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Problem formulation e
Tikhonov functional

: )
min (F(Kx, y°)) + e [lx]lx

K : X — Y (not necessarily linear), X, Y Banach spaces
y® € Y noisy data
F Y x Y — R discrepancy appropriate for noise model

¢ : RT™ — IR* monotone, continuous

Xo € X minimizer
xt € X exact solution
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Discrepancy: Examples LTy

m Gaussian noise:
1
Flx.y) =5 lIx—yllz
m Impulsive noise:
F(x,y) =[x = yllLs

m Uniform noise:
Fx,y) =[x =yl

m Poisson noise:

Flx.y) = / (x — ylog x)
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2 Parameter choice
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Parameter choice

Ivanov discrepancy principle

Choose «o* such that

a” || Xp

M)
holds for 7 > 0 and noise level

6= F(Kx',y°)

(T depends on K, X, but not noise)

But: requires knowledge of noise level
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Heuristic parameter choice LTy

Calibration: Assume that

F(Kx,y°) = F(Kx',y*) = 6
for a reasonable range of a
~ Assumption on noise structure vs. range of K
~ Find o* satisfying
Balancing equation

o [[Xax | x = TF (Kxa, ¥°)
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Automatic parameter choice

Fixed point iteration
F(KXax, ¥°)

k41 =T
Xl x

Theorem
If starting value o satisfies

TF (KX, ¥°) < a0 [[Xaollx

then {a}
m /s monotonically decreasing
m converges to solution of balancing equation
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3 Non-smooth problems
L' fitting
L= fitting
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8]
min ||Kx — y° — x|
xeL2|| Yol + 2|| Itz

K : L2(Q) — L3(2) bounded linear operator
Q C R" bounded domain
y® € L>=(Q) noisy measurement

appropriate for impulsive noise (e. g., salt & pepper)

solution by Fenchel duality and semi-smooth Newton method:
[C/in/Kunisch, SIAM J Imaging Sci 2010]
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(0]
min ||Kx — y° —x]|2
min | Yol + 2|| [

m K :L2(Q) — L*>°(Q) bounded linear operator
m Q C R” bounded domain
m y° € L°°(Q) noisy measurement

m Appropriate for uniformly distributed noise
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: o 2 o
min c + —||x S.t. Kx — ~ < C
cER x€L? 2 ” ”L2 “ y HL

m K :L2(Q) — L*°(Q) bounded linear operator
m Q C R” bounded domain
m y° € L>°(Q) noisy measurement

m Appropriate for uniformly distributed noise

m Equivalent reformulation

Introduction Parameter choice Non-smooth problems Numerical examples Conclusion 10/28


http://math.uni-graz.at/mobis
http://math.uni-graz.at/
http://www.uni-graz.at
http://dx.doi.org/10.1051/m2an/2010064

ME[ ) N
|0 F| Mathematical Optimization and INSTITUTE OF MATHEMATICS
[B[1]S| Applications in Biomedical Sciences AND SCIENTIFIC COMPUTING

— UNI
L fitting L CRAZ

. 1, a, . 5
min  —c“ + —||x s.t. ||Kx — o < C
ceR,xel2 2 2” ”'—2 | Yol <

K : L?(Q) — L>°(Q) bounded linear operator
Q c R" bounded domain
y% € L=(Q) noisy measurement

Appropriate for uniformly distributed noise

Unique solution (c*, x*), semi-smooth Newton method
Approach follows [C/Ito/Kunisch, ESAIM:M2AN 2010]
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Moreau—Yosida penalization of box constraint: For v > 0, consider

; 1, « 2 Y 5 2
min —c —||x —|Imax(0, Kx — y° — ¢
CG]R,XGLZ 2 + 2 || ”L2 + 2 ” ( 9 y )|||_2

+ 2lImin(0, Kx — ° + ) %
(max, min pointwise in Q)

m Existence, uniqueness of solution (cy, Xy),
m Convergence to (c*, x*) as 7 — o

~» Continuation in v — oo
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Saddle point problem

min max £(x, ¢, y, p)
X,cy p

for £: L2 xR xL%2xL%2 >R,

1 «
Lx,c.y.p) = 56+ 5 IxIi% +  Imax(@,y — ¥ ~ O)II%
Yo
+ 5 Imin(0,y — y° + )|,
+ <p7 Kx — .y>L2
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Solution (x*, c¢*, y*, p*) of saddle point problem satisfies:
0 =ax™+ K*p*,

0=c" —v/maX(O,y* -y - C*)+7/min(0,y* —y +c),

0= —p* 4+ ymax(0,y* — y° — ¢*) + ymin(0, y* — y° + ¢*),

0=Kx*—y*

(Necessary and sufficient conditions)
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Pointwise max, min Newton-differentiable from LP — L9 if p > q,
Newton derivative

h(t) x(t) >0,
0 else.

Dn(max(0, x))h = {

~ Optimality system is
m semi-smooth with respect to ¢: embedding R — L>°(Q2)

m semi-smooth with respect to y: operator K : L2(Q) — L>(Q)

~~ Generalized Newton method Dy F(x*)éx = —F(x*) converges
locally superlinearly for v > 0
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4 Numerical examples
L' fitting
L= fitting
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m K is Volterra integral operator of the first kind,

(Kx)(t) = /0 k(s t)x(s) ds,

(s—t)72 _ 1

= 2 e 4
N

m Discretization: collocation and midpoint-rule (N = 300 nodes)

k(s,t) =

m Exponentially ill-posed, condition number ~ 108
m Comparison with optimal o from sampling
m Comparison with L2 fitting (o from sampling):

xz = (K*K +al) ' (K*y)
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1 L' fitting: impulsive Gaussian noise,

s KxT + ||KxT||L=&,  with probability d,
Kxt, otherwise,

& normally distributed with mean 0 and standard deviation 1

2 L fitting: uniform noise,
y° = Kx' + || KxT||L~€
¢ uniformly distributed between [—2, 4]

272
Both models: 7 = 102
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0.2 I

—— exact
—— noisy

0.15

0.1

5.1072

0

~5.1072

—0.1

70.15 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1
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12 T I I I
—— Balancing: o = 5.36 - 102
1 - - - Sampling: o = 7.56 - 103 | |
—— exact

0.8

0.6

0.4

0.2

_02 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

(a) comparison with sampling
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L' fitting: Reconstruction (d = 0.3) =

12 T T T

— L a=756-10"°
1 --- 12 a=1.38-10"3 | |
—— exact

0.8

0.6

0.4

1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

(b) comparison with L2 fitting
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L' fitting: Data (d = 0.6) I

0.3

0.2}

0.

—_

o

U N It J“r m(m
M, Tt

1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

-0.1

-0.2
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L' fitting: Reconstruction (d = 0.6) =

1.2 I I I T
—— Balancing: o = 1.48 - 102
1 - - - Sampling: & = 1.29- 1072 | |
— exact

0.8

0.6

0.4

0.2

_02 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

(a) comparison with sampling
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L' fitting: Reconstruction (d = 0.6) =

T T T
— LM a=129-10"2
--- 12 =3138-10"3 ||
—— exact

0.8

0.6

0.4

0.2

—021 AN N

_04 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

(b) comparison with L2 fitting
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d

)

b

Qg

Qp

€s

€

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.31e-2
1.94e-2
2.51e-2
3.38e-2
3.63e-2
4.38e-2
4.68e-2
5.62e-2
6.74e-2

1.31e-2
1.94e-2
2.51e-2
3.37e-2
3.62e-2
4.38e-2
4.66e-2
5.49e-2
6.55e-2

3.85e-3
7.39e-3
1.71e-2
1.26e-2
3.85e-2
1.26e-2
1.83e-2
3.59e-2
1.87e-1

4.34e-3
6.41e-3
8.28e-3
1.13e-2
1.15e-2
1.57e-2
1.33e-2
1.26e-3
2.69e-2

1.58e-3
1.91e-3
1.09e-2
3.06e-2
5.34e-2
5.84e-2
8.93e-2
1.25e-1
1.90e-1

1.59e-3
3.29¢e-3
1.59e-2
3.08e-2
8.89¢e-2
6.06e-2
1.02e-1
8.68e-1
2.58e-1

§: L' noise level, e: L2 error; -s: sampling choice, -,: balancing
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0.1 \

—— exact

81072

6-1072

4.1072

1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1
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1.2 T T T T
—— Balancing: « = 3.91- 1072
1 - - - Sampling: a = 3.76 - 103 | |
exact

0.8

0.6

0.4

1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

(a) comparison with sampling
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L fitting: Reconstruction (d = 0.3) L CRAZ

1.2

0.8

0.6

0.4

1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

T T T
——L®:a=2376-10"°
--- L2 a=148-10"*
exact

(b) comparison with L2 fitting
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L fitting: Data (d =0.6) LaSRAZ
8.10-2| ‘l\ “w ‘ ' :Eaiscyt |
6-102 ‘ ’ ‘IIWN

4-1072 1 Uy ,”ll 7
o n WW ' | u.’,,ﬂ“lﬂg,i,ﬁrlluul‘l‘
o ’u”(

-2.1072 |

74_1072 | | | | | | I I I
0 01 02 03 04 05 06 07 08 09 1
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T T T T
—— Balancing: o = 8.69 - 102
- - - Sampling: « = 8.30-10—3
exact

70.2 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

(a) comparison with sampling
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12 T T T
——L>®:a=8.30-10"2
1 ---12a=413-10"*
exact

0.8

0.6

0.4

0.2

70.2 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

(b) comparison with L2 fitting
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L fitting: Comparison

INSTITUTE OF MATHEMATICS
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d

)

b

€73

Qp

€s

€

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

7.87e-3
1.18e-2
1.58e-2
1.98e-2
2.38e-2
2.77e-2
3.17e-2
3.56e-2
3.94e-2

7.74e-3
1.18e-2
1.57e-2
1.96e-2
2.38e-2
2.69e-2
3.09e-2
3.52e-2
3.94e-2

8.70e-4
6.14e-3
2.01e-3
5.59¢e-3
5.59¢e-3
1.18e-2
1.79e-3
1.38e-2
1.05e-2

2.83e-3
4.15e-3
6.60e-3
7.87e-3
9.53e-3
9.80e-3
1.27e-2
1.56e-2
1.48e-2

4.19e-2
4.89e-2
7.28e-2
6.32e-2
5.79e-2
6.24e-2
3.47e-2
7.54e-2
7.53e-2

4.19e-2
5.15e-2
7.29¢-2
6.34e-2
6.93e-2
6.26e-2
7.87e-2
7.54e-2
7.54e-2

§: L™ noise level, e: L? error; -s: sampling choice, -,: balancing
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For non-smooth noise models (and smooth data):

m Noise structure more important than noise level

m Ivanov discrepancy principle useful for heuristic parameter
choice

m Fixed point iteration for effective automatic parameter choice

Preprints, MATLAB code:
http://www.uni-graz.at/~clason/publications.html
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