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Motivation: discrete optimization

L° penalty

0 ift=0
= d. tlo =
Julls= | luodlods {1 2o

Lebesgue measure of support of u

popular in sparse optimization

binary penalty ~~ combinatorial optimization

difficulty: non-smooth, non-convex, not weakly l.s.c.

B nota norm ~- not coercive
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Binary penalties Wi

muin F(u) + G(u)

m J(u) tracking or discrepancy term

1 G(u) sparsity penalty  [Ito, Kunisch 2012]
a
S(w) = Sllullzz + Bllullo

B ~> u(x) = 0 almost everywhere
m separate penalization of support (8), magnitude (a)

m ~> a > 0necessary!
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Binary penalties

linded.

min F(u) + G(u)
u
2 G(u) multi-bang penalty  [Clason, Kunisch 2013]
S(u) =J —|ulx) +[3H|u - Ujlo dx
B~ u(x) € {uy,...,uq} almost everywhere
m motivation: discrete control (voltages, velocities, materials)
m 3 > 0 large penalizes free arc u(x) # u;

B a > 0 penalizes magnitude of u(x) = u;
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Binary penalties

muin Fu) + G(u)

3 G(u) switching penalty, u = (U1, u)  [Clason, Ito, Kunisch 2014]

.
S(u) = J gIU(t)E + Blus(B)ua(B)]o dt

0

B~ Uy(t)uy(t) = 0 almost everywhere
®m motivation: only one active control component
m 3 > 0 large penalizes free arcu; # 0and u; # 0

® a > 0 penalizes magnitude of active u;
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Convex relaxation: motivation

f : IR — R differentiable:

m derivative:

_ f(u)
F(u) = lim f(u+h) -f(u) u
h—0 h

m geometrically:
f’(u) tangent slope

i
=
<
+
—~
=
=
Nt
<
~

m f(0) = miny, f(u) = (@) =0

m calculus for f’
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Convex relaxation: motivation

f: IR — IR not differentiable, convex: f@ + ('@, u)
f(u)
m directional derivative:
flu+th) -f
f'(u;h) = lim flutth -fw
t—0 t /// \L-zl\
- - u
m but: for all h, L
f'(a; h) # 0 ’ (@) + (F'(a;-1), u)
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Convex relaxation: motivation

DUYISBURG

f : IR — R not differentiable, convex:

m subdifferential:
of(u) = {u™ : (u*,h) < f'(u;h)}

m geometrically: 0f(u) set of
tangent slopes

of(a)

N

m (&) = min, f(u) = 0 € of(1)

m calculus for of
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Fenchel duality

F:V — RU {400} convex, V Banach space, V* dual space

m subdifferential

OF (V) = {v* eV (v, v-V)y-y < F(v)-F(V) forallv e V}

m Fenchel conjugate (always convex)

F*: V* 5 R, F*(v*) = sup (v*,v)y=y — F(v)
veVv

E connection:
v¥ €0F(v) & v eEDOIFHvY)

“convex inverse function theorem”
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Fenchel duality: application

F(@) + §(@) =min F(u) + 5(u)

1 Fermat principle: 0 € 9 (F(a) + G(@))

2 sumrule: 0 € 0F(d) + 0G(d), i.e., thereis p € V* with

-p € 0F()
p € 05(0)
3 Fenchel duality:
-p € 0F()
a€ 95" (p)
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Fenchel duality: example

BG: VR ve v

0 iV <1

9* S VAN R v 6{||||V* <1}(V*) = {
oo else

BEG: Vo R v 5{||.||V<1}(V):
5W) = {v* e V*: (v*,v-¥)y-y <0 forall |v|y <1}

~» box-constrained optimization
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Convex relaxation

Consider F convex, G non-convex

(@) = J(@ + 5@ =min F(u) + §(u)

Optimality(?) conditions:

-p € 0F (@)
u€05%(p)

m Fenchel conjugate always convex, weakly l.s.c.
m ~ well-defined, unique solution & (minimizes F(u) + §**(u))
m but: & in general not minimizer of J ~~ sub-optimal
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Regularization

G non-convex ~ subdifferential 0G* set-valued ~~ regularize

u,p € L? Hilbert space ~~ consider fory > 0

Proximal mapping

: * 1 2
prox,g-(p) = arg min G*(w) + 2—V||w—p||

m single-valued, Lipschitz continuous

m coincides with resolvent (Id +yd5*)'(p)
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Regularization

Proximal mapping

_ : * 1 2
prox,g-(p) = arg mmlln G*(w) + Z—VHw—pH

Complementarity formulation of u € 9G*(p)

u =~ ((p+yu) - prox,g-(p + yu))

1
y

m equivalent for everyy > 0

m single-valued, Lipschitz continuous, implicit
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Regularization

Proximal mapping

_ . * 1 2
prox, g« (p) = arg mVJnS (W)+2y||W pll

Moreau-Yosida regularization of u € 05*(p)

(p - prox,g-(p)) =: 35; (p)

'<I—‘

m 057(p) — 0G*(p)asy — 0

m single-valued, Lipschitz continuous, explicit
~» nonsmooth operator equation, Newton method
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Regularization: example

G VE =R, p e Sgpy,. <)

m Proximal mapping:

proxyg*(P) = prOj{”.Hv* g]}(p)

m Moreau-Yosida regularization (V* = L*°(Q)):
1 .
95, (p) = y (max(0,p - 1)) + min(0,p + 1))

(max, min pointwise almost everywhere)
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u

Generalized Newton method

Consider Banach spaces X, Y, mapping F: X — Y

Newton-type method for F(x) = 0

m choose x° € X (close to solution x*)

m fork=0,1,...

1 choose M, € L(X,Y) invertible
2 solve for sk:

Mysk = —F(x¥)

3 setxkt! = xk + ¢k
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Generalized Newton method a5 e

linded.

Newton-type method for F(x) = 0

m choose x? € X (close to solution x*)

m fork=0,1,...

1 choose M, € L£(X,Y) invertible
2 solve for sk:

Misk = —F(x¥)
k+1

3 setxkt! = xk 4+ ¢k

m convergence, i.e., |[xk - x*||x — 0?

m superlinear convergence, i.e., [|x**1 - x*|x = o (|xK - x*|x)?
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Convergence of Newton method

Set dk = xK — x* ~

XK= Xx*||x = | M (F(x* + d¥) = F(x*) = Mied®) Ix

~ superlinear convergence if
1 regularity condition
IM ||l cov < C  forallk
2 approximation condition

IFOc +d*) = FOc*) - Mid|ly _

0
[E [|dk]|x
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Semismooth Newton method

Goal: define Newton derivative M, = DyF such that
XK = xk — DyFOcK) TR (xk)
converges superlinearly for F(x) = 0 nonsmooth

m R": F Lipschitz ~~ DyF from Clarke subdifferential
[Mifflin 1977, Kummer 1992, Qi/Sun 1993]

m function space: no explicit Clarke subdifferential
~~ define DyF via approximation condition
[Chen/Nashed/Qi 2000, Hintermdiller/Ito/Kunisch 2002]

m f: RN — R semismooth ~+ superposition operator
F: LP(Q) — L9(Q) semismooth forp > g
[Ulbrich 2002/03/11, Schiela 2008]
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Semismooth functions: example

mf:R—R, t— max(,t)

{0} t<0
Dnf(t) € Ocf(t) = < {1} t>0
[0,11 t=0

mF:LP(Q) — L9Q), ulx) — max(0,ulx)), p>q

~~ Moreau-Yosida regularization semismooth
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Numerical solution: summary

For nonconvex G : [2(Q) — R, S(u) = IQ glu(x)) dx,

Approach:

1

2

3

compute Fenchel conjugate g*(q)
compute subdifferential 0g*(q)
compute proximal mapping Prox,ag+(q)

compute Moreau-Yosida regularization 9gy(q)

~ semismooth Newton method, continuation in y for

superposition operator 055 (p)(x) = dgy (p(x))
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3 Multi-bang penalty
Optimality system
Numerical solution
Examples
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Formulation

d
min Sl =zl + Sl + 8| [TIuto-ulodx
Qg

cl2@Q) 2

s.t. Ay =u, U < ulx) < ug

B U <---<Uyg givencontrolvalues (d>2)
m z € [%(Q) desired state

m A:V — V*isomorphism for Hilbert space V — [2(Q) — V*
(e.g., elliptic differential operator with boundary conditions)

m ~ F(u) = 3[|A"u - 2|, smooth
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Fenchel conjugate

d
_ a
g:R>TR, Vi SV +B 1;[ v = uilo + Spuyug (v)
g :R—R, q+— sup qv-g(v)
"4

Case differentiation: sup attained at 7,

4*(q) = qui-Su? v=u, 1<i<d
S@-B vHu, 1<i<d
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Fenchel conjugate %wﬁn

g*(q)z{qui—%uf geQ, 1<i<d

+q-B g€ Qo

Q ={ 1q- au1<\/27/\q< u1+u2)}

={q g - au,|<\/27/\ Wi+ u) <q<g(u,-+u,~+1)}
Qq4 ={q q- aud>\/27/\ ud+ud_)<q}
Qo ={q lg - au,|>\/27forallj/\au1<q<aud}
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Fenchel conjugate Rl

Q) = qui-%u? q€Q, 1<i<d
%@ -B q€Q

continuous, piecewise differentiable:

{us} geQ,1<i<d
1 €Q

3g*(q) = {aq} q _0 _ ‘
(Ui, Uil geEQiNQi 1<i<d

[min {u;, 2q}, max{ui, 2g}] 9€QNQo 1<i<d

(no explicit dependence on f3!)
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Optimality system

p = S*(z-Sa)
a € 095*(p)
{u3} px) € Q;
{Ipt)} px) € Qo
(Ui, Uil pix) € Qi N Qi
)

[min {u;, 2p0)}, max {u;, 2p00}] PO € QN Qo

m S:u+— ycontrol-to-observation mapping, S* adjoint
B necessary conditions for min, F(u) + §**(u) (convex, l.s.c.)
m ~ unique solution (&, p) € L?(Q) x [*(Q)
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Structure of solution

Q=AUFUS
d
m multi-bangarc A = U{x Tux) = u}
i=1

m free arc F={x:00)=1pKx) #u}

m singular arc S={x:ak) ¢ {u, 2px)}}
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Generalized multi-bang principle

m if B sufficiently large: Qg = (), free arc
FCpx) € Q=0

m singular arc corresponds to set-valued subdifferential:

d-1
5{ eUO,mQ,+1uUQ,on}
i=1 i=1
C{p € {%(u; + uin), au; - \/2aB, au; + /20 }}

m for suitable A, p(x) constant implies [A*pl(x) = [z - ¥1(x) =

~x i yx) =zx)} =0 = a € {u,...ug}a. e, true multi-bang
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(Sub)optimality

m duality gap for non-convex G:

5@ +5*(p) - (p.a) < B3|

(pointwise gap of 8 where 9g™* (p(x)) set-valued)

m ~~ in general: & sub-optimal:

J@ < Jw) +p|s|  forallu

® but: & true multi-bang ~~ |8| = 0 ~» & optimal
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Moreau-Yosida regularization Wi

vi geqQ
aryd qeQf
! (q - (au; + 2aB)) gec QV
(q S u; + Ui+1)) qe Q, i

Q,-V={q:|q—(a+y)u,-|< V2aB A
2o+ (142)u) <a< 2 ((1+2) urun) )

QE={q:|q— a+y)uj|> ZGB /\ (a+y)u1 <q<(a+y)ud}

(
Qfjy = {qi%((ﬂzl) ui+ui+1) <g<é¢ (u,-+ (1+ %) u,-+1)}

q:v2aB < q-(a+yu; < (1+%)\/2(T;3}

Qo
3=
1]
—
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Regularized optimality system

py = S*(z - Suy)
uy = 69; (py)

m 0§y maximal monotone ~ unique solution (uy, py)
m (uy,py) — (a,p)asy — 0
m 0g, Lipschitz continuous, piecewise (", norm gap V — [%(Q)

m ~~ semismooth Newton method
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Regularized optimality system

Apy=2-yy
Ayy = 9;(Py)

05, maximal monotone ~ unique solution (uy, py)

(uy,py) — (@,p)asy — 0

0gy Lipschitz continuous, piecewise C", norm gap V < [2(Q))

m ~ semismooth Newton method

introduce state y, = Suy, eliminate control u, = 57 (py)
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Semismooth Newton method

(Id A* ) (6p) _ (A*p +y—z>
A DnSy(p)) \6y)  \Ay-5;p)

ayOPt) ) € Qp
[DnSy(P)BpIX) = § 18p()  p() € Q4
0 else

m symmetric, but: local convergence
m ~» continuationiny — 0

m ~~ backtracking line search based on residual norm

m only number of sets Q; depends on d ~~ linear complexity
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Numerical examples

=[0,1°, A=-A

finite element discretization: uniform grid, 256 x 256 nodes

state, adjoint: piecewise linear

control: eliminated (variational discretization)

u d:51 (UTI---IUS):(_211IOI112)

y = 0: regularized active sets empty, true multi-bang

y > 0: terminated with 2-21 nodes in regularized active sets
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Numerical examples: desired state e

¥
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Controls: 8 = 10 (free arcs) e

ol

(@)a=5-107(y =0) (b)a=10"(y ~10°%)
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Controls: 3 = 1073 (no free arcs) Wi

¢

il
‘wl!ﬂm-m

| |

1

(a=5-1073(y=0)
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Controls: effect of d ik

£

(@)d=5(y=0)
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Controls: eff e

»

11
| ”MMM,,, mMI\ mmmmn

! It

(b)d=15(y=0)
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Controls: effect of d Wi
e

(c)d =101 (y ~ 107
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Controls: effect of d idde

¢

(d) d =1001(y ~ 10™")
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Example: control in coefficient

m S:u— ysolving
-Ay +uy =f
m approach applicable, but F nonconvex
m ~ only local minimizers, regularity condition technical
m numerical example: Q = [-1,1,
fq, x2) = sin(mmxq) sin(rmxy)

u ﬁX Uref, setz = S(Uref)r (u1l uz, uz, U4) = (1/ 1-51 2/ 2-5)

ma=10"% B — oo (formal)
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Example: reference

25

15

%

(a) Uref
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Example: optimal control (y = 1077)

(b) uy
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4 Switching penalty
Optimality system
Numerical solution
Examples
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Formulation

a
5 + | () + u(0?) + Blur(t)ua(t)]o dt,
min Slsu=z[f+ | SR + o) + B0l

m S:1?(D;R?) — Y, Y =Y*Hilbertspace, zc Y target
m F(u) = 5|[Su-z|[ strictly convex, smooth, coercive
m assumption: S*(Y) < L"(D; R?) with r > 2

meg,D=(0,T), Y=L%[0,T]xQ), S(u)=ysolutionto

0ty — AY = Xuw, XU (1) + Xw, X)u2(t)
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Fenchel conjugate

g: IR2 %mr Vi— - (V2+V2) +6|V]V2|0

*

g :R* =R, q»—>supq‘v—g(v)
v

Case differentiation:

2 if |g1| > |g2| and |g2| < /208
9"(@ = 3% if|ga| > || and |qn| < \/2aB

5 (G2 +a3) -B if|al |gz2] > \/2aB
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Subdifferential %:‘u:‘u';i;’m

2 At if|g1| > |g2 and |q2| < \/2aB
9@ = | 34 if|g2] > |a1| and |an| < /208

L(F+@)-B i@l lal > /208

}.103) ifgeQ
4a2}) ifg € Q,
ai}.{q92}) ifg € Qo
1}, [0, 3a2]) if g € Qo
0, 5] {342}) if g € Qz
qitlgy) :t €011} ifgeQp

%Ch
{0},
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Subdifferential: domains

a2
Qo Qo Q@ Q QO Qo
Qo V2aB -+ L Qp
Q Qn Qi Q
- ;aﬁ ; af aqi
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Optimality system

—p = S*(Si - 2)
a(x) € 0g*(p(x)) a.e.inD
Structure of solution:D =AU JUS,
m switchingarc A ={x €D:px) € QUQ, U{(0,0)}}

m free arc J= {x eD:px) € QoU QiU on},
0J={x€D:px) € QoUQxp}

m singular arc S = {x € D: p(x) € Qi \{(0, 0)}}
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Optimality system

Structure of solution:D = A UJUS,
m switchingarc A ={x€D:px) € QUQ,U{(0,0)}}

m free arc J={x€eD:p(x) € QUQpUQx},
0J = {x € D: p(x) € Q1o UQu}

m singular arc 8={xeD:plx) € Qp\{(0,0}}

Suboptimality

J@) < Jw) + B (Jo7] +218]) forallu
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Structure of solution :Z‘ui"’?{%,m

Suboptimality

J@) < Jw) + B (Jo7] +2|8]) forallu

m freearc Jg= {X € D: |pi(X)|, |p2(x)] = \/201[3}
m |0Jg| < |Jg| = O0asB — oo

m if p bounded, |Jg| = 0 for B sufficiently large
m singulararc 8= {x € D: |p(x)| = |p2(x)] > 0}

m ~~ switching control &h(x)d,(x) = 0 a. e. optimal
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Moreau-Yosida regularization

+51,0) ifg e Q!
0. 5:59) ifg € Q)
a%th GLH,CD) ifgeQy

aydny (qz = sign(qz)\/ﬁ)) ifg e Q)
1 - sign(q1)\/2aB ,a+yqz,) ifqgeQl,
th - sign(qﬂ\/zTB; .
- ( 3 —Sign(%)\/ZT)) if g € Qb
(%/ <2Z:‘;Q1 - sign(q 20+V|<72|>
1 (2(;+qu2 - sign(qy) m|‘ﬁ|)) ifg € QY

(0g™),(q) =

<= <=
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Moreau-Yosida regularization: sketch

ESSEN

92
Y 4 Y 4 Y Y
QO QZO QZ QZ QZO QO
1+ 3) vaaB |
4 4
Q%/o QOO QOO Q}I/O
Q@ \ v Q,
QY Qf
-+ %‘) /2aB 1/27;; ﬁaﬁ (1+ g)‘ 248 i
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Moreau-Yosida regularization

py = S*(z - Suy)
uy € (05%)y(py)

m (0G*), maximal monotone ~ unique solution (uy, py)

m weak convergence (uy, py) — (0,p)asy — 0

m (0G*)y Lipschitz continuous, piecewise C', norm gap

m ~> semismooth Newton method, continuationiny — 0

m vector penalty (QY,): needs line search (based on residual norm)

Overview Approach Multi-bang penalty Switching penalty 44/50



Numerical example

m Domain Q =1[0,112, D =10,1],

wr={0a,x) €Q:x <}

Wy = {(X1,X2) e X2 > %}

m elliptic example: S(u) = y solves

=Dy = Xw, (X1, X2)U1(X1) + X, (X1, X2)U2(X7).

m target

Z(x) = x7 sin(2mx7) sin(2mx5),
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Numerical example: target Wi

¢
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Numerical example: controls

1072

— U]

— U

05

01 02

(@ a=103,8=10"%
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Numerical example: controls

1072

— U]

— U

05

X
08 09 1

01 02

(b)a=1023,B8=10"
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Numerical example: controls

15 5

e U]

05

X

01 02 w $ | 07 09 1

(Qa=10"°8=107

Overview Approach Multi-bang penalty Switching penalty 47/50



UNIVERSITAT

Numerical example: controls

15 5

— U]

06 07 08 09

(d)a=10%8=10"
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Example: more controls

m N > 2 controls: switching penalty (convex):

.
S(u) = J QR +8 > luituy()] dt

02 i<j
m fora=f:
N a 2
g:R" — R, glv) = §|v|1
1
RV R, “(q) = —q;
g R R 0= max 5a

m - efficient evaluation of proximal mapping by sorting

m ~~ Moreau-Yosida regularization, semismooth Newton method
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Numerical example: heat equation

nded.

107
0.2 : ‘

|
o
~

T

|

|
o
o]

T

|

-14 - 4
—1.6 ?—/ — U

-1.8 | | | | | | | | |
(@)N=3(@=107")
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Numerical example: heat equation

T

04} |
02 il
0 [ -l
-02| // |

— U]

uz
-04 u |

Us

L ! L | I I I I |

0o 1 2 3 4 5 6 7 8 9 10
(b)N=5(@=10")
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Numerical example: heat equation

1 2 3 4 5 6 7 8 9
(QQN=7(a=107)
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Conclusion

linded.

Convex relaxation of discrete problem:
m well-posed primal-dual optimality system
m solution optimal under general assumptions
m linear complexity in number of parameter values
m ~ efficient numerical solution (superlinear convergence)

Outlook:

m multimaterial optimization in leading coefficients
m BV reqularization (done in linear case)
m other hybrid discrete—continuous problems

Preprint, MATLAB/Python codes:
http://www.uni-due.de/mathematik/agclason/clason_pub.php

Overview Approach Multi-bang penalty Switching penalty 50/50


http://www.uni-due.de/mathematik/agclason/clason_pub.php

	Overview
	Approach
	Convex relaxation
	Moreau–Yosida regularization
	Semismooth Newton method

	Multi-bang penalty
	Optimality system
	Numerical solution
	Examples

	Switching penalty
	Optimality system
	Numerical solution
	Examples


