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m Optimization of light source
locations in optical tomography

m Standard approach (discrete):
choose combinations from initial set
of candidate locations
~» combinatorial in DOFs

m Here: Consider fictitious distributed
“control field’, apply sparse control
techniques [Stadler 2009]
~> localization of sources

m Goal: Homogeneous illumination
(application in photochemotherapy)

Motivation Elliptic problems Parabolic problems 3/24


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at

ME[ " S
o E| Mathematical Optimization and INSTITUTE OF MATHEMATICS
[B[1S| Applications in Biomedical Sciences AND SCIENTIFIC COMPUTING

Motivation: sparse control LaSRAZ
min 2y — z||% + af|ulls with Ay =u
vl 2 12 L

m z desired state, A partial differential operator
m L' norm promotes sparsity in optimization

m But: L' lacks necessary compactness for existence of minimizers
(Dunford-Pettis requires additional equi-integrability)

m ~ Consider minimizers in measure space M O L'

(alternative: control constraints)
[Stadler 2009, D./G. Wachsmuth 2011, Herzog/Casas/G. Wachsmuth 2012]
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Numerical solution L_CRAZ

Difficulty: M not reflexive, hence

m choice of topology important
(weak topology # weak-* topology)

m norm not differentiable (but convex)
Approach:

1 Fenchel duality in appropriate topology

2 conforming discretization of measure space

3 semismooth Newton method
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2 Elliptic problems
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Control problem [RC Az

. 1 2
e Iy = zllzg) + e llull s

with Ay =u, yloa=0

B M(Q) = Co(2)* space of Radon measures, norm

lull ey = sup [ odu (=l foru e (@)
||<P||CO(Q)§1
m Unique solutiony € Wg7(Q),1< g < -1, forallu € M(Q)

n—1’

m (Non-negativity, partial control and observation possible)
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Optimality system L CRAZ

m Existence of minimizer o € M(Q) by standard arguments
(weak-* topology on M (£2)), unique if A injective

m Fenchel duality: transformation to state constraint problem;
minimizer o € M(Q), adjoint p € Co() satisfies forany v > 0

Optimality conditions

>
<I

I

ClI

—z
ax(0, —u + y(p — @)) + min(0, —u + v(p + «))

5
[«{ln el
I
=
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Numerical solution: discretization T

Goal:
m conforming discretization U, C M(Q)

m discrete optimality conditions for coefficients
~» numerical solution of measure space problem

m (discretize-then-optimize = optimize-then-discretize)

Approach:
1 choose (adjoint-consistent) Galerkin discretization Y, C Co(2)

2 construct discrete dual U, = Y} with respect to appropriate
consistent topology
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Discretization: (adjoint) state space LTy

m 7, shape regular triangulation of Q C IR", mesh size h
| {Xj}jN:h1 interior nodes of Ty,

[ {ej}j'.\':”1 nodal basis of continuous piecewise linear functions

Np
Yh =< ¥n € Co(Q):yn = Zyjej, with {y; j'.V:"1 CR
j=1
with norm
yallc = max |yl =: [¥nloo

(v, € IRN» coefficient vector)
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Np
Up=qup e M(Q):up = Zujéxj, with {uj}j’.\':”1 C R
j=1
with norm
N Np
lunllae = sup > ui(By,v) =Yyl =: [dnl;
Ivlle=1"5 j=1

~» U topological dual of Y, with respect to duality pairing

(Un, yn) m,co = Z uy; = Upvh
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Discretization |__GRAZ

Semidiscrete control problem

o 2
Wy lyn(u) = 2l[2q) + allull pa)
m yp(u) € Yy solves Galerkin approximation of state equation

m Control not discretized
(variational discretization [Hinze 2005])

m Solution in M(Q), unique solution uy, € Uy

m Convergence forh — 0
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Numerical solution L_CRAZ

Discrete optimality system

Apyh = Up
AlPh = My(Vn — 2)
—Up = max(0, —up, + y(Pp — a)) + min(0, —dp + v(Pp + ))

m Aj stiffness matrix, M, mass matrix, max / min componentwise
m Semismooth in R¥» ~» semismooth Newton method

m Combine with (generalized) Moreau-Yosida regularization,
homotopy v — oo (globalization)
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Numerical example: control (o = 1072) —
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Motivation Elliptic problems Parabolic problems 14/24


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at

5 Mathematical Optimization and INSTITUTE OF MATHEMATICS
[B[1S| Applications in Biomedical Sciences AND SCIENTIFIC COMPUTING

UNI
| GRAZ

3 Parabolic problems
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Control problem [RC Az

1 5
3 ly = 2ll2qpy + allullizay

with y;+Ay=u, yloa =0, y(0)=0

m y € [?(Qr) very weak solution of state equation

m Existence, uniqueness, optimality conditions for control
U € L20,T; M(Q2)) = L%(0,T; Co(R))*, duality pairing

T
(U, 2y ) = / (w(t), 2(t)) aac, It

m ~~ sparsity in space, not time
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Time discretization: (adjoint) state space LTy

m Temporalgrid0 =ty <ty <...<ty, =T
m Time steps 74 = t — tk_1,
m {Xxx&}j« basis, piecewise constant in time, linear in space

Yo = {¥o € L2(0,T;Yp) : Yo\, € Ya, 1< k < N;}

with norm

Nr 2 Nr
2 . E 712
Iolitaiey) = D_m (Qéﬁh W) =l
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Time discretization: control space LaSRAZ

» = {Us €L%(0,T;Up) : Uyls € Up, 1< k <N}

with norm

T N Np
lua 12y :/ szukjm%
0 k=1 j=1

2 N
dt = 7| T |?
™ > 7l
k=1
~+ U, topological dual of Y, with respect to duality pairing

(Ugs Yo)2(my,2(co) = ZTkzukA’k; = ZTk Ui )
k=1 j=1
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Semidiscrete control problem L CRAZ

i 31o() — 20y + el
m y,(u) € Y, solves dG(0)cG(1) discretization of state equation
= Unique minimizer i, € U, C L?(0,T; M(Q)) with

NT Nh

o= > ligxudy,

k=1 j=1
~» compute coefficients ty;, 1 < k <N, 1 <j < Ny

m Problem: characterization of subdifferential of L(M) norm
~ use discrete Fenchel duality, reformulation
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Ny

.1 _

pe CiN 2 > 7(Lrpolk — Mazi) M ([Lr polk — Mhzi) + a(po)
SRS =

m L.y, = u, dG(0)cG(1) discretization of state equation,

. 1/2
da(q) := o if (Zﬁ; Tk|Qk|§>o> <a
oo otherwise

m Spatiotemporal coupling of §,, ~~ define

¢ = |Pkloos T< k<N
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Reformulation e

N.

1 T
min - i — Mpz ) MZ(LT — Mz
po €RNo o ERNr 2 ;Tk([ oPolk = Mnzk)' My ([LoPolk — Mnzk)

N,
with  |piloc <k 1< k<N, and Zchi — 2
k=1

¢ = (cr,...,cn. )T € RN

Equivalent reformulation ~~ unique solution (p,, ¢, )

Optimality conditions (Maurer-Zowe condition)

Complementarity formulation
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Optimality conditions L CRAZ

Loy — Uy =0, LIPs — Ms(Vo — 25) = O
Uy + max(0, —by + v(Px — k)) + min(0, —ty + v(Px +¢k)) =0

Np
Z [~ max(0, —k + Y(Bk — T)) + min(0, —Tx + V(P + &))];
=1

+2X6 =0

Semismooth in RNe ~~ solve using semismooth Newton method
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Numerical example (1D): target LaSRAZ
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Numerical example (1D): control (o« = 10-3) e
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Numerical example (1D): control (o« = 107") B
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m Measure space appropriate framework for sparse control

m Conforming discretization retains structural properties
~» numerical solution of measure space problem

m Efficient solution by convex analysis, semismooth Newton
method

Outlook:
m optimal sensor placement via sparse control

m directional sparsity (control in M(; L2(0,T)))
m optimal placement/identification of dipoles (control in C'(Q)*)

Preprints, codes:
http://www.uni-graz.at/~clason/publications.html
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