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Motivation

Optimization of light source
locations in optical tomography

Standard approach (discrete):
choose combinations from initial set
of candidate locations
 combinatorial in DOFs

Here: Consider �ctitious distributed
“control �eld”, apply sparse control
techniques [Stadler 2009]
 localization of sources

Goal: Homogeneous illumination
(application in photochemotherapy)

ωo

ωc
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Motivation: sparse control

min
u

1
2‖y − z‖2L2 + α‖u‖L1 with Ay = u

z desired state, A partial di�erential operator

L1 norm promotes sparsity in optimization

But: L1 lacks necessary compactness for existence of minimizers
(Dunford–Pettis requires additional equi-integrability)

 Consider minimizers in measure spaceM⊃ L1

(alternative: control constraints)
[Stadler 2009, D./G. Wachsmuth 2011, Herzog/Casas/G. Wachsmuth 2012]

4 / 24Motivation Elliptic problems Parabolic problems

http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at


Mathematical Optimization and
Applications in Biomedical Sciences

INSTITUTE OF MATHEMATICS
AND SCIENTIFIC COMPUTING

Numerical solution

Di�culty:M not re�exive, hence

choice of topology important
(weak topology 6= weak-∗ topology)

norm not di�erentiable (but convex)

Approach:
1 Fenchel duality in appropriate topology

2 conforming discretization of measure space

3 semismooth Newton method
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Control problem

 min
u∈M(Ω)

1
2 ‖y − z‖2L2(Ω) + α ‖u‖M(Ω)

with Ay = u, y|∂Ω = 0

M(Ω) = C0(Ω)∗ space of Radon measures, norm

‖u‖M(Ω) = sup
‖ϕ‖C0(Ω)≤1

∫
ϕdu

(
= ‖u‖L1(Ω) for u ∈ L1(Ω)

)
Unique solution y ∈ W1,q

0 (Ω), 1 < q < n
n−1 , for all u ∈M(Ω)

(Non-negativity, partial control and observation possible)
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Optimality system

Existence of minimizer ū ∈M(Ω) by standard arguments
(weak-∗ topology onM(Ω)), unique if A injective

Fenchel duality: transformation to state constraint problem;
minimizer ū ∈M(Ω), adjoint p̄ ∈ C0(Ω) satis�es for any γ > 0

Optimality conditions


Aȳ = ū

A∗p̄ = ȳ − z̄

−ū = max(0,−ū + γ(p̄− α)) + min(0,−u + γ(p̄ + α))
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Numerical solution: discretization

Goal:
conforming discretization Uh ⊂M(Ω)

discrete optimality conditions for coe�cients
 numerical solution of measure space problem

(discretize-then-optimize = optimize-then-discretize)

Approach:
1 choose (adjoint-consistent) Galerkin discretization Yh ⊂ C0(Ω)

2 construct discrete dual Uh = Y∗h with respect to appropriate
consistent topology

9 / 24Motivation Elliptic problems Parabolic problems

http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at


Mathematical Optimization and
Applications in Biomedical Sciences

INSTITUTE OF MATHEMATICS
AND SCIENTIFIC COMPUTING

Discretization: (adjoint) state space

Th shape regular triangulation of Ω ⊂ Rn, mesh size h

{xj}Nh
j=1 interior nodes of Th

{ej}Nh
j=1 nodal basis of continuous piecewise linear functions

Yh =

yh ∈ C0(Ω) : yh =

Nh∑
j=1

yjej, with {yj}Nh
j=1 ⊂ R


with norm

‖yh‖C = max
1≤j≤Nh

|yj| =: |~yh|∞

(~yh ∈ RNh coe�cient vector)
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Spatial discretization: control space

Uh =

uh ∈M(Ω) : uh =

Nh∑
j=1

ujδxj , with {uj}
Nh
j=1 ⊂ R


with norm

‖uh‖M = sup
‖v‖C=1

Nh∑
j=1

uj〈δxj , v〉 =

Nh∑
j=1

|uj| =: |~uh|1

 Uh topological dual of Yh with respect to duality pairing

〈uh, yh〉M,C0 =

Nh∑
j=1

ujyj = ~uTh~yh
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Discretization

Semidiscrete control problem

min
u∈M(Ω)

1
2 ‖yh(u)− z‖2L2(Ω) + α ‖u‖M(Ω)

yh(u) ∈ Yh solves Galerkin approximation of state equation

Control not discretized
(variational discretization [Hinze 2005])

Solution inM(Ω), unique solution ūh ∈ Uh

Convergence for h→ 0
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Numerical solution
Discrete optimality system


Ah~yh = ~uh
ATh~ph = Mh(~yh −~z)

−~uh = max(0,−~uh + γ(~ph − α)) + min(0,−~uh + γ(~ph + α))

Ah sti�ness matrix,Mh mass matrix, max /min componentwise

Semismooth in RNh  semismooth Newton method

Combine with (generalized) Moreau–Yosida regularization,
homotopy γ →∞ (globalization)
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Numerical example: target
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Numerical example: control (α = 10−2)
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Numerical example: control (α = 10−1)
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Control problem
 min

u∈L2(M)

1
2
‖y − z‖2L2(ΩT ) + α‖u‖L2(M)

with yt + Ay = u, y|∂Ω = 0, y(0) = 0

y ∈ L2(ΩT) very weak solution of state equation

Existence, uniqueness, optimality conditions for control
ū ∈ L2(0, T;M(Ω)) = L2(0, T; C0(Ω))∗, duality pairing

〈u, z〉L2(M),L2(C0) =

∫ T

0
〈u(t), z(t)〉M,C0 dt

 sparsity in space, not time
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Time discretization: (adjoint) state space

Temporal grid 0 = t0 < t1 < . . . < tNτ = T

Time steps τk = tk − tk−1,

{χkej}j,k basis, piecewise constant in time, linear in space

Yσ = {yσ ∈ L2(0, T; Yh) : yσ|Ik∈ Yh, 1 ≤ k ≤ Nτ}

with norm

‖yσ‖2L2(C0) =
Nτ∑
k=1

τk

(
max
1≤j≤Nh

|ykj|
)2

=:
Nτ∑
k=1

τk|~yk|2∞
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Time discretization: control space

Uσ = {uσ ∈ L2(0, T;Uh) : uσ|Ik∈ Uh, 1 ≤ k ≤ Nτ}

with norm

‖uσ‖2L2(M) =

∫ T

0

∥∥∥ Nτ∑
k=1

Nh∑
j=1

ukjχkδxj

∥∥∥2
M

dt =
Nτ∑
k=1

τk|~uk|21

 Uσ topological dual of Yσ with respect to duality pairing

〈uσ, yσ〉L2(M),L2(C0) =
Nτ∑
k=1

τk

Nh∑
j=1

ukjykj =
Nτ∑
k=1

τk(~uTk~yk)
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Semidiscrete control problem

min
u∈L2(M)

1
2‖yσ(u)− z‖2L2(ΩT ) + α‖u‖L2(M)

yσ(u) ∈ Yσ solves dG(0)cG(1) discretization of state equation

Unique minimizer ūσ ∈ Uσ ⊂ L2(0, T;M(Ω)) with

ūσ =
Nτ∑
k=1

Nh∑
j=1

ūkjχkδxj

 compute coe�cients ūkj, 1 ≤ k ≤ Nτ , 1 ≤ j ≤ Nh

Problem: characterization of subdi�erential of L2(M) norm
 use discrete Fenchel duality, reformulation
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Discrete dual problem

min
pσ∈RNσ

1
2

Nτ∑
k=1

τk([LTσpσ]k −Mhzk)TM−1h ([LTσpσ]k −Mhzk) + δα(pσ)

Lσyσ = uσ dG(0)cG(1) discretization of state equation,

δα(q) :=

0 if
(∑Nτ

k=1 τk|qk|2∞
)1/2
≤ α

∞ otherwise

Spatiotemporal coupling of δα de�ne

ck := |pk|∞, 1 ≤ k ≤ Nτ
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Reformulation
min

pσ∈RNσ ,cσ∈RNτ

1
2

Nτ∑
k=1

τk([LTσpσ]k −Mhzk)TM−1h ([LTσpσ]k −Mhzk)

with |pk|∞ ≤ ck 1 ≤ k ≤ Nτ and
Nτ∑
k=1

τkc2k = α2

cσ = (c1, . . . , cNτ )T ∈ RNτ

Equivalent reformulation unique solution (p̄σ, c̄σ)

Optimality conditions (Maurer–Zowe condition)

Complementarity formulation
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Optimality conditions



Lσ ȳσ − ūσ = 0, LTσp̄σ −Mσ(ȳσ − zσ) = 0

ūk + max(0,−ūk + γ(p̄k − c̄k)) + min(0,−ūk + γ(p̄k + c̄k)) = 0
Nh∑
j=1

[−max(0,−ūk + γ(p̄k − c̄k)) + min(0,−ūk + γ(p̄k + c̄k))]j

+ 2λc̄k = 0
Nτ∑
k=1

τk c̄2k − α
2 = 0

Semismooth in RNσ  solve using semismooth Newton method
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Numerical example (1D): target
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Numerical example (1D): control (α = 10−3)
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Numerical example (1D): control (α = 10−1)
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Conclusion
Measure space appropriate framework for sparse control

Conforming discretization retains structural properties
 numerical solution of measure space problem

E�cient solution by convex analysis, semismooth Newton
method

Outlook:
optimal sensor placement via sparse control

directional sparsity (control inM(Ω; L2(0, T)))

optimal placement/identi�cation of dipoles (control in C1(Ω)∗)

Preprints, codes:
http://www.uni-graz.at/~clason/publications.html
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