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Covariant embeddings of the linear functional
equation with respect to an iteration group in the

ring of complex formal power series

Harald Fripertinger and Ludwig Reich

Abstract

Let a(x), b(x), p(x) be formal power series in the indeterminate x over C
such that ord a(x) = 0, ord p(x) = 1 and p(x) is embeddable into an iteration
group (π(s, x))s∈C in C [[x]]. By a covariant embedding of the linear functional
equation

ϕ(p(x)) = a(x)ϕ(x) + b(x), (L)

(for the unknown series ϕ(x) ∈ C [[x]]) with respect to (π(s, x))s∈C we un-
derstand families (α(s, x))s∈C and (β(s, x))s∈C of formal power series which
satisfy a system of cocycle equations and boundary conditions such that

ϕ(π(s, x)) = α(s, x)ϕ(x) + β(s, x), s ∈ C, (Ls)

holds true for all solutions ϕ of (L). In this paper we present a complete
solution of this problem and we demonstrate how earlier results concerning
covariant embeddings with respect to analytic iteration groups can be derived
from these more general results.

1 The problem of covariant embeddings

Let C [[x]] be the ring of formal power series in the indeterminate x with complex
coefficients. Consider the linear functional equation

ϕ(p(x)) = a(x)ϕ(x) + b(x), (L)
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where p(x), a(x), b(x) ∈ C [[x]] are given formal power series, and ϕ(x) ∈ C [[x]] should
be determined by the functional equation. We always assume that

p(x) = ρx + c2x
2 + c3x

3 + . . . = ρx +
∑
n≥2

cnx
n

with multiplier ρ 6= 0, and

a(x) = a0 + a1x + a2x
2 + . . . =

∑
n≥0

anx
n

with a0 6= 0.
L. Reich introduced in [17] the notion of a covariant embedding of (L) with

respect to an iteration group.

Let (π(s, x))s∈C be an iteration group so that π(t0, x) = p(x) for some
t0 ∈ C, t0 6= 0. The linear functional equation (L) has a covariant
embedding with respect to (π(s, x))s∈C, if there exist families (α(s, x))s∈C
and (β(s, x))s∈C of formal power series with coefficient functions αn and
βn of the form

α(s, x) =
∑
n≥0

αn(s)xn, β(s, x) =
∑
n≥0

βn(s)xn,

such that α and β satisfy both the boundary conditions

α(0, x) = 1, β(0, x) = 0, (B1)

α(t0, x) = a(x), β(t0, x) = b(x), (B2)

and the cocycle equations

α(s + t, x) = α(s, x)α(t, π(s, x)), s, t ∈ C, (Co1)

β(s + t, x) = β(s, x)α(t, π(s, x)) + β(t, π(s, x)), s, t ∈ C, (Co2)

and
ϕ(π(s, x)) = α(s, x)ϕ(x) + β(s, x), s ∈ C, (Ls)

holds for all solutions ϕ(x) of (L) in C [[x]].

Such embeddings were studied in a much more general setting by Z. Moszner
in [16] and for real-valued functions by G. Guzik in [7] and [9]. The first cocycle
equation is also studied in [8] and [10]. It also appears as the triangular equation
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for instance in [1]. For the theory of linear functional equations we refer the reader
to [14] and to [15].

A foundation of the basic calculations with formal power series can be found in
[11] or [2]. If ψ(x) ∈ C [[x]] is of the form ψ(x) =

∑
n≥k ψnx

n with ψk 6= 0, then k
is the order of ψ, which will be indicated as ord ψ(x) = k. Furthermore, the notion
of congruence modulo xr will be useful. We write ϕ ≡ ψ mod xr for formal power
series ϕ(x), ψ(x) ∈ C [[x]] if xr is a divisor of the difference ϕ(x) − ψ(x). In other
words ϕ(x) − ψ(x) = 0, or its order is at least r.

In [4] we showed how to motivate covariant embeddings of (L). There we also
described the analytic solutions of the problem of covariant embeddings with respect
to analytic iteration groups in the generic cases. The non generic cases were studied
in [5] based on some results from [3]. In [6] the general solution of the system
((Co1),(Co2),(B1)) where π is an iteration group without any regularity condition
was derived. In this paper it was thoroughly discussed how to extend the results
of [4]. Finally, in the present paper we completely describe the general solution
of the problem of covariant embeddings. We show that all covariant embeddings
can be found among the solutions of ((Co1),(Co2),(B1)) by solving suitable linear
functional equations which are closely related to the given linear equation (L).

Remark 1. By a simple transformation of the “time parameter” t it is always
possible to assume in (B2) that t0 = 1.

How to solve the embedding problem? Remark 2 describes roughly how we will
proceed.

Remark 2. 1. If there is no iteration group π such that π(1, x) = p(x), then
there is no covariant embedding of (L).

Assume that π is an iteration group with π(1, x) = p(x).

2. If there is no solution of the system ((Co1),(Co2),(B1),(B2)), then there is no
covariant embedding of (L).

3. If there are solutions (α, β) of ((Co1),(Co2),(B1),(B2)), and no solutions of
(L), then each (α, β) is a covariant embedding of (L).

4. Assume that the linear functional equation (L) has a solution ϕ, and α is a
solution of ((Co1),(B1),(B2)). If there is exactly one β which satisfies together
with α the cocycle equations and the boundary conditions, then (α, β) is a
covariant embedding of (L) (cf. [4, Theorem 4.1]).
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5. If (α, β) is a solution of ((Co1),(Co2),(B1),(B2)) and β is not uniquely de-
termined by α, (Co2), (B1), and (B2), then we have to check whether each
solution of (L) also satisfies (Ls).

2 Iteration groups

W. JabÃloński and L. Reich succeeded in [12, 13] with the classification of all iteration
groups π (without any regularity conditions). In the same way as with analytic
iteration groups they distinguished two types of iteration groups:

Iteration groups of type I are of the form

π(s, x) = π1(s)x +
∑
`≥2

P`(π1(s))x
`, s ∈ C,

where π1: C → C∗ := C \ {0} is a generalized exponential function, π1 6= 1, and
where P`(y) ∈ C[y] is a polynomial of formal degree equal to `. At the moment we
do not need the detailed structure, the general form, and the universal character
(depending on certain parameters) of these polynomials P`. Iteration groups of
type I have very simple normal forms, since for each π of type I there exists some
S(x) = x + s2x

2 + . . . ∈ C [[x]] such that

π(s, x) = S−1(π1(s)S(x)), s ∈ C.

The analytic iteration groups of type I are obtained for π1(s) = eµs with µ 6= 0,
a regular exponential function. In [4, Theorem 1.3] and [6, Remark 4, Remark 12]
it was shown that it is enough to solve the cocycle equations or the embedding
problem for these normal forms. Then the solutions can easily be rewritten for
general iteration groups of type I which are not in normal form by applying the
backwards transformation.

Iteration groups of type II can be described as

π(s, x) = x + πk(s)x
k +

∑
`>k

P`(πk(s))x
`, s ∈ C,

where k ≥ 2, πk: C → C is an additive function, πk 6= 0, and where P`(y) ∈ C[y] is a
polynomial of formal degree equal to b `−1

k−1
c. Here, too, we do not need the detailed

structure, the general form, and the universal character of these polynomials P`.
But the reader should be aware of the fact that even though we use the same letters
these polynomials are different from the polynomials occurring in the description
of iteration groups of type I. The analytic iteration groups of type II are obtained
for πk(s) = cks with ck ∈ C∗. In comparison with iteration groups of type I, these
groups do not have so simple normal forms, and for that reason we do not use normal
forms in our approach.
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3 Covariant embeddings with respect to iteration

groups of type I

For solving the problem of covariant embeddings we need some results on the linear
functional equation. We consider the particular version

ϕ(ρx) = a(x)ϕ(x) + b(x) (Lρ)

of (L) for ρ 6= 1 and its homogeneous form

ϕ(ρx) = a(x)ϕ(x). (Lρh)

By assumption a0 6= 0, thus it is possible to divide by a0. We denote a(x)/a0 by
â(x) satisfying â(x) ≡ 1 mod x. Using this series instead of a(x) we also consider
the functional equations

ϕ(ρx) = â(x)ϕ(x) + b̂(x) (L̂ρ)

and
ϕ(ρx) = â(x)ϕ(x). (L̂ρh)

Theorem 3. Consider the linear functional equation (Lρ).

1. If ρn 6= a0, n ≥ 0, then there is a unique solution ϕ(x) =
∑

n≥0 ϕnx
n of (Lρ),

where

ϕn =

∑n
r=1 arϕn−1 + bn

ρn − a0

, n ≥ 0. (1)

2. If ρn0 = a0 and ρ is not a complex root of 1, then ρn 6= a0 for n 6= n0, and
(Lρ) has a solution if and only if bn0 = 0. In this case, the coefficients ϕn are
uniquely determined by (1) for n 6= n0, whereas ϕn0 remains undetermined.
Conversely, if bn0 = 0, then any choice of ϕn0 ∈ C yields a solution ϕ(x) of
(Lρ).

3. If ρn0 = a0 and ρ is a complex root of 1 of order j0 > 1, then let

k0 := min {n ∈ N0 | ρn = a0}
K := {n ∈ N0 | ρn = a0} = k0 + N0j0.

The homogeneous linear functional equation (Lρh) has a nontrivial solution if
and only if (L̂ρh) has a nontrivial solution. This is equivalent to

j0−1∏
`=0

â(ρ`x) = 1. (2)
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Let

A(r)(x) :=

j0−1∑
n=0

ρ−nr

n−1∏
`=0

a(ρ`x), 0 ≤ r < j0.

Then the general solution of (Lρh) is given by

ϕ(x) = [A(k0)(x)]−1j0

∑
t≥0

ϕ∗
tj0+k0

xtj0+k0 ,

where
∑

t≥0 ϕ∗
tj0+k0

xtj0+k0 ∈ C [[x]] is arbitrary. (Then ϕtj0+k0 = ϕ∗
tj0+k0

for
t ≥ 0.)

Assume that (Lρh) has a nontrivial solution and let

B(x) :=

j0−1∑
k=0

b(ρkx)∏k
j=0 a(ρjx)

.

Then (Lρ) has a solution if and only if

B(x) = 0. (3)

Under these assumptions the general solution ϕ(x) of (Lρ) is given by

[A(k0)(x)]−1

(
j0

∑
t≥0

ϕ∗
tj0+k0

xtj0+k0 −
j0−1∑
n=1

ρ−nk0

n−1∏
`=0

a(ρ`x)
n−1∑
k=0

b(ρkx)∏k
j=0 a(ρjx)

)
,

where
∑

t≥0 ϕ∗
tj0+k0

xtj0+k0 ∈ C [[x]] is arbitrary. (Then ϕtj0+k0 = ϕ∗
tj0+k0

for
t ≥ 0.)

The first two assertions can be verified by easy calculations. For a proof of the
third assertion see [3]. The general solution of (Lρh) is given in [3, Theorem 10].
If a0 = 1 then the general solution of (Lρ) specializes to the formula given in
[3, Theorem 15]. If a0 = ρk0 with k0 > 0, then it is possible to rewrite the proof of
[3, Theorem 15] to verify the formula above.

In [6, Corollary 3] the general solution of ((Co1),(B1)) is given by

α(s, x) = α0(s)
E(π(s, x))

E(x)
, s ∈ C, (4)

where α0 is a generalized exponential function and E(x) ∈ C [[x]] with E(x) ≡
1 mod x. Dividing both sides by α0(s) and assuming that the iteration group is in
normal form, we obtain

α̂(s, x) =
E(π1(s)x)

E(x)
.



102 H. Fripertinger and L. Reich

Therefore, α satisfies (B2) if and only if α0(1) = a0 and α̂ satisfies

α̂(1, x) = â(x)

which is the same as
E(ρx) = â(x)E(x) (5)

where ρ = π1(1) 6∈ {0, 1}.
Now we analyze how to describe all solutions (α, β) of ((Co1),(Co2),(B1),(B2)).
Case 1: First we assume that ρ is not a complex root of 1. Then (Lρh) always

has a solution. This follows from Theorem 3 since (5) is a homogeneous equation.
Hence by (4) we always find a family (α(s, x))s∈C satisfying ((Co1),(B1),(B2)).

Let (α(s, x))s∈C be a solution of ((Co1),(B1),(B2)). In order to describe the
solutions (α, β) of (((Co1),(Co2),(B1),(B2)) we discuss two cases.

Case 1.1: If a0 6= ρn for all n ≥ 0, then according to [6, Theorem 11] the family
(β(s, x))s∈C is a solution of (Co2) if and only if

β(s, x) = α0(s)E(π(s, x))
(
F (x) − α0(s)

−1F (π(s, x))
)
, s ∈ C, (6)

where F (x) ∈ C [[x]]. Therefore, β is a solution of ((Co2),(B1),(B2)) if and only if

a0E(ρx)
(
F (x) − a−1

0 F (ρx)
)

= b(x),

−E(ρx)F (ρx) = −a(x)E(x)F (x) + b(x).

Hence, with G(x) = −E(x)F (x) if and only if

G(ρx) = a(x)G(x) + b(x). (7)

Using Theorem 3.1 it is always possible to find a solution G, whence we can find
some F (x) ∈ C [[x]] and a family (β(s, x))s∈C. Moreover, G and therefore F and also
β are uniquely determined.

Case 1.2: Next we consider a0 = ρn0 . Case 1.2.1: First we assume that
α0 6= πn0

1 , then α0 6= πn
1 for all n ≥ 0. According to [6, Theorem 11] the family

(β(s, x))s∈C is given by (6). The same computations as in Case 1.1 show that β is a
solution of ((Co2),(B1),(B2)) if and only if (7) has a solution for G(x) = −E(x)F (x).
By Theorem 3.2 this means that bn0 = 0. If bn0 = 0, then any choice of the coefficient
Gn0 ∈ C yields a solution G(x) ∈ C [[x]] which allows to determine all solutions
(β(s, x))s∈C of ((Co2),(B1),(B2)).

Case 1.2.2: If α0 = πn0
1 , then according to [6, Theorem 11] the general solution

of the system ((Co1),(Co2),(B1)) is given by (α, β) with

β(s, x) = α0(s)E(π(s, x))
(
A(s)xn0 + F (x) − α0(s)

−1F (π(s, x))
)
, s ∈ C, (8)
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where A is an arbitrary additive function and F (x) ∈ C [[x]]. The family (β(s, x))s∈C
satisfies (B2) if and only if

a0E(ρx)
(
A(1)xn0 + F (x) − a−1

0 F (ρx)
)

= b(x),

a0E(ρx)A(1)xn0 + a(x)E(x)F (x) − E(ρx)F (ρx) = b(x),

G(ρx) = a(x)G(x) + b(x) − a0E(ρx)A(1)xn0 , (9)

where G(x) = −E(x)F (x). Since ord(a0E(ρx)A(1)xn0) ≥ n0, it follows from Theo-
rem 3.2 that by choosing A(1) suitably the linear functional equation for G(x) has a
solution. Namely, if A(1) is chosen in such a way that bn0 = a0A(1), then any choice
of Gn0 yields a solution β of ((Co2),(B1),(B2)). The family β does not depend on
the particular value of Fn0 which is uniquely determined by Gn0 . However, there
exist different additive functions A with A(1) = bn0/a0.

Case 2: Now we assume that ρ is a complex root of 1 of order j0. Then α satisfies
the boundary condition (B2) if and only if α(1) = a0 and E(x) is a solution of (L̂ρh).
Case 2.1: If

∏j0−1
`=0 â(ρ`x) 6= 1, then there is no solution α of ((Co1),(B1),(B2)).

Case 2.2: If
∏j0−1

`=0 â(ρ`x) = 1, then there exist nontrivial solutions (α(s, x))s∈C
of the system ((Co1),(B1),(B2)). Case 2.2.1: If a0 6= ρn for all n ≥ 0, then
according to [6, Theorem 11] the family (β(s, x))s∈C is given by (6). It is a solution
of ((Co2),(B1),(B2)) if and only if (7) is satisfied for G(x) := −E(x)F (x). Again
this linear functional equation has a unique solution by Theorem 3.1.

Case 2.2.2: If a0 = ρn0 for some n0 ∈ N, then a0 = ρn for all n ∈ K.
Case 2.2.2.1: If α0 6= πn

1 for all n ∈ K, then according to [6, Theorem 11] the
family (β(s, x))s∈C is given by (6). It satisfies the boundary condition (B2) if and
only if (7) holds true for G(x) := −E(x)F (x). Since α satisfies ((Co1),(B1),(B2)),
the homogeneous linear functional equation

E(ρx) = â(x)E(x)

has nontrivial solutions. Therefore, according to Theorem 3.3 the inhomogeneous
linear functional (7) equation has a solution if and only if (3) is satisfied.

Case 2.2.2.2: If α = πn0
1 , then n0 ∈ K and n0 is uniquely determined. In this

situation the family (β(s, x))s∈C is given by (8). It satisfies (B2) if and only if (9)
has a solution. Putting

b̃(x) := b(x) − a0E(ρx)A(1)xn0 ,

we obtain from (3) the condition

j0−1∑
k=0

b̃(ρkx)∏k
j=0 a(ρjx)

= 0.
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We have

j0−1∑
k=0

b̃(ρkx)∏k
j=0 a(ρjx)

=

j0−1∑
k=0

(
b(ρkx)∏k

j=0 a(ρjx)
− a0E(ρk+1x)A(1)ρkn0xn0∏k

j=0 a(ρjx)

)

=

j0−1∑
k=0

b(ρkx)∏k
j=0 a(ρjx)

− j0E(x)A(1)xn0 .

Thus, (9) has a solution if and only if

B(x) = j0E(x)A(1)xn0 .

These cases yield the following description of covariant embeddings of (L) with
respect to an iteration group π of type I in normal form, i.e. π(s, x) = π1(s)x. For
ρ = π1(1) the linear functional equation (L) becomes (Lρ):

Theorem 4. The covariant embeddings of (L) with respect to an iteration group π
of type I in normal form are described by:

1. If a0 6= ρn for all n ≥ 0, and if ρ is not a complex root of 1, then the system
((Co1),(Co2),(B1),(B2)) has solutions. They are of the form (4) and (6). Each
solution (α, β) is a covariant embedding of (L) with respect to π.

2. If a0 6= ρn for all n ≥ 0, and if ρ is a complex root of 1, then there exist
solutions α of ((Co1),(B1),(B2)) if and only if (2) holds. They are of the form
(4). If (2) is satisfied, then the system ((Co1),(Co2),(B1),(B2)) has solutions
(α, β), where β is of the form (6). Moreover, each solution (α, β) is a covariant
embedding of (L) with respect to π.

3. If ρn0 = a0 and α0 6= πn
1 for all n ≥ 0, then there is no covariant embedding

of (L).

(a) If ρ is not a complex root of 1, then there exist solutions of the system
((Co1),(Co2),(B1),(B2)) if and only if bn0 = 0. They are of the form (4)
and (6).

(b) Assume that ρ is a complex root of 1. If (2) is not satisfied, then there
exist no solutions of ((Co1),(B1),(B2)). If (2) is satisfied, then the system
((Co1),(Co2),(B1),(B2)) has solutions if and only if (3) holds true. They
are of the form (4) and (6).

4. Assume that ρn0 = a0, ρ is not a complex root of 1, and α0 = πn0
1 . The

solutions (α, β) of ((Co1),(Co2),(B1),(B2)) are given by (4) and (8).
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(a) If (α, β) is a solution with A(1) = 0, then (α, β) is a covariant embedding
of (L) if and only if A = 0.

(b) If (α, β) is a solution with A(1) 6= 0, then (α, β) is a covariant embedding
of (L).

5. Assume that ρn0 = a0, ρ is a complex root of 1, and α0 = πn0
1 . The solutions

(α, β) of ((Co1),(Co2),(B1),(B2)) are given by (4) and (8).

(a) If (α, β) is a solution with A(1) = 0, then there exists a family of pairwise
different solutions of (L) and (α, β) is not a covariant embedding of (L).

(b) If (α, β) is a solution with A(1) 6= 0, then (α, β) is a covariant embedding
of (L) with respect to π.

Proof. 1. According to Case 1.1, for each α being a solution of ((Co1),(B1),(B2))
there exits exactly one β so that (α, β) is a solution of ((Co1),(Co2),(B1),(B2)).
Thus (α, β) is a covariant embedding of (L) by Remark 2.4.
2. According to Case 2.2.1, if α is a solution of ((Co1),(B1),(B2)), then there exits
exactly one β so that (α, β) is a solution of ((Co1),(Co2),(B1),(B2)), hence (α, β) is
a covariant embedding of (L) by Remark 2.4.
3.(a) According to Case 1.2.1 there exist solutions (α, β) of ((Co1),(Co2),(B1),(B2))
if and only if bn0 = 0. If so, from Theorem 3.2 we obtain the existence of a family
of pairwise different solutions of (L). Assume that (α, β) is a covariant embedding
of (L). Then each solution ϕ of (L) satisfies (Ls). Thus, we have

ϕ(π1(s)x) = α(s, x)ϕ(x) + β(s, x)

= α0(s)
E(π1(s)x)

E(x)
ϕ(x) + α0(s)E(π1(s)x)

(
F (x) − α0(s)

−1F (π1(s)x)
)

= α0(s)E(π1(s)x)

(
ϕ(x)

E(x)
+ F (x)

)
− E(π1(s)x)F (π1(s)x).

Consequently,

ϕ(π1(s)x) + E(π1(s)x)F (π1(s)x)

E(π1(s)x)
= α0(s)

(
ϕ(x)

E(x)
+ F (x)

)
or

H(π1(s)x) = α0(s)H(x) (10)

for

H(x) :=
ϕ(x)

E(x)
+ F (x). (11)
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The coefficients of H(x) satisfy Hnπ1(s)
n = α0(s)Hn, n ≥ 0, s ∈ C. For n = n0

we have Hn0 = 0 since by assumption πn0
1 6= α0. For n 6= n0 consider s = 1. Since

π1(1) = ρ, α0(1) = a0 and ρn 6= a0 for n 6= n0 it follows that Hn = 0. Thus,
H(x) = 0 and due to (11) ϕ(x) = −E(x)F (x). This, however, is a contradiction
since there exist pairwise different solutions of (L). Hence, by Remark 2.5, (α, β) is
not a covariant embedding of (L).
3.(b) As was shown in Case 2.2.2.1 there exist solutions (α, β) of ((Co1),(Co2),(B1),
(B2)) if and only if (2) and (3) are satisfied. This is equivalent to the fact that (L)
has solutions. According to Theorem 3.3 there exists a family of pairwise different
solutions of (L). Let (α, β) be a solution of ((Co1),(Co2),(B1),(B2)) and ϕ a solution
of (L). Similarly as in 3.(a) we deduce from ϕ being a solution of (L) that H(x)
defined by (11) satisfies (10) and, therefore, H(x) = 0 and ϕ(x) = −E(x)F (x).
This is a contradiction, since (L) admits different solutions. As a consequence of
Remark 2.5 the pair (α, β) is not a covariant embedding of (L).
4.(a) Let (α, β) be a solution of ((Co1),(Co2),(B1),(B2)) with A(1) = 0. Then
bn0 = 0 and according to Case 1.2.2 there exist solutions of (L). Theorem 3.2
describes this family of solutions of (L). Assume that (α, β) is a covariant embedding
of (L), then each solution ϕ of (L) satisfies (Ls). Using the particular form (8) of β
we obtain

ϕ(π1(s)x) = α0(s)E(π1(s)x)

(
ϕ(x)

E(x)
+ F (x) + A(s)xn0

)
− E(π1(s)x)F (π1(s)x).

Consequently,

ϕ(π1(s)x)

E(π1(s)x)
+ F (π1(s)x) = π1(s)

n0

(
ϕ(x)

E(x)
+ F (x) + A(s)xn0

)
,

or
H(π1(s)x) = π1(s)

n0H(x) + π1(s)
n0A(s)xn0 (12)

for H(x) := ϕ(x)
E(x)

+ F (x). Comparing the coefficients of xn0 we get Hn0π1(s)
n0 =

(Hn0 + A(s))π1(s)
n0 . Since π1(s) 6= 0 for all s ∈ C we obtain A(s) = 0 for all s ∈ C,

whence A = 0.
Conversely assume that A = 0. It is easy to prove that {cρn0xn0E(x) | c ∈ C}

is the general solution of (Lρh). Hence the solutions of (Lρ) are of the form ϕ(x) =
−E(x)F (x) + cρn0xn0E(x). Now we prove that each of these ϕ satisfies (Ls).

α(s, x)ϕ(x) + β(s, x) = α0(s)
E(π1(s)x)

E(x)

(
−E(x)F (x) + cρn0xn0E(x)

)
+α0(s)E(π1(s)x)

(
F (x) − α−1

0 (s)F (π1(s)x)
)
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= cρn0π1(s)
n0xn0E(π1(s)x) − E(π1(s)x)F (π1(s)x)

= ϕ(π1(s)x), s ∈ C.

By Remark 2.5, (α, β) is a covariant embedding of (L).
4.(b) Let (α, β) be a solution of ((Co1),(Co2),(B1),(B2)) with A(1) 6= 0. From
Case 1.2.2 and A(1) 6= 0 we obtain that (L) does not admit a solution. Hence (α, β)
is a covariant embedding of (L) by Remark 2.3.
5.(a) Let (α, β) be a solution of ((Co1),(Co2),(B1),(B2)) with A(1) = 0. Accord-
ing to Case 2.2.2.2, the linear functional equation (L) admits solutions. They are
described in Theorem 3.3. We suppose that (α, β) is a covariant embedding of
(L). Then each solution ϕ of (L) satisfies (Ls). Similar computations as in 4.(a)

yield (12) for H(x) := ϕ(x)
E(x)

+ F (x). Comparing the coefficients of xn0 we get

Hn0π1(s)
n0 = (Hn0 + A(s))π1(s)

n0 , s ∈ C, whence A = 0. For n 6= n0 we ob-
tain Hnπ1(s)

n0(π1(s)
n−n0 − 1) = 0, s ∈ C. Thus, Hn = 0 for all n 6= 0. If, on

the contrary, we suppose that Hr 6= 0 for some r 6= n0, then all values π1(s) were
complex roots of 1 of order |r − n0| which is impossible since by assumption π1 6= 1
and, therefore, π1(s) admits infinitely many values.

Consequently, H(x) = Hn0x
n0 and ϕ(x) = E(x)(Hn0x

n0 − F (x)). The set of
these series is “smaller” than the set of solutions of (L) described in Theorem 3.3.
In the above representation only the coefficient of xn0 in ϕ is arbitrary, whereas,
following Theorem 3.3, the coefficients of infinitely many powers x` in ϕ are arbitrary.
Therefore, (α, β) is not a covariant embedding of (L) by Remark 2.5.
5.(b) Let (α, β) be a solution of ((Co1),(Co2),(B1),(B2)) with A(1) 6= 0. Then
we obtain from Case 2.2.2.2 that (L) does not admit a solution. Hence (α, β) is a
covariant embedding of (L) by Remark 2.3. 2

The analytic covariant embeddings with respect to analytic iteration groups as
given in [4] and [5] are described in Remark 5, as consequences of Theorem 4.

Remark 5. If A is an analytic additive function with A(1) = 0, then A = 0, since
all analytic additive functions are of the form s 7→ cs for some c ∈ C.

1. If ρ is not a complex root of 1, then the analytic covariant embeddings are
described in [5, Theorem 8]. We have α0(s) = eµs, a0 = eµ, and π1(s) = eλs.
If µ − nλ 6∈ 2πiZ for n ∈ N0, then the result follows from Theorem 4.1. If
µ = n0λ for some n0 ∈ N0, then α0 = πn0

1 , A(s) = A(1)s, and the result follows
from Theorem 4.4.(a). If µ = n0λ + 2πiz0 for some n0 ∈ N0 and z0 ∈ Z \ {0},
then a0 = ρn0 but α0 6= πn

1 for n ≥ 0. The result follows from Theorem 4.3.

2. If ρ is a complex root of 1 of order j0. Then the analytic covariant embeddings
are described in [5, Theorem 4]. We have α0(s) = eµs, a0 = eµ, and π1(s) = eλs.
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A necessary condition for the existence of covariant embeddings is (2). If
aj0

0 6= 1, then a0 6= ρn for n ≥ 0 and the result follows from Theorem 4.2.
If aj0

0 = 1, then a0 = ρn0 = en0λ and µ − n0λ ∈ 2πiZ. If µ − n0λ 6= 0,
then α0 6= πn

1 for all n ≥ 0. According to Theorem 4.3.(b) a solution (α, β)
of ((Co1),(Co2),(B1),(B2)) with α0 6= πn

1 for all n ≥ 0 is not a covariant
embedding of (L). Assume that (α, β) is a solution of ((Co1),(Co2),(B1),(B2))
with µ = n0λ, then α0 = πn0

1 . If A = 0, then (L) admits solutions whence
B(x) = 0 and the result follows from Theorem 4.5.(a). If (α, β) is a solution
with A 6= 0, then the result follows from Theorem 4.5.(b).

4 Covariant embeddings with respect to iteration

groups of type II

Now we consider the situation that (π(s, x))s∈C is an iteration group of type II. We
write

π(s, x) = x + πk(s)x
k +

∑
`>k

P`(πk(s))x
`, s ∈ C,

where k ≥ 2, πk: C → C is an additive function, πk 6= 0, and where each P`(y) ∈ C[y]
is a polynomial. Since π(1, x) = p(x) we have

p(x) = x + πk(1)xk +
∑
`>k

P`(πk(1))x`

where πk(1) 6= 0. In this context in [6] it was helpful to consider the analytic iteration
group (π∗(s, x))s∈C “corresponding” to (π(s, x))s∈C . It is given by

π∗(s, x) = x + π∗
k(s)x

k +
∑
`>k

P`(π
∗
k(s))x

`, s ∈ C,

with the same polynomials P` as in π and where π∗
k(s) = s for s ∈ C. According

to [6, Remark 7], (π∗(s, x))s∈C is indeed an iteration group. The close connection
between (π∗(s, x))s∈C and (π(s, x))s∈C is given by

π(s, x) = π∗(πk(s), x), s ∈ C.

For solving the problem of covariant embeddings we need again some results on the
linear functional equation

ϕ(p(x)) = a(x)ϕ(x) + b(x). (L)
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Substitution of p(x) into ϕ(x) gives

ϕ(p(x)) =
∑
n≥0

ϕn[p(x)]n

=
k−1∑
n=0

ϕnx
n + (ϕk + ϕ1πk(1))xk

+
∑
n>k

(ϕn + (n − k + 1)ϕn−k+1 + θn(ϕ1, . . . , ϕn−k, πk(1)))xn

with universal polynomials θn, n > k, which are linear in ϕj. With θk = 0 we obtain

Theorem 6. 1. If a0 6∈ {0, 1}, then (L) has a unique solution ϕ ∈ C [[x]]. The
coefficients are recursively given by

ϕn =



(1 − a0)
−1

(
n∑

r=1

arϕn−r + bn

)
0 ≤ n < k,

(1 − a0)
−1

(
n∑

r=1

arϕn−r + bn − (n − k + 1)ϕn−k+1πk(1)

− θn(ϕ1, . . . , ϕn−k, πk(1))

)
n ≥ k.

2. Assume that a(x) = 1. If ϕ is a solution of (L), then bn = 0 for n < k and
ϕ0 is not determined by (L). The other coefficients ϕn, n ≥ 1, are uniquely
determined and recursively given by

ϕn =
bn+k−1 − θn+k−1(ϕ1, . . . , ϕn−1, πk(1))

nπk(1)
, n ≥ 1.

The coefficients ϕn, n ≥ 1, do not depend on ϕ0.

Conversely, if b0 = . . . = bk−1 = 0, ϕ0 ∈ C, and ϕn, n ≥ 1, as given above,
then

∑
n≥0 ϕnx

n is a solution of (L).

3. Assume that a(x) = 1 + an0x
n0 +

∑
n>n0

anx
n, where n0 ≥ k and an0 6= 0. If

ϕ is a solution of (L), then bn = 0 for n < k and ϕ0 is not determined by (L).
The other coefficients are uniquely determined and recursively given by

ϕn =



bn+k−1 − θn+k−1(ϕ1, . . . , ϕn−1, πk(1))

nπk(1)
1 ≤ n ≤ n0 − k,∑n+k−1−n0

r=0 an+k−1−rϕr + bn+k−1

nπk(1)

− θn+k−1(ϕ1, . . . , ϕn−1, πk(1))

nπk(1)
n > n0 − k.
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Conversely, if b0 = . . . = bk−1 = 0, ϕ0 ∈ C, and ϕn, n ≥ 1, as given above,
then

∑
n≥0 ϕnx

n is a solution of (L).

4. Assume that a(x) = 1 + an0x
n0 +

∑
n>n0

anx
n, where n0 < k − 1 and an0 6= 0.

If ϕ is a solution, then bn = 0 for n < n0 and the coefficients ϕn are uniquely
determined and recursively given by

ϕn−n0 =



−
∑n−n0−1

r=0 an−rϕr − bn

an0

n0 ≤ n < k,

(n − k + 1)ϕn−k+1πk(1) + θn(ϕ1, . . . , ϕn−k, πk(1))

an0

−
∑n−n0−1

r=0 an−rϕr + bn

an0

n ≥ k.

Conversely, if b0 = . . . = bn0−1 = 0 and ϕn, n ≥ 0, as given above, then∑
n≥0 ϕnx

n is a solution of (L).

5. Assume that a(x) = 1+ak−1x
k−1+

∑
n>k−1 anx

n, where ak−1 6= 0 and moreover
ak−1/πk(1) 6∈ N. If ϕ is a solution, then bn = 0 for n < k − 1 and the
coefficients ϕn are uniquely determined and recursively given by

ϕn−(k−1) =


−bk−1

ak−1

n = k − 1,∑n−k
r=0 an−rϕr + bn − θn(ϕ1, . . . , ϕn−k, πk(1))

(n − k + 1)πk(1) − ak−1

n ≥ k.

(13)

Conversely, if b0 = . . . = bk−2 = 0 and ϕn, n ≥ 0, as given above, then∑
n≥0 ϕnx

n is a solution of (L).

6. Assume that a(x) = 1+ak−1x
k−1+

∑
n>k−1 anx

n, where ak−1 6= 0 and moreover
ak−1/πk(1) = n1 ∈ N. If ϕ is a solution, then bn = 0 for n < k − 1 and ϕn1

is not determined by (L). For n 6= n1 + k − 1 the coefficients ϕn−(k−1) are
uniquely determined and recursively given by (13). Moreover,

bn1+k−1 = θn1+k−1(ϕ1, . . . , ϕn1−1, πk(1)) −
n1−1∑
r=0

an1+k−1−rϕr (14)

is satisfied.

Conversely, if b0 = . . . = bk−2 = 0, ϕn1 arbitrarily chosen in C, ϕn determined
by (13) for n < n1, (14) satisfied, and ϕn determined by (13) for n > n1, then
ϕ is a solution of (L).
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These assertions can be verified by careful computations. The same distinction into
different cases occurred already in [4] where we described the covariant embeddings
of (L) with respect to an analytic iteration group. If we consider the homogeneous
linear equation, then in the last three cases ord(ϕ) ≥ 1 for any solution ϕ, i.e.
ϕ0 = 0.

In [6, Theorem 8] the general solution of ((Co1),(B1)) is given by

α(s, x) = α0(s)P (s, x)
E(π(s, x))

E(x)
, s ∈ C, (15)

where α0 is a generalized exponential function, E(x) ∈ C [[x]] with E(x) ≡ 1 mod x,
and P (s, x) := P ∗(πk(s), x) with

P ∗(τ, x) =
k−1∏
n=1

exp

(
κn

∫ τ

0

[π∗(σ, x)]n dσ

)
with κ1, . . . , κk−1 ∈ C. Dividing both sides of (15) by α0(s) we obtain

α(s, x)

α0(s)
=: α̂(s, x) = P (s, x)

E(π(s, x))

E(x)
.

Therefore, α satisfies (B2) if and only if α0(1) = a0 and α̂ satisfies

α̂(1, x) = â(x)

which is the same as

E(p(x)) =
â(x)

P (1, x)
E(x). (16)

Theorem 7. For any â ∈ C [[x]] there exists a unique family (α̂(s, x))s∈C satisfying
(Co1), α̂(0, x) = 1 and α̂(1, x) = â(x).

Proof. According to the particular representation of solutions α of ((Co1),(B1))
and since

E(π(s, x))

E(x)
≡ 1 mod xk

for every E(x) ∈ C [[x]] with E(x) ≡ 1 mod x and π of type II, we necessarily have
to determine κ1, . . . , κk−1 so that

â(x)

P (1, x)
≡ 1 mod x. (17)
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If â(x) ≡ 1 mod xk, then κ1 = . . . = κk−1 = 0, whence P (s, x) = 1. Otherwise,
applying the same ideas as in [4, Theorem 3.10] it is possible to find uniquely de-
termined coefficients κ1, . . . , κk−1 so that (17) is true. Thus (16) is a homogeneous
linear functional equation belonging to case 2 or 3 of Theorem 6. Consequently
there exists a unique solution E of (16) with E(x) ≡ 1 mod x. 2

Now we assume that α, given by (15), is a solution of ((Co1),(B1),(B2)) and
analyze how to describe all solutions (α, β) of ((Co1),(Co2),(B1),(B2)).

Case 1: If α0 6= 1, then according to [6, Theorem 16] β is of the form

β(s, x) = α0(s)P (s, x)E(π(s, x))
(
F (x) − α0(s)

−1F (π(s, x))

P (s, x)

)
, s ∈ C, (18)

for some F (x) ∈ C [[x]]. Case 1.1: If a0 6= 1, then β satisfies (B2) if and only if

a0P (1, x)E(p(x))
(
F (x) − a−1

0

F (x)

P (1, x)

)
= b(x)

which is equivalent to

a0P (1, x)
â(x)

P (1, x)
E(x)F (x) − E(p(x))F (p(x)) = b(x)

−E(p(x))F (p(x)) = −a(x)E(x)F (x) + b(x),

G(p(x)) = a(x)G(x) + b(x) (19)

for G(x) := −E(x)F (x). According to Theorem 6.1 there exists a unique solution
G, which means that F and also β are uniquely determined.

Case 1.2: If a0 = 1, then a(x) = â(x) and, depending on a(x), we have
to consider different situations. Case 1.2.1: We assume that a(x) = 1, whence
P (s, x) = 1. Then (19) is simply

G(p(x)) = G(x) + b(x).

According to Theorem 6.2, there exists a solution G if and only if bn = 0 for n < k.
If bn = 0, n < k, then G0 is not determined by the equation, whereas Gn does not
depend on G0 and is uniquely determined for n > 1. Therefore, if bn = 0, n < k,
then Fn is uniquely determined for n > 0. In conclusion, there exist solutions β
if and only if bn = 0, n < k. If so, then β is not uniquely determined by α and
((Co2),(B1),(B2)). Case 1.2.2: We assume that a(x) = 1 + an0x

n0 + . . . with
an0 6= 0 and n0 ≥ k. Again we have P (s, x) = 1. According to Theorem 6.3, there
exists a solution G of (19) if and only if bn = 0 for n < k. If bn = 0, n < k, then G0
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is not determined by the equation, whereas Gn is uniquely determined for n > 1.
Now the coefficients Gn also depend on G0. Similarly as above, there exist solutions
β if and only if bn = 0, n < k. If so, then β is not uniquely determined by α and
((Co2),(B1),(B2)). Case 1.2.3: We assume that a(x) = 1+an0x

n0+. . . with an0 6= 0
and n0 < k − 1. Then according to Theorem 6.4, there exists a solution G of (19)
if and only if bn = 0 for n < n0. If bn = 0, n < n0, then G is uniquely determined,
whence β is uniquely determined by α and ((Co2),(B1),(B2)). Case 1.2.4: We
assume that a(x) = 1 + an0x

n0 + . . . with an0 6= 0 and n0 = k − 1. Case 1.2.4.1:
If ak−1/πk(1) 6∈ N, then according to Theorem 6.5, there exists a solution G of
(19) if and only if bn = 0 for n < k − 1. If so, then G is uniquely determined,
whence β is uniquely determined by α and ((Co2),(B1),(B2)). Case 1.2.4.2: If
ak−1/πk(1) = n1 ∈ N, then according to Theorem 6.6, there exist solutions G of
(19) if and only if (L) has a solution. To be more precise, there are solutions of (L)
if and only if ord(b(x)) ≥ k − 1 and (14) is satisfied. However, G and therefore β is
not uniquely determined by α and ((Co2),(B1),(B2)).

Case 2: Assume that α0 = 1, then necessarily a0 = 1 and a = â. Case 2.1:
Consider

P (s, x) = 1 + κrπk(s)x
r + . . . , s ∈ C,

with κr 6= 0, and either r < k− 1 or r = k− 1 and κk−1 6∈ N0. Due to the particular
form (15) of α and α(1, x) = a(x) we have a(x) = 1+arx

r + . . . where ar = πk(1)κr.
Using the notation of Theorem 6, n0 = r and either n0 < k − 1 or n0 = k and
an0/πk(1) 6∈ N. According to [6, Theorem 17] β is of the form

β(s, x) = P (s, x)E(π(s, x))
(
F (x) − F (π(s, x))

P (s, x)
+ Q(s, x)

)
, s ∈ C, (20)

where F (x) ∈ C [[x]] and

Q(s, x) =

n0−1∑
n=0

∫ τ

0

`n[π∗(σ, x)]n

P ∗(σ, x)E(π∗(σ, x))
dσ

∣∣∣
τ=πk(s)

,

with `0, . . . , `n0−1 ∈ C. Then β satisfies (B2) if and only if

P (1, x)E(p(x))
(
F (x) − F (p(x))

P (1, x)
+ Q(1, x)

)
= b(x)

a(x)E(x)F (x) − E(p(x))F (p(x)) + a(x)E(x)Q(1, x) = b(x),

G(p(x)) = a(x)G(x) + b̃(x) (21)

for G(x) = −E(x)F (x) and b̃(x) = b(x) − a(x)E(x)Q(1, x). According to Theorem
6.4 or Theorem 6.5 there exists a solution G of (21) if and only if ord(b̃(x)) ≥ n0.
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By construction, for 0 ≤ n < n0 the n-th summand of Q(s, x) is of the form
`nx

n + . . ., whence it is possible to determine `n, 0 ≤ n < n0, so that ord(b(x) −
a(x)E(x)Q(1, x)) ≥ n0. By doing this Q(s, x) is uniquely determined. Using this Q
there exists a unique solution G of (21) and consequently a unique series F (x). In
conclusion β is uniquely determined by α and ((Co2),(B1),(B2)).

Case 2.2: Assume that P (s, x) = 1, then either a(x) = 1 or a(x) = 1+an0x
n0 +

. . . with an0 6= 0 and n0 ≥ k. According to [6, first part of Theorem 18] β is of the
form

β(s, x) = E(π(s, x))
(
A(s) + F (x) − F (π(s, x)) + Q(s, x)

)
, s ∈ C, (22)

where A: C → C is additive, F (x) ∈ C [[x]], and

Q(s, x) =
k−1∑
n=0

∫ τ

0

`n[π∗(σ, x)]n

E(π∗(σ, x))
dσ

∣∣∣
τ=πk(s)

,

with `0, . . . , `k−1 ∈ C. Then β satisfies (B2) if and only if

a(x)E(x)F (x) − E(p(x))F (p(x)) + a(x)E(x)(A(1) + Q(1, x)) = b(x),

G(p(x)) = a(x)G(x) + b̃(x) (23)

for G(x) = −E(x)F (x) and b̃(x) = b(x) − a(x)E(x)(A(1) + Q(1, x)). Accord-
ing to Theorem 6.2 or Theorem 6.3 there exist solutions of (23) if and only if
ord(b̃(x)) ≥ k. For any choice of A(1) there exist unique `0, . . . , `k−1 so that
ord(b(x) − a(x)E(x)(A(1) + Q(1, x))) ≥ k. Using this Q there exist solutions G
of (23). The coefficient G0 can be chosen arbitrarily, the remaining Gn are uniquely
determined. In conclusion there exist solutions β of ((Co2),(B1),(B2)), but β is not
uniquely determined by α and this system of equations.

Case 2.3: Assume that

P (s, x) = 1 + κk−1πk(s)x
k−1 + . . . , s ∈ C,

with κk−1 = n1 ∈ N. Then a(x) = 1 + ak−1x
k−1 + . . ., with ak−1 = n1πk(1).

According to [6, second part of Theorem 18] β is of the form

β(s, x) = P (s, x)E(π(s, x))
(
A(s)δ(x) + F (x) − F (π(s, x))

P (s, x)
+ Q(s, x)

)
, s ∈ C,

(24)
where A: C → C is additive, δ(x) = xn1 +

∑
n>n1

δnx
n, so that A(s)δ(x) is a solution

of

∆(s + t, x) = ∆(s, x) +
∆(t, π(s, x))

P (s, x)
, s, t ∈ C,
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F (x) ∈ C [[x]], and

Q(s, x)=

(
k−2∑
n=0

∫ τ

0

`n[π∗(σ, x)]n

P ∗(σ, x)E(π∗(σ, x))
dσ +

∫ τ

0

`n1+k−1[π
∗(σ, x)]n1+k−1

P ∗(σ, x)
dσ

)∣∣∣
τ=πk(s)

,

with `0, . . . , `k−2, `n1+k−1 ∈ C. Then β satisfies (B2) if and only if

a(x)E(x)F (x) − E(p(x))F (p(x)) + a(x)E(x)(A(1)δ(x) + Q(1, x)) = b(x),

G(p(x)) = a(x)G(x) + b̃(x) (25)

for G(x) = −E(x)F (x) and b̃(x) = b(x)− a(x)E(x)(A(1)δ(x) + Q(1, x)). According
to Theorem 6.6 there exist solutions of (25) if and only if ord(b̃(x)) ≥ k−1 and (14)
is satisfied. For any choice of A(1) there exist unique `0, . . . , `k−2 and `n1+k−1 so
that these conditions are satisfied. Using this Q there exist solutions G of (25). The
coefficient Gn1 can be chosen arbitrarily, the remaining Gn are uniquely determined.
In conclusion there exist solutions β of ((Co2),(B1),(B2)) but β is not uniquely
determined by α and this system of equations.

Theorem 8. The covariant embeddings of (L) with respect to an iteration group of
type II are described by:

1. If a0 6= 1, then the system ((Co1),(Co2),(B1),(B2)) has solutions (α, β). They
are of the form (15) and (18). Each solution is a covariant embedding of (L).

2. Assume that a(x) = 1 + an0x
n0 + . . . with an0 6= 0 and either n0 < k − 1 or

n0 = k − 1 and an0 6= nπk(1) for n ∈ N.

(a) There exist solutions (α, β) of ((Co1),(Co2),(B1),(B2)) with α0 6= 1 if
and only if (L) has solutions. They are of the form (15) and (18). If
(α, β) is a solution with α0 6= 1, then it is a covariant embedding of (L).

(b) There exists a unique solution (α, β) of ((Co1),(Co2),(B1),(B2)) with
α0 = 1. It is of the form (15) and (20), and it is a covariant embed-
ding of (L).

3. Assume that either a(x) = 1 or a(x) = 1 + an0x
n0 + . . . with an0 6= 0 and

n0 ≥ k.

(a) There exist solutions (α, β) of ((Co1),(Co2),(B1),(B2)) with α0 6= 1 if
and only if (L) has solutions. They are of the form (15) and (18) with
P (s, x) = 1. If (α, β) is a solution with α0 6= 1, then it is not a covariant
embedding of (L).
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(b) There exist solutions (α, β) of ((Co1),(Co2),(B1),(B2)) with α0 = 1 if
and only if the linear functional equation (23) has solutions. They are of
the form (15) and (22). Assume that (α, β) is a solution with α0 = 1 and
an additive function A.

i. If there is no solution of (L), i.e. there exists some n < k so that
bn 6= 0, then (α, β) is a covariant embedding of (L).

ii. Assume that bn = 0 for n < k, i.e. there exist solutions of (L). Then
(α, β) is a covariant embedding of (L) if and only if A = cπk for some
c ∈ C.

4. Assume that a(x) = 1 + ak−1x
k−1 + . . . with ak−1 = n1πk(1) for some n1 ∈ N.

(a) There exist solutions (α, β) of ((Co1),(Co2),(B1),(B2)) with α0 6= 1 if and
only if (L) has solutions. They are of the form (15) and (18). If (α, β) is
a solution with α0 6= 1, then it is not a covariant embedding of (L).

(b) There exist solutions (α, β) of ((Co1),(Co2),(B1),(B2)) with α0 = 1 if
and only if the linear functional equation (25) has solutions. They are of
the form (15) and (24). Assume that (α, β) is a solution with α0 = 1 and
additive function A.

i. If there is no solution of (L), then (α, β) is a covariant embedding of
(L).

ii. Assume that there exist solutions of (L). Then (α, β) is a covariant
embedding of (L) if and only if A = cπk for some c ∈ C.

Proof. 1. If a0 6= 1 and α0(1) = a0, then α0 6= 1. According to Case 1.1, for each
α being a solution of ((Co1),(B1),(B2)) there exits exactly one β so that (α, β) is
a solution of ((Co1),(Co2),(B1),(B2)). Thus (α, β) is a covariant embedding of (L)
by Remark 2.4.
2.(a) According to Case 1.2.3 for n0 < k − 1 or Case 1.2.4.1 for n0 = k − 1 and
an0 6= nπk(1), n ∈ N, we have: If α is a solution of ((Co1),(B1),(B2)) with α0 6= 1,
then there exists a solution (α, β) of ((Co1),(Co2),(B1),(B2)) if and only if (L) has
a solution. In this case β is uniquely determined by α and ((Co2),(B1),(B2)), hence
(α, β) is a covariant embedding of (L) by Remark 2.4.
2.(b) According to Theorem 7 and Case 2.1 there exists a unique solution α of
((Co1),(B1),(B2)) with α0 = 1 and there exists a unique β so that (α, β) is a solution
of ((Co2),(B1),(B2)). Hence (α, β) is a covariant embedding of (L) by Remark 2.4.
3.(a) Assume that α is a solution of ((Co1),(B1),(B2)) with α0 6= 1. According to
Case 1.2.1 or Case 1.2.2 there exist solutions (α, β) of ((Co1),(Co2),(B1),(B2)) if
and only if (L) has a solution. Supposing that (α, β) is a covariant embedding of
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(L) we deduce that each solution ϕ of (L) satisfies (Ls). According to Theorem 6.3
for each ϕ0 there exists exactly one solution ϕ of (L) with ϕ ≡ ϕ0 mod x. From (15)
and (18) we deduce that each of these ϕ satisfies

ϕ(π(s, x)) = α0(s)
E(π(s, x))

E(x)
ϕ(x)

+α0(s)E(π(s, x))(F (x) − α0(s)
−1F (π(s, x))),

ϕ(π(s, x))

E(π(s, x))
+ F (π(s, x)) = α0(s)

(
ϕ(x)

E(x)
+ F (x)

)
,

H(π(s, x)) = α0(s)H(x) (26)

for all s ∈ C where H(x) = ϕ(x)
E(x)

+ F (x). Choosing some s ∈ C so that α0(s) 6= 1

we obtain from Theorem 6.1 that H(x) = 0. Whence ϕ(x) = −E(x)F (x) which is
a contradiction to the arbitrary choice of ϕ0 ∈ C. Hence, by Remark 2.5, (α, β) is
not a covariant embedding of (L).
3.(b) The assertion follows from Case 2.2.
3.(b)i. If (α, β) is a solution of ((Co1),(Co2),(B1),(B2)), then the assertion is obvi-
ously true by Remark 2.3.
3.(b)ii. Assume that (α, β) is a solution of ((Co1),(Co2),(B1),(B2)) with α0 = 1. In
[6, proof of Theorem 18] we have shown that when all the coefficient functions of β
are polynomials in πk(s), then it is possible to assume that A = 0. Therefore, it is
possible to assume that A(1) = 0. Since, if A(1) 6= 0, then we express the additive
function A as a sum of two additive functions A = A1 + A2. The first one is a
nonzero multiple of πk,

A1(s) :=
A(1)

πk(1)
πk(s)

and the second one

A2(s) :=

(
A(s) − A(1)

πk(1)
πk(s)

)
takes the value 0 for s = 1. Then β(s, x) − A2(s)E(π(s, x)) can be expressed as

E(π(s, x))
(
F̃ (x) − F̃ (π(s, x)) + Q̃(s, x)

)
,

thus

β(s, x) = E(π(s, x))
(
A2(s) + F̃ (x) − F̃ (π(s, x)) + Q̃(s, x)

)
, s ∈ C,

with suitable F̃ and Q̃.
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We assume that A(1) = 0, whence F = F̃ and Q = Q̃. Since by assumption
b(x) ≡ 0 mod xk, we derive that Q(s, x) = 0. Therefore, the linear functional
equation (23) becomes (L). The solutions of (L) are described in Theorem 6.3. In
the present situation the set of all solutions of (L) is

{−E(x)F (x) + cE(x) | c ∈ C} .

Simple calculations show that −E(x)F (x) + cE(x) is a solution of (L). For ϕ0 ∈ C
let c := ϕ0 + F0, then −E(x)F (x) + cE(x) ≡ −F0 + (ϕ0 + F0) = ϕ0 mod x which
shows that each solution of (L) can be represented in this way. Now we analyze
when (Ls) is satisfied. For ϕ(x) = −E(x)F (x) + cE(x) we obtain

ϕ(π(s, x)) − α(s, x)ϕ(x) − β(s, x) =

− E(π(s, x))F (π(s, x)) + cE(π(s, x)) + E(π(s, x))F (x) − cE(π(s, x))

− E(π(s, x))A(s) − E(π(s, x))F (x) + E(π(s, x))F (π(s, x)) =

− E(π(s, x))A(s).

Thus (Ls) is satisfied if and only if A = 0, whence A = 0πk.
4.(a) Assume that α is a solution of ((Co1),(B1),(B2)) with α0 6= 1. According to
Case 1.2.4.2 there exist solutions (α, β) of ((Co1),(Co2),(B1),(B2)) if and only if (L)
has a solution. Supposing that (α, β) is a covariant embedding of (L) we deduce
that each solution ϕ of (L) satisfies (Ls). According to Theorem 6.6 for each choice
of ϕn1 in C there exists exactly one solution ϕ of (L) where ϕn1 is the coefficient of
xn1 in ϕ. From (15) and (18) we deduce that all these ϕ satisfy

ϕ(π(s, x)) = α0(s)P (s, x)
E(π(s, x))

E(x)
ϕ(x)

+ α0(s)P (s, x)E(π(s, x))
(
F (x) − α0(s)

−1F (π(s, x))

P (s, x)

)
,

ϕ(π(s, x))

E(π(s, x))
+ F (π(s, x)) = α0(s)P (s, x)

(
ϕ(x)

E(x)
+ F (x)

)
,

H(π(s, x)) = α0(s)P (s, x)H(x) (27)

for all s ∈ C where H(x) = ϕ(x)
E(x)

+ F (x). Choosing some s ∈ C so that α0(s) 6= 1

we obtain from Theorem 6.1 that H(x) = 0. Whence ϕ(x) = −E(x)F (x) which is
a contradiction to the arbitrary choice of ϕn1 ∈ C. Hence, by Remark 2.5, (α, β) is
not a covariant embedding of (L).
4.(b) The assertion follows from Case 2.3.
4.(b)i. If (α, β) is a solution of ((Co1),(Co2),(B1),(B2)), then the assertion is obvi-
ously true by Remark 2.3.
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4.(b)ii. Assume that (α, β) is a solution of ((Co1),(Co2),(B1),(B2)) with α0 = 1
where β is of the form (24). The same arguments as in 3.(b)ii. show that it is
possible to assume that A(1) = 0.

Since by assumption b(x) ≡ 0 mod xk, we derive that Q(s, x) = 0. Therefore,
the linear functional equation (25) becomes (L). The solutions of (L) are described
in Theorem 6.6. In [6, Theorem 20] we have shown that

P (s, x) =
δ(π(s, x))

δ(x)
,

whence δ(p(x))E(p(x)) = a(x)δ(x)E(x). In other words, δE is a solution of the
homogeneous linear functional equation and consequently, the set of all solutions of
(L) is

{−E(x)F (x) + cδ(x)E(x) | c ∈ C} .

Simple calculations show that −E(x)F (x) + cδ(x)E(x) is a solution of (L) and that
each solution of (L) can be represented in this way. Now we analyze when (Ls) is
satisfied. For ϕ(x) = −E(x)F (x) + cδ(x)E(x) we obtain

ϕ(π(s, x)) − α(s, x)ϕ(x) − β(s, x) =

− E(π(s, x))F (π(s, x)) + cδ(π(s, x))E(π(s, x)) + P (s, x)E(π(s, x))F (x)

− cδ(x)P (s, x)E(π(s, x)) − P (s, x)E(π(s, x))A(s)δ(x)

− P (s, x)E(π(s, x))F (x) + E(π(s, x))F (π(s, x)) =

− P (s, x)E(π(s, x))A(s)δ(x).

Thus (Ls) is satisfied if and only if A = 0, whence A = 0πk. 2

Remark 9. For analytic iteration groups of type II we have πk(s) = cks for some
ck ∈ C \ {0}. If A is an arbitrary analytic additive function with A(1) = 0, then
A = 0, since all analytic additive functions are of the form s 7→ cs for some c ∈ C.
Thus, any nontrivial analytic additive function is a multiple of πk.

1. If a0 6= 1, then the analytic covariant embeddings are described in [4, Corol-
lary 4.2] and [5, Theorem 19]. The result follows from Theorem 8.1.

2. Assume that a(x) = 1+an0x
n0 + . . . with an0 6= 0 and either n0 < k−1 or n0 =

k − 1 and an0 6= nck for n ∈ N. The analytic covariant embeddings of (L) are
described in [4, Corollary 4.2] and [5, Theorem 19]. We have α0(s) = eµs. The
situations µ 6= 0 or µ = 0 are described by Theorem 8.2.(a) or Theorem 8.2.(b)
respectively.
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3. Consider a(x) = 1 or a(x) = 1+an0x
n0 +. . . with an0 6= 0 and n0 ≥ k. We have

α0(s) = eµs. If µ 6= 0 then according to [5, Theorem 15] there are no covariant
embeddings, which follows from Theorem 8.3.(a). The case µ = 0 is described
in [5, Theorem 19] and follows from Theorem 8.3.(b). In the analytic case the
additive function A does not appear, since A is of the form cπk and, therefore,
it can be included in Q(s, x).

4. The analytic covariant embeddings in the situation a(x) = 1 + ak−1x
k−1 + . . .

with ak−1 = n1πk(1) for some n1 ∈ N are described in [5, Theorem 12]. We
have α0(s) = eµs. For µ 6= 0 or µ = 0 the results follow from Theorem 8.4.(a)
and Theorem 8.4.(b). In the analytic case the additive function A does not
appear, since A is of the form cπk and, therefore, it can be included in Q(s, x).
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