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Motivation [ GRAZ

L' control problem

o1 2 .
by — A —
(PL1) UET}?Q) 2Hy z||% +a|ull,s  subjectto Ay =u

(A linear partial differential operator on Q C R”, z € L2(Q) given)

Applications:
m Control cost proportional to magnitude (fuel consumption)
m Sparse controls (optimal placement of discrete actuators)
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Motivation: Sparse controls LaSRAZ

L2-type control L'-type control
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Motivation [ GRAZ

m But: (P1) not well-posed (Boundedness does not imply weak
subsequence convergence in L")

m = Consider space of bounded Borel measures M(2)

M control problem

.1 > .
(Ppm) min Iy = 2f +alluly  subjectto Ay =u
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Motivation
M control problem
(Pm) min, ly — z||% + ||| subjectto Ay = u
Sl — a _
M ueM 2 y Lz M ) y

Assume A elliptic, second order, homogeneous Dirichlet b.c.:
m PDE is well-posed (y € Wy, 1 < p < -2)
m Problem has unique solution (y*, u*) € L? x M
m If u* € L', u* is also solution of Problem (P1)

= (Pn) well-posed!

Motivation Problem formulation Solution of optimality system Numerical examples

4/29


http://math.uni-graz.at/
http://www.uni-graz.at

INSTITUTE OF MATHEMATICS

CE Mathematical Optimization and
AND SCIENTIFIC COMPUTING

[B[1]S| Applications in Biomedical Sciences

Problem formulation

m Problem: (Paq) numerically difficult (discretization of
measures)
m But: M is topological dual of Cqy

Idea

m Use Fenchel duality to replace (Pa4) with predual problem in
Co
m Use embedding to consider problem in Hilbert space

W = H3(Q) NH(Q) = Co
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Fenchel duality theorem L CRAZ

mF:V > R,G:Y — R convex and lower semicontinuous,
m A : V — Y linear operator,
B Jy € V: F(w) < oo, G(Av) < oo, G continuous at Avy:

(FD) inf (u) + G(Au) = sup —F*(A"p) — G*(—p)
ueV peEY*

Extremality relations: u*, p* solutions of (FD) iff

N'p* € 0F(u*),
—p* € 9G(Au*),
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Predual problem formulation L _CRAZ
Formal application of Fenchel duality yields

Predual problem

1 2 1, 5
min — ||A* zZllfH — = ||z
i) min 5 1A + 2l — 5 lIli2
s.t. HpHCO < a,

Theorem
Solution p* € W exists, is unique if || A*-|| > equivalent norm on VW

(main assumption; otherwise add regularization term)
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Fenchel duality for predual problem L CRAZ
Define

- 1 1
FiWoR  Fa)=lAa+2% - 2%,

_ 0 if <@
G:Co+R.  gla)=1° 1o =
% it glg, > o

AN:W — Co Injection
Fenchel conjugates
— 1
Fow SR FW)=llav—2|;,
G M =R, G (v) = iy
(A M =W Injection)
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Fenchel duality for predual problem L CRAZ

Application of Fenchel duality theorem yields

Theorem

m (Prq) is dual problem of (P},)
m Solutions u* € M of (Pn), p* € W of (Py,) satisfy

ut = AATp* + Az,
0 2 <_U*7p - p*>M7CO )

for all p € W with ||pl|g, < .
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Optimality conditions
Theorem

There exists unique pair (p*, \*) € W x M, such that

AA*D* + Az + \* =0,
(08) { P

(A= P me, <0,

for all p € W with ||pl|¢, < .

Idea of proof

m Set \* = —u* € M C W* in extremality relations
m Uniqueness from ||A*-|| . norm on W
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Characterization of minimizers

u* = uy —u*, ul and u* positive measures, support:

supp(uy) = {x € Q: p*(x) = —a},
supp(u’) = {x € Q: p*(x) = a}.

Interpretation:

m Control non-zero where box constraint on p* active
m Control has opposite sign of p*
m Larger o = smaller support of control
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Regularization of dual problem

1 2 1 2

min = || A* zllH — = ||z
.y min 2 4P+ 2| — 5 |21
st [plg, < @

m Non-differentiable problem replaced by smooth
box-constrained problem
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Regularization of dual problem L CRAZ

1 . 1
nin = | A°p + 2|[% — 5 |2l
(P2)
o HmaX(O o(p— a))lEz + 5 umm<o c(p + )%

m Non-differentiable problem replaced by smooth
box-constrained problem

m Moreau-Yosida regularization for ¢ > 0 = efficient solution by
semismooth Newton method

m (PZ) has unique minimizer p,
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Optimality system (regularized) L CRAZ

AA*pe + Az + A = 0,
(0S,) { Pc c

Ae = max(0, ¢(pe — «)) + min(0, c(pc + )

Theorem (Convergence)

c — P in W Ae —— A" inW*
)
c—00 c—00
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Optimality system (regularized) L CRAZ

AA* Az+ A =0,
(0S.) { Pc + + Ac

Ac = max(0, ¢(pe — «)) + min(0, c(pc + «))

m Nonlinear equation for p,

m Pointwise max, min semismooth

m = solution by generalized Newton method
m Use continuation method in ¢
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Semismoothness in function space LaSRAZ
X, Y Banach spaces, D C X open

Definition

F : D C X — Y Newton differentiable at x € D, if there is
neighborhood N(x), G : N(x) — L(X, Z)

IF(x + h) = F(x) = G(x+h)h[| = of[|hl])
Set {G(s) : s € N(x)} Newton derivative of F at x.
Definition
F semismooth if N-differentiable and G(s)~' uniformly bounded.

F semismooth = generalized Newton method G(s*)éx = —F(x¥),
sk € N(x¥), converges locally superlinearly.
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Application to box constraints LTy

Projection operator

Pa(p) = max(0, (p — )) + min(0, (p + ))

is semismooth from L9 to LP, if and only if g > p,
Newton derivative

h(x) it [p(x)| > a;

DnPa(pP)h = hxqipi>a} = {0 if |p(x)] < o

Motivation Problem formulation ~Solution of optimality system Numerical examples 15/29


http://math.uni-graz.at/
http://www.uni-graz.at

CE Mathematical Optimization and INSTITUTE OF MATHEMATICS
[B[1/S| Applications in Biomedical Sciences AND SCIENTIFIC COMPUTING

Application to optimality system LaSRAZ
Can be written as F(p) = 0 with F : W — W*,
F(p) := AA*p+ Az + max(0, c(p — «)) + min(0, c(p + «))

Sobolev embedding, sum and chain rule for Newton derivatives
= F is semismooth,

Newton derivative

DnF(p)h = AA™h + chx(ip>a}
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Semismooth Newton method

Active sets

Af = {x: pf(x) > a}
A ={x: p*(x) < —a}
Ayg Z:A; U.A;

Newton step

Given p¥, solve for pk+1

AR P+ oxa P = —Az + (g — X4
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UNI
Convergence of semismooth Newton method LaSRAZ

Theorem
16° — pellw is sufficiently small = p* ~—— Pe superlinearly in W
— 00

Idea of proof

(DnF)~" uniformly bounded, since ||A*-|| = norm on W (Riesz)

Theorem (Termination criterion)

A =Afand A, = Ay = pit! satisfies F(p+1) = 0

Motivation Problem formulation Solution of optimality system Numerical examples 18/29


http://math.uni-graz.at/
http://www.uni-graz.at

ME[ ) N
|0 F| Mathematical Optimization and INSTITUTE OF MATHEMATICS
[B[1/S| Applications in Biomedical Sciences AND SCIENTIFIC COMPUTING

Numerical examples LTy

mQ=[-112CcR?
m Ay = —Ay, homogeneous Dirichlet conditions
m Comparison with optimal control in L?:

mln— y—2zl:+ = |lu
(PL2) min 5 | IE2 H IE:

st Ay =u.
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Target state | _GRAZ

—50[(y—0.2)2+(x+0.1)?]

@ 50[(x—0.22+(y+0.1)?

Z(X7Y): ]_e
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Optimal state: M vs. L2 (o = 1073) |_GRAZ
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Sparsity structure (o« = 107°) GRAZ

dual solution p* optimal control u*
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Sparsity structure (o« =5-107°) [

dual solution p* optimal control u*
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Sparsity structure (o = 1074) [_GRAZ

dual solution p* optimal control u*
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Sparsity structure (« =5-107%) [ GRAZ

dual solution p* optimal control u*
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Sparsity structure (o = 1073%) [_GRAZ

dual solution p* optimal control u*
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Sparsity structure (« =5-1079) [ GRAZ

dual solution p* optimal control u*
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Sparsity structure (o« = 1072) [_GRAZ

dual solution p* optimal control u*
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Application to parabolic equations LTy
Here:

m Heat equation

Yt—Ay:U7 y(O):O

m Control u € M([0, T] x Q),

m Set Ay = y; — Ay = formally, approach applicable

B Q= (-1,1) C R, T =2, full space-time discretization
m Compare with optimal control in L2([0, T] x Q)
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Target state | _GRAZ

Z(x,t) = tx{—05<x<1—1}
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Optimal control: M vs. L? (o« = 1079) [ GRAZ
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Sparsity structure (o = 1073)
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dual solution p* optimal control u*
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Extensions L _CRAZ

m Elliptic control, u € BV(Q)
(done)

m Parabolic control, u € M(0, T) vs. u € M(Q)
(in progress)

m Nonlinear control
(in progress)
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