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ON THE FORMAL FIRST COCYCLE EQUATION FOR ITERATION GROUPS
OF TYPE II
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Abstract. Let z be an indeterminate over C. We investigate solutions

a(s,z) = Z an(s)z",

n>0
an: C — C, n >0, of the first cocycle equation
als+t,2) = a(s,z)a(t, F(s,z)), s,teC, (Col)

in C[z], the ring of formal power series over C, where (F'(s,x))scc is an iteration group of type II, i.e.
it is a solution of the translation equation

F(s+t,z) = F(s, F(t,x)), s,t € C, (T)

of the form F(s,z) = & +cx(s)z® mod 2"+, where k > 2 and ¢ # 0 is necessarily an additive function.
It is easy to prove that the coeflicient functions au,(s) of

a(s,z) =1+ Z an(s)z"™

n>1

are polynomials in cg(s).

It is possible to replace this additive function cx by an indeterminate. Finally, we obtain a formal
version of the first cocycle equation in the ring (Cly])[z]. We solve this equation in a completely
algebraic way, by deriving formal differential equations or an Aczél-Jabotinsky type equation. This
way it is possible to get the structure of the coefficients in great detail which are now polynomials. We
prove the universal character of these polynomials depending on certain parameters, the coefficients
of the generator K of a formal cocycle for iteration groups of type II. Rewriting the solutions I'(y, x)
of the formal first cocycle equation in the form > o, ¢¥n(x)y™ as elements of (Cz])[y], we obtain

explicit formulas for 1, in terms of the derivatives HY)(z) and K9 (z) of the generators H and K
and also a representation of I'(y, z) similar to a Lie-Grobner series. There are interesting similarities
between the solutions G(y, x) of the formal translation equation for iteration groups of type II and the
solutions I'(y, z) of the formal first cocycle equation for iteration groups of type II.
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Résumé. Soit = une indéterminée dans C. Nous étudions les solutions

afs,z) = Z an(s)z",

n>0
an: C — C, n >0, de la premiere équation de cocycle
als+t,z) = a(s,z)a(t, F(s,z)), s,teC, (Col)

dans C[z], Panneau des séries entiéres formelles sur C, ot (F(s,))sec est un groupe d’itération de
type 11, c’est-a-dire une solution de ’équation de translation

F(s+t,z) = F(s, F(t,x)), s,teC, (T)
de la forme F(s,z) = z + cx(s)z® mod 21, olt k > 2 et cx # 0 est nécessairement une fonction
additive. Il est facile de démontrer que les fonctions coefficients o, (s) de

a(s,z) =1+ Z an(s)z"”

n>1

sont des polyndmes dans c(s).

Il est possible de remplacer cette fonction addtitive ¢ par une indéterminée. Finalement, nous
obtenons une version formelle de la premieére équation de cocycle dans lanneau (Cly])[z]. Nous
résolvons cette équation d’une maniére complétement algébrique, en dérivant formellement les équations
différentielles ou une équation de type Aczél-Jabotinsky. De cette maniére il est possible d’obtenir la
structure détaillée des coefficients qui sont maintenant des polynémes. Nous montrons le caractere
universel de ces polynémes en fonction de certains parameétres, les coefficients du générateur K d’un
cocycle formel pour les groupes d’itération de type II. En réécrivant les solutions I'(y, z) de la premiére
équation de cocycle sous la forme > ., ¥n(x)y™ comme des éléments de (C[z])[y], nous obtenons
des formules explicites pour ¥, en terme des dérivées HY (z) et K (j)(x) des générateurs H et K et
également une représentation de I'(y,x) similaire & une série de Lie-Grobner. Il y a des similarités
intéressantes entre les solutions G (y, z) de I’équation de translation formelle pour les groupes d’itération
de type II et les solutions I'(y, =) de la premiére équation formelle de cocycle pour les groupes d’itération
de type II.

Mots clefs. Premiere équation de cocycle, équations fonctionnelles formelles, groupes d’itération de
type II, anneau des séries formelles sur C.

1. INTRODUCTION

In [2] we introduce the method of “formal functional equations” to solve the translation equation (and the
associated system of cocycle equations) in rings of formal power series over C in the case of iteration groups
of type I. Let C[z] be the ring of formal power series F'(z) = Y -, c,x” over C in the indeterminate x, and
denote by (I, 0) the group of formal series which are invertible with respect to substitution o. We consider the
translation equation

F(s+t,x):F(s,F(t,x)), s,t € C, (T)
for Fy(z) = F(t,z) = > 5, c(t)a” € I, t € C. (Cf. the introduction of [2] for the motivation to study (T)

and basic results on its solutions (Fy)iec.) A family (Fy)iec which satisfies (T) is called iteration group, and
neglecting the trivial iteration group, there are two types of such groups, namely iteration groups of type I
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where the coefficient ¢; is a generalized exponential function different from 1, and iteration groups of type II,
where ¢; = 1.

As it was already done in [3] also in the present paper we will only treat iteration groups of type II, and then
it is known that for each iteration group of this type there exists an integer & > 2 such that

Fi(z) =z + ()" + ..., teC,

where ¢;: C — C is an additive function different from 0. In [3] it is shown that the translation equation (T)
can be replaced by the formal translation equation in (Cly, z])[z] for iteration groups of type II

G(y+ Z,{l?) = G(y7G(27$)) (Tformal)
for G(y,z) = = + ya* + Y nsk Pu(y)z™, with polynomials P, (y) € Cly], n > k, and by the boundary condition
G(0,z) = x. (B)

We had proved the following theorem: Let c; # 0 be an additive function. Then F(s,z) = x + cx(s)z* +
>onok Palce(s))z™ is a solution of (T) if and only if G(y,x) = & + yz® + 3, ., Pa(y)z™ is a solution of
(Tformal) and (B)

In connection with the problem of a covariant embedding of the linear functional equation ¢(p(x)) =
a(z)p(x) + b(x) with respect to an iteration group (F(s,z))sec (cf. [1]) we have to solve the two cocycle
equations

a(s+t,x) = as,z)a(t, F(s,z)), s,t €C, (Col)
B(s+t,x) = B(s,x)a(t,F(s,x)) + B(t, F(s,z)), steC, (Co2)

under the boundary conditions
a0,2)=1,  B(0,z) =0, (B1)

for
a(s,z) = Zan(s)x”, B(s,x) = Z Bn(s)z™.
n>0 n>0
Similarly as in [2] and [3], it is our main purpose to get detailed information on the coefficient functions oy
of a solution of (Col) as polynomials in cx.
In section 2 we see that (Col) may be replaced by a “formal cocycle equation”, namely

F(y + z, LE) = F(y7 1‘) + F(Zv G(yv ZE)) (COIformal)

r0,z)=0 (B3)
where G(y, ) = +ya* + 3 _, Pa(y)z" is a formal iteration group of type II, and where I'(y,z) € (C[y])[]
is a formal series in & whose coefficients are polynomials in y. Hence, (Colformar) is an identity in (Cly, 2])[z].

(Colformal) can be solved by using various differentiation processes which are, however, purely algebraic
operations. Hence we may again speak of a “method of formal functional equations” to solve (Col) in the case
of iteration groups of type II. This approach yields three types of differential equations, namely (ColDgormal),
(ColPDtormar) and (ColAJsormal)-

In section 4 (ColDsormal) is solved in such a way that it yields rather detailed information on the coefficient
functions of a solution of the formal first cocycle equation for iteration groups of type II (Theorem 9). In
particular, it gives universal representations of the coefficient functions as polynomials in ¢ (replacing y) where
the coefficients of the generator K (z) = >_ ., r;a? of the (formal first) cocycle serve as parameters (Theorem 9).
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In section 5 we use the formal differential equation (ColPDsormar). The result (Theorem 10) is essentially
the same as Theorem 9.

Since I'(y, x), a solution of (Colgormal), belongs to (Cly])[x], it is also an element of C[y, =], the ring of formal
power series in two indeterminates over C, and hence it may be seen as an element I'(y,z) = > - ¢¥n(x)y™ of
(C[z])[y]- This approach is worked out in section 6. It follows from (ColPDsormar) that the family (4, ()),>1,
a summable family of formal power series, is the solution of the rather simple recursion (2,), (3). We obtain
explicit formulas for 1, in terms of the derivatives H)(x) and K')(z) of the generators H and K (Theorem 17)
and also a representation of I'(y, ) similar to a Lie-Grébner series (Theorem 19).

At the end of this Introduction we mention that there are interesting similarities between the solutions G(y, x)
of the formal translation equation for iteration groups of type II studied in [3] and the solutions I'(y, z) of the
formal first cocycle equation for iteration groups of type II.

2. THE FORMAL FIRST COCYCLE EQUATION IN C[z]

Let  be an indeterminate over C. We investigate solutions a(s,z) = > -, an(s)z™, a,: C = C, n >0, of
the first cocycle equation
a(s+t,2) = as,x)a(t, F(s,z)), s,t € C, (Col)
in C[z], the ring of formal power series over C, where (F(s,x))scc is an iteration group of type II, i.e. it is a
solution of the translation equation

F(s+t,x) = F(s, F(t,x)), s,t € C, (T)
of the form F(s,z) = x + cx(s)z" mod z¥*1, where k > 2 and ¢ # 0 is necessarily an additive function.
In [2] we have proved
Lemma 1. Let (F(s,z))sec be an iteration group.

If a(s,z) = 32,50 an(s)2™ is a solution of (Col) and (B1), then oy is an exponential function and

_a(s,r)
(s, x) = (s 1+ a0 (3)

as) oo

is also a solution of (Col) and (B1).
If, conversely, ag is an exponential function and &(s,xz) = 1 mod z is a solution of (Col) and (B1), then
a(s,x) := ag(s)a(s, z) satisfies (Col) and (B1).

Consider &(s,x) =1 mod z. By substitution into the logarithmic series we obtain

Lemma 2. (s, ) :=log(d(s,z)) = Y on>1Yn(8)x™ is a solution of

(s +t,x) =(s,z) +(t, F(s,x)) (Colieg)
and
~v(0,2) =0 (B2)
if and only if &(s,x) satisfies (Col) and (B1).
By comparing coefficients it is easy to prove
Lemma 3. Let F(s,z) =x+ ank P, (ck(s))x™ be an iteration group of type II, then each coefficient function
Yn(8) of a solution v of (Colieg) is a polynomial P, (cx(s)), s € C. Moreover for all s,t € C we have

D Paler(s) + n(t)a” =D Paler(s)a™ + Y Palex(t)) |2+ Y Prler(s))a”

n>1 n>1 n>1 r>k
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In [3] we have proved

Lemma 4. Let a be a nontrivial additive function, a # 0. Then the following assertions hold true:

(1) a takes infinitely many values.

(2) Consider P(x1,x2) € Clz1,22]. If P(a(s),a(t)) =0 for all s,t € C, then P = 0.

This observation allows to study formal equations by replacing a(s) and a(t) by indeterminates y and z. In
Cly] we have the formal derivation with respect to y. In (Cly])[«] we have the formal derivation with respect to
x. Moreover the mixed chain rule is valid for formal derivations. Therefore, differentiation is a purely algebraic
process in (C[y])[z]!

This way we obtain the formal first cocycle equation in (Cly, z])[z] for iteration groups of type II of the form

L(y+z2) =T(y,z) +T(2,G(y,z)) (Colformal)

together with
r0,z)=0 (B3)
for T(y, ) = 3,5, Pu(y)z™, where G(y,2) = = + ya* + > sk Pu(y)z™ is a formal iteration group of type II.
As a consequence of Lemma 4 we easily obtain

Theorem 5. Let ¢, # 0 be an additive function. Then y(s,x) = >, 5 Pa(ck(s))2™ is a solution of (Colisg)

satisfying v(0,z) = 0 if and only if I'(y,z) = 32,5, Pu(y)z" is a solution of (Coltormal) satisfying (B3).

3. THREE DIFFERENTIAL EQUATION DERIVED FROM (Colformal)

In the sequel we solve the system consisting of the formal translation equation (Colfomal) and the boundary
condition (B3). In Cly] we have the formal derivation with respect to y. In (Cly])[z] we have the formal
derivation with respect to x. Moreover the mixed chain rule is valid for formal derivations.

In the present context

a e
ay G(y, x)|y=0 = 2" + nz>khnx '=H(x)
is called the formal generator of G. (We set hy, := 1.) Notice that in the situation of an analytic iteration group
the coefficient of 2% in H(x) may be different from 1. Moreover, we call K(z) := 3% I'(y,z)|y=o0 the formal
generator of I,
Differentiation of (Colgormal) With respect to z yields
0 0
B Lt z)li=ys- = 5 I'(z,G(y,z)).
For z = 0 we get
0
aiy F(yv x) = K(G(:Lh l‘)) (COlDformal)
Differentiation of (Colgormal) With respect to y and application of the mixed chain rule yields
0 0 0 0
En Lt @)|i=y+2 = oy I(y,z) + En I'(z, t)\t:a(y,x)afy G(y, ).
For y = 0 we get
0 0
@F(Z,l‘) = K(CC) +H($)%F(zv‘r) (COIPDformal)

Combining (ColDtorma1) and (ColPDsyrmar) yields an Aczél-Jabotinsky differential equation of the form

K(‘T) +H($)%F(y,$) = K(G(yax)) (COlAJformal)



ESAIM: PROCEEDINGS 37

4. THE DIFFERENTIAL EQUATION (ColDgyma)

Now we solve (ColDgormal) together with (B3) in order to solve (Colgormar). In the sequel we use the notation
Iy G(o,2)do for [G(o,2)do|s—y — [ G(0,2)do]g—o. If A(o,2) =, ~gan(0)z", o € C, then [ A(o,z)do :=
> oo ([ an(o)do) 2™, where [ an(o)do is a primitive function of a,.

In a completely algebraic way it is possible to prove

Theorem 6. Let K(x) =3, -, kna" be a formal series of order at least 1, and H(x) be the formal generator
of the formal iteration group G(y,z) of type II. Then the solution of (ColDiormal) and (B3) is

k—1 ' ) )
I(z,z) = Z/Hj [G(a, x)]ﬂda + E(G(z,a:)) — E(x),
ngk Ky

H(z)
Proof. From (ColDgormar) it follows directly that its solution which satisfies (B3) is of the form

s 9 -
where E(x) of order at least 1 is given by 92 E(z) =

I'(z,z) = /OZ K(G(o,z))do

k-1 . ‘ . |
= ;,‘%A [G(U,x)]JdO' + ZﬁjA [G(U,x)] do.

Jjzk

There exists exactly one series F(z) of order at least 1 so that

D = 2k k!

According to [3] G satisfies (Dformal), i.e. H(G(z,2)) = %G(z,x). Hence, from () we have } .- Kzl =
H(z)2 E(z) = 2L G(z,2)|2m02 E(x) which is the same as

oz z
9 - ,
B0 = Y C(0,2))
Jj>k
Therefore,
B(w) = B(G()]eco = Y 17 [Glo ) dolomo + ¢
Jj>k
and

[G (0, G(2,2))[ do|g=0 + c

[G(0,2)) do| o= + c.

/
= Kj /[G(a+z,x)}jda|g:o +c
/
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Consequently
E(G(z,x Zﬁj/ (0,z)]do.
>k
Theorem 7. For each generator K(x) the solution T' of (ColDgormal) together with (B3) is a solution of
(COIformal)-

Proof. Since G satisfies (Ttorma1) and (B) and since G(y + z,2) = G(z + y, z) we have

Ny+z,2) = Oy K(G(o,z))do

/K (0,G(y,x) d0+/K (0,2)

=I(y,2) + T'(2,G(y, 2)).

By applying the exponential series we obtain the corresponding result to [1, third item of Theorem 2.6)

Corollary 8. Let G(y,z) be a formal iteration group of type II with formal generator H and let F(s,x) =
G(ck(s),z) be an iteration group of type II where ¢, # 0 is an additive function. For any generator K(x) =
> n>1 kna™ there exists a unique solution of (Col) and (B2) which is of the form

k—1
ey L8 2) [Tesw( /w1602 o).

where ag is an exponential function, and E(x) = eXp(E(x)) =1+... and E(z) is a series of order at least 1
given by

0 = R

— E(z) = ZL )

Ox H(x)

We also get detailed information about the coefficients of I'(y, z) which are according to Theorem 5 polyno-

mials in y.
Theorem 9. Let K(x) =3 5, k2" be a formal series of order at least 1. The polynomials P, (y) describing
the coefficients of the solution of (ColDgormal) and (B3) are universal polynomials of the form

KEnY n<k

Po(y) = < kry + 5y n==k
Hnl/“‘%924‘@“%517---7’%70 n>k7

where Q,, are polynomials n y and in the coefficients ki, ...,kn—k. They satisfy Qn(O, Kly-«skng) =0. A
formal degree of P, is 1+ 7= ). n>1.
Proof. In [3, Lemma 6] we proved that for v > 1

Gy a)” =" +vPu(p)a ™+ S (VP () + QY () 2"

n>v+k—1

where

v )HPi(y)j", n>v+k
e In—v ek
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Therefore, similar as in [3, Lemma 7] we have

k—1
K(G(y,z)) = Z knx" + (ki + mPk(y))xk
n=1
+ Z (ﬁn + ’in—k—i-l(n —k+ ]-)Pk(y)
n>k
+ @n(Pk(y), e Po(y), k1, /ﬁn,k))x”
with polynomials ®,, of the form
n—=k
D, (Pe(y), - Pa(y), K1, - oy Kn—ik) = k1 P (y) + Z ”r(rpn—r+l(y) + (I)Sf)(y))
r=2

By [3, Lemma 8] for n > v + k a formal degree of ng’)(y) is equal to

=

Since P, (y) are polynomials with a formal degree %=1 | a formal degree of ®,,(Py(y), ..., Pa(y), k1,
as a polynomial in y is [ 2= |.

Writing T'(y, ) in the form 3", P,(y)z", we obtain by comparison of coefficients that

R n<k
Po(y) = { Kk + K1y n==k

9
y
b+ bn—kr1im—k+ Dy + On(Pe(y), -y Po—k(Y)s K1y e ooy k) 1> k.

39

...,Iin,k)

Integration under the boundary condition (B3) yields the assertion. Of course, integration increases a formal

degree by 1.

5. THE DIFFERENTIAL EQUATION (ColPDgymal)

Now we solve (ColPDgyrmal) together with (B3) in order to solve (Colfoymal). Again we write I'(y,x) as
> ns1 Pu(y)z™ with P, (y) € Cly].
Theorem 10. Let K(z) = anl k2" be a formal series of order at least 1. The polynomials P, (y) describing
the coefficients of the solution of (ColPDsormal) and (B3) are universal polynomials of the form
RnY n<k
Po(y) = { kry + 5 v° n=k
Knl + % Y2+ Qun(Y, K1y ey Fnk) N>k,
where Q,, are polynomials in y and in the coefficients ki, ..., kn_p. They satisfy Qn(O, Kly-eybhn-g) =0. A

formal degree of P, is 1+ |2=L |, n>1.
k—1
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Proof. From (ColPDgyrmar) we deduce

Z Pl (2)z" = Z Knz" + Z nP,(z)z" ! Z hpz™

n>1 n>1 n>1 n>k
n+k—1
—Zkanw +Z<f<m+ Z he(n+1=7)Popi—r(2 ))
n>k

Comparing coefficients we obtain expressions for P, ’ (y) which yield by formal integration under the boundary
condition (B3) the polynomials P,. The assertion on the formal degree of P, is shown by induction.

Theorem 11. Let H(x) be the formal generator of G. For all generators K(x) the solution T' of (ColPDsormal)
together with (B3) is a solution of (Coltormal)-

Proof. Let I'(y,x) be a solution of (ColPDjoma) and (B3). We prove that U(y, z,z) := T'(y + z,2) and
V(y,z,2) :=T(y,z) + I'(z,G(y, x)) both satisfy the system

5 J02.0) = K@) + H(o) £ f(0.2.0

f(0,z,2) =T(z,2)

and that this system has a unique solution. The proof for U is trivial. According to [3] G satisfies (PDsormal),

% Gy, x) = H(z) & G(y,x), thus

S V02) = 5 T(02) + 5 T Ol=gtyr g Cl0:)
= K(x) + Hs >§ D, #) + (o0 Dl ) H ) e Gly,2)
— K(2) ( 2) + (2 Gy, 7))
= K() 4 H @) Vi, 2,2,

The boundary conditions for Uand V' are obvious. Finally, we prove that the coefficient functions of a solution
fy,z,2) = >, 1 fa(y, )™ of this system are uniquely determined by f,,(y,2) = Pn(y + 2), n > 1, where P,
are the polynomials occurring in the previous theorem.

6. REORDERING OF THE SUMMANDS

From the particular representation of I'(y, x) as

with polynomials P, which have a formal degree 1+ |(n—1)/(k—1)] = |(n+k—2)/(k—1)| and which satisfy
P, (0) =0, we also get a representation of I'(y, x) as

=3 (el (1)

n>1
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as an element of (C[z])[y]. Writing the polynomials P,(y) as P,(y) = Z;l;l P, ;y7, where d, = |(r+k—2)/(k—
1)] is a formal degree of P,(y), 7 > 1, then for n > 1 we have

Un(x) = Z Pnna:r.

r>1

Since the degrees d,. are monotonically increasing, the sum -, -, 9, () belongs to Clz] and (¢, (2)y")n>1 is a
summable family in (C[z])[y]. This allows us to rewrite (ColPDsoyma) and (B3) as

Y mba(z)y" "t = K(z) + H(x) Y (2)y" (2)

n>1 n>1

> ta(0)y" =0 (3)

n>1

where (¢],(2)y™)n>1 is also a summable family. We note that (2) is satisfied if and only if

Yi(z) = K(z)
and )
Un(z) = — H(2)y,_ () (2n)
holds true for all n > 2. Therefore
Y1 (z) = K(z),
Po(x) = H(z)K'(x)/2,

Y3(z) = (H(z)H'(z)K'(z) + H(z)*K" (z)) /6.

Now, given the formal generator H(z) =}_, 5y hna™, k > 2, hy # 0, of G and a generator K(x) =+, Ky,
we want to solve the system ((2),(3)) and obtain some further properties of its solutions.

Theorem 12. Let H be the formal generator of G. For any generator K the system ((2),(3)) has a unique
solution T'(y, z) = >, <1 Yn(2)y"™. The order of ¥n(x) is equal to (n — 1)(k — 1) + ord K (z) and ¢, (0) =0 for
alln > 1. B

Corollary 13. We assume that ), -, ¥n(2)y" = 3,5, Pr(y)z" is the solution of ((2), (3)) for a given generator
K(x). Writing
P.(y) = Zl—f’,«,jyj, r>1, and P, (x) = Zp,ma:r, n >0,
§>0 r>1

we deduce that Py (y) is a polynomial which has a formal degree | (r+k—2)/(k—1)| and which satisfies P.(0) = 0.
Consequently

> n(@)y" = Pr(y)z” € (Cly))[a].

n>1 r>1

Since 11 (z) = K () and P,(0) = 0 for n > 1 we have

] [ntk—2)/(-1)]
P, (y) = kny + Z P, v, n>1.
j=2

Now we want to describe the coefficients P, ; for j > 2, n > 1.
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Consider the situation for j = 2. Let K(x) = ijp kjzd, p>1, K, # 0, be a generator. Then

N =

Ya(x) =

H(x
i ( -
=5 Zh x” ;mux

v>k w>p

| =

=3 > > phyry | "

r>k+p—1 \ vu=rt1

vk, p=p
1 r+l1—k
=3 E E pEghepi—y | @
rzk+p—1 \ p=p

Corollary 14. The coefficients ]5T72 forr > k4 p—1 are of the form

~ 1
Pyyp12= 3 hipk,
~ 1
Pk+p,2 = 5 (hk+1pﬁp + hk(p =+ 1)"$p+1)
5 1 r+l—~k
Fr2=5 P g1 -, r>k+p.

=
Il

p

This proves the second summand of P, (y), n > k, in Theorem 9.
Using (2,,), it is possible to prove the following

Theorem 15. If ¥y (z) =3 .5 (1) (k—1)+p P, na" and H(z) = > sy hex”, then

r+1—k

1 -
Ypy1(x) = ) Z Z Vhyp1-v P,y | 27, n > 0.
r>n(k—1)+p \v=(n—1)(k—1)+p

By induction this formula allows the computation of the coefficients P, ,, 1 of 1,11 (z) for 7 = n(k — 1) + p.
We obtain
~ hik, -
Pok—1)+pn+1 = m 1;[ p+(G—1)(k— 1)) n 2 0.
Now we describe the solutions of (2) and (3) still in another way. We need some preparatory remarks and
definitions:
For n > 2 let I,, be the set of all nonnegative integer sequences (i;);>—1 with i1 > 1, > .~ qi; =n—1, and
ijo jij = n —1—1i_1. Therefore, only finitely many components 7; can be different from zero. To be more
precise, i; = 0 for 7 > n — 1, thus

) i; €L, 1;>0,i_1>1, i;=0for j >n—1,
I = (lj)jz—l‘ ne2. _ - .
2j=0 J‘*”*L Y iy =n—1—iy

The sets I, are all finite. For instance I contains only one sequence, namely ¢ := (1,1,0,...).
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Consider two integer sequences u = (u;);>—1 and v = (v;);>—1. We define

u=<v
if either
up =v1 — 1, u; =v; for j #1, (=1)
or
up=v9—1, I3s>1:us_1 =v5_1+1, us =vs— 1, uj =v; for j & {0,s — 1, s}, (<2)
or
u_1 =v_1+1, up=v9—1, u; =v; for j > 1. (<3)

If we put r := s — 1 then (<2) reads as
vw=u+1,Ir>1:v.=u—1, vpp1 = U1+ 1, v; =uy for j ¢ {0,r,r +1}.

Assume that v € I,,, n > 2, and that u < v. If u is also supposed to be a sequence of nonnegative integers
with u_; > 1, then v must satisfy certain properties: For applying (<1) it is necessary to have v; > 1, for (<3)
vo > 1 and vs > 1 for some s > 1, for (<3) v—1 > 1 and vy > 0.

Lemma 16. (1) Letv = (v;)j>—1 be a nonnegative integer sequence with v_1 > 1. If u = (u;);>—1 belongs
tol,,n>2, andv <u, thenv € I,,_1.
(2) If u belongs to I, and u < v, then v € I, 41.
(3) For each v € I,,11 there exists exactly one u € I, such that u < v.

(4)
Iy = U {v|u=<wv}.

u€el,
(5) Let u belong to I,,. The set of all v € I,,41 with u < v is the union of

{(ufhu()aul + 1, uz,us, .. -)a (ufl +1Lug+ 1 up,us.. )}
and

{(ut,uo + Lug, ooty — Lty + 1L tpy2, g3, .) |1 <0 <n—2, u, >0}

The proof is left to the reader.
For n > 2, u= (u;)j>-1 € In, v = (vj)j>-1, and u < v we define

Ug if (<) is applied
L(u,v) := Qus—y if (<2) is applied
1 if (<3) is applied.

We note that in the first case ug = vg and in the second case us_1 =vs_1 +1=u, = v, +1forr =s— 1.
For v € I,,, n > 2, we set

L(v):= Y L(u,v)L(u) (4)

u€l, _q
u=<v

and L(v) :==1 for v := (1,1,0,...) € I5. This definition determines the value L(v) recursively.
Lemma 16 and (4) allow to give a rather explicit representation of the series 1, (x) in terms of the derivatives
of the generators H and K, namely
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Theorem 17. Let H be the generator of the formal iteration group G of type II, and let K(x) be a generator.
Then the sequence (¥n)n>1 given by ¥1(z) = K(x) and

— i' 3L H {H(J) } K0-D(z), n>2
" el 3=0
satisfies the system ((2),(3)) where f9)(z) = %j f(x), 5 >0, f € Clx].

Proof. By induction we proof that (2,) is satisfied for all n > 2. For n = 2 we know ts(z) = H(x)K'(z)/2
which coincides with the asserted formula. Now let n > 2. We have

Ui (@) = —— H)L (@)
:MH(Q;);T §L H[H@ } K- ()
o (£ e 0
(] T ] TT (7O (] 50
HO @] [H@)] jllg[H (2)]” K@)

1:[ {H(J) } K K(Ll-&-l)(x)

The symbol Zf:_g " should indicate that we take the sum for r = 0, and for those r > 0 where 4,, > 0. Consider
the summand for » = 0. The order of derivative of K and the sequence of exponents of H)(z) for j > 0 is
v = (i—1,%0,%1 + 1,42,13,...) € In41. From Lemma 16.5 we deduce that i < v and i(i,v) = 49. For r > 0 and
i > 0, this sequence is v = (i_1,40+ 1,91, .., 4p—1,%r — L, dpy1 + 1,4002...) € I,4+1. Again we deduce that i < v
and L(i,v) = 4,. In the last summand this sequence is v = (i_y + 1,49 4+ 1,41,...) € I,,41. Here we have i <3 v
and L(i,v) = 1.

Moreover, from Lemma 16.5 and (5) we derive that

n—1

¢n+1( 7’L—|—1 ' Z Z L Z 1} H |:H(_])( )j|v.7' K(Ufl)(x)

i€ln Uefffl 320
n—1 A
> 2 Lewri [] [H(j)(x)} P KO- ()
! vElL 41 lZE;Z)-L o
n—1 .
. VEL 41 =0

O

There exists also an approach with Lie-Grobner-series (cf. [4] or [5, chapter 1]) to solve ((2), (3)). Define an
operator

D: Clz] — C[«], D(f(x)) := H(z)f'(x).
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Lemma 18. Let H be the formal generator of the formal iteration group G of type II and let K be a generator.
If (Yn)n>1 satisfies ((2),(3)), then

Unla) = DU, nz (0

Proof. For n =1 we know that ¢ (z) = K(x). Assume that n > 1 and that the assertion is true for n — 1,
then from (2,,_1) we derive

Ynl@) = = D1 ()

= H()Y ()

9 3
= %H(z)a—x (m_ll)l D"~ (K(x)))
= %D”_l(K(x))

and the proof is finished. o

In [3, Theorem 24] we have shown that a formal iteration group G with formal generator H is a Lie-Grébner
series of the form

G(y,z) = Z % D" (z)y".

r>0

According to [4, Satz 7 (Vertauschungssatz)] or [5, Theorem 6 (Commutation Theorem) p. 17] G(y, z) has as a
Lie-Grobner series the property

1 1

K(G(y.z)) =K Y . D(z)y" | = 3 D" (K(z))y" = G(y, K(z)). (7)

r>0 r>0

In our last result we prove that for a solution I'(y, ) of (Colformal), written as I'(y,z) = >, 5 ¢¥n(z)y", the
form (6) is not only necessary but also sufficient.

Theorem 19. Let H be the formal generator of the formal iteration group G of type II and let K be a generator.
The series

Dly,a) i= Y = D" (K ()",
n>1"

satisfies (Coltormal) and (B3).

Proof. Let x,y,z be distinct indeterminates. The order of the generator H of G is k > 2. The family
(D"‘1 (K(x)))n>1 is summable since for n > 1 we have

ord D" (K (z)) = ord (D" ! (K(x))) + k — 1 > ord D" ' (K(z))
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Furthermore,

I'(z,T(y, z))

®

Moreover

L'y +z,x)

and, therefore,

L(y,z) +T(2,G(y, z))

n>1
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S LD (K (Gl ) ="

n>1
S o D (Gl K ()

1 n—1 1 T r n
ZHD Z;D (K(z))y" | =
n>1 r>0
Z% Z%D"*HT (K(x))yrz”
n>1 r>0

= 1 1 r N—r N-1

Nz;l ;Oﬁmyz D (K(x))

}:%#Wf%K@»@+zw

n>1
> % D" (K (2) Y ST y 2"
n>1 r=0

> ) D (K )
n>1 \r=0 r (n T).

=T(y+ 2, ).

It is obvious that I'(0,z) = 0.

We note that Lie-Grébner-series in the context of iteration groups have already been used by St. Scheinberg [7]

and also in [6].

Remark 20. There are interesting similarities between the solutions of (Colgoma) and the formal iteration
groups of type II presented in [3]. For instance compare Theorem 9 or Theorem 10 with Theorem 4 or Theorem 9
of [3]. Moreover, the results of section 6 and section 6 of [3] are also very similar. Especially, the representation
of Theorem 17 is a generalization of a similar formula for formal iteration groups given in Theorem 22 of [3].
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