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Tikhonov functional

min F(S(u),y’) + aR(u)

B S: U C X — Y (not necessarily linear); X,Y Banach spaces

m )y’ € Y noisy data

m R : X — Rregularization term: a priori information on solution

B F :Y x Y — Rdiscrepancy term: a priori information on noise
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Discrepancy: Examples T

m Gaussian noise:

Fluy) =3 lu—yl
m Impulsive noise:

Fluy) = llu—yllu

m Uniform noise:
Flu,y) = llu—=yl=

m Poisson noise:

Fluy) = / (u— ylogu)
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Why Newton methods? e

Motivation: parameter identification in PDEs

m S (at least) twice Fréchet differentiable

m Directional derivatives computable as solutions to adjoint,
linearized (adjoint) equations

m S has smoothing properties

Can this be exploited for superlinear convergence if F is not smooth?
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2 Semi-smooth Newton method
Semi-smoothness in finite dimensions
Semi-smoothness in function spaces

3 Parameter identification with non-Gaussian noise
L' data fitting
L°° data fitting
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Motivation: Generalized Newton method LTy

Consider F: X — Y, X,Y Banach spaces

Generalized Newton method for F(u) = 0

m Choose u° € X (close to solution u*)
m Fork=0,1,...

1 Choose invertible My € L(X,Y)

2 Solve for sk in

MkSk = —F(Uk)

3 Setukt! = yk + sk,
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Motivation: Generalized Newton method LTy

Generalized Newton method for F(u) = 0

m Choose u° € X (close to solution u*)
m Fork=0,1,...

1 Choose invertible My € L(X,Y)

2 Solve for sk in

Mis* = —F(u¥)

3 Setukt! = yk + sk,

m When does the method converge, i.e.,

}uk — u*HX — 07

m When is the convergence superlinear, i.e.,
ot =y / [l = ] 07
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Convergence of generalized Newton method e
Let d* = uk — u*. Then:
Huk+1 ~u| = HMﬁ(F(u* +d¥) — F(u”) — Mkdk)HX

~ Superlinear convergence under

1 Regularity condition

< Cforall k

}|MI?1||£(Y,X) =

2 Approximation condition

(A) S Gt Cho [ P
a0 k=
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Semi-smooth Newton methods L_CRAZ
Idea: if F is non-smooth, choose My € dF(u*) (subdifferential)
~+ Semi-smooth Newton method if (A) holds

m in finite dimensions: OF Clarke’s subdifferential
[Mifflin 1977, Kummer 1992, Qi/Sun 1993]

m in infinite dimensions: Clarke’s subdifferential not available
~ directly require condition (A) and uniform boundedness
[Chen/Nashed/Qi 2000, Hintermdiller/Ito/Kunisch 2002]

m Connection: semi-smooth functions on R define semi-smooth
superposition operators on LP(2)
[Ulbrich 2002/03/11, Schiela 2008]
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Semi-smoothness in finite dimensions LTy

Consider f : R™ — IR" locally Lipschitz.

Directional derivative

f'(x;h) = lim

t—0t

f(x + th) — f(x)
t

Clarke’s subdifferential
— i /
Of(x) = co {)I/mf (y)}
(Rademacher’s Theorem: f Lipschitz = f differentiable a.e.)
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Semi-smoothness in finite dimensions LTy

f : IR™ — IR" is semi-smooth at x, iff

1 fis Lipschitz near x,
2 f'(x, h) exists for all h,

3 forallM € of(x + h),

i IFGc+h) = F(x) — M|

0
[IA[|—0 |
(equivalent to original definition: lim  {Mh’} exists for all h)
MeOf (x+th")

h'—h,t—0"
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Examples of semi-smooth functions e

m f continuously differentiable, 0f (x) = {f'(x)}

m f continuous, piecewise continuously differentiable:
f(x) € {f(x),...,fNx)} c C'(R™) forallx
with
Of(x) = co {(f') (x) : f(x) = f(x)}

(~ differentiate piecewise, convex hull at connection)

m Sum, composition of semi-smooth functions
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Examples of semi-smooth functions e

Specifically: f : R — IR,

m f(t) = max(0,t),

{0} t<oO
ofty=<{1} t>0
[0,1] t=0
mf(t)=|t,
{-1} t<o
of(t) =< {1} t>0
[-1,1] t=0
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Examples of semi-smooth functions e

Specifically: f : R — IR,

1 t>p0
m f(t) =signg(t) == -1 t<-p
st ltl<s
{0y  lt[>8
ofty={{87"} <8
0,67 |t =5

(f(t) = sign(t) is not semi-smooth)
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m F: X — Yis Newton differentiable at u if there exists
neighborhood N(u) and mapping G : N(u) — L(X, Y) with

i IF( = h) = F(u) = G(u + h)hy

— 0
1h]|—0 l1hllx

Newton derivative at u is DyF € {G(s) : s € N(u)}

m F: X — Yissemi-smooth at u if N-differentiable and

lim G(u+ th)h

t—0t+

exists uniformly for ||h||, =1
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Examples of semi-smooth operators e

m F continuously Fréchet differentiable, DyF(u) = F'(u)

m H := aF + G for semi-smooth F, G,
DyH = aDnF + 6DyG  (sum rule)

m FoHwithH: X — Y continuously F-differentiable,
F : Y — Z N-differentiable at H(u),

Dw(F o H)(u + h) = DyF(H(u + h))H'(u + h)

is N-derivative at u for h sufficiently small (chain rule)
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Examples of semi-smooth operators e

If1) : R — IR semi-smooth,1 < p < g < oo, then
Superposition operator

v L(Q) = LP(Q),  (W()(x) = ¥ (u(x))
is semi-smooth with respect to u,

Newton derivative at u

Dn(¥(u))(x) € 0(¢(u(x)))
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Superposition operators: examples L CRAZ

m (t) = max(0,t), ¥ : u(x) — max(0, u(x)),

0 u(x) <0
[DnV(u)h](x) = < h(x)  u(x) >0
dh(x) u(x)=0

forany ¢ € [0,1] (and similarly u(x) — min(0, u(x)))

m (t) = signg(t), V : u(x) = signg(u(x)),

[DnW(u)h](x) = { ]
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Consider F : X — Y, F(u*) = 0, where
m F: X — Yis Newton differentiable with N-derivative DyF
m forall [|s — u*||, sufficiently small,

H(DNF <C

1Hc(\/x
m ||u® — u*||, is sufficiently small
Then, iterates

uk+1 _ uk . DNF(uk)f1F(uk)

converge (locally) superlinearly to u*
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Goal: Newton-type method for minimizing ||-|| 1, || ||
Challenges:

1 Not twice (Newton-)differentiable

~ smoothing approach to obtain N-differentiable F-derivative

2 Local convergence of Newton method

~» continuation strategy in smoothing parameter
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||, minimization s

Application:

m Huber smoothing of F(u) = ||ul|,::

t—-5 t>p
o) = [u@lade lta=3—t-§ t<-s
25t It <8

Fp(u) = signg(u)
~ Fj semi-smooth fromL9to L?, g > p

~+ convergence Fg(u) — F(u)for — 0
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Application: ||-||, .. minimization

m Reformulation: min, J(u) + ||ul| - equivalent to
nJiCn J(u) 4+ ¢ subjectto ||ull . <cC
m Moreau-Yosida regularization of F(u) = I . <} (u):
Fo(u) = 2 [Imax(0,u = )| + [ min(0, u + o) %]
F(u) = ~[max(0,u — c) + min(0,u + ¢)]
~ F! semi-smooth from LY to L, g > p

~+ convergence F.(u) — F(u) fory — oo
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3 Parameter identification with non-Gaussian noise
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1 Potential problem: S : U C L2(Q) — H(Q),u >y,

(Vy, V)5 + (uy,v), = (f,v), forallv € H(Q)

2 Robin problem: S : U  L2(I;) — HY/2(F), u = ylr.,

(VY. VW) + {0y Ve = (V)i forallv € HI(Q)

3 Conductivity problem: S : U C H'(Q) — HL(Q), u — y,

(uVy, Vv), = (f,v). forallv € Hy(Q)
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m S uniformly bounded in U C X; u, — uin X implies

S(up) — S(u)  InL4(Q)

m S twice Fréchet differentiable with uniformly bounded
derivatives
(Directional derivatives given by solution of linearized
equations, computable using formal Lagrangian technique)

m S(U) C L9(Q),q > 2
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3 Parameter identification with non-Gaussian noise
L' data fitting

Motivation Newton method Parameter identification 24/43


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at

ME[ " S
o E| Mathematical Optimization and INSTITUTE OF MATHEMATICS
[B[1S| Applications in Biomedical Sciences AND SCIENTIFIC COMPUTING

L' data fitting: Motivation B

Here: data subject to impulsive noise:

data noise measurement

m Appears in digital image acquisition, processing
(hardware defects, cosmic rays, ...)

m Characterization: noise is “sparse” ~ L' minimization
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; 0 Q2
min [[S(u) = y°llu + 5 llullk

m y° € L9(Q), g > 2, data with impulsive noise
m X Hilbert space (e.g. L?(D), H'(D))
m Y has compact embedding in L9(2), g > 2

m Regularization properties:
[Hofmann/Kaltenbacher/Pdschl/Scherzer 2007]

[Scherzer/Grasmair/Grossauer/Haltmeier/Lenzen 2009]
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L' data fitting: Approximation B

Huber smoothing

; _ 0 Q2
min [S(u) = ¥°li, + 5 llullx

Optimality conditions

(0Sp) aug + S'(ug)* (signs(S(ug) —y°)) = 0
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Consider (OSg) as F(u) = 0for F : X — X*,

F(u) = awu + §'(u)*(signg(S(u) — ¥?))

S(u) € 19,9 > 2 ~ P(u) = signg(S(u) — y°) semi-smooth

Newton derivative
DnP(u)h = xzB7'(S'(u)h)
_ {61(5'(u)h> if |(S(u) — y°)| < 8

0 else
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Semi-smooth Newton step

DnF(uk)ou = adu + (8" (uF)ou)*P(uk) + %SI(Uk)*(szS,(Uk)(SU)
= —F(u)

Action of DyF(u*) on given du can be calculated by solving linearized
state, adjoint equation (obtained by formal Lagrangian approach)

~ solve using matrix-free Krylov-method (GMRES, BiCGStab)
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But: superlinear convergence requires regularity condition;

S nonlinear, functional non-convex ~ assume forc > 0

Local coercivity condition

(8"(ug)(h, h), P(ug))i2 + allhllx > c[lh][k forallh € X

(cf. sufficient second order conditions in optimization)

Here: satisfied for
m large « (for large noise)
m large 3 or sparse residual (for small noise) (= P(ug) small)

Implies regularity condition, thus local superlinear convergence of
semi-smooth Newton method
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m Potential problem:y = S(u) solves (Vy, Vv) + (uy,v) = (f,v)
m Discretization with linear finite elements, N = 128 x 128 nodes

m Random impulsive noise:

5 yi(x) + |lyT[lL=€(x), with probability r
') =90
y1(x), else

yt = S(ut), £(x) normally distributed random variable
m Choice of v by fixed point iteration (2-4 iterations)

m Termination of continuation at 5 ~ 10~/
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(a) exact data y' (b) noisy data y°
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Results: potential problem, r = 0.3 L _CRAZ

(c) exact solution uf (d) reconstruction u, (L2)
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(e) exact solution u' (f) reconstruction uq (L")
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3 Parameter identification with non-Gaussian noise

L°° data fitting
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Here: data subject to uniform noise:

R~

data noise measurement

m Appears in digital acquisition, processing (quantization errors)

m Maximum likelihood estimate ~~ L> minimization
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«
s T 2
min [15(u) — y o~ + 5 Jlulf

m y° € L°(Q) data with uniform noise
m X Hilbert space (e.g. L?(D), H'(D))
® Y has compact embedding in L>()

m Regularization properties:
[Hofmann/Kaltenbacher/Pdschl/Scherzer 2007]

[Scherzer/Grasmair/Grossauer/Haltmeier/Lenzen 2009]
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L> data fitting: Approximation T

Reformulation

. O( 2 . 5
min ¢+ — |lu subjectto ||S(u) — oron < C
(u,c)eEXxIR + 2 lull ) 15(u) =¥l Q) =

Moreau-Yosida approximation

i o 2 f}/ kY 2
min ¢+ —|u —||max(0, S(u) —y° — ¢
G et 5l + S limax(0,5(u) ¥ =l

9 .
+ 2 min(0,5(u) = ¥* + O z(q
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Optimality conditions L CRAZ

Optimality system

au, + S (u) ((S(u) =y = ) + (S(w) — ¥ +)7) =0,

1+ [ (5 =y = + (5w) — + e =0

with (-)* = max(0,-), ()~ = min(0, ")

~~ consideras F(u,c) = 0forF: X x R — X* x R
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Smoothing properties of S, embedding c € R — L*®
~ F(u, ) semi-smooth inuand ¢

Newton derivatives
D,u(S(u) = y° — ©)"h = xa(S'(u)h)
B {5’(u)h if S(u) —y? > ¢

0 else

Dre(S(u) —y* — )th = —h /Q e
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Semi-smooth Newton method ICRAZS

Semi-smooth Newton step
DnuFi(uX, c¥) Dy cR(uk,c)\ (du\ _  (F(uk )
DnuFa(uk,c¥) Dy cFa(uk %)) \dc) = \Fa(uk, k)

Action on given du, éc can be calculated by solving linearized state,
adjoint equation (obtained by formal Lagrange approach)

~ solve using matrix-free Krylov-method (GMRES, BiCGStab)
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Semi-smooth Newton method ICRAZS

Local coercivity condition

(S"(uy)(h, h), ¥(S(uy) = y° — )T+ 7(S(uy) =y + ¢4) i
+allh|% > c||hllkx forallh € X

Here: satisfied for
m large « (for large noise)

m small v or small residual (for small noise)

m Implies regularity condition, superlinear convergence

m Continuation in v — oo for globalization
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Numerical example LTy
m Potential problem: y = S(u) solves (Vy, Vv) + (uy,v) = (f,v)

m Discretization with linear finite elements, N = 128 x 128 nodes
m Quantization noise: round y' = S(u") to n, nearest values

m Choice of a by fixed point iteration (7 iterations)

m Termination of continuation at v ~ 10"
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Results: potential problem, n, = 6 L CRAZ

(a) exact data y' (b) noisy data y°

Motivation Newton method Parameter identification 42/43


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at

Mathematical Optimization and INSTITUTE OF MATHEMATICS
|S| Applications in Biomedical Sciences AND SCIENTIFIC COMPUTING

UNI
Results: potential problem, n, = 6 L CRAZ

(c) exact solution uf (d) reconstruction u, (L2)

Motivation Newton method Parameter identification 42/43


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at

Mathematical Optimization and INSTITUTE OF MATHEMATICS
|S| Applications in Biomedical Sciences AND SCIENTIFIC COMPUTING

UNI
Results: potential problem, n, = 6 L CRAZ

(e) exact solution u' (f) reconstruction u,, (L)
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Conclusion [ _GRAZ

For non-Gaussian noise models (and smooth data):
m Noise structure more important than noise level

m Semi-smooth Newton methods allow solution of non-smooth
problems

Outlook:
m Mixed noise (impulsive+Gaussian, Cauchy, Rician)
m Banach space regularization
m Applications

Preprints, MATLAB/Python codes:
http://www.uni-graz.at/~clason/publications.html
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