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Abstract

Let K be a field of characteristic zero or, more general, a (Q-algebra. A formal
power series F'(z,y) = +y+_; i5 aijz'y’ € K[z, y] is called a 1-dimensional for-
mal group law if F(F(z,y),z) = F(z,F(y,z)). Using some elementary methods,
we prove that for every 1-dimensional formal group law F'(x,y) there exists a for-
mal power series f(x) = z+Y., <, foz™ € K[z] so that F(z,y) = f~1(f(z)+f(y)).

Formal group laws are completely described in Hazewinkel’s monograph [2]. Consider
a commutative ring A. A formal power series F'(z,y) € Afx,y] is called a 1-dimensional
formal group law if

F(ZL’, 0) =T, F<an) =Y, F(F(I7y)vz) = F(C(],F(y, 2))

are satisfied. It is called commutative if F(z,y) = F(y,x). Two formal group laws
F(z,y) and G(z,y) are called strictly isomorphic, if there exists an invertible series
flx) =243, fra" € Alx], so that f(F(z,y)) = G(f(z), f(y)).

Using some elementary methods similar to those used in [1], we prove that every
1-dimensional formal group law F'(x,y) over K, a field of characteristic zero or a Q-
algebra, is strictly isomorphic to G(z,y) = x + y. In other words, there exists a formal
series f(z) = x4+ Y, <, faz™ € K[z] so that F(z,y) = f~*(f(z) + f(y)). Consequently,
formal group laws over K of dimension 1 are all commutative. Using only elementary
methods, we present two different proofs.

Remark 1 For the situation of formal group laws over QQ-algebras Hazewinkel’s ap-
proach seems to be rather complicated. Here we present a short outline of his method.
Let A be a ring of characteristic zero. This means that the natural map A - A® Q is
injective. The series f(z) = x + fox® + ... € A® Q[z] has an inverse f~! with respect
to substitution. Then F(x,y) = f(f~'(x)+ f~(y)) is a formal group law over A®@ Q. If
f(z) satisfies a certain functional equation, he calls it the functional equation-integrality
lemma, the coefficients of F' belong to A. Actually for each prime number p which is not
invertible in A the series f(z) must satisfy a certain equation. Solutions of the functional
equation can be constructed in a recursive way.
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Based on this method Hazewinkel first determines a universal group law Fy (x,y) over
Z[U] := Z|Us, Us, . . ] in indeterminates Us, Us, . .. The attribute “universal” means that
for each formal group law G(x,y) over a ring A there exists a unique ring-homomorphism
¢:Z[U] — A, so that G(z,y) = ¢u(Fu(z,y) = v +y + 3, 51 d(cij)a'y’, where
Fy(r,y) = . +y + X cijz'y’. Then the tensor product with Q yields a ho-
momorphism &:Q[U ] = A® Q. Hazewinkel proves that there exists a power series

fu(X) € QU] so that Fy(z,y) = fi'(fu(z) + fu(y)). Let f(z) = o (fU( )), then
f(z) € A® Q. Moreover, F(z,y) = f~'(f(z) + f(y)) and f(z) =z mod z*. The power
series f is uniquely determined by the last two properties. Therefore, the formal group

laws in a Q-algebra K are commutative and of the form F(z,y) = f~'(f(z) + f(y)) for
some f(z) € K[z] with f(z) =z mod 2.

We start with some preparatory lemmata. If F(z,y) is a formal group law, then F

can be written as
T,y) = Z ap, g7y’

p,q>0
ptqg>1

with suitable coefficients a, , € K, a19 = ap1 = 1.

Lemma 2 [f F(x

x,y ) 01 () + @a(y) + 2yF(x,7) is a 1-dimensional formal group law
over K, then ¢1(x) =

= pa(x).

Proof. From the associativity equation
F(F(z,y),2) = F(x, F(y, 2)) (AE)

we deduce that on the left hand side the subseries depending only on x is ¢ (1 (x)) and
on the right hand side o;(x). Hence ¢1(pi(x)) = v1(z). Let ¥(x) = ¢1(z) — x, then
Y(p1(z)) = 0. Since ¢, (z) = x mod 2? we obtain ¢(x) = 0 which means that o, (z) = .
A similar proof can be done for y(x) = x. O

Consequently a, o = ap, = 0 for n > 2 for all 1-dimensional formal group laws
over K.
Let k be a positive integer, then

- Y Ay

p,q=>0
pt+q>1

where

pr+qv>0 Vv



and where p, and ¢, are non-negative integers for 1 < v < k. In the sequel we denote
this sum as Z (o). (av) "

The situation k = p+ ¢ implies that p,, q, € {0,1} and py +q,=1foralll <v <k
For k < p+ q the A(’iﬁ vanish, thus F(z,y)* = a0 Af qxpyq

Comparing the coefficients of z'y’z, min{s, j} > > 1 in (AE) we obtain

i+J j+1
2 oo S ewn =S o 3 Tlone,
(’LV) (]V)V 1 g=1 (]u) Uu)l/ 1

where ) o, =
Since Agflll = ("t") = j 4+ 1 we have

i+j P J

q
@i j+1 = Z p,1 Z H @iy G — az,q Z H Ajyo0 | - (1)
=1 v=1

(iv),(jv) v=1 q=1 Juv)s(ow) v

Lemma 3 All coefficients a,s of a 1-dimensional formal group law over K with s > 1
are uniquely determined by (an1)n>1-

Proof. For s =1 there is nothing to prove. Assume that s = 2, then with j = 1 from
(1) we get that
r+1

Z@p, Z Harmu Qr,101,1

(rv),(gv) v=1

and all coefficients a,, , on the right side satisfy m € {0, 1}.
If s > 2, then j =s—1>1. From (1) we get that

r+7

q
r,s = j—l—l Z p,1 Z Hamuu Zarq Z Haju,ou

(rv),(Gv) v=1 q=1 (Gv)s(ov) v

and all coefficients a,, ,, on the right side satisty m < j = s — 1. By induction they are
uniquely determined by (@ 1)n>1. O

Lemma 4 Consider an invertible power series f(x) =z + Y, -, faz™ € K[z], then

F(z,y) = f~(f(z) + f(v)) (2)

is a formal group law F(z,y) = Y saz0 apqxPy? over K. If we set fi =1, then forn > 2
p+q>1
the coefficients f, of f satisfy

n—1

0= ijjan—j,l +nfn. (3)
j=1



Proof. Let F(x,y) be given by (2), then F(z,0) = f~!(f(z) +0) = z and similarly
F(0,y) = y. Moreover (AE) is satisfied since

F(F(x,y), fHAF +f( )
FHF + () + f(2))
= (fla +f( )

= :F(x,F(y,z)).
(2) is equivalent to
f@)+ fly) = [(F(z,y)), (2)
whence
DSy =D f D ALY
n>1 n>1  p.a>0

Comparison of all terms homogeneous of order n for n > 1 yields

m+y Zf]ZA;JT)lppnp‘

For n > 2 the coefficient of " 'y in this expression is given by
0= Z fj A,(f : 1,1
j=1

Since Aglm = jan_ﬂa%l and a;0 = ap; = 1 we obtain (3). This formula allows to
compute the coefficients f,,, n > 2, recursively from the coefficients a,, 1, n > 1, by

n—1
1 .
fn: _E Z]fjan—j,h TLZQ (4)
j=1

and the proof is finished. |

Theorem 5 The series F(z,y) =) P20 ap, 42Py? is a formal group law over K, if and

only if there exists some f(x) = x + Zn>2 fox™ € K[z] so that F(x,y) = f~1(f(z) +
f(y)). Moreover, f is uniquely determined by F.

Proof. Let F(z,y) be a formal group law. Then by (4) we determine the coefficients
fny m > 2, of an invertible series f(z) =z + ), -, for" € K[z]. According to Lemma 4
the series G(z,y) = Y. a0 byt = f7H(f(x) + f(y)) is a formal group law. Due

to (3) the coefficients an 1 and b, coincide for all n > 1. According to Lemma 3 the
coefficients of F' and G are uniquely determined by the coefficients (a,1),>1 Whence
(pq = by for all p,g >0 and F(z,y) = G(z,y) = [ (f(z) + f(y)).
Conversely, according to Lemma 4 the series f~!(f(x) + f(y) is a formal group law.
If F(x,y) = f~Y(f(z) + f(y) is a formal group law, then again by Lemma 4 the
coefficients of f are uniquely determined by F'. O
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Another proof can be given as follows.
24 Proof. We (only) show that any given 1-dimensional group law F is of the form (2)
with some f(z) =2+ ., foz™ € K[z] uniquely determined by F. As for the unique-
ness assume that (2') holds true. For G € K[x,y] we denote the partial derivatives with
respect to x and y by DG and DyG respectively. Then, using the chain rule for formal
power series, differentiating (2') with respect to x gives f'(x) = f'(F(z,y))D1F(z,y)
which for z = 0 results in 1 = f'(y)D;F(0,y) since F(O y) =y and f’(0) = 1. Observe
that D1F(0,y) is a unit in K[y ]] Thus f'(y) = m and f := fmdy as that

primitive series (integral) of T() which satisfies f(0) = 0, is uniquely determined.
Using this f, we have to show that G(z,y) := f(F(z,y)) — f(z) — f(y) = 0. To this

aim we differentiate the associativity equation (AE) with respect to x:
DyF(F(z,y), z) Dy F(x,y) = D1 F(z, F(y, 2))

and (with x = 0) D1F(y,2)D1F(0,y) = D1F(0, F(y,2)). Since f'(y) = DrF@y) Uhis

D1F 0.9)
implies D1 F(y, z) f'(F(y, 2)) = f'(y). Now we differentiate G with respect to x:

DIG(x7y> = f/<F(JI,y))D1F($,y) - f/(l’)

Thus DG = 0 and G(z,y) = g(y) € K[y]. But g(y) = G(0,y) = f(y) — f(y) = 0. So
G = 0 which means that (2) is satisfied. O

Remark 6 Theorem 5 becomes false if the characteristic p of K is greater than 0.
F(z,y) == x +y + 2y is a 1-dimensional group law. If f = > a;z' € K[z],a; # 0,
satisfied (2'), f’ would satisfy f'(y)(1+y) = a1, implying (i + 1)a;41 = (—1)ay for all 4.
But this for i = p — 1 would imply that a; = 0.
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