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UNIVERSITAT

Motivation

linded.

Optimal control of elliptic PDE Ay = u

Bang-bang control:
m control constraints u; < u(x) < Uy, no control costs
m ~ control u(x) € {uy, up} almost everywhere

Multi-bang control
m control u(x) € {w,...,uq} almost everywhere
m motivation: control by discrete voltages, velocities, ...
m hybrid discrete—continuous problem, combinatorial
m solve using continuous relaxation ~- linear complexity in d
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Formulation DEUS'SSE;NU ve

d
1 ) Q5 /
min =|ly — z —||lu u(x) — ujlo dx
i 1y =20+ Sl +8 J L1 -l

sst. Ay=u, u <u(x)<uy

B U <---<Ugd> 2 desired control states

0 ift=0
m |t = ! binary penalty
1 ift#0

B ~ non-smooth, non-convex, not lower-semicontinuous

m A:V — V*isomorphism for Hilbert space V — [*(Q) < V*
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Approach

Consider F convex, G convex

J(@@) = F(@)+G(u) = muin F(u) +G(u)

Necessary optimality conditions
—p € 0F(u)
p € 0G(u)

m Fermat, sum rule for subdifferentials (under regularity condition)
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Approach

Consider F convex, G convex

J(@) .= F(@)+ G(a) = muin F(u) +G(u)

Necessary optimality conditions
—p € 0F(u)
u € 9G*(p)

m G*(p) = sup,(u,p) — G(u) Fenchel conjugate
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Approach

Consider F convex, G non-convex
min F(u)+G(u)
Sufficient(?) optimality conditions
—p € 0F(u)
ueog*(p)

B G* Fenchel conjugate: always convex
m ~ well-defined, unique solution U (= arg min F(u) + G**(u))
m but: ¥ in general not minimizer of J ~~ sub-optimal
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Optimality system

Here:

F2Q) =R, us %HA—’u s
d
G:’(Q - R, u— / gu(x)2 + ﬂH lu(x) — uilo | dx + du(u)
a\? =1
m Jy indicator function of

Ui={uel’(Q):u<u(x)<us ae}

m G defined pointwise ~~ compute Fenchel conjugate,
subdifferential pointwise
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Fenchel conjugate

d
g:R—->TR, v»—>%v2+ﬂHIV—Ui!o+5[u1,ud](V)
=1
g R—R, g sup qv —g(v)
v

Case differentiation: sup attained at v,

. qui— S v=u, 1<i<d
g(q)={1’22’ _ .
Eq _ﬁ v uj, >
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Fenchel conjugate

;.2 D 2

N qui—Sus qgepP, 1<i<d

g(q): 1’221 o
559°—B q€Po
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DU

Fenchel conjugate

@ ;2 D 9

. qui — Sus qeP, 1<i<d

g@=95, % -
x4 —B qE€Po

{ui} gepP,1<i<d
1

" 24 qgeho

0g°(q) = { 9 o
[U,‘7U,'_|_1] gePinPiq,1<i<d

[min{u;, Lq},max{u;, 1q}] qePiNPy,1<i<d

Motivation Optimality system Structure of solution Numerical solution Examples 7/21



UNIVERSITAT

Fenchel conjugate:

2 5
P E Po E Py 3 P3 q Py E Po E P, 5 Py q
B +
o E T 5
3 B By = 5 =
3 2 ] S
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Optimality system

—p=A*(A"u-2)

i € 0G"(p)
{ui}t B(x) € P;
_ {éﬁ(X)} [_7(X) € Py
[ui, uj] B(x) € PN Py
[min(uj, 1p(x)), max{u;, 1p(x)}] B(x) € PiNPy

m necessary conditions for min, F(u) + G**(u) (convex, l.s.c.)

m ~ unique solution (4, p)
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Relation to bang-bang control

m ford = 2 and  sufficiently large :

{wn} if p(x) < §(u + ug)
a(x) € 09" (p(x)) = § {uat  ifp(x) > 5(ur+ uq)
[u,ug] ifp(x) = 5 (i + ug)

m bang-bang control

{w}p  ifp(x) <0
u(x) € 9g"(p(x)) = { {ug}  ifp(x) >0
[U1, Ud] IfF_)(X) =0

m same for multi-bang withanyd >2anda =0

~» a > 0 necessary for multi-bang control
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Structure of solution

Q=AUFUS

d
m multi-bangarc A = U{X u(x) = uj}

i=1

m free arc F={x:0(x) = 1p(x) # u;}

m singular arc S ={x:a(x) ¢ {u, 1p(x)}}
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Generalized multi-bang principle

m if 3 sufficiently large: Py = 0, free arc
F c{p(x)ePo} =10

m singular arc corresponds to set-valued subdifferential:
d—1 d
S ={p(x) € [ J(PinPia) U J(PinPo)}

i=1 i=1
C {p(x) € {$(ui + uip), au; — /208, auj + /2a3}}

m for suitable A, p(x) constant implies (A*p)(x) = (¥ — z)(x) =0,

~{y =2z} =0 = b€ {u,...uq}a.e,true multi-bang control
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(Sub)optimality

m duality gap for non-convex G:
g(@) +G"(p) — (p, ) < SIS

(pointwise gap of 3 where dg*(p(x)) set-valued)

m ~~ in general: U sub-optimal:

J(@) < J(u) + 5|S] forallu

m but: U true multi-bang ~ |S| = 0 ~» U optimal
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Numerical solution of optimality system T

Ay =@
Apb=z—y
{ui} p(x) € P;
Oc {3p()} p(x) € Po
(Ui, Uip1] p(x) € P; N Piyq
[min(uj, 1p(x)), max{u;, 1p(x)}] B(x) € PiN Py

m set-valued, not differentiable

m ~~ replace set-valued 0g* by piecewise linear h,, lete — 0
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Regularization: sketch

X w s w A q
P; ‘ [ Pita
— 3 =
R
S E: =]
xRt
S S
Sl <l

(@) g € Pi N Pi11 (no free arc)
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Regularization RER s

linded.

Regularized system

Ay = U,
Ap. =z —y.
Us = He(pa)

® H. maximal monotone ~~ unique solution (uc, pc, y:)
B convergence (u€7p€7y€) - (U7p7)_/) ase =0
m h, Lipschitz continuous, norm gap ~~ H. semismooth

m only number of sets P; depends on d ~~ linear complexity
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Numerical examples Wi

Q=1[0,1 A=-A

finite element discretization: uniform grid, 256 x 256 nodes

state, adjoint: piecewise linear

control: eliminated (variational discretization)

md=5 (uy,...,us)=(-2,1,0,1,2)

¢ = 0: regularized active sets empty, true multi-bang

€ > 0: terminated with 2-21 nodes in regularized active sets
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Numerical examples: target Widiee

»
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Controls: 5 = 10* (free arcs) e

ol

@ a=5-1073 (¢ =0) (b) « =103 (¢ = 1078)
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Controls: 3 = 103 (no free arcs) ke
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Controls: effect of d ik

¥
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Controls: effect of d ke

¥

l\\W
"""MMM ‘ mmmm'”'

1 et

(b) d=15(¢ =0)
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Controls: effect of d

(c) d =101(s ~107°)
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Controls: effect of d ik

L d

(d) d =1001 (s ~ 107"
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Conclusion

linded.

(Non-)convex relaxation of discrete control problem:
m well-posed primal-dual optimality system
m controls optimal under reasonable assumptions
m linear complexity in number of desired states
m ~ efficient numerical solution (superlinear convergence)

Outlook:

m inverse problems (identification of known tissue types)
m nonlinear control-to-state mapping
m other hybrid discrete—continuous problems (e.g., switching)

Preprint, MATLAB/Python codes:
http://www.uni-due.de/mathematik/agclason/publications.php
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