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Motivation [ GRAZ

m Optimization of light source
locations in diffusive optical
tomography

m Standard approach (discrete):
combinatorial explosion with DOFs,
requires initial set of feasible
locations

m Here: Consider fictitious distributed
“control field”, apply sparse control
techniques [Stadler '09]
~~ |localization of sources

m Goal: Homogeneous illumination
(application in photochemotherapy)

Introduction Problem formulation Optimality conditions Discretization Examples 2/23


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at

ME[
|0 [¥| Mathematical Opllmlzallon and INSTITUTE OF MATHEMATICS
|B[1]S] Applications in B AND SCIENTIFIC COMPUTING

UNI
Sparse control problem L CRAZ

. 1
min 2 1y = 2l + @ Ul

ueL! (we)

subject to Ay = xu.U, Y|r =

B Wy, we subdomains of Q C IR", n=2,3; T := 9Q
m Alinear elliptic operator
m z € L*°(w,) given target

m L'-type norms promote sparsity ~ sparse controls

m Measure space required for well-posedness
Alternative: control constraints
[Stadler '09, D./G. Wachsmuth ’11, Herzog/Casas/G. Wachsmuth]
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Sparse control problem L CRAZ

. 1 2
uemlrr(lwc) 5 Hy - ZHLZ(WO) “F @ HUHMF(EC)

subjectto Ay = xw.U, Y|r=0

® M (w,) Radon measures with compact support on @w¢ \ I
m topological dual of Cr(w¢) = {v € C(w¢) : V|gw.nr = 0}
(@c \ T locally compact Hausdorff space)

" (Ul ptr @) = SUPYplg, o<t J AU

(= lullLr () for u € LT (wo))

m Partial observation requires primal-(pre)dual approach
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Problem formulation e

Assumption: adjoint A* is isomorphism from W1’q/(Q) to
W9(Q) == (WS (R))* for g € (1, -2) and ¢ = %' € (n, o0)

Then: W7 (Q) < Co(Q), M(Q) — W~"9(Q) compact,
m State equation Ay = p, y|r = 0, has unique solution
y € Wy 9(Q) for every 1 € M(Q)
m Control-to-state mapping (formal definition)

St Mr(@e) = L3(wo), U (A7 (Xeweld)) o
is bounded linear operator, strongly continuous:
Uk =*uin Mr(@s) = Su(uk) = Su(u)in L%(w,)

(smooth domain and coeff’s; otherwise see [Meyer/Panizzi/Schiela '10])
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Problem formulation L _CRAZ
Control-to-state mapping

S, Mr(we) — L2(“o)> u— (A_1(chu))|wo

Reduced problem

. 1 2
P) vein 1 3 19(U) = 2llizup) + vl vtr@e)

Existence of minimizer from standard arguments
(weak-x topology on Mr(w;))
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Optimality system LaSRAZ

Introduce weak-+ adjoint

S5 LB(wo) = Cr(@e), @ (A (Xwo)®) lwes

apply subdifferential calculus:

Theorem

Letu € Mr(w,) be a solution to (P). Then there exists a
p € Cr(w¢) satisfying

S (Su(u)y—z)=p
5 - o (Su(t) —2) =p -
(0.2 =P sr@o)ce@) <0 IPlor(@e < @

for all p € Cr(we) with [|pll¢, (z,) < o
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Optimality system L _CRAZ

Theorem

Letu € Mr(w.) be a solution to (P). Then there exists a
p € Cr(w,) satisfying

S5 (Su(u)—2z)=p
oy | SE@-2-p
<u,p - p>Mr(wc)7CI’(Dc) =0, HPHCF(EC) sa

for all p € Cr(we) with [|pll¢, (z,) < o

~ sparsity of optimal control:

supp U C {x € w¢ : |p(x)| = a}
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Non-negative Controls T

Control by light sources ~~ enforce non-negativity of controls
Problem

2
weM ()00 2 ” Su(U) = Zlltz () + @ Ul vt @0

Optimality system

(0S4)

U0,P =~ P)Mr@o)Cr@e) <0 P2 —a

{ Si(Su(U) = 2) =P,
(

for all p € Cr(we) with p > —av.
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Discretization s
For simplicity: wo, = we = 2, shape-regular triangulation 7y,

Finite element discretization of state:

Yh = {yh S Co( ) yh|K € Pi,K € 7?)}
Discrete state equation: Sy : M(Q2) — Yh, U yp,

a(yn, vn) :/ vpdu forall v, € Y.
Q
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Discretization L_CRAZ

Discrete problem

(Pn) min 1

i 5 151(6) = 2IRa@y + o lull i

m Control not discretized
(cf. variational discretization of Hinze)

m (Pp) coercive and convex, but not strictly convex

m ~ Solution exists, but is not unique
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Discrete duality T

Nodal basis {e&;}; of Yj, for interior nodes x;:

Yo =>_,Yi€j, where y;=(y,dx)=yn(X)

Dual of Y}
Dy = {un € M(Q) : un = 5 Aidy, s € R}

Projections
Mp:Co(Q) = Yh, Mpy = > (V. 0x)e)
Ap: M(Q) — Dp, Apu= Zj <U> ej>5xj
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Discrete duality T
For all u € M(Q), v € Co(Q), vh € Ya:
B (u,vh) = (Apu,vpy  and  (u,Mupv) = (Apu, v)
m ([ Anul] vy < Il pey:

B Apu ﬁ* uin M(Q2)  and  [[Anul| pqq) — 1ull pe)
—

| Sh(u) = Sh(Ahu)

Theorem

m (Py) has unique solution up € Dy

m Any other solution i € M(RQ) satisfies Apli = Up,
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Convergence L _CRAZ

Let:
m U € M(Q) solution of (P) with state y = S(u),
B Un € Dy solution of (Py) with state y,, = Sp(un),
Theorem
m Uy =~ uinM(Q)  and |[[Unl|m) = Ul rme)
m ||y = Vallz@@ — 0,

® 5 11Vh — 2lEa) + @ 1Tnll ey = 2 1Y = 2lEz) + @ 1Tl pye)
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Numerical solution L_CRAZ

(Un, €)) = Aj, ||Uh||/\/l(Q) =2 1M1 = 1Al
~- reformulation in terms of );, complementarity function:

Discrete optimality system

pn = S;(Sn(un) — z)
Aj = —max(0, =A; + pa(x;) — @) — min(0, —A; + pa(X}) + )

semi-smooth in finite dimensions ~» semi-smooth Newton method
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Model problem
m@o 2 Hy ZHL2 wo) T @ 1Ull ptr @)

=V (2(/"‘3-"#3) vy) + UsY = XwcU ON Q
mauy +py=0  onodQ

s.t.

m describes diffusive light transport (e.g., in photochemotherapy)

m 1, absorption coefficient, g scattering coefficient,
p reflection coefficient

m homogeneous illumination: z = 1
m Finite element discretization in FEniCS

Introduction  Problem formulation Optimality conditions Discretization Examples

15/23


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at

.5 Mathematical Opllmlzallon and INSTITUTE OF MATHEMATICS
|B/1]S| Applications in B AND SCIENTIFIC COMPUTING

UNI
Example: Geometry L CRAZ

0.250 0.500 0.750 1.00 0.250 0.500 0.750 1.00
(a) control domain we (b) observation domain w,
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Example: o = 10~ I
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Example: « =5 - 1072 I
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Example: o = 1073 L
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Example: o =5-1074 I
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Example: o = 1074 I
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Application to source placement LTy

Measure space approach assumes
m Point sources
m Linear control costs

Not necessarily true in applications

~ decouple optimization of location and magnitude (“debiasing”)
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Application to source placement LTy

Debiasing comparison:

1 Solve measure space problem for large « (strong localization)
2 Select dominant “peaks”, surrounding patches w;
3 Solve

min Ly - 2l + Slu

ueR™ 2 SO

m
_Ay:ZXw;Uiv Y‘FZO
i=1

B chosen such that [u]> ~ M (given)
4 Repeat for heuristic patches (same area), same M
5 Compare tracking error [|y* — z||2(q)

Introduction  Problem formulation Optimality conditions Discretization Examples 19/23


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at

M| ’ N
|0/ |F| Mathematical Optimization and INSTITUTE OF MATHEMATICS
[B[1]S| Applications in Biomedical Sci AND SCIENTIFIC COMPUTING

UNI
Source placement: Geometry L CRAZ

(a) target z (b) sparse control
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Source placement: Control patches L CRAZ

1 T

0.8 - 4

0.6 P
0.4 N

0.2 i
V= |

—0.2+1+ ' ' -

_04| i

—0.6 -

—-0.8| -

—1 L L
-1 -08 -06 -04 -02 0 02 04 06 038 1

green: measure-based, red: heuristic
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Source placement: Optimal controls L _CRAZ

(a) measure-based (b) heuristic

|¥ — z||.» ~ 0.44843 ¥ — z||. ~ 0.86210
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Conclusion [ _GRAZ

m Measure-space optimal controls are sparse
m Feasible technique for optimal source placement
m Natural discretization by linear combination of Dirac deltas

m Long-term goal: optimal experiment design in diffusive optical
tomography

Cooperation partners:
Patricia Brunner, Manuel Freiberger, Hermann Scharfetter
(Institute of Medical Engineering, TU Graz)

Preprint, MATLAB code:
http://www.uni-graz.at/~clason/publications.html
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