i<n-2.
All ¢;, 2 <i<n-—1, are iterative roots of e;e,.x of order n — 1.

3. lfey=0o0re, =0, then (pzz...:(pn_le

E.g. ¢1(¢1(x)) = F(F(x,0""),0" ") = F(x,F(0"),0") = F(x,0"") =
@;(x). Then @;(x) = e;x for some e; € R such that e = e;.
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For R = C we had

® ¢1(x), @a(x) € 10,x}.

o If @;(x) = @,(x) = x, then @) '(x) = x, i.e. ¢, is an iterative root of x
ofordern—1,and ¢;= @, ', 1 <i<n.

o If o;(x) =xand ¢,(x) =0,then @, =...= ¢, ; =0.
® |f(P1:§Dn:O,then @2:...:(Pn_120.
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The situation either ¢, =0 or ¢, =0

| | Theorem 2

Let F be an n-associative formal power series over a commutative ring

R, and ey, e, € R idempotent elements, @;(x) = e;x and @,(x) = e,x.

1. If ey #0 and e, = 0, then F(xi,...,x,) = ewx; + F(x1,...,x,) and

erF(xy,....x,) =0.

2. lIf ey =0 and e, # 0, then F(xy,...,x,) = exXn + F(x1,...,x,) and

e F(xy,....x,) =0.

3. In both situations F(xi,...,x,) is n-associative.
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The situation either ¢, =0 or ¢, =0

| | Theorem 2

Let F be an n-associative formal power series over a commutative ring

R, and ey, e, € R idempotent elements, @;(x) = e;x and @,(x) = e,x.

1. If ey #0 and e, = 0, then F(xi,...,x,) = ewx; + F(x1,...,x,) and

erF(xy,....x,) =0.

2. lIf ey =0 and e, # 0, then F(xy,...,x,) = exXn + F(x1,...,x,) and

e F(xy,....x,) =0.

3. In both situations F(xi,...,x,) is n-associative.

| ForR=Cwehad F =0, i.e.

If @;(x) =xand @, =0, then F(xy,...,x,) = x;.

If ¢, =0 and @,(x) = x, then F(x1,...,x,) = x,.
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From the n-associativity of ' we obtain:

Lemma 3

If F # 0 is n-associative, then F (xy,...,x,) is divisible by x; - --

Example. If the idempotent element a # 0 annihilates e;, and
F(xi,...,x,) is n-associative (where x; - - - x,, divides F), then
aF is n-associative and

G(x1,...,x,) = ewx; +aF (xi,...x,) is n-associative.

For example,
G(x17x27x3) — 9X1 —|—4X1X2X3

is 3-associative in Z/127.
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The situation ¢; =0 = o,

If F is n-associative, then F(xi,...,x,) = F(x1,...,x,), and x; - - - x,
divides F(x,...,x,) as in Lemma 3.

Lemma 4
If ' is an n-associative formal power series, then both ord,, F(xi, ..., x,)

and ord,, F(xi,...,x,) belong to {0,1}.

Lemma 5
Let R be an integral domain, and F' an n-associative formal power

series where x; ---x, divides F. If the coefficient a; __; of F equals O,
then F = 0.

These three results coincide with the situation R = C.

The next Lemma and Theorem are a generalization of an idea of Franz
Halter-Koch.
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Lemma 6
Let F(xi,...,X,) = x1---x,F1(x1,...,X,) be an n-associative formal

power series over a commutative ring. Then

| Fl(xl, . ,Xn)Fl (F(.Xl, c. ,xn),O”_l) — Fl(xn,O”_l)Fl(xl, .. ,xn_l,O).

Proof.
| F(F(Xl, ce ,xn),an, coe ,in_l) — F(Xl, co ,xn_l,F(xn,xn+1, coe ,xzn_l))

| writes as

| X1 .anl(xl, oo e 7xn)xn+1 . 'in—lFl (F(xl, S ,xn),an, oo c 7x2n—1) —

| X1 Xp—1Xp " 'x2n—1Fl (xm 000 ,in_l)Fl (Xl? T 7x”_1’F(x”7 T 7x2n—1)) '

| Cancelling x; - - - x5, We obtain
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Fl(xl, .« e ,Xn)Fl (F()Cl, .« e ,xn),an, .. ,in—1) —

Fl(xm v o 7x2n—1)F1(x17 c o axn—laF(xna c o 7-x2n—1))
and substituting x, 1 = ... =x2,.1 =0

Fl(xl, 600 ,Xn)Fl (F()Cl, 600 ,xn),O”_l) —
F1 (xn,O”_l)Fl ()Cl, o ,Xn_l,F(Xn,On_l)) -

Since F(x,,0""!) = 0 the proof is done.

For R = C we have the multiplicative inverse of Fi(x,0,...,0) and we
can write

Fl(xnaon_l)Fl(xla s 7-xn—170)
Fl(F(xl,...,xn),O”_l) .

Fl(xl,...,xn) =
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Theorem 7
1. Let F(xq,...,x,) = x1---x,F1(x1,...,X,) be an n-associative formal

power series where a1 = Fi(0") # 0 and define a formal power

series

| then

a2 f(F(xexa)) = f () o f (x). (1)

. |2. Conversely, assume that there exist some f € xR[x]] such that

f'(0) is not a zero divisor and a series F(xy,...,x,) 7# 0 satisfying

L O 2 (F(xr,. %) = fx1) - f(x)

| Then F(xy,...,x,) = x1 -+ x,F1(x1,...,X,) is n-associative,

| = £(0), and f(x) = xF (x,0""),

.....

| For 2. we need the total quotient ring K of R. (Each r € R, which is not a

zero divisor, has a multiplicative inverse in K.) Since f(x) = f'(0)x+...

and f'(0) € K*, it is invertible in K|[x]| with respect to composition.
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Theorem 8
Let F(x1,...,X,) =x1---x,F1(x1,...,x,) # 0 be an n-associative formal

power series. If a; 1 = Fi (0") is not a zero divisor in R, then there
exists a unique power series f(x) € xR| x| such that (1) is satisfied. In
particular F(xi,...,x,) = F(Xz(1),. .., Xz(n) for all permutations 7 € S,,,
thus F' is a symmetric power series.
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For R = C we can write

Theorem 9
Let F(xi,...,x,) = x1---x,F1(x1,...,X,) be an n-associative formal
power series where Fi(xy,...,x,) € Clxi,...,x,]]*. Consider some
o € C so that 0" ' = 4| %, = F1(0")"* and define a formal power
series

fo(x) = o 'xF (x,0" 1),

then f5 €1, l.e. fs is invertible with respect to substitution, and

F(xi,.. %) = fo (folx1) - fo(xn))-

Conversely, for each f € I', the formal power series F(xi,...,Xx,) =
S f(x1) - f(x4)) is n-associative.
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The situation ¢;(x) # 0 and @,(x) # 0

P1(x) = e1x, Pu(x) = eux, €] = €1, € = ey, e1,¢, # 0.

From Lemma 1 we know that @, is an iterative root of e;e,x of order
n—1.

For R = C we know that @,(x) = f~!(pf(x)) where p is a complex root
of unity of order n — 1 and f(x) € x- C [[x]] with f/(0) =1 or f'(0) # 0.

Lemma 10
Consider p € eje,R such that p"~! = eje,, and let f(x) € xR[[x] such
that f/(0) is not a zero divisor. If F(xy,...,x,) satisfies F(0") =0 and

FOF (1, x) = e f(x) +pf(x2) +p°f(x3) + .. 40" f(n1) +enf (), (2)

then F(xy,...,x,) is n-associative. Moreover, @;(x) = e1x, ¢,(x) = e,x
and f(@i(x)) =p'~'f(x), i €{2,...,n— 1},
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Iterative roots of ¢¢,x

In the situation of power series over a ring, there exist iterative roots of
e1e,x which are not of the form f(p f(x)) where p € eje,R.

E.g., R = Z;, the idempotents e; = 4, e, = 1. Then @(x) = 4x+ 6x2, is
an iterative root of order k of 4x for all k > 2.

There exists no f(x) = Y~ ax' € xZ12[x], a1 = f'(0) not a zero divisor,
such that f(@(x)) = pf(x) for some p € {4,8}, the set of multiples of 4
N le.

Moreover, in a field there are at most k&, in the situation of C exactly k,
roots of 1 of order k. In the case of rings this need not be true. In Z;,
there are 4 roots of 1 of order 2.

In conclusion the situation of iterative roots in R|x]| is more difficult than
in C [[x].
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Using partial differentiation

For F(xi,...,x,) € R[x1,...,x,]] and j € {1,...,n} we denote the partial
derivative with respect to the j-th variable by D F'.

If R is a ring of characteristic O, then it is possible to determine the
formal power series f from the (n-associative) series F satisfying
F(0") = 0 and (2) by differentiation.
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Lemma 11
1. Consider p € eje,R such that p"~! =eje,, and let f(x) € xR|[[x] such
that f'(0) is not a zero divisor. If F(xy,...,x,) satisfies F(0") =0

and (2), then
| f'(enx)D1F (0" ! x) = e £(0).

2. If furthermore char(R) =0 and e; = ¢, = 1, then

f'(x)DiF (0" ,x) = f'(0)

| and f is uniquely determined by F' and f/(0).

D\ F(0" ! x) = Z ay g2, X" =1+...

| v>(0

which has its multiplicative inverse in R|x]|, whence

| f'(x) = f(0)[DF (0", x)] L. Therefore, by formal integration f is
| uniquely determined by f( ) =
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In conclusion, if char(R) =0 and e; = ¢, =1 and
F(xy,...,x,) satisfies F(0") =0 and (2),
then we can find f.

Conversely, we have

Theorem 12
Let R be a ring of characteristic 0. Assume that F(xi,...,x,) is

n-associative, with ey = e, =1, p = gy, 2 a root of unity of
order n — 1, and let f(x) € xR|x]] be the unique series satisfying
f'(x)D1F(0"!1,x)=1and f/(0) = 1. Then f(x) =x+...,and

FOF 1, x) = f) Fpf () 440" f (1) + f(3n). (2)

Since f is invertible with respect to composition we get the same as for
R=C:

Fn, o) = 7 (FO) +p () 4o p" 2 () + £ ().
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There exist solutions not of this form.
F(x,y,z) =9x+4z

G(x,y,2) =9x+3y+9z
are 3-associative over Zy».
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