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Motivation

Optimal control of elliptic PDE Ay = u

Bang-bang control:
control u(x) ∈ {u1, u2} almost everywhere

solve using control constraints u1 ≤ u(x) ≤ u2

Multi-bang control
control u(x) ∈ {u1, . . . , ud} almost everywhere

motivation: control by discrete voltages, velocities, . . .

hybrid discrete–continuous problem

solve using continuous relaxation linear complexity in d
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Formulation


min
u,y

1
2
‖y − z‖2L2 +

α

2
‖u‖2L2 + β

∫
Ω

d∏
i=1

|u(x)− ui|0 dx

s. t. Ay = u, u1 ≤ u(x) ≤ ud

u1 < · · · < ud, d ≥ 2, desired control states

|t|0 :=

{
0 if t = 0
1 if t 6= 0

binary penalty

 non-smooth, non-convex, not lower-semicontinuous

A : V → V∗ isomorphism for Hilbert space V ↪→ L2(Ω) ↪→ V∗
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Approach
ConsiderF smooth, G convex

F(ū) + G(ū) = min
u
F(u) + G(u)

Necessary optimality conditions{
−p̄ = F ′(ū)

p̄ ∈ ∂G(ū)

G∗ Fenchel conjugate
 well-de�ned, unique solution ū

but: ū in general not minimizer; sub-optimal
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Approach
ConsiderF smooth, G convex

F(ū) + G(ū) = min
u
F(u) + G(u)

Necessary optimality conditions{
−p̄ = F ′(ū)

ū ∈ ∂G∗(p̄).

G∗(p) = supu〈u, p〉 − G(u) Fenchel conjugate

 well-de�ned, unique solution ū

but: ū in general not minimizer; sub-optimal
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Approach
ConsiderF smooth, G non-convex

F(ū) + G(ū) = min
u
F(u) + G(u)

Su�cient(?) optimality conditions{
−p̄ = F ′(ū)

ū ∈ ∂G∗(p̄).

G∗ Fenchel conjugate: always convex, subdi�erential monotone

 well-de�ned, unique solution ū

but: ū in general not minimizer; sub-optimal
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Optimality system

Here:

F : L2(Ω)→ R, u 7→ 1
2
‖A−1u− z‖2L2

G : L2(Ω)→ R, u 7→
∫

Ω

(
α

2
|u(x)|2 + β

d∏
i=1

|u(x)− ui|0
)

dx + δU(u)

δU indicator function of

U :=
{
u ∈ L2(Ω) : u1 ≤ u(x) ≤ ud a. e.

}
G de�ned pointwise compute Fenchel conjugate,
subdi�erential pointwise
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Fenchel conjugate

g : R→ R, v 7→ α

2
v2 + β

d∏
i=1

|v − ui|0 + δ[u1,ud](v)

g∗ : R→ R, q 7→ sup
v

vq− g(v)

Case di�erentiation: sup attained at v̄,

g∗(q) =

{
qui − α

2 u
2
i v̄ = ui, 1 ≤ i ≤ d

1
2αq

2 − β v̄ 6= ui, 1 ≤ i ≤ d
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Fenchel conjugate

g∗(q) =

{
qui − α

2 u
2
i q ∈ Pi, 1 ≤ i ≤ d

1
2αq

2 − β q ∈ P0

P0 :=
{
q : |q− αuj| >

√
2αβ for all j ∧ αu1 < q < αud

}
P1 :=

{
q : q− αu1 <

√
2αβ ∧ q <

α

2
(u1 + u2)

}
Pi :=

{
q : |q− αui| <

√
2αβ ∧ α

2
(ui−1 + ui) < q <

α

2
(ui + ui+1)

}
Pd :=

{
q : q− αud >

√
2αβ ∧ α

2
(ud + ud−1) < q

}
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Fenchel conjugate

g∗(q) =

{
qui − α

2 u
2
i q ∈ Pi, 1 ≤ i ≤ d

1
2αq

2 − β q ∈ P0

∂g∗(q) =


{ui} q ∈ Pi, 1 ≤ i < d
{ 1
αq} q ∈ P0

[ui, ui+1] q ∈ Pi ∩ Pi+1, 1 ≤ i < d[
min{ui, 1

αq},max{ui, 1
αq}

]
q ∈ Pi ∩ P0, 1 ≤ i ≤ d
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Fenchel conjugate: sketch

P1 P0 P2 P3
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

α
u 1

+
√
2α
β

α
u 2
−
√
2α
β

α 2
(u

2
+
u 3
) q

g∗0 (q)
g∗1 (q)
g∗2 (q)
g∗3 (q)
g∗(q)

P1 P0 P2 P3
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

α
u 1

+
√
2α
β

α
u 2
−
√
2α
β

α 2
(u

2
+
u 3
) q

∂g∗(q)
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Optimality system

{
−p̄ = A−∗(A−1ū− z)

ū ∈ ∂G∗(p̄)

introduce ȳ = z − A−1ū, rewrite

z ∈ ȳ + A−1∂G∗(A−∗ȳ)

 maximal monotone, coercive operator

 unique solution (ū, p̄)
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Structure of solution

Ω = A ∪ F ∪ S

multi-bang arc A =
d⋃
i=1

{ū(x) = ui}

free arc F = {ū(x) = 1
α p̄(x) 6= ui}

singular arc S = {ū(x) /∈ {ui, 1
α p̄(x)}}
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Generalizedmulti-bang principle

if β su�ciently large: P0 = ∅,

F ⊂ {p̄(x) ∈ P0} = ∅

singular arc corresponds to set-valued subdi�erential:

S = {p̄(x) ∈
d−1⋃
i=1

(Pi ∩ Pi+1) ∪
d⋃
i=1

(Pi ∩ P0)}

⊂ {p̄(x) ∈
{
α
2 (ui + ui+1), αui −

√
2αβ, αui +

√
2αβ

}
}

for suitable A, p̄(x) constant implies (A∗p̄)(x) = (ȳ − z)(x) = 0,

 |{ȳ = z}| = 0 ⇒ ū ∈ {u1, . . . ud} a. e., true multi-bang control
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Relation to bang-bang control

for d = 2 and β su�ciently large (and |S| = 0):

ū(x) = ∂g∗(p̄(x)) =

{
u1 if p̄(x) < α

2 (u1 + ud)

ud if p̄(x) ≥ α
2 (u1 + ud)

bang-bang control

ū(x) = ∂g∗(p̄(x)) =

{
u1 if p̄(x) < 0
ud if p̄(x) ≥ 0

same for multi-bang with any d ≥ 2 and α = 0

 α > 0 necessary for multi-bang control
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(Sub)optimality

ConsiderF smooth, G non-convex

F(ū) + G(ū) = min
u
F(u) + G(u)

1. Optimality conditions{
−p̄ = F ′(ū)

ū ∈ ∂G∗(p̄)
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(Sub)optimality

ConsiderF smooth, G non-convex

1. Optimality conditions{
−p̄ = F ′(ū)

ū ∈ ∂G∗(p̄)

2. Fréchet derivative, pointwise computation: for all u,{
F(u)−F(ū)− 〈−p̄, u− ū〉 ≥ 0

G(ū) + G∗(p̄)− 〈p̄, ū〉 ≤ β|S|
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(Sub)optimality

ConsiderF smooth, G non-convex

2. Fréchet derivative, pointwise computation: for all u,{
F(u)−F(ū)− 〈−p̄, u− ū〉 ≥ 0

G(ū) + G∗(p̄)− 〈p̄, ū〉 ≤ β|S|

3. De�nition of Fenchel conjugate: for all u,{
F(u)−F(ū)− 〈−p̄, u− ū〉 ≥ 0

G(u)− G(ū)− 〈p̄, u− ū〉 ≥ −β|S|
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(Sub)optimality

ConsiderF smooth, G non-convex

3. De�nition of Fenchel conjugate: for all u,{
F(u)−F(ū)− 〈−p̄, u− ū〉 ≥ 0

G(u)− G(ū)− 〈p̄, u− ū〉 ≥ −β|S|

4. Add: for all u,

[F(u) + G(u)]− [F(ū)− G(ū)] ≥ −β|S|
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(Sub)optimality

ConsiderF smooth, G non-convex

4. Add: for all u,

[F(u) + G(u)]− [F(ū)− G(ū)] ≥ −β|S|

in general: ū sub-optimal

ū true multi-bang |S| = 0 ū optimal
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Numerical solution of optimality system

Aȳ = ū

A∗p̄ = z − ȳ

ū ∈


{ui} p(x) ∈ Pi
{ 1
αp(x)} p(x) ∈ P0

[ui, ui+1] p(x) ∈ Pi ∩ Pi+1[
min(ui, 1

αp(x)),max{ui, 1
αp(x)}

]
p(x) ∈ Pi ∩ P0

set-valued, not di�erentiable

 replace set-valued ∂g∗ by linear hε
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Regularization: sketch

Pi Pi+1

α 2
(u

i
+
u i
+
1)
−
ε

α 2
(u

i
+
u i
+
1)

α 2
(u

i
+
u i
+
1)
+

ε q

∂g∗(q)
hε(q)

(a) q ∈ Pi ∩ Pi+1 (no free arc)

Pi P0 Pi+1

α
u i
+
√
2α
β
−
ε

α
u i
+
√
2α
β

α
u i
+
√
2α
β
+
ε

α
u i
+
1
−
√
2α
β
−
ε

α
u i
+
1
−
√
2α
β

α
u i
+
1
−
√
2α
β
+
ε q

∂g∗(q)
hε(q)

(b) q ∈ Pi ∩ P0 (free arc)
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Regularization

Regularized system 
Ayε = uε

A∗pε = z − yε
uε = Hε(pε)

Hε maximal monotone unique solution (uε, pε, yε)

weak convergence (uε, pε, yε)→ (ū, p̄, ȳ) as ε→ 0

hε Lipschitz continuous, norm gap Hε semismooth

only number of active sets depends on d linear complexity

if pε(x) ∈ Pi almost everywhere, then (uε, pε) = (ū, p̄)

16 / 22Motivation Optimality system Structure of solution Numerical solution Examples

http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at


Mathematical Optimization and
Applications in Biomedical Sciences

INSTITUTE OF MATHEMATICS
AND SCIENTIFIC COMPUTING

Numerical solution

Algorithm
1: set ε0 = 1
2: form = 0, . . . do
3: solve regularized system using semismooth Newton method
4: if Newton method converged (no change in active sets) then
5: if regularized active sets empty then
6: return ū = uεm , stop
7: else
8: set εm+1 = εm/10
9: else
10: return uεm−1 , stop
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Numerical examples

Ω = [0, 1]2, A = −∆

�nite element discretization: uniform grid, 256× 256 nodes

state, adjoint: piecewise linear

control: eliminated (variational discretization)

d = 5, (u1, . . . , u5) = (−2, 1, 0, 1, 2)

ε = 0: regularized active sets empty, true multi-bang

ε > 0: terminated with 2–21 nodes in regularized active sets
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Numerical examples: target
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Numerical example: β = 10−4 (free arcs)

(a) α = 5 · 10−3 (ε = 0) (b) α = 10−3 (ε ≈ 10−8)

20 / 22Motivation Optimality system Structure of solution Numerical solution Examples

http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at


Mathematical Optimization and
Applications in Biomedical Sciences

INSTITUTE OF MATHEMATICS
AND SCIENTIFIC COMPUTING

Numerical example: β = 10−3 (no free arcs)

(c) α = 5 · 10−3 (ε = 0) (d) α = 10−3 (ε ≈ 10−7)
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Numerical example: e�ect of d

(a) d = 5 (ε = 0)
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Numerical example: e�ect of d

(b) d = 15 (ε = 0)
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Numerical example: e�ect of d

(c) d = 101 (ε ≈ 10−9)
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Numerical example: e�ect of d

(d) d = 1001 (ε ≈ 10−11)
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Numerical example: e�ect of d

(e) L2 control (β = 0)
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Conclusion
Non-convex relaxation of discrete control problem:

well-posed primal-dual optimality system

controls optimal under reasonable assumptions

linear complexity in number of desired states

 e�cient numerical solution (superlinear convergence)

Outlook:

inverse problems (identi�cation of known tissue types)

nonlinear control-to-state mapping

other hybrid discrete–continuous problems

Preprint, MATLAB/Python codes:
http://www.uni-graz.at/~clason/publications.html
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