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Motivation

m Optimization of light source
locations in diffusive optical
tomography

m Standard approach (discrete):
combinatorial explosion with DOFs,
requires initial set of feasible
locations

m Here: Consider fictitious distributed
“control field”, apply sparse control
techniques [Stadler '09]
~~ |localization of sources

m Goal: Homogeneous illumination
(application in photochemotherapy)
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Sparse control problem L CRAZ

.1 2
i 2y = 2l + il

subjectto Ay = u

B z € L*(w,) given target

B w,, we subdomains of Q C R, n=2,3

m Alinear elliptic operator

B M (wc) space of bounded Borel measures on we
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Sparse control problem L CRAZ

. 1 2
min - |ly — z J
ueM(ws) 2 1Y = 22wy + e llull uq

subjectto Ay = u

m flully = SUP||p||g, <1 Jedu (= |ullyforuel)
m L'-type norms promote sparsity ~~ sparse controls

m Measure space required for well-posedness
Alternative: control constraints
[Stadler '09, D./G. Wachsmuth ’11, Herzog/Casas/G. Wachsmuth]

m Partial observation prohibits Fenchel predual approach
m Long-term motivation: nonlinear control-to-state mapping
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Problem formulation [

A linear elliptic operator with appropriate boundary conditions,
Solution operator (very weak sense)

S, : M(we) — L3(wo), u E5 ATTE, U
Adjoint solution operator

S 1 L2(wo) — Co(we), o EL AT ELp

E,, extension-by-zero to Q, E; restriction to w
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Problem formulation [

S M(we) = L¥(wo),  uw ES ATE, U
S Lz(wo) — Co(we), o EL AT ELp

Reduced problem

. 1 5
e ueT/:?wc)E ||S"JU_ZHLZ(wo) +O‘||U||M

Existence of minimizer from standard arguments
(weak-+ topology on M)
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Optimality System

,P 1 1 S 2

7) weM (o) 2 1St = Zlz(u,) + e Ul g

Theorem

Let u* € M(wc) be a solution to (P). Then there exists a
p* € Co(wc) satisfying

S, (Swu* —z) =p"
©8) 2l )=p
(u*,p _P>M,COZO

for all p € Co(we) with [|p|lc, < .
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Optimality System L _CRAZ

G*(u) := a|jul| o is Fenchel conjugate of

| - _fo it llpllg, <a
G:Co(we) @ R, pr Hilplgy <o = > else 0

G*, G convex:

LS (Sutt —7) = —p € G*(U) & ucdG(—p)
9G(p) normal cone to /{HPHCOSQ} atp
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Regularization IRGRA2]

Numerical solution challenging due measure space structure
~ consider Moreau—Yoshida regularization for ¢ > 0:

Find U € L?(we), pe € W = W29(w;), g € (n/2, n), with

pc = S, (Suuec — 2)
—ue = cmax(0, p; — ) + ¢min(0, p¢c + «)

(0Sc)

Existence: (OS¢) optimality conditions for minimizer of

in | 2 1 2
min  —||Syu—2z u Ny
Wi 180U = ZliEeq) + o luly + 5 il
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Convergence

Theorem

Let (ug, pc) € L2(we) x W be a solution of (OS,) for given ¢ > 0,
and (u*, p*) € M(wg) x Co(w¢) a solution of (OS). Then we have
asc— oo:

Ue = u* inM
pc — pP° inCo

~ Continuation strategy for ¢ — oo
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Semi-smooth Newton method L_CRAZ
Consider (OS;) as F(ug) = 0 for F : L2(we) — L2(we),

F(u) = u+ cmax(0, S;(S,u— z) — «)
+ cmin(0, S;(Swu — 2) + )

S : L2(wo) — Co(we) ~» F semi-smooth, chain rule:

Newton derivative

DnF(u)du = ou + cx{|3$(swu,z)|>a}(S:,Swéu)

(X{lp|>a}(x) = 1if [p(x)| > a, else 0)
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Semi-smooth Newton method ICRAZS

Semi-smooth Newton step

DnF(uF)ou = —F(ub), Ut = Uk 4 su

~ Solve by Krylov method

Theorem

For any a, ¢ > 0, the semi-smooth Newton method converges
locally superlinearly.

(“Globalization” by continuation strategy for c)
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Positive controls [ _CRAZ
Control by light sources ~~ enforce positivity of controls

Set G*(u) := luzoy + [lull v
= G(p) = lip<ay,
= Ge(p) = § [max(0,p — o)z
B G3(U) = lusoy + o lull o + 25 llullFe
~~ Semi-smooth Newton step for u € 9G(—p):

ou+ CX{S;(Swuk—z)<—a}(S:;Sw(su)
= —uk — cmin(0, S (Suu — 2) + a)
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Model problem

ymgo— lly — ZHLz y T llull v
1 _
-V - (mVy) + psy = Euu on g,

mﬁyy + ,Oy =0 on GQ

s.t.

m describes diffusive light transport (e.g., in photochemotherapy)

m 1, absorption coefficient, g scattering coefficient,
p reflection coefficient

m homogeneous illumination: z = 1

m Finite element discretization (FEnICS)
(u piecewise constant, y piecewise linear)
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Example: Geometry L CRAZ

0.00 0.250 0.500 0.750 1.00 0.00 0.250 0.500 0.750 1.00

(a) control domain w¢ (b) observation domain w,
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Conclusion [ _GRAZ

Outlook:
m In-vivo geometry, parameters
m Nonlinear problems (approach is applicable)

m Long-term goal: Optimal experiment design in diffusive optical
tomography

Cooperation partners:
Patricia Brunner, Manuel Freiberger, Hermann Scharfetter
(Institute of Medical Engineering, TU Graz)
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