Avoiding degeneracy in the Westervelt
equation by state constrained optimal control

Christian Clason' Barbara Kaltenbacher?

TFaculty of Mathematics, University of Duisburg-Essen
2|nstitute of Mathematics, University of Klagenfurt

10th AIMS Conference on Dynamical Systems,
Differential Equations and Applications
Madrid, July 9, 2014

Motivation Problem formulation Relaxation Optimality conditions 1/12



DUIS,

Motivation e

Westervelt equation

(1= ky)yee — Dy — bAye + dye — k(y:)* =0 in(0,T) x Q,
oy=u on(0,T)xTl
Ye+cdy=0 on(0,T)xTl

y=y% =y in{0} xQ

m y: acoustic sound fluctuation, b, ¢, d, k: material parameters
m describes propagation of high intensity focused ultrasound

m u: boundary control: piezoelectric transducer
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Motivation

Westervelt equation

(1= ky)ye — CAy — bAye +dy: — k(y)> =0 in(0,T) x Q,
oy=u on(0,T)xTl
Ye+cdy=0 on(0,T)xTl

y=yye=y" in{0} xQ

m y: acoustic sound fluctuation, b, ¢, d, k: material parameters
m describes propagation of high intensity focused ultrasound

m u: boundary control: piezoelectric transducer

m nonlinear, degenerate for y large
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Motivation

Westervelt equation

(1= ky)yee — @Ay — bAy; +dye — k(y)> =0 in(0,T) x Q,
{ dyy=u on(0,T)xT
Well-posedness
® requires a priori smallness bound ||y||- < 1/k
m usually: C(0, T; H?) bound, embedding H?(Q2) < L*°(Q)
m ~- strong smoothing, requires smallness of data u
m here: impose pointwise constraints y— < y(x) <yt < 1/k,
gradient constraint  [|y¢||» <M
m data from solving state constrained optimal control problem
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Optimal control problem

. d|2 Q2
min Slly = y¥lliz + 5 llullg
(1= ky)yx — Ay — bAy; + dy; — k(y¢)* = 0,
oy =u
ym<y(tx) <y, Ayl <M

my?c?(0,T;[2(Q), a>0
m some smoothness, no smallness assumptiononu € U

m existence of local minimizer (4, ¥) by direct method

m proof requires compact embeddings, regularity results
(technical, not in this talk)

m characterisation of admissible data: optimality conditions
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Optimality conditions

Abstract problem

nu\iynj(u,y) s.t. G(u,y) =0, H(y)ekK

Classical constraint qualification (e.g., [Maurer/Zowe, Tréltzsch '10]):
m introduce control-to-state mapping S : u — y with G(u,y) = 0
m consider reduced problem j(u) = J(u, S(u))
m interior point condition: H(S(up)) € K°
Then:
m j(0)+ S ()*H (S(@)) =0
But: requires well-posedness of S ~» smallness of u
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Optimality conditions ;

Abstract problem

minJ(u,y) s.t. G(u,y) =0, H(y) €K
uy

Alternative [Alibert/Raymond '98]: if there exist ug, yo with
m Gy(U,¥)(uo—0) +Gy(0,¥)yo =0 with  H(y)+H'(¥)yo € K°
m Gy(0,y) surjective
Then:
m 4,(3.) + Gy(@.7)'p + H(7)'u =
m J,(8,7) + Gu(@,5)p = 0
m (u,w—H(y)) <Oforallw € K.
But: u acts only on boundary ~~ difficult to satisfy
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Optimality conditions

Abstract problem

rviyn.l(u,y) s.t. G(u,y)=0, H(y)eK

Alternative: Relaxed problem [Bonnans/Casas '89]
1 introduce z = (1—ky),w = —k(y:)?inG
2 penalizez — (1— ky),w + k(y:)?inJ
3 obtain optimality conditions (easier for new G)

4 pass to limit in penalization

m but: uses optimality of (&, ¥), only local minimizers
m ~~ localize by penalty on u — G, y — y ([Casas/Troltzsch '02])
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Relaxed problem

min S*(u,y,z,w) s.t. G(u,y,z,w) =0, H(y,z) €K

u,y,z,w

1 o
F(uy,z,w) = Elly—y"llfz + EHUHIZJ
1 1
+ocllz+ky =113+ —uw+k(yt)2||ﬁv

1
+o5llu— UI|u+—||Z+ky—1||z+ ||W+k(yr) I

m U, Z, W suitable Hilbert spaces (needed for surjectivity)
m ) > O sufficiently small, fixed
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Relaxed problem

min JS(u,y,z,w) s.t. G (u,y,z,w) =0, H(y,z) €K

7y’zw

G (u,y,2,w) = (zytt — Ay — bVy;: + W)

oy —u
1—z—ky"
HE(yaz): Z_ky__1
yelliz =M

m K negative coneinC x C x IR

Motivation Problem formulation Relaxation Optimality conditions 6/12



UNIVERSITAT

Relaxed problem

linded

min JS(u,y,z,w) s.t. G (u,y,z,w) =0, H(y,z) €K

u7y727W

m Existence of global solution x. := (ue, Ye, z-, We)
m Localization: x. close to (4, y)

m (Regularity of solution)
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Regularity condition 1 ;

There exists (uo, Yo, Zo, Wo) wWith

G (xe)(uo — us) + Gf,(xg)yo + G5 (x2)z0 + Gy, (xe)(Wo —we) =0

m Z(yo)it — Ayo — bV (o)t + 2o(ye ) + (Wo — we) =0
mOyo=(u—-u:)=0

ml+ky <zp+Zz° <1+ky+, H()/o +yg)t”L2 <M
B (necessary regularity)

Satisfied for, e.g.,

Up=Ues, Yo=Ye, Z20=1—2., Wo=—(1—2)(Ye)er +We
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Regularity condition 2

G(y,2)(xe) is surjective: there is solution (y, z) for given f of

2(ye )it + Zeyie — Ay — bAy + dye = f
0,y =00n(0,T) xT,

Ye+cdy =00n (0,T) x I,
y=0,y:=0in {0} x Q

m linearized Westervelt equation
m well-posed (proof similar to [C./Kaltenbacher/Veljovi¢ '09])

B (necessary regularity)
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Relaxed optimality system

There exist p., measures u, = > 0, \. > 0 satisfying

Relaxed state equation (weak form)

(ze(ye )i, v) + (Ve + bvl()ya)t, Vv) + (d(ye)e + w, V)
+ (eye + pRAs Vip = (Cu. + b(u)e, v)r
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Relaxed optimality system

There exist p., measures ut, u= > 0, \. > 0 satisfying

Relaxed adjoint equation
(z-pe, i) + (CVpe, VV) + (bVp., VV) + (dp., vr)
+ (cpe, ve)p + <gps, Vit)p = (¥ — e, V)
— g(z6 + ky. —1,kv)z

— £<WE =+ k(ys)%)’Zky5Vt>W
— 22 (| (y=)e(®) 12 (ve e, ve)

m (-, -)x inner product in Hilbert space X
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Relaxed optimality system i

There exist p., measures ut, u= > 0, \. > 0 satisfying

Stationarity in z

1 1 _ _
g(zs+kYS_1a v)z+5<zs+ky—1, V>Z+<(y<=:)ttpsa V> = M:(V)_:U'a (V)

Stationarity in w

1<W€ + k()_/t)27 V>W + <p57 V> =0

1
(e + k(ye)t, viw +

€
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Relaxed optimality system

There exist p., measures ut, u= > 0, \. > 0 satisfying
Optimality

(aue)y + %<Ua — U,V)y = (Cpe, V)r + (bpe, ve)r

Complementarity

pt(ze +kyt —1) =0, po (ze —ky= —=1) =0,
Ae(l(ye)ellf: =m) =0
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Passing to the limit: minimizers

Consider global minimizers x. = (uc,y.,z-,w:)ase — 0

1. Optimality of x.:

Js(umyaaz&’ WE) < Js(a7)771 - k)_/, k(yf)z) = J(EI,)_/)
~ {X: }s>0 bounded, subsequence x., — X

2. Boundedness of penalty terms:
|z= + ky- = 1]z = 0, lwe + k(ye)illw — 0

~ W+ k(§:)? =0, 2+ky—1=0

3. Compact embeddings: y. — §, z. — Z pointwise
(along further subsequence)
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Passing to the limit: minimizers

3. Compact embeddings: y. — §, z. — Z pointwise
(along further subsequence)

4. Hence: z.(y.)u — 2w

G(0,y) = 6°(0,9,2,w) = lim G*(Ue,, Yep, 22y, We,) = O

5. Also:  H(y) = H°(¥,2) € K

6. ~ (0, y) feasible for original problem, close to (i, y)
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Passing to the limit: minimizers

6. ~ (0, y) feasible for original problem, close to (i, y)
7. Local optimality of (&, ¥), bound on J5(x.):
J(8,9) = J(@.7) = lim inf J*(ue, ye, 22, we)
> lim inf (o) + o] u- —
+ agllze 4 kg =13+ cllwe + KGRIy
> (0.9) + 510 -l

T4 ;- LN -
+ o5ll2 +ky =10z + S5 W + k() [

8. ~0=10 k(f))=w=—k(71)>, 1—kji=2=1—ky
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Passing to the limit: minimizers

9. ~ strong convergence of u., w., z.

mU. —u inU
mw. — k()2 inW
mz—>1—-ky inZ

By —Yy pointwise
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Passing to the limit: optimality system

Consider optimality system for x. = (u,ye,2-,w:)ase — 0

1. Stationarity in z., w,:

1 1 _
g(zs + kYE - 1; kV>Z = _5<Zs + ky - 1; kV>Z - <(y€)ttpsa kV>
+ pd (kv) — pz (kv)

;<W6 + k(ys)%’Zk(Ys)tVOW = _%<Ws + k(}_’t)272k(ys)tvt>w
- <p672k(y<€)tvt>

2. Insert in relaxed adjoint equation:
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Passing to the limit: optimality system

2. Insert in relaxed adjoint equation:

(2epe, vit) + (Vpe, Vv) + (bVp, VV) + (dpe, vi)
F (e e+ (el = b~ yew)
+ %(Za +ky —1,kv)z + ((ye)epe, kv)
+ pd (kv) — pz (kv)
+ %(Ws + k(7). 2k(ye)evedw + (pe, 2k(ye)eve)
= 22 (1) e (D) 12 (ve e, ve)

Motivation Problem formulation Relaxation Optimality conditions 1/12



UNIVERSITAT
DUYISBURG

Passing to the limit: optimality system o

3. First:assume {p., uF, u~, A }e>0 bounded ~~ subsequence
Pe, =B, pd =AY, opn TR, A=A
4. Strong convergence of y., z., w. (and embeddings)
Adjoint equation
(1= k9)P, vit) + (VP, V) + (bVE, Vv) + (dp, vi)
+ (cp, vt)p + <gf7, Vit)p + (2kyiD, vt) + (kyub, vt)

= = 5,0) 4 ) = ()
— (@O v
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Passing to the limit: optimality system

3. First:assume {p., ut, ™, A\: }e~0 bounded ~~ subsequence
Pe, — P, M; —* ﬁ+7 e, —* 0, Ae — A
4. Strong convergence of y., z., w. (and embeddings)

Optimality

(ot v)y = (P, v)r + (bB, vi)r

Complementarity

pry-y)=0, @ (F+y)=0,
M|Fellzz — M) =0
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Passing to the limit: optimality system

5. f {pe, uF, =, Ac }e>0 Not bounded: define

re = [Ipellp + Nl e+ oz v + A ]

{Bgaﬂz_:/_i;aAa}E>0 = {ps/rf:‘nu’:/rau/'l/a_/r€7)\€/r6}6>0

6. ~ bounded; subsequence converges to (p, i, i~, \)

7. Insert in relaxed adjoint equation
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Passing to the limit: optimality system o

6. ~ bounded; subsequence converges to (p, it, i~, \)

7. Insert in relaxed adjoint equation

<Z€E€a Vtt) + <C2VB€7 VV> + <bves7 VV> + <dBE7 Vt>

b 1
Hepve)p + (P Vel = = yev)

€

1 _
+ m<2€ + ky -1, kV>Z + <(yg)tt25k, V>
e

+ p (kv) — p_ (kv)

1 _
+ P 5<We + k(7e), 2k(ye)eve)w + <E€7Zk(y€)tvt>
&

— 22 (I )e (0172 (ye e, ve)
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Passing to the limit: optimality system

6. ~» bounded; subsequence converges to (p, i, i, \)

7. Insert in relaxed adjoint equation

Adjoint equation
(1 — ky)p, vit) + (VP, Vv) + (bVP, Vv) + (dp, v¢)

+ (cp, vt)p + <§5, Vit)p + (2kyiD, vi) + (kyub, Vi)
(k) - (k)
— 22 (@)D 1), ve)
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Passing to the limit: optimality system

8. Insert into relaxed stationarity condition

1 1 _
—lau)y + (U =T vy = (@p_,v)r + (bp_, ve)r

re Ie
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Passing to the limit: optimality system i

8. Insert into relaxed stationarity condition
Optimality

(P, v)r + (b, vi)r = 0

Complementarity

Aty-yh) =0,  E(F+y)=0
AIyellzz —m) =0
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Conclusion

Optimal control of singular equation with state constraints
m yields large solution to Westervelt equation
B requires no smallness assumption on data
m is of practical interest (lithotripsy)

m is applicable to other problems in nonlinear acoustics

Preprints:
http://www.uni-due.de/agclason/clason_pubs.php
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