UNIFORM CONVERGENCE TO EQUILIBRIUM FOR A FAMILY
OF DRIFT-DIFFUSION MODELS WITH TRAP-ASSISTED
RECOMBINATION AND SELF-CONSISTENT POTENTIAL

KLEMENS FELLNER AND MICHAEL KNIELY

ABSTRACT. We investigate a recombination—drift—diffusion model coupled to
Poisson’s equation modelling the transport of charge within certain types of
semiconductors. In more detail, we study a two-level system for electrons
and holes endowed with an intermediate energy level for electrons occupy-
ing trapped states. As our main result, we establish an explicit functional
inequality between relative entropy and entropy production, which leads to
exponential convergence to equilibrium. We stress that our approach is ap-
plied uniformly in the lifetime of electrons on the trap level assuming that this
lifetime is sufficiently small.

1. INTRODUCTION AND MAIN RESULTS
We consider the following PDE-ODE recombination—drift—diffusion system cou-
pled to Poisson’s equation on a bounded domain 2 C R? with boundary 92 € C?:
atn =V Jn(nv ¢) + Rn(”v ntr)7
6tp =V- ‘]p(p7 ¢) + Rp(p7 nt’r)y
€0y, = Rp(pa ntr) - Rn(’ﬂ, ntr)a
“AAY =n—p+engy — D,

(1)

where the flux terms J,,, J, and recombination terms R, R, are defined as

I =Vn+nV@W+V,) = Nnv'ui +nVi, Hn = e—Vn’
P _
o= VP pV (-0 + Vo) = Vom =V =,
P
1 n 1
P R NS T
Tn noln Tp Potp

The variables n, p, and ny denote the densities of electrons in the conduc-
tion band, holes in the valence band, and electrons on the trap level (see Fig. [1]).
Moreover, 1) represents the electrostatic potential generated by n, p, ng-, and the
time-independent doping profile D € L*°(Q2). The constants ng, po, 7n, 7, > 0 are
positive recombination parameters and e € (0, ] for arbitrary but fixed g > 0 is
a positive relaxation parameter in the sense that system reduces in the limit
e = 0 to the famous Shockley-Read-Hall model of electron recombination [16,20]
in semiconductor drift—diffusion systems, see e.g. |15/17]. Finally,

(2) Vo, V, e W2®(Q)  with  7A-VV,, 7-VV, >0 ondQ

represent external time-independent potentials.
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FIGURE 1. An illustration of the allowed transitions of electrons
between the three energy levels.

The system is equipped with no-flux boundary conditions for the flux components
and homogeneous Neumann boundary data for the electrostatic potential,

(3) A dy=h-J,=h-Vi)=0 on o0

where 7 represents the outer unit normal vector on 9€2. As we will use a result in
[15] for proving existence and uniqueness of global solutions, we choose the initial
conditions n(0,-) = ny, p(0,-) = pr, and ny-(0,-) = ny, s in accordance with [15]:

4) nr,pr € H'(Q)NL>®(Q), nr,pr >0, 0<ngr <1

For convenience, we assume that the volume of €2 is normalised, i.e. |Q] =1, and
we set

7= /Q f(@) de

for any function f € L'(£2). This abbreviation is consistent with the usual definition
of the average of f since || = 1.

The main goal of the paper is to close the gap between the models investigated
in [8] and [9]. While the pure Shockley-Read-Hall model including the electro-
static potential has been considered in [8], the family of drift—diffusion models with
trap-assisted recombination already appeared in [9] but without coupling to Pois-
son’s equation. Here, we focus on the exponential convergence to equilibrium for a
PDE-ODE model including both trapped states dynamics and the self-consistent
potential. More precisely, we obtain an explicit bound for the convergence rate
by employing the so-called entropy method which amounts to deriving a functional
inequality between an entropy functional and the associated entropy dissipation.
For related works on exponential convergence to equilibrium for reaction—diffusion
systems, see e.g. [6[101/11,/18|7AMTO00]. The framework of the entropy method which
we shall use here to obtain explicit bounds on the convergence rate originates from
[3H5], where models from reversible chemistry have been studied. An earlier appli-
cation of the entropy method, but using a non-constructive compactness argument,
is presented in [13,[14], where the authors prove exponential convergence for a
model of electrically charged species taking the coupling to Poisson’s equation into
account.

Remark 1.1. Throughout the article, we will frequently encounter the following
inhomogeneous Poisson equation with right hand side f € L?(Q) subject to homo-
geneous Neumann boundary conditions:

(5) ~MAY=f inQ,  A-Vi¢=0 ond

It is well-known that there exists a weak solution 1y € H'(Q) if and only if f =0
holds true (compatibility condition with homogeneous Neumann boundary data).
In this case, v is determined only up to an additive constant, which one can fix via
the normalisation ¢ = 0 to obtain a unique solution .



TREND TO EQUILIBRIUM FOR RDD MODELS WITH SELF-CONSISTENT POTENTIAL 3

Due to Remark we additionally have to demand that the initial data satisfy
the charge-neutrality condition

(6) / (n; — pr +eng,r — D)dz = 0.
Q

As a consequence of the structure of system (/1)) and the no-flux boundary conditions
in , we see that the total charge is preserved for all t > 0 in the sense that

) /Q(n(t,~)—p( N ))dx—/ﬂ(nz—pf—i—ant” dx—/Ddx

Definition 1.2. A global weak solution to (1] f 1)) and @ is a quadruple (n, p, ng, P) :
[0,00) — HY(2)? x L>=(Q) x H*(2) such that for all T > 0 the following conditions
are satisfied:

e n,p € L0, T; H(2)), and

T
*/ <ul(t)an(t)>H1(Q)*xH1(Q)dt*/nzu(O) dx
0 Q
T T
—/ /Jn(n,w)-Vudxdt—&—/ /Rn(mn”)udwdt7
0 Q 0 0

T
_/ <’U,/(t),p(t)>H1(Q)*XHI(Q)dt—/p[’u(o) dx
0 Q

T T
—/ /Jp(p7¢)~Vudxdt+/ /Rp(pmtr)udxdt,
0o Ja

for all u € W(0,T) := {f € L*0,T; H*(Q))|0,f € L*(0,T; H*()*)}
subject to w(T') =0,

1 /T
e 1y (T) =ngp g + — / (Rp(p,nr) — R (n,my))dt,

. )\/ Vi(T) - Vwdx = / (n(T) = p(T) + eng(T) — D)wdz for all w € H(Q).
o

We further mention the embedding W»(0,T) — C([0,77], L*(2)) known from
PDE theory (see e.g. [2]).

Proposition 1.3 (Global Solutions). There e;m'sts a unique global weak solution
(1, Py ey )+ [0,00) = HY(Q)2x L (Q)x HY () of (1)~ and (6) with ¢(t,-)

for all t > 0. This solution satisfies n,p € L2(0 T; HY () for all T >0 umformly
in e € (0,e0] as well as , Moreover, n,p > 0, 0 < nyg. < 1, and there exist
positive constants M, K (M) (again uniformly in € € (0,e0]) such that

) Mn®lr=@) + lp)llze@ <M and [[YO)lm2@) + YO lc@m < K

for allt > 0. In addition, there exists a positive constant (M, K) (uniformly in
e € (0,e0]) such that

(9) n(t,z), p(t,z) > pmin {¢*,1}
and
(10) ne(t, ) € [min{ﬁt,u}, 1 —min{ﬁt,u}]

for all t > 0 and a.e. x € Q. Finally, n,p € W5(0,T) — C([0,T], L*(%)),
ni € C([0,T), L>=(Q)), and ¢ € C([0,T], H*(Q)), where each inclusion holds true
uniformly in e € (0,¢eo].
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Proposition 1.4 (Equilibrium States). The stationary system
V- Ju(n) 4+ Ry(n,ngy) =0,
V- Jp(p) + Rp(p, ntr) =0,
R, (n,ny) = Rp(p, Nir),
“AAY=n—p+engy — D,

(11)

subject to n-J, = n-Jp = 1-Vip = 0 admits a unique solution (Moo, Doo, Mir,c0s Yoo) €
(HY(Q) N L>=(Q))* satisfying Voo = 0. The equilibrium potential 1 is continuous
and there exists a positive constant Ko, such that

||¢oo||H2(Q) + ||¢oo||c(§) < Ko
Moreover, there exist positive constants Moo (Koo ), too(Koo) such that

(12) Noo (), Poo(Z) € (Moos Moo) — and ntr,OO(x) € (NOOa 1 — fioo)

for a.e. x € Q. The constants Ky, Moo, and po are independent of € € (0,e0]. In
detail, the equilibrium densities Moo, Poc, and Ny oo TEQ

p — _ n Po
13) oo = nye Ye="Vn =pe¥="Vr = * =
( ) (e'e) 9 poc p 9 tr,00 N + noeww Do + p*€¢°°

where the positive constants ny, and p. are uniquely determined in terms of Voo by

Ty

(14) NePx = NoPy  and nye Yoo Vo —p e¥oe=Vo 4 ¢ —-D=0.

Ny + noe¥e

Furthermore, the following relations hold true:

1- T
(15) Nir oo = noo( Ty 7oo) and 1 — Moo = PooNtr,co )

o n Polp
We introduce the entropy functional E(n,p,ny.,1) for non-negative functions
n,p,ng € L2(Q) satisfying ny,. < 1 and 7 — D + eng,, = D where o € HY() is the
unique solution of with right hand side f = n —p+eny. — D and normalisation
P = 0:

(16) E(n7pa N, 7/1) = /Q (nln no’an - (n - nol,,bn)

D A 2 e s
1 —(p— - 1 .
+p e (p poup)+2|vw] —1—5/ n(l )ds)dm

0fp 1/2 -S

The densities n and p enter via Boltzmann entropy contributions alna—(a—1) > 0,
whereas ny,. appears within the entropy functional via an integral term. We first
mention that the integral f1772 In (ﬁ)ds is non-negative and finite for all n,(z) €

[0,1]. In more detail, we may write

/ In < 5 > ds = [ntr Inng. — (ng — 1)}
1/2 1—s

+[(1=ne)In(l —nyy) = (1 —myy) —1)] +In2— 1.

Consequently, both the occupied and unoccupied trapped states (ng,. and 1—ny,.) are
described via Boltzmann statistics within the entropy functional, and the integral
ff}”; In (ffs)ds allows to combine the contributions of ny,. and 1 —ny,. in a compact

fashion.
One can further verify that the entropy functional is indeed a Lyapunov
functional: By defining the entropy production functional

d
(17) P(nap7 nt’ﬁ’(/)) = _ﬁE(n»]ﬁ ntr7w)7
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we first calculate along solutions of that formally

2 2
(18) P(n,p,nt7.7q/)):/ (W+|Jp|

Q n p

1 _
—R,In (”( ””)) ~ R,In (p”” ) )d:c.
Non Mty p()lup(l - ntr)

The entropy production functional involves non-negative flux terms as well as re-
combination terms of the form (¢ — 1)lna > 0. The entropy production P is,
therefore, a non-negative functional, which ensures the monotone decrease in time
of the entropy E along trajectories of . More precisely, it will be shown in The-
orem that the global weak solutions to obtained in Proposition satisfy a
suitable weak version of , see below.

The following theorem constitutes a so-called entropy—entropy production (EEP)
estimate. This is a functional inequality between entropy and entropy production
for arbitrary, yet admissible non-negative functions n, p,ng. € L°(£2), ng < 1; in
particular, the electrostatic potential 1» € H'(Q) in the following theorem must be
the unique solution of subject to f = n — p + eng. — D and the normalisation

¥ =0.

Theorem 1.5. Consider all non-negative functions n,p,ng. € L (Q) subject to
n,p <M, ng <1, and” —p+eng; = D and accordingly determine 1 € H'(Q) as
the unique solution to with f =n —p+eng — D and 1 = 0. Then, there exist
explicit constants g > 0 and Crgp > 0 depending on M and on K, (as given in
Propositz'on such that

E(?’l,p, Ntr, 1/}) - E(nooapOO7 Ntr,co, 7/100) S CEEPP(napa Ntr, w)
holds true for all € € (0, €q].

Note that Cggp is independent of € € (0, gg] and that this abstract EEP inequal-
ity can be applied to the global solution to by using M = M from Proposition
We are then able to prove the exponential decay of the entropy relative to the
equilibrium by using a Gronwall argument.

Theorem 1.6. Lete € (0,g0] witheg > 0 from Theorem and let (n, p, ny-, ¥) be
the unique global weak solution to with non-negative initial datum (ny, pr,ne 1) €
(HY(Q) N L>®(Q))? x L>®(Q), ny 1 < 1, satisfying iy — p1 + engrr = D according
to Proposition |1.8 In addition, let (Moo, Poos Mir 00 Yoo) be the unique equilibrium
state characterised in Proposition as a solution to . Then, (n,p,ng-,¥)
fulfils the weak entropy production law

(19) E(n,p,nir, ) (t1) + /t ' P(n,p,nir, ¥)(s)ds = E(n, p,ne, ¥)(to)

for all 0 < tg <t < 00. As a consequence, E(n,p,ny, 1) converges exponentially
t0 E(Noo, Poo, Nir,00, Yoo ) With explicit rate and constant as a function of time t > 0.
More precisely,

(20) E(’I’L,p, Nir, 1) — E(nooapooantr,ooawoo)
-1
< (E(nlapl, Ny, "/}I) - E(noo,pom Nitr,coy '1/)00)>e_CEEPt

where ¥y € HY(Q) is the unique weak solution to with f =nr—pr+engyr—D
and 1 = 0.
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Corollary 1.7. Under the hypotheses of Theorem[1.6, the following improved con-
vergence properties with constants 0 < ¢, C' < oo both depending on M and K, but
not on € € (0,e9] hold true for all t > 0:

(21)  [In = neollze(@) + P — PoollL> ()
+ [[tr = Nt ol Lo (@) + 19 — Yool r2(0) < Ce !

In particular, ¥ — Yo in L (Q) at an exponential rate.

The remainder of this article is devoted to the proofs of the various statements
above. Section [2] collects the proofs of Propositions [I.3] and The proof of
Theorem [[.5] along with the necessary prerequisites is contained in Section [3] while
the results on exponential convergence to equilibrium are proven in Section

2. GLOBAL SOLUTION AND EQUILIBRIUM STATE

Proof of Proposition[1.3 The existence of such a unique global solution (n, p, ng, 1)
as well as (n,p) € L%(0,T; H*(Q)) for all T > 0 uniformly for e € (0,g] and
0 < ny. < 1 are a consequence of |15, Lemma 3.1]. The uniform-in-time L bounds
for n and p follow similar to [7, Lemma 4.1], where a Nash-Moser-type iteration for
L™ norms, » > 1, of n and p has been employed. But as the coupling to Poisson’s
equation is missing in [7], we have to slightly modify the line of arguments.

The evolution of the L™ norm, r > 1, of n and p can be reformulated as

4 (n" 4+ p ) da = (r + 1)/
Q

o (—rnr_1Vn~ (Vn+nV (Y + V)
Q

—rp" " 'Vp- (Vp +pV(—1/J +V,)) +n"Ry + erp)d:E
2
e _ o r+1
< T+1/‘Vn ‘ dx /‘Vp ‘ dm—i—r/Qn A +V,) dx

+ r/ P EA(=p + V) da + (r + 1)/ (n"R,, + p"R,) da.
Q Q

To the last term, we apply the estimate (r + 1)n" < % + 2rn™t! which follows

from Young’s inequality ab < %aq + 1b% with a := (T}rl)wl b= (T+1)_$nr,
g:=7r+1, and s : 7"%1 As a consequence of —AAY = n —p+ eng — D,

(nr+1 pr+1)( p) >0, |R,| < 0(1 +n), and |R,| < C(1 +p) we then deduce

i r41 r+1 / % _ /
(22) dt/Q(n ) de < 7'+1 ‘ dx ‘

+ 67‘/ (n" 4 p ) da + g
Q T

with a constant C' > 0 depending on €y but not on r. One can now proceed as in
|7, Lemma 4.1]. For completeness, we briefly collect the main arguments below and
refer to [7] for the details. By utilizing the Gagliardo—Nirenberg-type inequality

2 3 r T .
[fllr2(0) < CanllflIz: @)l fl| F gy for f:= n"s and f:=p %, one derives

(23) /Q (n" 4 p ) da

cof oo

for
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where C' > 0 is a constant independent of r and 6 > 0. We now introduce A; :=
28 — 1 for k > 1 and set  := ). Choosing a sufficiently small constant A > 0 and
defining 6, := /\% results in

A 4
5k (Chr, +05) < " +’“1

for all £k > 1. By multiplying with CAg + &5 and by combining the result with
, we arrive at

dﬂ/ (’I’LAk+1 +p>\k+1) dmg_ék/ (nAk+l +p)\k+1) dZC
tJa Q

2 ~
+ BA(Ag + 0g) sup </ (nrzj +prz+l)dm) +£
Q Ak

0<r<t

with the constant B := %. The uniform L*° bounds on n and p now follow from
[7, Lemma 4.2].

As, in particular, ||n(t) —p(t) +eng,(t) — D| 12 (o) is uniformly bounded in ¢ > 0,
we conclude that |[¢(t)|| g2(q) is uniformly bounded in time by applying standard
elliptic regularity theory (see e.g. [19, Chap. IV. §2. Theorem 4]). The announced
bound on [|¢(t)]| g follows from the embedding H?(Q) — C(Q) valid in R®.

The regularity dyn,dp € L*(0,T; H'(Q)*) and, hence, n,p € W(0,T) <
C([0,T],L?(Q2)) uniformly for ¢ € (0,e0] is easily inferred from the correspond-
ing bounds on J,,,J, € L*((0,T) x Q) and R,, R, € L>=((0,T) x Q). Likewise,
n € C([0,7],L°°(Q)) and v € C([0,T], H*()), where both inclusions hold true
uniformly for e € (0,¢¢].

For showing the upper and lower bound on ng,. in , we multiply the third
equation in (1) with 7, and observe that

€0y (Tpner) > 1 — gy

holds true with a constant 7(M) > 1 due to ||p|| =) < M. We now distinguish the
following three cases for all t > 0 and a.e. z € Q: ny(t,z) > L, ny(t,2) € [5, 1),
and ny,(t,2) < 5. In the first case, 8;(7pn4,(t, #)) < 0, while in the second case
Oy (pner(t,2)) > 0. And in the third case, Oy (Tpne (¢, x)) > % Defining to := =272,
this ensures

t > to.

(24) Tyt (t, ) > t € [0, to], and ny(t, ) >

t 1
2¢0’ 2r’
The upper bound on ny, follows by applying the same arguments to 7, (1 — n-).

Concerning the bounds on n and p in @, we follow the lines in [9] and concentrate
on the arguments for n as the result for p can be derived analogously. We begin
with defining w := ¥ »n which fulfils 7 - Vw = 0 on 99Q. For simplicity, we also
set w.l.o.g. 7, = 7, = 1 in the following calculations. The evolution of w on € is
governed by

l_ntr

nofin

ow = Aw — V(¢ + V) - Vw + ¥t Vopy, —
(25) >Aw— V(W + V) Vw — aw + fny,

with constants > 0 and S(K) > 0. Employing the lower bounds on ny,. from
[24), we first test with (w — p1t?)_ for t € [0,0) where py > 0 is a constant
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speciﬁed below and where we abbreviate () := min{-,0}. This entails

dt 2 / (w a ”1t2)i dr = /Q(w - th)_(atw — 2ut) dx

/(w ,utz) (Aw = V(¢ + V,,) - Vw — aw + By — 2ut) dx

<= [ tuueiol s g [ 9] (0= ue) | v+ v

+ / (w - u1t2) (— aw + Bng. — 2u1t) dx
o _

where we also utilized n - VV,, > 0 on 92 from . Due to the bounds t < ¢ty and
e (t, ) > 2— we obtain

R

+/ (w — ,u1t2> (f aprty + b Qul)tdx.
Q - 2e0

Choosing 11 > 0 according to p (2 + ato) < *3 , we deduce
d 2

T (w pat ) dz < A + Va)llL=(a) /Q<w - ,u1t2)_ dx.

Because of [, (w( O,x))z_ dz = 0, we derive [, (w — yltz)z_ dz =0 for all ¢ € [0, to]

by applying a Gronwall argument. We thus arrive at w(t, ) > uit? for all t € [0, ¢o]

and a.e. x € €.

In the situation t > ¢, we test (25)) with (w — p2)— where ps > 0 is another
constant to be specified. As above, we recall and calculate

d1

p7) /(w /,(,2) dx—/Q(w—,ug)fatwdm
S/ (w—ug)i(Aw—V(w—l—Vn)-Vw—ozw—i—ﬁntr)dx
Q
< | LoslVulde =5 [ V][0 —p)*] - 90+ Vi) da
+/ (w— p2)_(— aw+ Bny,) da.
Q

Here, we have ny,.(t,z) >

d1 2 1 2
$5/9 (w—,ug)idmgi A+ Vo) (w — p2)” da

Q
—&-/Q (w— uz)_(—auz + ZE) dx.

If we impose the conditions apue < 7 and pg < pytd on pg > 0, we infer

d
G | =) de < 1AG 4 Vilime) [ (0= ) do

which yields

— 2r’

as well as [, (w(to, ) — p2)” dz = 0. Gronwall’s lemma now leads to [, (w —
,u2)7 dr = 0 and, hence, w(t,z) > o for all t >ty and a.e. z € Q. O
Proof of Proposition[I.j} As the entropy production vanishes at the stationary

state (Moo, Poos Mir,cos Yoo ), straightforward calculations show that J, = Jp, = R,, =
R, = 0 yields the representations for ny, and p., as well as the two expressions for
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Nir 0o 1N . The relation n.p, = ngpo results from a combination of the formulas
arising from R, = 0 and R, = 0, while the fact that the conservation law is also
fulfilled in the equilibrium follows from integrating Poisson’s equation in . Note
that n, (and hence p,) is uniquely determined from the second relation in as
its left hand side is strictly monotonously increasing and surjective from (0, co)
to (—o0,00) as a function of n,. The identities in are equivalent versions of
R, (Noos Mir,00) = 0 and Ry (Poo; Mir,00) = 0.

Next, we establish the existence of the limiting potential .. A technical diffi-
culty stems from the fact that the constant n, (or equally p,) depends non-locally
on Yo, see . However, this can be avoided by substituting E,Z = Yy — Inn,
and rewriting —A At)og = Moo — Poo + ENtr 00 — D as

€

(26) - A@; - 6717;7‘/" + nop()e@*vp - = -D.
1 4 nge¥e
We now aim to apply [21, Theorem 4.8] to 7 which we further reformulate as
(27) ~A Ade + minfe™ " nopoe”"? oo + d(-, Yoc) = =D
where
d(w,y) = ="V~ + noppe? "7 — 15 ey +206y —min{e™"", nopoe” "7 }y.

The structure of is suitable to apply [21, Theorem 4.8] for the existence of a
unique continuous solution provided that d is monotone increasing w.r.t. y: Indeed,
direct computations show

-V, v _ VptVa
e V7 +nopoe’” P = 2y/nopoe” 7, vy €R,
Vp—Vn
(where the lower bound is attained at the unique minimum e¥ = e~z /\/fopo)-

Hence, we estimate independently of ¢

Oyd(z,y) > e V™V 4 ngpoe? VP — min{e_V”,nopoe_VP}

n \7 . p— p—
> 267%\/710]7067717 — min{e™"", ngpoe= "} > 0,
and therefore strict monotonicity of d w.r.t. y follows.
As a consequence, admits a unique solution ¥, € H'(Q) N L> (), which
is continuous on 2 and bounded via

Yool i) + Y llc@) < Koo

where the constant E; is independent of €. Going back to 1, the constraint

Yoo = 0 implies

Ny = e_fnwoc d$7
which in turn uniquely determines 9., = @; — fQ@;dw. The bounds on @;
directly transfer to 1.

As in [8], we verify the bounds by solving the two equations in for
ns > 0 abbreviating Voo 1= max{||V,.| (), [Vpll L (@) }:

5 [
D — engr oo D — engr oo e¥oo—Vp

Ny = ———— + ————5 +noPo
267w°°7V" 46_1/}00_‘/" eiw‘x’ivﬂ'

< effetVe (v/nopo + €0 + |DJ).

We stress that the same bound is valid also for p, > 0, and that the upper and
lower bounds on N, Poo and ny oo are a consequence of the bounds on n, and p,
as well as n.p, = nopo. Finally, the estimate

H’(/}OOHHz(Q) < CHnoo — Doo t+ ENtr.co — DHLz(Q) < C(Koo)
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ensures the higher regularity of 1. O

3. DERIVATION OF AN EEP INEQUALITY

As an auxiliary result, we first derive a convenient expression for the entropy
relative to the equilibrium.

Lemma 3.1. The entropy relative to the equilibrium equals

E(nap7 ntml/)) - E(nmapoo>ntr,oovwoo)

:/Q(nlnn—(n—noo)—thlpp_(p_poo)

nOO oo

+%’V(¢—T/}oo)‘2+€/ ’ (lnls — Ip oo )ds)dm.

— s 1 -7 00

Ntr,co

Proof. According to the definition of E(n,p, n., ), one has

E(napu Ntr, 1/)) - E(noo>p007 ntr,oo7 1/}00)

=/ (nln & —Neo In foo —(n—ns) +pln P —Poo In Poo —(P—Poo)
Q Noln noln Pottp Potp
A 9 5 e s
+ S (VY = Vo) +e [ In——ds)da.
2 Ntr,co 1 - S

n
noMn

We rewrite the first integrand as nln
Z—;e‘ww to find

/<nln n — Neo In oo (nnoo)>dx
Q noln noln

:/Q(nlnnr;—(n—noo)—k(n—noo)(lnz;—zboo))dx.

Together with an analogous calculation for the p-terms, we obtain

=nln -2 +nln 2= and use 2= =
Noo non noMn

E(napv Ntry ¢) - E(noo7poozntr,ooa ¢oo)

[ (n = =) 4 L = =)
Q Moo P
+(nfnm)(ln2—; ,woo) Jr(p*poo)(ln];—;Jrl/Joo)

+%|V¢|2—%\V¢o@|2+s/ 1n15 ds)daz.

Ntr,co -8
We now employ the conservation law P — Poo = T — Tioo +€(Tir — Tigr.00 ), the formula
NP« = Nopo and the representation Z—; = Lntrse o—vee ¢4 derive

Ntr oo

— Ty e D
T —Tog) I — + (P — Pg) In —
(7~ ) 2+ (7~ ) n

= (ﬁ - @) In Do + g/ (ntr - ntr,oo) In L dx
noPo Q Po

1- ", 00
ze/(ntr—ntrm)<lnnt” —woo>dx
Q

ntr,oo

= _E/ (ntT — Nir oo)woo +/ / In M ds |dzx.
Q ' Ntr, oo ]- - ntr,oo



TREND TO EQUILIBRIUM FOR RDD MODELS WITH SELF-CONSISTENT POTENTIAL 11

The relative entropy now reads

E(Tl,p, Nir, w) - E(noo7pooa ntr,ooa z/)oo)

:/Q<nlnn—(n—noo)+p1np—(p—]?oo)

Noo LS

A A
+ §|V"/}|2 - §|vwoo|2 - (TL —Neo _p+poo +€(ntr - nt'r‘,oo))woo

Ngr
+5/ (ln i —1In Mhtr,oo )ds)dm.
Ntr, oo l—s 1- Ntr,co
Poisson’s equation n — Nee — P + Doo + E(Mtr — Niroo) = —AA(Y — Ps) and an
integration by parts entail

E(napa Ntr, w) - E(nompom Ntr,oo, ¢oo)

n A A
:/ (nln —(n—ny) erhlL —(p—Dpoo) + = |VY* = S| Voo
9 P 2 2

nOO o0

—W(qﬁ—%)-vwme/n" (mls - Tres )ds)da:.

Ntr, oo - 1- N 00

The claim now obviously follows from collecting the terms involving ¢ and ¢.,. O

Following ideas in [8}[12] and [9], we are able to bound the relative entropy essen-
tially in terms of the squared L? distance between (n, p, \/Tiz,-) and (Noo, Poos \/Titr.oo)-

Proposition 3.2. There exists an explicit constant ¢1(K) > 0 satisfying
E(nvpa Ny 1/1) - E(nooapooa ntr,ooa woo)

S/ ((n—nwf L (0= pe) +e(¢@—m)2) o

Noo P

for all € > 0 and all non-negative n,p,ny,. € L2(Q), ny < 1 where p € HY(Q) is
the unique solution of with f =n —p+engy. — D and ¢ = 0.

Proof. Applying the elementary inequality Inax < x — 1 for x > 0, we derive

(N —Noo)?

nlnif(nfnoo)gn<ifl)fn+noo:
Moo

Moo Moo

and an analogous estimate involving p and p.,. Integration by parts with homoge-
neous Neumann conditions for ¢ and ¥ as well as —AA(Y) — ¥oo) = (N — o) —
(p - poo) + E(ntr - ntr,oo) yleld

A/wa o) d

= [2 ((Tl - nOO) - (p - poo) + g(ntr - ntr,oo))(qp - 1/100) dx

1/1
< 5 (5100 = 100) = (0= )+ e = )P+ 61 = v )
3L(Q2) 2 2 2) . A 2
< - - - z - .
< 22 (ln = nocl + llp = Poc 2 + eliner = nerool?) + IV (W = o)
Here and below, we abbreviate || - || := |- ||z2(q) and denote by L(£2) > 0 a constant

such that Poincaré’s estimate I£II? < L(Q)||V£]|? holds true for all f € H()
subject to f = 0. The estimate in the last line is then a result of ¥ — ¥, = 0 and
Poincaré’s inequality together with the choice ¢ := A\/L(f2), whereas the previous
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bound follows from Holder’s inequality and Young’s inequality with some constant
0 > 0. We thus find

A 2
5 [IVw-va)P s

< 6L(Q}\)MOO <(n—noo)2 + (p_poo)2 +5(\/7Ttr—\/m>2) dz.,
Q

Noo Poo

where we employed the bounds from and (‘/ntr + /ntr,oo)2 < 4.
The last term within the relative entropy including n¢- can be controlled as in

[9]. For convenience, we briefly recall the main arguments. First, there exists for
all x € 2 some mean value

0(z) € (min{ni, (), 147,00 (€) }, max{ne, (), nir 0o (€) })

such that

N () 0
(28) /m,,,mm s = () = 1) I

To enhance readability, we shall suppress the z-dependence of n;, and n¢y o sub-
sequently. We further use the bound n4 oo € (Hoo, 1 — fioo) from and observe

that
N s 1
/ In ds §/
n 1-s 0

tr,oco

for all z € Q. In combination with , this estimate entails
0(x)
1—06(x)

By an elementary argumentation, one can now conclude that 6(z) € (§,1—¢) where
¢ e (0, %) only depends on fi. Therefore, we obtain

e S Nir 0o
1 -1 :
E/Q/nmoc<n1_3 nl_ntr’oo>dsdo:
0(x) Tty oo
1 71 ’ r 7,00 d
€/Q<n1—9(a:) nl_ntrm (Ner — Niro0) d

1
=& | e @) — ) e = ) d

1-—o(z

In ds=2In2

— S

In |ntr — ntr,oo{ <2In2.

with some o(z) € (min{f(x), nir ()}, max{0(z), ny(z)}) C [€,1—E] employing
the mean-value theorem and taking into account that

d S 1

—In

ds 17523(175)'

As (o(2)(1 — o(x)))~! is uniformly bounded in € in terms of &(uo), there exists
some ¢ > 0 only depending on i such that

5// (1n i —1In Thtr,00 )dsdm
2 Jnen o 1—s 1 -1y 00

< ca/ 10(z) — Nt 00| [Ptr — Nty 00| d
Q

< 405/ (w/ntr - ‘/nmoo)2 dx
Q

where the last line results from estimating (./ntr + . /nmoo)2 < 4. This proves the
claim. 0
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The subsequent lemma contains rather non-intuitive estimates for bilinear terms
like (n — N ) (P — Poo)- These expressions will appear in the proof of Proposition

34 below.

Lemma 3.3. The following estimates hold true for all non-negative n,p,ny. €
L>(Q) satisfying n,p < M and ny, < 1 with explicit constants T'1(M) > 0 and
T'y > 0:

n(1 —ny,) Pty )
n—na)(p—po) <Ty( =R, o) g gy Pr )
( Jp—pe) ST ( Non Nty P popp (1 — ngy)

n(l — ng, 2
(1 — Moo ) (—Ntr + Nitryo0) < T'o (— RyIn W + (V1er — /Mitr.o0) >7
n!tir
(P - poo)(ntr - ntr,oo)
Pty 2
<Tyl —Ryln————"—— + (V1 —np — /1 — Nrco )
2( " popp(1 = ner) ( = V1= )

Proof. Asin [12] and [8], we first recall the elementary inequalities (a—ag)(b—bg) <
(v/ab — \/aghy)? for all a,ag,b,by > 0 and 4(\/z — V)< (z—y) lni forallz >0
and y > 0.

Concerning the first inequality we write

(1 = Noo) (P = Poo) < (\/@\/W)Q—noopoo< o 1)2

NonPotp

% , we infer

(N = Noo) (P — Poo) < nopoﬂn,up<\/ " <\/ b Neyr — m)

oo o Moty Polp

+ 1( "<1ntr)\/@)>2

Nir nofin

and distinguish the two cases ng. > % and ng,. < % In the case ny,. >

n(l — ny,)

nonTitr

< Ty (M) <(n072n (1 - ne) — nw) In

p Pty
potty ( tr) Potip(1 —ngr)

employing the assumed L* bound on n. Using analogous arguments we derive the
same result also in the case ny < % The second inequality arises from

(1 — Noo) (=Nt + Niproo) < (\/n(l — Ngr) — 4/ Noo(l — ntr7oo))

n
= nONn( (]- - ntr) Y ntr,oo)
o fbn

where we used the relation ne (1 — Ny 00) = NofnNir 0o from Proposition The
claim is now a consequence of

2
2

ot (o () v ) + (i) )
< m(("“‘”t’“) i) M=) m)z)

nofbn Non Mty

Similarly, one can also verify the third inequality stated above. O

The next result establishes an upper bound for the L? distance between (n, p) and
(Noos Poo) basically in terms of the entropy production P and ||/7oer — y/Mier. 0o ||%2(Q).
Similar arguments already appeared in |12] and [§].
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Proposition 3.4. There exists an explicit constant co(M, K) > 0 satisfying

/Q ((n — N2 L —poo)2) dz < caP(1,p, ey, )

Noo P

+ ‘325/9 ((\/nj i)+ (VIS — 1= ntr,oof)dx

for alle > 0 and all non-negative n, p,ny,. € L°(Q) subject ton,p < M and ny,. <1
where 1 € HY(Q) is the unique solution of with f =n—p+eny—D and ) = 0.

Proof. We start by defining intermediate equilibria N := n,e ¥~"» and P :=
p«e¥ ™V which fulfill J,(N,v) = J,(P,4) = 0. Due to J,(n,%) = NV(%) and
Jp(p,1p) = PV (%), we derive the following lower bounds for the flux terms involving

Jn and Jp:
2 2 2 2 2
= T8 = e T ) v ()
= e () 4 e et |
> 2%262”"“)%,20) V(% — o) =29(6 — o) - V(& ;:”)

In the same way, we obtain % > =2V (¢ — o) - V(E;2=) and, therefore,

2 2 _ _
A/<W+IJ|)d >)\/V’(/J Poo) - (TL Neo P poo>d$
2 Jag \Necn PP Moo Po

=/Q((n—w—(p—poa+e<ntr—ntr,m>)(”‘"°° —p_p‘”)dw

Noo P

via integration by parts and Poisson’s equation. Rearranging this inequality now

yields
_ 2 _ 2
Q Neo P

A N (G

n—mn p—Dp
+5(*ntr + ntr,oo) n = +5(ntr - ntr,oo)oo>dx-

oo o0

Together with the bounds from and Lemma we arrive at the desired
result. O

We are now in a position to prove the EEP inequality from Theorem where
the main task is to provide an appropriate bound on (y/figr — \/Tir.00)>-

Proof of Theorem 1.9 Step 1. Due to we easily calculate

(1 - ntr) V Ny — nt'r [e'e]
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Observing that \/ngyg — \/Mir,00 and \/1 — Nygr.0o — V1 — My, have the same sign and
using the inequality 4(v/z —/7)* < (z—y)In 5 for x > 0 and y > 0, we reformulate
the previous identity to find

2
2 Neoco
(\/ Nty — 4/ ntr,oo) S (\/ Ntr — /Ttr,c0 + nofL (\/1 — Nitr,co — \/1 - ntr))

< 2<\/@ nozn (1- ntr)>2 + no2un (Vi — vinw)®

< l(n(l —Ner) ntr) I n(1 — ng) N 2 (n-— noo)Q.
2\ nopn NoMnTtr  Mofn Moo

Along the same lines, we also deduce

(\/1 — Nty — \/1 - ntr,oo>2

]- r r 2 - Moo 2
< ,<& —(1- ntr)) In pny (P — Poc) .
2 \pottp potp(1 —=1ner) Doty Poo

Step 2. We can now improve the claim of Proposition [3.2]in the sense that there
exists a constant ¢; (K ) > 0 satisfying

E(n7pa Nir, "/}) - E(noovpoou ntr,oov ¢oo)

S ClP(n,p, ntva) +Cl/
Q

(EE TS

Noo Poo

where n,p,ny,. € L?(Q), ng < 1 are arbitrary non-negative functions and 1 €
H'(Q) is the unique solution of with f =n —p+eny. — D and ¢ = 0 for any
€ > 0. Furthermore, we notice that Proposition |3.4] now gives rise to a constant
co(M, K) > 0 such that

(o5t s ety

S CQP(n7p7 nt?‘7¢) + CQE/
Q

(fonal , o),

Moo Peo

holds true for all € > 0, all non-negative n, p,ny € L°(Q), n,p < M and ny, < 1,
and ¢ € H() being the unique solution of with f = n —p+eny — D and
P =0.

Step 3. If we restrict € to the interval (O )7 we finally arrive at

1
) 202
E(”a]% ntraw) - E(noo7p007ntr,ooawoo) S (Cl + 201C2)P(n7]0, ntrvw)

employing the notation from Step 2. (]

4. PROOF OF THE EXPONENTIAL CONVERGENCE

As soon as the weak entropy production law is settled, the exponential
decay of the relative entropy arises from a Gronwall argument as carried out in [9)
(see also |1L[22]).

Proof of Theorem[I.6, The weak entropy production law readily follows from
and for 0 < tg < t1 < oo utilizing the regularity and bounds on n, p, ng.,
and 1 from Proposition [[.3] The statement of the theorem is then a consequence
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of Theorem applied to the global solution (n, p, n4, ). Note, however, that the
weak entropy production law only allows to derive

E(napa ntmw)(t) - E(nooapoo»ntr,ooawoo>
S (E(n7p7 Niry w)(to) - E(nooupocn ntr,ooy woo))e—CEEP(t—to)

for all ¢y € (0,t]. The assertion in is then a consequence of the fact that the en-
tropy E(n, p, nir, 1) (to) continuously extends to tg — 0 since n, p € C([0,T), L*()),
ny € C([0,T),L>(Q)), and v € C([0,T), H*()) for all T > 0 by Proposition
L3l O

Exponential convergence in L> and H? for (n,p,n.) and ¥, respectively, is a
consequence of standard regularity techniques, which have been partially employed
already in [9].

Proof of Corollary[1.7] An immediate consequence of the exponential decay of the
relative entropy as stated in is the exponential convergence to the equilibrium
of n(t) and p(t) in L*(9), and of n¢,.(¢) in L2(£2). To see this, we recall from Lemma
that the relative entropy is given by

E(n,p, Ntr, 11[}) - E(nooapoovntr,ooa 7;[}00)

:/Q <nlnn(nnm)+plnpp(]9poo)

nOO o0

S Ntr.co
1 —1 : .
<n1_s nl_ntr,oo>ds)d:c

The well-known Csiszar-Kullback-Pinsker inequality allows us to control

A 2 Nir
+ 5[V = o) +s/t

tr,oo

n 3 9 9
/Q (nlnnoo —(n— ”oo)) dx > m”” - ”oo”Ll(Q) > clln - ”ooHLl(Q)

and analogously ||p—poo\|%1(ﬂ) in terms of a (rough) constant ¢(M, K,) > 0. Next,

we notice that
i In 5 = L >4
ds 1-—s s(1—s)

is valid for all s € (0, 1), which enables us to estimate

e S Ntr,co
1 —1 A o
E/Q/’nfryoo(n(]‘_s> n<1_ntr1oo>)d8dx

1

= ’ TN o 2T a0 dsdx > 2 r— Nir oo 2
g/Q/n”m 0(8)(1—0(3))(8 Niroo) ds dr 2 2¢ [ — neroollz2(0)

where o(s) serves as an intermediate point between 14, oo and s.

As a prerequisite for the exponential convergence of n and p in L>°(Q2), we adapt
an argument from [9] to establish a polynomially growing W14(£2) bound on n for
q > 4. The same technique is also applicable to p. As in the proof of Proposition
1.3} we introduce w := e¥*Ven (satisfying 7 - Vw = 0 on 99Q) and set w.l.o.g.
Tn = Tp = 1 leading to

].—TLtT

ow = Aw — V(¢ +V,) - Vw + e Von,, —
nofin
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Using — (¢ — 1)|Vw|?2Aw as a test function entails

th/ |Vw|qu*/ |Vw|T 2V - V@twdasf—/(qfl)\Vw\‘FQAw@twdz
Q

= */(qf1)|Vw|"*2\Aw\2dx+/(q—1)|Vw|Q*2VwAw.wdx
Q Q
+/(q—1)|Vw|q*2|Aw|C(M)(1+w+|Vw|)dm
Q

By applying Young’s inequality to the last term on the right hand side, observing
that [Vw|!"*VwAw = 1V(|Vw|?), and integrating by parts the second term, we
calculate

1d 1
Ty < —= -1 72| Aw|?
g | vl 2/Q(q )| Veo|72| Aw]? da
-1
+C’(M)/(q—1)\Vw|q72(1+w2—|—\Vw\Q)da:—/ qT|Vw|qA¢dx.
Q Q
Taking into account |Ayp| < C(M), we deduce

q(q—ldt/ |vw|qd1'<7*/ |Vw|q 2|Aw|2dx

+ C(M) / |Vw|?2 (1 + w? + |Vw|?)dx
Q

We rewrite the very last term above by another integration by parts and Young’s
inequality with C1(M,q) > 0, which leads us to

w|* “Vw - Vwdr = — — w|” TAww ax
/\V\“v Vuwd /(q 1)|Vw|??Awwd
Q
< 20/ [Vw|?™ Q\Aw\zd:ﬂ+01/ |Vw|??w? da.
The previous estimates and the bound |[w|| Lo ((0,7)x0) < C(M) now guarantee that
d
—/ |Vw|qu§02/ |Vw|?2 dz,

with a constant Cy(M, q) > 0. Choosing to > 0 and t > ¢y arbitrarily and utilizing
|Q2] =1, one has

t
IVw@ILe) < IVwto) Loy +C2 | IVw(s)lTaiq) ds.
() () \
0

‘J(Q)

The polynomial growth of ||Vw||La(q) is then obtained by an elementary Gronwall
lemma (see e.g. [1]). In detail, there exists a constant C3(M,q) > 0 such that

IVw®lzo < (IV0(to)lFaq) + Calt — to))”
The relation Vn = e ¥~V»Vw — nV (1) + V},), in particular, ensures that
29)  Valze) < CM)([[Vwllzs) + IV Lo ()
< CM)([Vwl po) + ¢l a20)) < C(M, to)(1+17).

Note that the second estimate arises from the continuous embedding H?(2) <
W16(Q) valid in R®, whereas the last step results from the bound [|¢(t)||g2(q) <
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Exponential convergence to the equilibrium for n in L1(Q), 1 < ¢ < oo is easily
deduced from the exponential convergence of n in L(£2) as settled above and the
L () bounds on n and ne, in and (12)), respectively, by writing

1 _
[n— noo”qu(Q) <|n- nOOH%OO(Q)”n —Nesllzi(e) < Ce o

where the constants ¢(M, K, q),C(M,K,q) > 0 are independent of ¢ for € €
(0,0]. For ¢ = 2 and together with the same bound on p and the estimate

1V — Yool H2(0) < C(||n —Noollz2() + I[P — Pocllz2() + €llner — ntr,oo”L?(Q))a

this directly implies the exponential convergence of ) in H?(2). The Gagliardo—
Nirenberg—Moser interpolation inequality now allows us to infer exponential con-
vergence of n and p in L>°(Q). In fact, the bound on |[|Vnl|ze(q) in entails

1 1
(30) ||” - nOO||L°°(Q) < C||n - 7100”61/1,6(9) ||n - ”00”26(9) < Oeicta

with constants ¢(M, K ), C(M, Ks) > 0.

The exponential convergence of ny in L°(§2) can be verified essentially along
the same lines as in [9]. We, therefore, omit some technical details and set w.l.o.g.
Tn = Tp = 1. By defining u := ny — 400, one derives the following pointwise
relation by inserting 4n;, » several times and by applying the identities from :

D n
e | = | e — —— (1 = ner)
Polp nofn

n n 1—n
—u<2—|— Poo | OO)— i (p—poo)—kg(n—noo).
DPolp nofbn Polp nofbn

By recalling 0 < ng. < 1, pp, = e~ V2, and p, = e~ V» with V,,, V,, € L>(Q2), and by
employing , we find

d 2 C _
@HU(@ e < —EHU(tv o) + Z¢

58tU*

Rp*Rn: (171”

ct

where ¢,C > 0 depend on M and K, but not on ¢ for € € (0,g0]. If we choose
¢ > 0 sufficiently small satisfying egc < 1, we arrive at

- O ! - —s —cs
7247 (t, ) = Moo || Lo () < € 2t/8+;/ e 2(t=s)/e—cs g
0

< e 2t/e 4 6_2t/€2L (e@/a—c)t — 1) < e 2/ 4 Ot
—ec

Finally, estimate (21]) is proven. O
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