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-> development of modern noncommutative abgebra was stronglymotivated

by representation theory of groups

IDEA OF REPRESENT . THEORY : study a group G by representing it in terms

o lineol transformations on a vector space V

Definition: A representation of a group
G ou a vector space V over a field

K is a group homomorphism

0
: G-Aut(V) : = (T : v = X : T k-linear and invertible

Remork : (1) This is equivalent to the existence of a "multiplication"
· : G XX = XS

.
+

-

g
. (h - x) = (gh) .

x = e . x
=

x
, g(x +2w) =

g
-

x + 2(g-w)

for all g.
heG

,
EK

, vwEV linshort :
a the linea structure of V

preserving group action of G ou XI

Proof : "" :

Assume p representation; def..: GxX * V
, g

. v
== p(g)(x)

then :

g
. (hiv) =

olgl,
evgv=vgl

plg)k-lin .

=

g
. x + 1(g - xx)

"" : Conversely ,
let : GXX = V be a "multiplication" : def . p

: G + Aut(x)

p(g):= (x +

g
. x) ring kom.



In this situation
,

V is called a G-module
.

(2) We can naturally transform V into an actual module over a ring ;

For this sake
, we need to build G into a ring

:

inmostrases : K field

Definition : Let k be commutative ring ,
and Gagroup .

The group algebra
KIG] is the free K-module with basis geG and multiplication

↳ agg. bgagabgeg . convolution

g1gz
=

g

Remark : (1) It is routine verification that KIG] is -

as the terminology
suggests-indeedak-algebra

identity im KG]

* E : -KIG]
,
-Real = Rea is a ring monomorphism ,

so we

can regord K as a subring of KTG] (identify & with Real

= L
: G-KIG]

, g 1g is a group monomorphism , so we can regard
G as a subgroup of KIG] (identify g with 1rg)

-

>so Kisuoucommutatiunlessthe group G is commutateeine

(2) Let G be a finite group ; then KIG] is not a division algebra

Proof : let geGKee) ,
and n

= pedlig (n las G finitel
Smolles s

.+
. gk=

ec

then : (gggg
EG

13) G can be relaxed to be a monoia - the construction still goes
through .

(4) NOW : representations of Gouvector spaces over a field K/G-modules
one-to-one

< KIG]-modules



If Vis G-module
.

Han (agg ag (g makes vintoa-mod,

couversely , by restriction
, every KG]-module V is a G-module

(5) Let V
,
W be G-modules Over K

.
We call a k-linear map T : V + W

G-Komamorphism if Tojvl =

g
. Tu) for degeG ,

veX.

THEN : besides the obvious changes in telminology,

G-homomorphisms 1 + W = KTG]-module hoc
. V = W

T K-liked

If T : V - W G-Kow
.,

then

T=

g . T(y)

Pag
conversely , by restriction

, every KIG]-module kom V - W can be

regarded as a G-Komo.

(6) Similarly , for au K-olgebra A
,
a monoid homonorphism 4 : G + (A

:
/

extends uniquely to an K-algebra homomorphism of KIG] to A.

UNIQ: any extension ofa would be in particular a k-module homon
.

so

3)aggag
EXIST: (# ) only candidate : K-modulehou.

-Egge
=>aggellaggygyb

* 3(1xed) =

14-



Example : (1) if GF(1
,

+ )
, KIG] = KIX

,
X-v] (aurent polynomioes)

element of form auAn

Similarly , if G = (Hö +) , KG]FIXe ....
Xn] (Multivariate polynomials)

element of form ux

~ field

(2) Viewing KIG] as a module over itself , gives rise to the so called

regular representation of a group
G.

translates to

e .

g
. G = (4 - KIG] as KIC]-module > KIC] as -module

= (eg . g, g2 , g3
> > representation p of C : D

: G + Aute(KG)

Olgi-(atagtagtagi glatagtagtag)
= angitagtag + azgits)

Au+ (k[(y]) = G(y(k)

... def .
X: + Glalk)

, XLogi-Tag]a
representing matrix of plogi
Wrt basis &

e.g . forg" and a sta . basis of KIC]
,
we find

X(g) = 100

(
g2g3 =

g
We call this a matrix representation (we can switch bew these notions

if the module interpreted as a K-vectal space is finite dimensional

(3) let G = Su naturally act on S : (1
.

2
.... n3 (by permenting the

elements of S)



extend action

= then: V = S = (01 +... + ank
:

an .....
antk)

with I Lae +... tank) = at() +... + auttn) is Sumodule;

This is called the defining representation of Su
.
As matrix represent.

this reads as Iwrt Standard basis of KS)

X Su - G(u(k) , X( = lesplision s permutation matrices

((x(T))ij =4 (

Lastly , we present MASCHKE'S THEOREM -

a main result regarding
representations of a finite group G

~ for K = C
,

it suffices to understand so-called irreducible

representations of G simple KTG]-modules as
...

Thorem (Maschke) : Let K be a field and Ga finite group. Then,

KTG] is semisimple Chor(K) + 1G1 .

X

↓ Th. 1.
3

. 3 SmallestEst
.

1 =1 +.. + 1 = 0 ifsuchnexists,
-

every KIG]-module is and 0 Otherwise
a times

semisimple

Proof : "" : Let V be a KTG]-module

we show : every KIG]-submod
. Kof V is a direct summand

17KTGJ-submod
.
L' of V s .+V=Url

=> X is semisimple
S

Th .

1 .2.
4

For this sake
,
est U be a KIG]-submodule of V : IDEA : construct projection

# : V = V outo U that is a also a KIG]-module homomorphism

U']-submol
projectionmeaus T = I;

ent vev
,
them=( = +(x) - +2(x) = 0)

letwiminkelt
,

then :
w====

=> w
= T(x) for some vEY



let To : V * V be any K-linear map such that Io = To and in To = U

I to construct it
,

choose a basis for U and extend it to a basis of X,

Set Tolu-ida and do whatever you like on the other basis vectors

as lg as images lie in U;(x) =( = H(x)
,+vev)

zu TuFidu

turn to in a

- # : v + v.(v)= Holy↓IG]- module hom.

(1) exists (because dor (K) + 161)
= 1 +...+ 1 + 0

CCAIM 1 : I KIGS-module Komomorphism( IT is a G-module hour .!

· IT Still K-linea as Y
,
WEX,EK :

#(v+)=
ToklinTolgo) =

· let vV,
h:(hx)=
=g

g1 gh bijective

CLAIM2 : I projection with im I = U

note
,

im=U asV, o 6 :

Tol
U KIG]-mool .

= v=



remains to show
,
Hu Fidu : ent neu

.
Hu==

"" : by contrapositive ,
assum charlk)/IG) ; By Th

. 1 . 4
.10

,
it suffices to

Show f(KIG]) + 0 ( KIG] not semisimple X

R semisimple

def. e := EKISKO3 => R Artivian and f(R)= 0

Observe thathEG
,

he==es
=: KG

e=ei
2

. 1
.

4 . 6(2)

KG]e e nie leational = KIG]e = flktes) ,
so that J(kTG)) +0

#hEG ,
he =

e


