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Motivation

linded.

Hybrid discrete-continuous inverse problems:
m distributed parameter takes values from finite set
m data continuous (e.g., solution of PDE)

Applications:
m non-destructive testing (material vs. void)
m medical imaging (bone vs. soft tissue)
B segmentation

Here:
m d > 2 parameter values (known)
m convex penalization of discrete constraint
m nonlinear forward operator
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Penalization S v

Binary penalty

d

o) = | Slu0f + BT Tlutw) - u
Q

i=1

[t|°=1fort #0, [0|°=0
m “multi-bang” penalty  [Clason/Kunisch '14]

m ~> minimizer d(x) € {uy, ..., uy} a.e.if B large enough

m but: nonconvex, not weakly lower-semicontinuous

m - consider convex envelope G := §7*

Overview Existence & optimality Convex penalty Numerical solution Examples 3/25



Problem setting

1 82
min S S(w) - y°ly + 5)

m Y Hilbert space, y° € Y noisy data

m U= {uel?Q):ukx € luug fora.axecqQ}

m S parameter-to-observation mapping, here:u — y,

Ay +uy=f -V - (uVy)=f
or
oy =0 y=0
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Problem statement

. 5112
rpelgillﬂu)—y Iy + ()

Assumptions:

m S: U — Yisweakly continuous

m Sis twice Fréchet differentiable

m § = G7* Fenchel biconjugate, i.e., conjugate of conjugate

Go:L2Q =R, S5(@= sup (g u)-Golu)
uel?(Q)

Overview Existence & optimality Convex penalty Numerical solution Examples 6/25



UNIVERSITAT

Existence LAl

linded.

o1 5112
rpelgills(u)—y Iy + (W)

F weakly lower-semicontinuous, bounded from below

G weakly lower-semicontinuous, bounded from below,
coercive sincedom G = U = U =dom Gy

m ~~ existence of solution & € Uforanya,3 >0

G < Go, G(u) = Golu) if u“multi-bang” (u(x) € {uy,...,ug}a.e)

® ~ 0 multi-bang = & minimizer of F + Go
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Optimality conditions

m 7, S Fréchet differentiable
m G convex

m -~ existence of p € L%(Q) satisfying
primal-dual optimality system
-p = S'(@)*(S(@) - y°)
i€ 05%(p)

m §* = G; ~~ explicit characterization, G not needed
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3 Convex penalty
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Nonconvex penalty

Binary penalty

d
S0 = | SlutP+ BT T luo - d + Gutw
Q i=1

m integral function of (nonconvex) integrand go : R — R

d
a
go(v) = 5|V|2 +B] [ Iv-ul® +8uunv)
i=1

m ~~» compute conjugates, subdifferential pointwise
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Fenchel conjugate

g = 494~ 92 qeQ, 1<i<d
=@ -B g€ Q

Q: {q g-au; < \/2aB A q < (u1+uz)}

Q; ={q g - aui| < v2aB A 2 S Wi+ u) <q<g(u,-+u,-+1)}
Qq ={q q- aud>\/ﬂ/\ (Ug + Ugor) < q}
Q:={q:la- au,|>\/27fora||jAau1<q<aud}
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Subdifferential

m (3 sufficiently large that

a
2u,+1—u, <+/2aB forall1<i<d

m Q=0
m ~ v e 0g5(q) iff

{un} g < 5lur+up)
S ACE: JWia+u) <g<Fui+uwm) 1<i<d
{ug} q > 5(ugq + uq)

uipuiml g=35Wi+uw)  1<i<d
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Biconjugate

linded.

m g = g;" biconjugate

m biconjugate is lower convex envelope

S (U + uiv —uiuiy) v € lujup] 1<i<d

**v —
9o (V) 0o v € R\ [uy, ug]

m > g(u)) = golu)) = §u?

E ~~ g unique function with

1 g continuous

2 g piecewise affine on [u;, U]
2

3 g(U,‘) = %U,'
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4 Numerical solution
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Optimality system

,

-p = S'(@)*(S(@) - y°)
{un} p(x) < 5 + u2)
a0 € {ui} %(UH +u;) < plx) < §(u; + Ujy)
{ug} p(x) > 5 (ug + ug)
[ui, Uil px) = §(u; + ujp) 1<i<d

m set-valued ~~ not differentiable
m ~~ regularization

m but: F not convex ~~ regularize functional
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Regularization

. 4 2
min F(u) + + =
ueL2(0) @+ 5w+ 3 ulizgy

unique global minimizer u, € L%(Q) fory > 0

{uy}y>0 contains sequence converging to global minimizer i
strong convergence uy,, — U

optimality conditions for G, := G+ ¥|| - ||?

-py = 5 (uy)*(S(uy) - y°)
uy € 9(S))*(py)

m H, = 09(G))* = (0G*), Moreau-Yosida regularization of 0G*
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Regularization

m Hy = 9(G))* = (0G*), Moreau-Yosida regularization of 0G*
m - for 3 sufficiently large  [Clason/Ito/Kunisch '15]

Overview Existence & optimality Convex penalty Numerical solution Examples 16/25



Semismooth Newton method

Pointwise computation:
m [Hy(P)I(x) = hy(p(x))
m hy Lipschitz continuous, piecewise C' ~» semismooth
m ~ Hy, semismooth from L"(Q) to L2(Q) iffr > 2

m Newton derivative

[DnH, (p)h1(x) = {i”("’ ifp) € Q) 1<i<d
NIy =

0 else

B norm gap, bounded invertibility?

1 Slinear: Newton matrix monotone ~ always satisfied
2 Snonlinear: needs structure of S ~» potential problem
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Potential problem

Here: y = S(u) satisfies
Ay +uy=f inQ
oy =0 onoQ
m assumption: Q C IRV, N < 3, sufficiently regular that

Yl < Cullflliz
m p="S5(*h=yw, wsatisfiesadjointequation

-Aw +uw = -h inQ
ow=0 onadQ

m ~ y,wbounded in L*°(Q) uniformly inu € Uy
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Reduced optimality system

Insert p, = y,wy, eliminate uy:

-Byy + HyCyywylyy = f

m ~ equation from H2(Q) x H*(Q) to [2(Q) x L(Q)

m ~~ semismooth, partial Newton derivatives

DnyHy(-yw)by = —)1/ X(=yw) w by
DnwHy (-yw)éw = —%, x(=yw) y w

x(v) indicator function of §,(v) := ,‘-1:_11 {xeQ:vix) eQl,,}
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Newton system

1- %,Xk(Wk)z “A+ Hy(—yka) _ %,Xkyka (Sy
A+ Hy(—ykwk) _ )l,Xkyka _%Xk(yk)z
_ (AWK + H (YR wR w4 k- 0
a ~Ayk + Hy(~y*wk)yk - f

m uniformly invertible if either
1 small wy, (small residual)

2 |0S,(-yywy)| = 0 (pure multi-bang),
Schur complement invertible (1 not eigenvalue)

m continuity of H,, perturbation argument
~» superlinear convergence of semismooth Newton method
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Example: linear problem

=[0,1%, S=(-A)"with homogeneous Dirichlet b.c.

moul)=u+ U2Xx:(x,-0.45)2+(x,-0.55)2<0.13 (X)

+ (U3 = U2)Xx:(-0.4)2-+ (xp-0.6)2<0.02 (X)

md=3 u;=0, u,=01 u3=0.12
myP=yitg Ee N olyw)
m finite element discretization: uniform grid, 256 x 256 nodes

m a=5-10",8=10" (no free arc)

m terminate aty < 107
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Numerical example: linear problem LIS

ol

Ll
—

exact parameter u'
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Numerical example: linear problem o

i

|
™

reconstruction u®, & =0.1
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Numerical example: linear problem o

reconstruction u®, & =05
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Example: nonlinear inverse problem

m S:uw— ysolving
Ay +uy=f
mQ=[017 f=1

B Ul () = U1 + UnXpo 0452+ 0-0552<01 (%)

+ (U3 = U2)Xpx:(6-0.4)+ (xp-0.62<0.02 (X)

| (U, Uy u3) =(1,11,1.12)
m O =Suh+¢&

ma=3-107° p=oo(formal), y— 10"
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Numerical example: nonlinear problem

s

noisy data y°

Overview Existence & optimality Convex penalty Numerical solution Examples 24/25



UNIVERSITAT

Numerical example: nonlinear problem

s

exact parameter u'
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Numerical example: nonlinear problem

s

reconstruction u®
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Conclusion

linded.

Convex relaxation of discrete regularization:
m well-posed primal-dual optimality system
m solution optimal under general assumptions
m efficient numerical solution (superlinear convergence)

Outlook:

m regularization properties, parameter choice
m nonlinear inverse problems: EIT

m combination with BV regularization

m other hybrid discrete—continuous problems

Preprint, MATLAB/Python codes:
http://www.uni-due.de/mathematik/agclason/clason_pub.php
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