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Motivation: convex optimization in imaging

TV-denoising: Rudin–Osher–Fatemi (ROF) model

min
𝑥

1
2
∥𝑥 − 𝑓 ∥2

2 + 𝛼∥|𝐷𝑥 |𝑝∥1

𝑓 noisy image

𝛼 > 0 regularization parameter

𝐷 : ℝ𝑛×𝑚 → ℝ𝑛×𝑚×2 discrete gradient

Total variation penalty
𝐹 (𝐷𝑥) = ∥|𝐷𝑥 |𝑝∥1

penalizes jump length and height

{ piecewise constant (but staircasing)

convex
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Motivation: convex optimization in imaging

TV-denoising: Rudin–Osher–Fatemi (ROF) model

min
𝑥

1
2
∥𝑥 − 𝑓 ∥2

2 + 𝛼∥|𝐷𝑥 |𝑝∥1

Total variation penalty

𝐹 (𝐷𝑥) = ∥|𝐷𝑥 |𝑝∥1 = sup
𝑦

⟨𝐷𝑥, 𝑦⟩ − 𝐹∗( 𝑦)

𝐹∗ Fenchel conjugate, always convex; here

𝐹∗( 𝑦) = 𝛿𝐵𝑞∞ ( 𝑦) =
{

0 |𝑧𝑖 𝑗 |𝑞 ≤ 1
∞ else
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Motivation: convex optimization in imaging

Saddle point problem

min
𝑥

max
𝑦

𝐺(𝑥) + ⟨𝐷𝑥, 𝑦⟩ − 𝐹∗( 𝑦)

Primal-dual proximal splitting (Chambolle–Pock)

𝑥𝑖+1 = prox𝜏𝑖𝐺(𝑥
𝑖 − 𝜏𝑖𝐷

∗ 𝑦𝑖)
𝑥𝑖+1 = 𝑥𝑖+1 + 𝜔𝑖 (𝑥𝑖+1 − 𝑥𝑖)
𝑦𝑖+1 = prox𝜎𝑖+1𝐹∗ ( 𝑦

𝑖 + 𝜎𝑖+1𝐷𝑥
𝑖+1)

prox𝐺, prox𝐹∗ proximal point mappings (projection)
𝜏𝑖 , 𝜎𝑖 step lengths
𝜔𝑖 overrelaxation
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Motivation: nonconvex optimization in imaging

ℓ0-TV-denoising: Potts model

min
𝑥

1
2
∥𝑥 − 𝑓 ∥2

2 + 𝛼∥|𝐷𝑥 |𝑝∥0

ℓ0 “norm”

∥𝑧∥0 =
∑︁
𝑖, 𝑗

|𝑧𝑖 𝑗 |0 |𝑧 |0 =

{
1 𝑧 ≠ 0
0 𝑧 = 0

penalizes jump length, not height
{ piecewise constant, no staircasing
nonconvex

Goals:

write ℓ0 norm as generalized conjugate of convex 𝐹∗

{ generalized primal-dual proximal splitting
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Generalized conjugation: scalar motivation

𝑓 (𝑡) = |𝑡 |0 =

{
1 𝑡 ≠ 0
0 𝑡 = 0

Consider 𝜌 : ℝ → ℝ with
1 𝜌(0) = 0
2 sup𝑡≤0 𝜌(𝑡) = 0
3 sup𝑡>0 𝜌(𝑡) = 1

Case distinction:

𝑓 (𝑡) = sup
𝑠
𝜌(𝑠𝑡) − 0

Example (smooth):
𝜌(𝑡) = 2𝑡 − 𝑡2
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Generalized conjugation: scalar motivation

Example (smooth):
𝜌(𝑡) = 2𝑡 − 𝑡2

−1 0 1 2 3

−2

0
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Generalized conjugation: scalar motivation

But: generalized conjugate 𝑓𝜌 = 0 not strongly convex

{ Huber regularization for 𝛾 > 0

𝑓𝛾 (𝑡) = sup
𝑠
𝜌(𝑠𝑡) − 𝛾

2
|𝑠|2 =

2𝑡2

2𝑡2 + 𝛾

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

0

0.5

1

𝛾 = 10−1

𝛾 = 10−2

𝛾 = 10−3
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Generalized conjugation: ℓ0-TV

𝐹 (𝑧) =
∑︁
𝑖, 𝑗

|𝑧𝑖 𝑗,1 |0 + |𝑧𝑖 𝑗,2 |0

anisotropic Potts model

counts jump per pixel per direction

separable

𝐹𝛾 (𝑧) = sup
𝑦
𝜅1(𝑧, 𝑦) −

𝛾

2
∥ 𝑦∥2

2, 𝛾 ≥ 0

𝜅1(𝑧, 𝑦) =
∑︁
𝑖, 𝑗

𝜌(𝑧𝑖 𝑗,1 𝑦𝑖 𝑗,1) + 𝜌(𝑧𝑖 𝑗,2 𝑦𝑖 𝑗,2)
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Generalized conjugation: ℓ0-TV

𝐹 (𝑧) = ∥|𝑧 |∞∥0 =
∑︁
𝑖 𝑗

| |𝑧𝑖 𝑗 |∞ |0 =
∑︁
𝑖 𝑗

max{|𝑧𝑖 𝑗,1 |0, |𝑧𝑖 𝑗2 |0}

isotropic Potts model

counts jump per pixel

not separable

𝐹𝛾 (𝑧) = sup
𝑦
𝜅∞(𝑧, 𝑦) − 𝛾

2
∥ 𝑦∥2

2, 𝛾 ≥ 0

𝜅∞(𝑧, 𝑦) =
∑︁
𝑖, 𝑗

𝜌(𝑧𝑖 𝑗,1 𝑦𝑖 𝑗,1 + 𝑧𝑖 𝑗,2 𝑦𝑖 𝑗,2)
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Generalized primal-dual proximal splitting

Saddle point problem

min
𝑥

max
𝑦

𝐺(𝑥) + ⟨𝐷𝑥, 𝑦⟩ − 𝐹∗( 𝑦)

Primal-dual proximal splitting

𝑥𝑖+1 = prox𝜏𝑖𝐺(𝑥
𝑖 − 𝜏𝑖𝐷

∗ 𝑦𝑖)
𝑥𝑖+1 = 𝑥𝑖+1 + 𝜔𝑖 (𝑥𝑖+1 − 𝑥𝑖)
𝑦𝑖+1 = prox𝜎𝑖+1𝐹∗ ( 𝑦

𝑖 + 𝜎𝑖+1𝐷𝑥
𝑖+1)

prox𝐺, prox𝐹∗ proximal point mappings (projection)

𝜏𝑖 , 𝜎𝑖 step lengths

𝜔𝑖 overrelaxation
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Generalized primal-dual proximal splitting

Generalized saddle point problem

min
𝑥

max
𝑦

𝐺(𝑥) + 𝐾(𝑥, 𝑦) − 𝐹∗( 𝑦)

Generalized Primal-dual proximal splitting

𝑥𝑖+1 = prox𝜏𝑖𝐺(𝑥
𝑖 − 𝜏𝑖𝐾𝑥 (𝑥𝑖 , 𝑦𝑖))

𝑥𝑖+1 = 𝑥𝑖+1 + 𝜔𝑖 (𝑥𝑖+1 − 𝑥𝑖)
𝑦𝑖+1 = prox𝜎𝑖+1𝐹∗ ( 𝑦

𝑖 + 𝜎𝑖+1𝐾𝑦 (𝑥𝑖+1, 𝑦𝑖))

prox𝐺, prox𝐹∗ proximal point mappings (projection)

𝜏𝑖 , 𝜎𝑖 step lengths

𝜔𝑖 overrelaxation
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GPDPS: weak convergence

Assume that

1 𝐹∗, 𝐺 convex

2 𝐾 twice Lipschitz continuously differentiable (can be weakened)

3 second-order growth condition at saddle point

4 bounds on the step lengths and overrelaxation (technical!)

Then GPDPS locally converges weakly to saddle point.
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GPDPS: strong convergence

Assume that

1 𝐹∗ convex, 𝐺 strongly convex

2 𝐾 twice Lipschitz continuously differentiable (can be weakened)

3 second-order growth condition at saddle point

4 bounds on the constant step lengths and overrelaxation 𝜔𝑖 = 1
(technical!)

Then GPDPS locally converges strongly to saddle point with rate O(1/𝑁).

(Satisfied for Potts model)
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GPDPS: linear convergence

Assume that

1 𝐹∗, 𝐺 strongly convex

2 𝐾 twice Lipschitz continuously differentiable (can be weakened)

3 second-order growth condition at saddle point

4 usual choice of constant step lengths and overrelaxation 𝜔𝑖 < 1
(technical!)

Then GPDPS locally converges strongly to saddle point with rate O(𝑐𝑁).

(Satisfied for Potts model with Huber regularization)
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Potts model denoising

Generalized saddle point problem

min
𝑥

max
𝑦

𝐺(𝑥) + 𝐾(𝑥, 𝑦) − 𝐹∗( 𝑦)

Here:
𝐺(𝑥) = 1

2𝛼
∥𝑥 − 𝑓 ∥2

2,

𝐹∗( 𝑦) = 𝛾

2
∥ 𝑦∥2

2,

𝐾(𝑥, 𝑦) = 𝜅𝑝(𝐷ℎ𝑥, 𝑦),

Example:

𝛼 = 1, 𝛾 = 10−3, 𝑝 ∈ {1,∞}
𝐹∗ strongly convex{ constant step lengths, 𝜔𝑖 < 1
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Potts model denoising

Generalized Primal-dual proximal splitting

𝑥𝑖+1 = prox𝜏𝑖𝐺(𝑥
𝑖 − 𝜏𝑖𝐾𝑥 (𝑥𝑖 , 𝑦𝑖))

𝑥𝑖+1 = 𝑥𝑖+1 + 𝜔𝑖 (𝑥𝑖+1 − 𝑥𝑖)
𝑦𝑖+1 = prox𝜎𝑖+1𝐹∗ ( 𝑦

𝑖 + 𝜎𝑖+1𝐾𝑦 (𝑥𝑖+1, 𝑦𝑖))

prox𝜏𝐺(𝑥) =
1

1 + 𝜏
𝛼

(
𝑥 + 𝜏

𝛼
𝑓
)
, prox𝜎𝐹∗𝛾 ( 𝑦) =

1
1 + 𝛾𝜎 𝑦

𝐾𝑥 (𝑥, 𝑦) = 𝐷∗𝜅𝑝,𝑧 (𝐷𝑥, 𝑦) 𝐾𝑦 (𝑥, 𝑦) = 𝜅𝑝,𝑦 (𝐷𝑥, 𝑦),

𝑝 = 1: [𝜅1,𝑧 (𝑧, 𝑦)] 𝑖 𝑗,𝑘 = 2(1 − 𝑧𝑖 𝑗,𝑘 𝑦𝑖 𝑗,𝑘) 𝑦𝑖 𝑗,𝑘
[𝜅1, 𝑦 (𝑧, 𝑦)] 𝑖 𝑗,𝑘 = 2(1 − 𝑧𝑖 𝑗,𝑘 𝑦𝑖 𝑗,𝑘)𝑧𝑖 𝑗,𝑘
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Potts model denoising

Generalized Primal-dual proximal splitting

𝑥𝑖+1 = prox𝜏𝑖𝐺(𝑥
𝑖 − 𝜏𝑖𝐾𝑥 (𝑥𝑖 , 𝑦𝑖))

𝑥𝑖+1 = 𝑥𝑖+1 + 𝜔𝑖 (𝑥𝑖+1 − 𝑥𝑖)
𝑦𝑖+1 = prox𝜎𝑖+1𝐹∗ ( 𝑦

𝑖 + 𝜎𝑖+1𝐾𝑦 (𝑥𝑖+1, 𝑦𝑖))

prox𝜏𝐺(𝑥) =
1

1 + 𝜏
𝛼

(
𝑥 + 𝜏

𝛼
𝑓
)
, prox𝜎𝐹∗𝛾 ( 𝑦) =

1
1 + 𝛾𝜎 𝑦

𝐾𝑥 (𝑥, 𝑦) = 𝐷∗𝜅𝑝,𝑧 (𝐷𝑥, 𝑦) 𝐾𝑦 (𝑥, 𝑦) = 𝜅𝑝,𝑦 (𝐷𝑥, 𝑦),

𝑝 = ∞: [𝜅∞,𝑧 (𝑧, 𝑦)] 𝑖 𝑗,𝑘 = 2(1 − 𝑧𝑖 𝑗,1 𝑦𝑖 𝑗,1 − 𝑧𝑖 𝑗,2 𝑦𝑖 𝑗,2) 𝑦𝑖 𝑗,𝑘
[𝜅∞, 𝑦 (𝑧, 𝑦)] 𝑖 𝑗,𝑘 = 2(1 − 𝑧𝑖 𝑗,1 𝑦𝑖 𝑗,1 − 𝑧𝑖 𝑗,2 𝑦𝑖 𝑗,2)𝑧𝑖 𝑗,𝑘
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Potts model denoising: example

(a) original image 𝑓 (b) 𝑥𝑁 for 𝑝 = 1
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Potts model denoising: example

(a) original image 𝑓 (b) 𝑥𝑁 for 𝑝 = ∞
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Potts model denoising: results

100 101 102 103 104 105 106

104

104.5

𝑝 = 1
𝑝 = ∞

Figure: function values
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Potts model denoising: results

1 · 104 1 · 105 2 · 105 3 · 105 4 · 105 5 · 105
10−25

10−17

10−9

10−1

107
𝑝 = 1
𝑝 = ∞

Figure: primal-dual errors
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Nash equilibrium problems

Application: non-cooperative 𝑛-player games (in Hilbert spaces)

Player 𝑘:

strategy 𝑥𝑘 ∈ 𝑋𝑘

payout function 𝜑𝑘 : 𝑋 := 𝑋1 × · · · × 𝑋𝑛 → ℝ

Strategy vector 𝑥 := (𝑥1, . . . , 𝑥𝑛); after player 𝑘 changes 𝑥𝑘 ↦→ 𝑧:

(𝑥−𝑘 |𝑧) := (𝑥1, . . . , 𝑥𝑘−1, 𝑧, 𝑥𝑘+1, . . . 𝑥𝑛) (1 ≤ 𝑘 ≤ 𝑛, 𝑧 ∈ 𝑋𝑘)

Strategy vector 𝑥∗ ∈ 𝑋 Nash equilibrium if

𝜑𝑘 (𝑥∗) = 𝜑𝑘 (𝑥∗−𝑘 |𝑥
∗
𝑘) = min

𝑧∈𝑋𝐾
𝜑𝑘 (𝑥∗−𝑘 |𝑧) (1 ≤ 𝑘 ≤ 𝑛).

(no player can change only their own strategy without being worse off)
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Nash equilibrium problems: reformulation

Nikaido–Isoda function (Ky Fan function)

Ψ(𝑥, 𝑦) =
𝑛∑︁
𝑘=1

(𝜑𝑘 (𝑥−𝑘 |𝑥𝑘) − 𝜑𝑘 (𝑥−𝑘 | 𝑦𝑘)) (𝑥, 𝑦 ∈ 𝑋)

Optimum response function

𝑉(𝑥) = max
𝑦∈𝑋

Ψ(𝑥, 𝑦) (𝑥 ∈ 𝑋).

{ 𝑥∗ ∈ 𝑋 Nash equilibrium iff solution to

min
𝑥

max
𝑦

𝛿𝑋 (𝑥) + Ψ(𝑥, 𝑦) − 𝛿𝑋 ( 𝑦).

{ generalized primal-dual proximal splitting
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Application: elliptic Nash equilibrium problems

Two-player elliptic Nash equilibrium problem (ENEP):

strategies 𝑢𝑘 ∈ 𝐿2(𝜔𝑘), 𝜔𝑘 ⊊ Ω

𝑋𝑘 =
{
𝑤 ∈ 𝐿2(𝜔𝑘) : 𝑤(𝑥) ∈ [𝑎, 𝑏] a.e. 𝑥 ∈ 𝜔𝑘

}
payout function

𝜑𝑘 (𝑢1, 𝑢2) =
1
2
∥𝑆(𝑢1, 𝑢2) − 𝑧𝑘∥2

𝐿2 (Ω) +
𝛼𝑘
2
∥𝑢𝑘∥2

𝐿2 (𝜔𝑘 )

𝑆 : 𝐿2(𝜔1) × 𝐿2(𝜔2) → 𝐿2(Ω), 𝑢 ↦→ 𝑦 solving{
−Δ𝑦 = 𝑢1 + 𝑢2 + 𝑓 on Ω,

𝑦 = 0 on 𝜕Ω,
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ENEP: Algorithm

𝑢𝑖+1 = proj[𝑎,𝑏] (𝑥𝑖 − 𝜏𝑖𝐾𝑢(𝑢𝑖 , 𝑣𝑖))
𝑢̄𝑖+1 = 2𝑢𝑖+1 − 𝑢𝑖

𝑣𝑖+1 = prox[𝑎,𝑏] (𝑣𝑖 + 𝜎𝑖+1𝐾𝑣 (𝑢̄𝑖+1, 𝑣𝑖))

adjoint calculus, linearity of adjoint equation:

𝐾𝑢(𝑢, 𝑣) =
(
𝑝1(𝑢, 𝑣) + 𝛼1𝑢1
𝑝2(𝑢, 𝑣) + 𝛼2𝑢2

)
𝐾𝑣 (𝑢, 𝑣) =

(
𝑞1(𝑢, 𝑣) − 𝛼1𝑣1
𝑞2(𝑢, 𝑣) − 𝛼2𝑣2

)
with

−Δ𝑝1 = 2𝑆(𝑢1, 𝑢2) − 𝑆(𝑢1, 𝑣2) − 𝑧1 −Δ𝑞1 = −𝑆(𝑣1, 𝑢2) + 𝑧1

−Δ𝑝2 = 2𝑆(𝑢1, 𝑢2) − 𝑆(𝑣1, 𝑢2) − 𝑧2 −Δ𝑞2 = −𝑆(𝑢1, 𝑣2) + 𝑧2

{ 9 PDE solves per iteration
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ENEP: Results

(a) 𝑢∗1 (b) 𝑢∗2

Figure: Constructed solution for elliptic NEP example (𝑁 = 128)
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ENEP: Results

Table: Results for elliptic NEP example for different 𝑁

𝑖 𝑁 = 64 𝑁 = 128 𝑁 = 256 𝑁 = 512 𝑁 = 1024

1 1.298 × 10−1 1.319 × 10−1 1.330 × 10−1 1.335 × 10−1 1.338 × 10−1

2 3.889 × 10−6 4.048 × 10−6 4.074 × 10−6 4.088 × 10−6 4.097 × 10−6

3 3.835 × 10−10 3.977 × 10−10 4.010 × 10−10 4.026 × 10−10 4.032 × 10−10

4 3.811 × 10−14 3.952 × 10−14 3.986 × 10−14 4.001 × 10−14 4.008 × 10−14

5 3.787 × 10−18 3.928 × 10−18 3.963 × 10−18 3.977 × 10−18 3.985 × 10−18
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Conclusion

Generalized conjugation:

convex reformulation of nonconvex problems . . .

. . . using nonlinear coupling term

{ generalized primal-dual proximal splitting

applicable to Potts model denoising

{ linear convergence with Huber regularization

Outlook:

convergence in Hilbert space (stronger conditions on 𝐾)

application to (generalized) Nash equilibrium problems

application to other imaging or inverse problems?

Preprints, Julia code:
http://homepage.uni-graz.at/c.clason/publikationen
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