
UNIVERSITÄT GRAZ
UNIVERSITY OF GRAZ

Institute of Mathematics and Scientific Computing

Nonsmooth regularization of a coe�cient inverse
problem for the wave equation

Christian Clason1,2 Tram Do2

Karl Kunisch1 Philip Trautmann1

1Institute of Mathematics and Scientific Computing, University of Graz
2Faculty of Mathematics, University of Duisburg-Essen

XIII International Scientific Conference
Inverse and Ill-Posed Problems: Theory and Numerics
Novosibirsk, April 13, 2021



Motivation: coe�cient inverse problem

Wave equation


𝑦𝑡𝑡 − ∇ · (𝑢∇𝑦) = 𝑓 on Ω × [0, 𝑇]

𝜕𝜈 𝑦 = 0 on 𝜕Ω × [0, 𝑇]
𝑦(0) = 𝑦0, 𝑦𝑡 (0) = 0 on Ω

Goal: recover 𝑢 from (partial) measurement of 𝑦

Assumption: 𝑢 piecewise constant (with known values?)

Approach:

1 add total variation regularization ‖∇𝑢‖1
({ sparse gradient{ piecewise constant)

2 add pointwise penalty promoting known values

{ nonsmooth regularization: non-di�erentiable but convex

Overview Pointwise regularization Wave equation and total variation Numerical solution 2 / 30



1 Overview

2 Pointwise regularization
Multibang penalty
Regularization properties

3 Wave equation and total variation

4 Numerical solution



Convex analysis approach

F (𝐾(𝑢̄)) + G(𝑢̄) =min
𝑢

F (𝐾(𝑢)) + G(𝑢)

1 Fermat principle: 0 ∈ 𝜕 (F (𝐾(𝑢̄)) + G(𝑢̄))

2 sum, chain rule: 0 ∈ 𝐾′(𝑢̄)∗𝜕F (𝐾(𝑢̄)) + 𝜕G(𝑢̄)
{ there is 𝑝̄ with {

𝑝̄ ∈ 𝜕F (𝐾(𝑢̄))
−𝐾′(𝑢̄)∗ 𝑝̄ ∈ 𝜕G(𝑢̄)

3 Fenchel duality: {
𝑝̄ ∈ 𝜕F (𝐾(𝑢̄))
𝑢̄ ∈ 𝜕G∗(−𝐾′(𝑢̄)∗ 𝑝̄)
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Convex analysis approach

F (𝐾(𝑢̄)) + G(𝑢̄) =min
𝑢

F (𝐾(𝑢)) + G(𝑢)

1 Fermat principle: 0 ∈ 𝜕 (F (𝐾(𝑢̄)) + G(𝑢̄))

2 sum, chain rule: 0 ∈ 𝐾′(𝑢̄)∗𝜕F (𝐾(𝑢̄)) + 𝜕G(𝑢̄)
{ there is 𝑝̄ with {

𝑝̄ ∈ 𝜕F (𝐾(𝑢̄))
−𝐾′(𝑢̄)∗ 𝑝̄ ∈ 𝜕G(𝑢̄)

4 equivalent reformulation (for any 𝜎, 𝜏 > 0):{
𝑝̄ = prox𝜎F∗ (𝑝̄ + 𝜎𝐾(𝑢̄))
𝑢̄ = prox𝜏G (𝑢̄ − 𝜏𝐾′(𝑢̄)∗ 𝑝̄)
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Primal-dual proximal splitting

𝑢𝑘+1 = prox𝜏G
(
𝑢𝑘 − 𝜏𝐾′(𝑢𝑘)∗𝑝𝑘

)
𝑢̄𝑘+1 = 2𝑢𝑘+1 − 𝑢𝑘

𝑝𝑘+1 = prox𝜎F∗

(
𝑝𝑘 + 𝜎𝐾(𝑢̄𝑘+1)

)
nonlinear variant of Chambolle–Pock (for 𝐾 linear)
[Valkonen ’14, C./Mazurenko/Valkonen ’18]

𝜏, 𝜎 > 0 step sizes

local convergence in Hilbert space under
1 second-order type condition on 𝐾
2 𝜏, 𝜎 su�ciently small

can be accelerated if F and/or G strongly convex
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Convex analysis approach

Formin𝑢 F (𝐾(𝑢)) + G(𝑢), G(𝑢) =
∫
Ω
𝑔(𝑢(𝑥)) 𝑑𝑥 convex, l.s.c.

Approach: pointwise

1 compute subdi�erential 𝜕𝑔 (or Fenchel conjugate 𝑔∗)

2 compute conjugate subdi�erential 𝜕𝑔∗

3 compute proximal mapping prox𝛾𝑔

{ optimality conditions, proximal splitting methods
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Motivation: hybrid discrete optimization

min
𝑢∈𝑈

F (𝐾(𝑢)) + 𝛼

2
‖𝑢‖2

F discrepancy term, 𝐾 forward operator (involving PDE solution)

𝑈 discrete set

𝑈 =
{
𝑢 ∈ 𝐿𝑝(Ω) : 𝑢(𝑥) ∈ {𝑢1, . . . , 𝑢𝑑} a.e.

}
𝑢1, . . . , 𝑢𝑑 given voltages, velocities, materials, . . .
(assumed here: ranking by magnitude possible!)

motivation: topology optimization, medical imaging
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Motivation: penalty

convex relaxation: replace𝑈 by convex hull 𝑢(𝑥) ∈ [𝑢1, 𝑢𝑑]

works only for 𝑑 = 2, cf. bang-bang control (𝛼 = 0)

{ promote 𝑢(𝑥) ∈ {𝑢1, . . . , 𝑢𝑑} by convex pointwise penalty

G(𝑢) =
∫
Ω
𝑔(𝑢(𝑥)) 𝑑𝑥

generalize 𝐿1 norm: polyhedral epigraph with vertices 𝑢1, . . . , 𝑢𝑑

not exact relaxation/penalization (in general)!
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Motivation: penalty

generalize 𝐿1 norm: polyhedral epigraph with vertices 𝑢1, . . . , 𝑢𝑑

0

1

2

3

𝑢1 𝑢2 𝑢3 𝑣

motivation: convex envelope of
1
2 ‖𝑢‖

2 + 𝛿𝑈

multibang (generalized
bang-bang) control

{ non-smooth optimization in
function spaces
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Multibang penalty

𝑔 : ℝ → ℝ, 𝑣 ↦→
{
1
2 ((𝑢𝑖 + 𝑢𝑖+1)𝑣 − 𝑢𝑖𝑢𝑖+1) 𝑣 ∈ [𝑢𝑖 , 𝑢𝑖+1]
∞ else

piecewise di�erentiable{ subdi�erential convex hull of derivatives

𝜕𝑔(𝑣) =



(
−∞, 12 (𝑢1 + 𝑢2)

]
𝑣 = 𝑢1{ 1

2 (𝑢𝑖 + 𝑢𝑖+1)
}

𝑣 ∈ (𝑢𝑖 , 𝑢𝑖+1) 1 ≤ 𝑖 < 𝑑[ 1
2 (𝑢𝑖−1 + 𝑢𝑖),

1
2 (𝑢𝑖 + 𝑢𝑖+1)

]
𝑣 = 𝑢𝑖 1 < 𝑖 < 𝑑[ 1

2 (𝑢𝑑−1 + 𝑢𝑑),∞
)

𝑣 = 𝑢𝑑
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Multibang penalty

𝜕𝑔(𝑣) =



(
−∞, 12 (𝑢1 + 𝑢2)

]
𝑣 = 𝑢1{ 1

2 (𝑢𝑖 + 𝑢𝑖+1)
}

𝑣 ∈ (𝑢𝑖 , 𝑢𝑖+1) 1 ≤ 𝑖 < 𝑑[ 1
2 (𝑢𝑖−1 + 𝑢𝑖),

1
2 (𝑢𝑖 + 𝑢𝑖+1)

]
𝑣 = 𝑢𝑖 1 < 𝑖 < 𝑑[ 1

2 (𝑢𝑑−1 + 𝑢𝑑),∞
)

𝑣 = 𝑢𝑑

Fenchel duality:

𝜕𝑔∗(𝑞) ∈


{𝑢1} 𝑞 ∈

(
−∞, 12 (𝑢1 + 𝑢2)

)
[𝑢𝑖 , 𝑢𝑖+1] 𝑞 = 1

2 (𝑢𝑖 + 𝑢𝑖+1), 1 ≤ 𝑖 < 𝑑

{𝑢𝑖} 𝑞 ∈
( 1
2 (𝑢𝑖−1 + 𝑢𝑖),

1
2 (𝑢𝑖 + 𝑢𝑖+1)

)
1 < 𝑖 < 𝑑

{𝑢𝑑} 𝑞 ∈
( 1
2 (𝑢𝑑−1 + 𝑢𝑑),∞

)
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Proximal point mapping

Proximal point mapping prox𝛾𝑔 (𝑣) = 𝑤 i� 𝑣 ∈ {𝑤} + 𝛾𝜕𝑔(𝑤)

case-wise inspection of subdi�erential:

prox𝛾𝑔 (𝑣) =
{
𝑢𝑖 𝑣 ∈ 𝑃

𝛾
𝑖

𝑣 − 𝛾
2 (𝑢𝑖 + 𝑢𝑖+1) 𝑣 ∈ 𝑃

𝛾
𝑖,𝑖+1

𝑃
𝛾
𝑖 =

[ (
1 + 𝛾

2
)
𝑢𝑖 + 𝛾

2𝑢𝑖−1,
(
1 + 𝛾

2
)
𝑢𝑖−1 + 𝛾

2𝑢𝑖
]

𝑃
𝛾
𝑖,𝑖+1 =

( (
1 + 𝛾

2
)
𝑢𝑖 + 𝛾

2𝑢𝑖+1,
(
1 + 𝛾

2
)
𝑢𝑖+1 + 𝛾

2𝑢𝑖
)

{ generalized soft thresholding
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Multibang regularization

min
𝑢∈𝐿2 (Ω)

1
2
‖𝐾(𝑢) − 𝑦𝛿‖2𝑌 + 𝛼 G(𝑢)

𝐾 : 𝐿2(Ω) → 𝑌 (nonlinear) forward mapping, weakly closed

𝑦𝛿 ∈ 𝐿2(Ω) noisy data with ‖ 𝑦 − 𝑦𝛿‖𝑌 ≤ 𝛿

𝑢1 < · · · < 𝑢𝑑 given parameter values (𝑑 > 2)

G multibang penalty

𝛼 > 0 regularization parameter (a priori, Morozov, heuristic, . . . )
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Multibang regularization

min
𝑢∈𝐿2 (Ω)

1
2
‖𝐾(𝑢) − 𝑦𝛿‖2𝑌 + 𝛼 G(𝑢)

G multibang penalty convex:

1 existence of solution 𝑢𝛿𝛼 for every 𝛼 > 0

2 𝛿 → 0 implies 𝑢𝛿𝛼 ⇀ 𝑢𝛼 for every 𝛼 > 0

3 𝛿 → 0, 𝛼 → 0, 𝛿2𝛼−1 → 0 implies 𝑢𝛿𝛼 ⇀ 𝑢†

(standard arguments: [Burger/Osher ’04, Scherzer et al. ’09, Kaltenbacher et
al. ’12, Ito/Jin ’14, . . . ])
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Multibang regularization

min
𝑢∈𝐿2 (Ω)

1
2
‖𝐾(𝑢) − 𝑦𝛿‖2𝑌 + 𝛼 G(𝑢)

standard source condition: 𝑝† := 𝐾′(𝑢†)∗𝑤 ∈ 𝜕G(𝑢†) for 𝑤 ∈ 𝑌,
1 a priori choice 𝛼 (𝛿) = 𝑐𝛿

2 a posteriori choice ‖𝐾(𝑢𝛿
𝛼 (𝛿) ) − 𝑦𝛿‖𝑌 ≤ 𝜏𝛿, 𝜏 > 1

{ convergence rate
𝑑
𝑝†

G (𝑢𝛿𝛼 , 𝑢†) ≤ 𝐶𝛿

in Bregman divergence

𝑑
𝑝1
G (𝑢2, 𝑢1) = G(𝑢2) − G(𝑢1) − 〈𝑝1, 𝑢2 − 𝑢1〉𝑋 , 𝑝1 ∈ 𝜕G(𝑢1)
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Multibang regularization

Pointwise definition of Bregman divergence, 𝜕𝑔:

𝑢†(𝑥) = 𝑢𝑖 and 𝑝† ∉
{ 1
2 (𝑢𝑖−1 + 𝑢𝑖),

1
2 (𝑢𝑖 + 𝑢𝑖+1)

}
implies

𝑑
𝑝† (𝑥)
𝑔 (𝑢𝛿𝛼 (𝛿) (𝑥), 𝑢

†(𝑥)) → 0 for 𝛿 → 0

𝑢†(𝑥) ∈ (𝑢𝑖 , 𝑢𝑖+1) implies

𝑑
𝑝† (𝑥)
𝑔 (𝑢(𝑥), 𝑢†(𝑥)) = 0 for any 𝑢(𝑥) ∈ [𝑢𝑖 , 𝑢𝑖+1]

{ 𝑢𝛿
𝛼 (𝛿) → 𝑢† pointwise a.e. i� 𝑢†(𝑥) ∈ {𝑢1, . . . , 𝑢𝑑} a.e.

(convergence not uniform{ no pointwise rates)
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Optimality system

𝑝̄ = 1
𝛼 𝐾

′(𝑢̄)∗( 𝑦𝛿 − 𝐾(𝑢̄))

𝑢̄ ∈ 𝜕G∗(𝑝̄) =
{
{𝑢𝑖} 𝑝̄(𝑥) ∈ 𝑄𝑖

[𝑢𝑖 , 𝑢𝑖+1] 𝑝̄(𝑥) ∈ 𝑄𝑖 ∩𝑄𝑖+1

{ unique solution (𝑢̄, 𝑝̄) ∈ 𝐿2(Ω) × 𝐿2(Ω)

singular set S = {𝑥 : 𝑢̄(𝑥) ≠ 𝑢𝑖} ⊂
{
𝑥 : 𝑝̄(𝑥) = 1

2 (𝑢𝑖 + 𝑢𝑖+1)
}

for suitable 𝐾, 𝑝̄(𝑥) constant implies [ 𝑦𝛿 − 𝐾(𝑢̄)] (𝑥) = 0
(e.g., 𝐾 = 𝐴−1 for 𝐴 pure second-order elliptic)

{ |{𝑥 : 𝐾(𝑢̄(𝑥)) = 𝑦𝛿(𝑥)}| = 0 ⇒ 𝑢̄ ∈ {𝑢1, . . . 𝑢𝑑} a. e. (true multibang)

Overview Pointwise regularization Wave equation and total variation Numerical solution 15 / 30



Example: linear inverse problem

Ω = [0, 1]2, 𝐾 = 𝐴−1, 𝐴 = −Δ

𝑢†(𝑥) = 𝑢1 + 𝑢2 𝜒{(𝑥1−0.45)2+(𝑥2−0.55)2<0.1} (𝑥)
+ (𝑢3 − 𝑢2) 𝜒{(𝑥1−0.4)2+(𝑥2−0.6)2<0.02} (𝑥)

𝑑 = 3, 𝑢1 = 0, 𝑢2 = 0.1, 𝑢3 ∈ {0.15, 0.11}

𝑦𝛿 = 𝑦† + 𝜉, 𝜉 ∈ N
(
𝑦†, 𝛿‖ 𝑦†‖∞

)
finite element discretization: uniform grid, 256 × 256 nodes

solution by (regularized) semismooth Newton method (𝛾 < 10−12)

𝛼 = 𝛼 (𝛿) by Morozov discrepancy principle
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Numerical example: 𝑢3 = 0.15

(a) 𝑢† (b) 𝑢𝛿𝛼 , 𝛿 ≈ 1.89 · 10−1
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Numerical example: 𝑢3 = 0.15

(c) 𝑢† (d) 𝑢𝛿𝛼 , 𝛿 ≈ 2.37 · 10−2
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Numerical example: 𝑢3 = 0.15

(e) 𝑢† (f) 𝑢𝛿𝛼 , 𝛿 ≈ 3.69 · 10−4
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Numerical example: 𝑢3(𝑥) = 0.12(1 − 𝑥1)

(a) 𝑢† (b) 𝑢𝛿𝛼 , 𝛿 ≈ 2.11 · 10−2
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Numerical example: 𝑢3(𝑥) = 0.12(1 − 𝑥1)

(c) 𝑢† (d) 𝑢𝛿𝛼 , 𝛿 ≈ 3.29 · 10−4
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Numerical example: 𝑢3(𝑥) = 0.12(1 − 𝑥1)

(e) 𝑢† (f) 𝑢𝛿𝛼 , 𝛿 ≈ 1.29 · 10−6
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Nonlinear forward mapping

Goal: application to coe�cient inverse problem for wave equation

𝐾 : 𝑢 ↦→ 𝑦 solving
𝑦𝑡𝑡 − ∇ · (𝑢∇𝑦) = 𝑓 on Ω × [0, 𝑇]

𝜕𝜈 𝑦 = 0 on 𝜕Ω × [0, 𝑇]
𝑦(0) = 𝑦0, 𝑦𝑡 (0) = 0 on Ω

di�culty: 𝑢̄ ∈ 𝐿∞(Ω) { 𝐾 not weakly-∗ closed

{ lack of existence of minimizer (𝑦 ≠ 𝐾(𝑢̄), cf. homogenization)

{ total variation regularization: add 𝑇𝑉(𝑢) := ‖𝐷𝑢‖M

{ 𝑢 ∈ 𝐵𝑉(Ω) ∩ 𝐿∞(Ω) ↩→𝑐 𝐿
𝑝(Ω)
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TV regularization

Di�culty:

existence requires box constraints{ use penalty(
𝐺(𝑢) + 𝛿[𝑢1,𝑢𝑑] (𝑢)

)
+ 𝑇𝑉(𝑢)

(here: 𝐺multibang penalty with dom𝐺 = 𝐿1(Ω))

but: 𝑇𝑉(𝑢) + 𝛿[𝑢1,𝑢𝑑] (𝑢) not continuous on 𝐿𝑝(Ω), 𝑝 < ∞

but: multipliers 𝜉 ∈ 𝜕𝑇𝑉(𝑢), 𝑞 ∈ 𝜕𝐺(𝑢) not pointwise on 𝐵𝑉, 𝐿∞

{ replace box constraints by (𝐶1,1) projection of 𝑢 ∈ 𝐿1(Ω)

[Φ𝜀 (𝑢)] (𝑥) = proj𝜀[𝑢1,𝑢𝑑] (𝑢(𝑥)) a.e. 𝑥 ∈ Ω

{ use higher regularity of solution to wave equation
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Wave equation


∫ 𝑇

0
−(𝜕𝑡 𝑦, 𝜕𝑡𝑣) + (𝑢∇𝑦(𝑡),∇𝑣(𝑡)) 𝑑𝑡 =

∫ 𝑇

0
( 𝑓 (𝑡), 𝑣(𝑡)) 𝑑𝑡

𝑦(0) = 𝑦0

for all 𝑣 ∈𝑊 := 𝐿2(0, 𝑇;𝐻1) ∩ 𝐻1(0, 𝑇; 𝐿2) with 𝑣(𝑇) = 0 [Lions/Magenes ’72]

{ solution mapping 𝑆 : 𝑢 ↦→ 𝑦 on𝑈 := {𝑢 ∈ 𝐿∞(Ω) : 𝑢1 ≤ 𝑢 ≤ 𝑢𝑑 a.e.}

𝑆(𝑢) uniformly bounded in𝑊 ∩ 𝐻2(0, 𝑇;𝐻−1) := 𝑍

𝑆 Lipschitz continuous from 𝐿∞ to 𝐿2(0, 𝑇; 𝐿2)

𝑆(𝑢𝑛) ⇀ 𝑆(𝑢) in 𝑍 if 𝑢𝑛 → 𝑢 in 𝐿𝑟 (Ω), 𝑟 ∈ [1,∞]

Overview Pointwise regularization Wave equation and total variation Numerical solution 22 / 30



Wave equation


∫ 𝑇

0
−(𝜕𝑡 𝑦, 𝜕𝑡𝑣) + (𝑢∇𝑦(𝑡),∇𝑣(𝑡)) 𝑑𝑡 =

∫ 𝑇

0
( 𝑓 (𝑡), 𝑣(𝑡)) 𝑑𝑡

𝑦(0) = 𝑦0

for all 𝑣 ∈𝑊 := 𝐿2(0, 𝑇;𝐻1) ∩ 𝐻1(0, 𝑇; 𝐿2) with 𝑣(𝑇) = 0 [Lions/Magenes ’72]

Assumption:

𝑓 ∈ 𝐿2(0, 𝑇;𝐻1), 𝑦0 ∈ 𝐻2(Ω), 𝜕𝜈 𝑦0 = 0, 𝑦1 ∈ 𝐻1(Ω)
there is 𝜔𝑐 ⊂ Ω with 𝑢 constant on Ω \ 𝜔𝑐 , 𝑦0 constant on 𝜔𝑐

Then:

𝑆(𝑢) uniformly bounded in 𝐿∞(0, 𝑇;𝑊1,𝑠) for some 𝑠 > 2
(proof: combination of higher hyperbolic and maximal elliptic
regularity [Wloka ’87, Gröger ’89])
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TV regularization: existence


min

𝑢∈𝐵𝑉 (Ω)

1
2
‖ 𝑦 − 𝑦𝛿‖2

𝐿2 (Ω)+ 𝛼 𝐺(𝑢) + 𝛽𝑇𝑉(𝑢)

s.t. 𝑦𝑡𝑡 − ∇ · (Φ𝜀 (𝑢)∇𝑦) = 𝑓

𝑦(0) = 𝑦0, 𝑦𝑡 (0) = 𝑦1

existence of optimal 𝑢̄ ∈ 𝐵𝑉(Ω) ∩𝑈 for 𝜀 ≥ 0

tracking term Fréchet di�erentiable in Φ𝜀 (𝑢) ∈ 𝐿∞ for 𝜀 > 0

improved regularity of state{ derivative in 𝐿𝑟 (Ω), 𝑟 > 1
(instead of 𝐿∞(Ω)∗)

{ sum rule applicable, subgradients in 𝐿𝑟 (Ω), 𝑟 > 1
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TV regularization: optimality conditions


0 = 𝐹 ′(Φ𝜀 (𝑢̄))Φ′

𝜀 (𝑢̄) + 𝛼𝑞̄ + 𝛽𝜉
𝑢̄ ∈ 𝜕𝐺∗(𝑞̄)
𝜉 ∈ 𝜕𝑇𝑉(𝑢̄)

𝐹 ′(Φ𝜀 (𝑢̄)) =
∫ 𝑇

0 ∇𝑦 · ∇𝑝̄ 𝑑𝑡 ∈ 𝐿𝑟 (Ω), 𝑟 > 1
(𝑦 optimal state, 𝑝̄ adjoint state)

𝑞̄ ∈ 𝐿𝑟 (Ω), 𝑟 > 1{ pointwise multibang

𝜉 ∈ 𝐿𝑟 (Ω), 𝑟 > 1{ characterization via full trace
[Bredies/Holler ’12]

{ pointwise optimality conditions
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Numerical solution

Approach: discretize before optimize

consider finite element discretization of problem
piecewise linear in space
stabilized piecewise linear in time [Zlotnik ’94]
discrete adjoint

include projection in multi-bang penalty, eliminate Φ𝜀

apply sum rule, chain rule for 𝜕𝑇𝑉(𝑢ℎ) = −divℎ𝜕(‖ · ‖1) (∇ℎ𝑢ℎ)

{ apply nonlinear primal-dual proximal splitting
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Primal-dual proximal splitting

𝑢𝑘+1 = prox𝜏G
(
𝑢𝑘 − 𝜏𝐾′(𝑢𝑘)∗𝑝𝑘

)
𝑢̄𝑘+1 = 2𝑢𝑘+1 − 𝑢𝑘

𝑝𝑘+1 = prox𝜎F∗

(
𝑝𝑘 + 𝜎𝐾(𝑢̄𝑘+1)

)
nonlinear variant of Chambolle–Pock
[Valkonen ’14, C./Mazurenko/Valkonen ’18]

𝜏, 𝜎 > 0 step sizes

local convergence in Hilbert space under
1 second-order type condition on 𝐾
2 𝜏, 𝜎 su�ciently small

apply to F ( 𝑦, 𝑞) = ‖ 𝑦 − 𝑦𝛿‖22 + ‖|𝑞|2‖1, 𝐾(𝑢) = (𝑆(𝑢),∇ℎ𝑢)

Overview Pointwise regularization Wave equation and total variation Numerical solution 27 / 30



Primal-dual proximal splitting algorithm

𝑢𝑘+1 = prox𝜏𝛼G
(
𝑢𝑘 − 𝜏𝑆′ℎ(𝑢

𝑘)∗(𝑟𝑘) − 𝜏∇∗
ℎ𝜓

𝑘
)

𝑢̄𝑘+1 = 2𝑢𝑘+1 − 𝑢𝑘

𝑟𝑘+1 =
1

1 + 𝜎
𝜈1

(
𝑟𝑘1 + 𝜎(𝑆ℎ(𝑢̄𝑘+1) − 𝑦𝑑)

)
𝑞𝑘+1 = 𝜓𝑘 + 𝜎∇ℎ𝑢̄

𝑘+1

𝜓𝑘+1 =
𝛽𝑞𝑘+1

max{𝛽, |𝑞𝑘+1 |2}

𝑆ℎ(𝑢) solution of wave equation

𝑆′ℎ(𝑢)
∗𝑟 solution of wave, adjoint equation (with RHS 𝑟), integration

proximal mappings pointwise (G includes projection)
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Numerical example

Figure: exact coe�cient (front: sources; back: observation)
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Numerical example

Figure: 𝛼 = 10−5, 𝛽 = 0, 3680 iterations
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Numerical example

Figure: 𝛼 = 0, 𝛽 = 10−4, 1100 iterations
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Numerical example

Figure: 𝛼 = 10−5, 𝛽 = 10−4, 600 iterations
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Numerical example

Figure: 𝑢𝑖 overestimated, 𝛼 = 10−5, 𝛽 = 10−4, 820 iterations
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Conclusion

Multibang regularization for discrete-valued inverse problem

well-posed convex relaxation

combination with total variation

applicable to wave equation

Outlook:

(block) acceleration of proximal splitting

boundary observation

total generalized variation

vector-valued coe�cient

Preprints, codes:
http://homepage.uni-graz.at/c.clason/publikationen

Overview Pointwise regularization Wave equation and total variation Numerical solution 30 / 30

http://homepage.uni-graz.at/c.clason/publikationen

	Overview
	Pointwise regularization
	Multibang penalty
	Regularization properties

	Wave equation and total variation
	Numerical solution

