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1 FUNDAMENTALS OF NONLINEAR OPTIMIZATION

Broadly speaking, optimization is concerned with finding minimal values of a given function
(as well as, ideally, the argument(s) for which the value is minimal). In the context of
data science, these functions are typically loss functions for regression, classification, and
training tasks. The two crucial properties of functions that allow us to do this effectively
are smoothness and convexity. In this chapter, we first discuss these two basic properties. We
then give a very general result on existence of minimizers and characterize these through
derivatives.

Throughout the following, we endow R" with the Euclidean inner product

n
(x,y) = xTy = iny,-
i=1
together with the induced (Euclidean) norm

lx|| == V{x, x) for all x € R",

which satisfies the following crucial properties: For all x, y € R, there hold

(i) the Pythagoras identity

I+ ylI? = llxll* + 2¢x, y) + NIyl

(ii) the Cauchy-Schwarz inequality

[ < Ly

with equality if and only if x = ay for some a € R.

1.1 SMOOTHNESS

A function F : R" — R™ is called (Fréchet-)differentiable in x, if there exists a linear
mapping F'(x) : R" — R™ with
IF(x +h) = F(x) - F'(x)hl| _
1m =0.
Inli—0 [l
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The matrix representation of this linear mapping (with respect to the canonical basis) is
called Jacobi matrix of F in x whose elements are the partial derivatives of F; with respect
to x;; we will not distinguish this by notation. If the mapping x — F’(x) is continuous (i.e.,
||lx* = x|| — 0 implies ||F’(x*) — F'(x)|| — 0), then F is called continuously differentiable.

Specifically for m = 1 and f : R* — R we will more often need the transposed Jacobi
matrix, called the gradient

Vf(x) =

of (x) 8f(x))T .

ox; 7 oxy

In contrast to the derivative f’(x), the gradient Vf(x) is therefore a column vector as well
and corresponds to the Riesz representative of f”(x) with respect to the inner product,

Fe+td) - f(x)
t

(Vf(x),h) = £ (x)h = lim

(Hence for a given vector d € R" (with ||d|| = 1), the directional derivative (V f(x), d) gives
the slope of f in x in direction d.)

If the mapping x + V f(x) is continuous (i.e., ||x* — x|| — 0implies ||[Vf(x*) -V f(x)|| —
0), then f is called continuously differentiable or smooth. If the gradient is even Lipschitz
continuous, i.e., there exists L > 0 such that

IVf(x) -Vl <Lllx-yll  forallx,y € R,

then f is called L-smooth. Clearly, any L-smooth function is smooth.

A core tool throughout the following is the Taylor expansion, which we will apply in the
form of the following mean value theorems.

Theorem 1.1 (mean value theorem I). Let f : R" — R be smooth. Then for any x, y € R",
there exists a & := y + 3(x — y) with & € (0,1) such that

f(y) =f0) + V(D) y —x).

For vector-valued functions F : R" — R™, we cannot apply this theorem directly (since in
general we cannot find a uniform J for all components). However, we have an analogous
result in integral form.

Theorem 1.2 (mean value theorem Il). Let F : R"™ — R™ be continuously differentiable. Then
foranyx,y € R",

1
F(y) = F(x) +‘/0 (VF(x +3(y —x)),y —x)dd.
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For L-smooth functions, this implies a very useful property sometimes known as the descent
lemma (for reasons we will see in the next chapter).

Corollary 1.3 (descent lemma). Let f : R* — R be L-smooth. Then for any x, y € R",

F0) < )+ (VF )= ) + 5l =y

1.2 CONVEXITY

Recall that a set X ¢ R”" is called convex, if for all x, y, € X and all A € (0,1) also Ax + (1 —
Ny e X.

Let now X C R" be convex. A function f : X — R is then called

(i) convex (on X), if for all x, y € X and all A € [0,1],

fx+ 1=y <Af(x) + A=-Df(¥);
(ii) strictly convex (on X), if for all x, y € X with x # y and all A € (0,1),

fAx+ (1 =Dy) <Af(x) + 1= f(¥);

(iii) strongly convex (on X), if there exists a modulus of convexity p > 0 such that for all
x,y € Xandall A € [0,1],

flAx+(1-2)y) + 01 —A)gllx = YIIP <Af(x) + 1= D f ().

Clearly every strongly convex function is strictly convex, and every strictly convex function
is convex; the reverse implications don’t hold in general. In analogy with L-smoothness,
we will also call a strongly convex function p-convex if we want to emphasize the concrete
modulus of convexity. It is straightforward if tedious to verify using the Pythagoras identity
that if F is convex, F + g|| - ||? is p-convex for all u > 0.

For smooth functions, we can use the mean value theorem to characterize convexity of f
via its gradient.

Theorem 1.4 (gradient inequalities). Let X C R" be open and convex and let f : X — R be
smooth. Then f is

(i) convex if and only if for allx, y € X,
(Vfy)hx=y) < flx) = f(y);
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(ii) strictly convex if and only if for all x, y € X withx # y,
(Vf(»),x = y) < f(x) = (),

(iii) p-convex if and only if for all x, y € X,

(VF)x = y) + Ellx = yIIP < () = (),

The value of these inequalities for optimization cannot be overstated: They yield a crucial
link between the difference of function values (e.g., to the minimal value) and the magnitude
of the gradient; for strongly convex functions, they even allow estimating the distance to a
minimizer.

In a nutshell, if a function is
 L-smooth, it is bounded from above by a quadratic function (by the descent lemma);
« p-convex, it is bounded from below by a quadratic function (by the gradient inequality
(iii));
« both L-smooth and p-convey, it is “almost quadratic”.

Since quadratic functions are the (non-trivial) functions that are easiest to minimize, these
properties will be very helpful.

1.3 EXISTENCE OF MINIMIZERS

We start with some elementary definitions, for which we always assume X C R" to be a
(not necessarily proper) subset and f : X — R. We are then looking for a x* € X such
that

f(x*) < f(x) forallx € X,

for which we write

f(x) = min f ().

We call X admissible set and any x € X admissible point. The optimal value f(x*) € R
is called minimum, the argument x* € X is called minimizer of f (on X). The (set of)
minimizer(s) is denoted by arg min, .y f(x).

Analogously, one talks about maxima and maximizersif f(x*) > f(x) forall x € X. Since
max f (x) = —min —f(x),

we can without loss of generality restrict ourselves to minimization.

We distinguish further: At x* € X, the function f has a
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(i) global minimum if
f(x*) < f(x) for all x € X;
(ii) strict global minimum if

f(x") < f(x) forall x € X \ {x"};

(iii) local minimum if there exists an £ > 0 such that

f(x™) < f(x) for all x € X N B, (x");

(iv) strict local minimum if there exists an ¢ > 0 such that

f(x*) < f(x) for all x € (X N B.(x")) \ {x"}.

Here, B.(x*) := {x € R" | ||x — x*|| < €}. Analogously, one talks about (strict) local and
global minimizers. Clearly, every (strict) global minimum is also a (strict) local minimum
but not vice versa. Strict global minimizers are unique, while strict local minimizers only
have to be isolated.

It is a fundamental tenet of optimization that only local minimizers can be computed
efficiently — except in the case of convex functions.

Theorem 1.5. Let X C R" be a convex set and let f : X — R be a convex function. Then the
following hold:

(i) Every local minimum of f is also a global minimum.

(ii) If f is strictly convex, then f has at most one local minimum, which is then even a strict
global minimum.

Proof. Ad (i): Assume f does not have a global minimum in x* € X. Then there exists an
x € X suchthat f(x) < f(x*). By convexity of X, then also x*+t(x—x") = tx+(1-t)x* € X
for all t € [0,1], and hence convexity of f implies that

fl™+t(x—x) <tf(x) + A-0)f(x") <tf(x") + (1-1)f(x") = f(x7).

Hence for every € > 0, there exists a t > 0 sufficiently small that ||x; — x*|| = t[jx —x*|| < ¢
so that x; € B.(x*) and f(x;) < f(x¥), i.e,, f cannot have a local minimum in x*, either.

Ad (ii): Let now f be strictly convex. Assume that there exist two different local minimizers
x*,y* € X. By (i), both x* and y* are then global minimizers, which implies that f(x*) =
f(y%). Set now z := %(x* + y*) € X (since X is convex). By the strict convexity of f and
x* # y*, we then have

fG) <5 (FG) + ) = F),

contradicting the assumption that x* is a global minimizer. Hence f can have at most one
local (and therefore global) minimum. O
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We now consider the question of existence of minimizers, which we can answer with the
following very general argument.
Theorem 1.6. Let X ¢ R" be non-empty and closed and let f : X — R be continuous. If

(i) X is bounded or

(ii) f is coercive on X, i.e., for every sequence {x*}ren C X with ||x¥|| — oo it holds that
F(xF) = e,

then f admits a global minimizer x* € X.

If X is convex and f is strictly convex, the minimizer is unique.

Proof. If (i) holds, then X is compact by the Heine-Borel Theorem, and hence the continuous
function f attains its maximum and minimum on X by the Weierstrass Theorem.

If (i) holds, we have to proceed differently. Since the set {f(x) | x € X} C R is non-empty,
it has an infimum M := inf,ex f(x) € R U {—oo}. By the properties of the infimum,
there exists a sequence {y*}ren C {f(x) | x € X} such that y* — M, i.e., there exists a
minimizing sequence {x*}ren C X such that

f(x*) - M= inf f(x) < co.

The coercivity of f then implies that this sequence is bounded (otherwise we would have
f (xk) — 090, a contradiction), and hence the Bolzano-Weierstrass Theorem guarantees the
existence of a converging subsequence {x*},,cn € X with limit x* € X (since X is closed).
By continuity of f, we then have

—o0 < f(x") = lim f(x*) = M = inf f(x),

since any subsequence of a converging sequence converges to the same limit. Hence the
infimum is finite and attained in x* € X, which is therefore the claimed (global) minimizer.

Uniqueness for X convex and f strictly convex now follows directly from Theorem 1.5. O

1.4 OPTIMALITY CONDITIONS

We now consider the “intrinsic” characterization of minimizers of f through its gradient.
The intuitive idea is simple: if we are at a minimizer, the function value must increase if
we move away from the candidate (without leaving the feasible set).

Theorem 1.7 (Fermat). Let X C R be convex and f : R" — R be smooth. If x* € X is a local
minimizer of f on X, then

(1.1) (VF(x"),x=x")>0 forallx € X.
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Proof. If x* is a local minimizer, then there exists ¢ > 0 such that f(x*) < f(x) for all
x € X N Bg(x*). Let now x € X be arbitrary. By convexity of X, we then have x; :=
x*+t(x —x*) € X forall t € [0,1]. By the mean value Theorem 1.1, for every t > 0 there
exists a J; € (0,1) such that & = x™ + §;(x; — x™) satisfies

KV, x —x7) =(Vf(&).xe —x7) = f(x1) = f(x7) 20

for all t < ¢. Since & — x™ (note that 9; is uniformly bounded in t) ast — 0 and Vf is
continuous, we can divide by ¢t > 0 and let + — 0 to obtain the claim. O

If X = R" (or more generally, x* is an interior point of X), we can take x = x* -tV f(x*) € X
for t > 0 (sufficiently small) in (1.1) to deduce —t||V £ (x*)||*> > 0, which immediately implies
the well-known optimality condition.

Theorem 1.8 (first-order necessary optimality condition). Let f : R" — R be smooth. If x*
is a local minimizer of f, then Vf(x*) = 0.

A vector x € R" with Vf(x) = 0 is called a stationary point. Note that derivatives only
give local information and hence can only characterize local minimizers. This optimality
condition is of first order since it only involves first derivatives; it is only necessary since
maximizers or saddle points are stationary as well. A sufficient condition in general requires
second derivatives (which we omit here for the sake of time); an exception are again convex
problems.

Theorem 1.9 (optimality conditions for convex problems). Let X c R be convex and
nonempty and f : R" — R be smooth and convex. Then x* € X is a global minimizer
of f on X if and only if (1.1) holds.

Proof. We already know from Theorem 1.7 that (1.1) is necessary for x* to be a local and
hence a fortiori a global minimizer.

Conversely, if (1.1) holds, then we immediately obtain from Theorem 1.4 (i) with y = x*
that for all x € X,

f) 2 f(x7) +(Vf(xT),x —x7) = f(x),
i.e., x* is a global minimizer. O

In the special case X = R", we similarly obtain that Vf(x*) = 0 is necessary and sufficient
for x* to be a global minimizer of f convex and smooth.
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We now consider iterative methods for minimizing a smooth function f : R" — R. By the
Fermat Theorem 1.7, if x is not a stationary point, then there exists a d € R" \ {0} such

that
£+ td) = fx)
t

0> (Vf(x),d) = }im0
Since the limit is strictly negative, we must also have
0> f(x+1td) - f(x) for all t > 0 sufficiently small,

i.e, d is a descent direction. The main idea of descent methods is to pick some x° € R" and
then iteratively pick a descent direction d* and a step size t; and set

XM = ¥k 4 ydk
This begs the question how to choose the search direction d* and the step size t;.. In general,
this is very tricky, but if f is L-smooth, we can apply the descent lemma (Corollary 1.3) for

x = x*1and y = x* to estimate

trL
2
The first term we can bound by the Cauchy-Schwarz inequality as
(V). d) 2 =IIVF )],

with equality if and only if @ = —aV f(x*) for some & > 0. Taking without loss of generality
(since we scale by t > 0 later) ||d¥|| = ||V f(x*)||, the right-hand side is therefore minimal
for d¥ = —V f(x*) (the steepest descent direction). We can now try to minimize the resulting
right-hand side of

FE) < FGF) + 0 (VFER), a5 + = 11a)12.

£ < £ + VPG + A9 I

with respect to t; > 0, which by a simple calculus argument is attained at t; = % With this,
we obtain the fundamental descent inequality

() f (xk - %Vf(x")) < F5) = IV
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This guarantees a strict decrease of the function value as long as Vf(x¥) # 0, i.e., we
are not yet in a stationary point. (For functions that are just smooth - or L-smooth with
unknown L — one instead needs to use a line search to the step size t; in dependence of d*
in order to have sufficient descent.)

This already allows us to show convergence of the gradient descent method (or steepest
descent method)

(2.2) Xkt = k- %Vf(xk).

Theorem 2.1. Let f : R" — R be L-smooth and x° € R" be arbitrary. Assume that f is
bounded from below by some f* € R. Then the iterates {x*}ren of the gradient descent method
(2.2) satisfy limg_,e Vf(x¥) = 0. Furthermore, for every k € N we have

2L(f(x°) = f*)
k+1 '

min [[Vf(x™)| < \/
0<m<k

Proof. We use (2.1) together with a telescoping sum over all m =0, ... k to obtain that

k k
f1=FO) < FER) = FG0) = 3 ) - f) < DIV
m=0 m=0

Rearranging, this shows that the sum

k
2 IVFE™I? < 2L(f(x%) = f7)
m=0

is bounded for all k € N, which implies that ||V f (x¥)|| = 0. Furthermore, estimating the
sum by its minimal value, we obtain

(k+1) min [VF(x™|I* < 2L(f(x°) - ),
0<m<k
from which the second claim follows. m|

This result has two main drawbacks: It only yields convergence to a stationary point, and
only for convergent subsequences of {x*} ey (Which need not exist!). Furthermore, we
don’t obtain any convergence of function values f(x*) that can be used to estimate the
necessary number of iterations. For this, we need additional, global, assumptions on f.
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2.1 CONVERGENCE RATES FOR CONVEX FUNCTIONS

Assume now that f is in addition convex. Then we can in addition use the gradient
inequality Theorem 1.4 (i) to estimate the difference to the minimum f(x*) (which we
assume exists).

Theorem 2.2. Let f : R" — R be L-smooth and convex and let x° € R" be arbitrary. Assume
that f admits a minimizer x* € R". Then the iterates {x*}ren of the gradient descent method

(2.2) satisfy
fx5) = f(x) < %llxO —x*||? forallk € N.

Proof. We again start with the fundamental descent inequality (2.1) and then use the gradient
inequality Theorem 1.4 (i) for x = x* and y = x* to obtain for k € N the estimate

FE) < f68) = IV
< FO) 4 (TP, =) = VAP
= 16+ 5 (I = I = ok = 295 - 1)
= £+ 2 (Il = I = =)
where the first equality follows by completing the square using the Pythagoras identity

and the second uses the iteration step (2.2).

We now use again a telescoping sum for m = 0,... k to obtain

k k
k L k *
DTG = ) < 2 D7 ™ = x| = =
m=0 m=0

L .
= 2 (I = = =

2

L
< =
2

< = |lx® - x*||2.

Since {f(x*)}ren is a decreasing sequence by the fundamental descent inequality (2.1),
we can again estimate each summand by the minimal term f(x**!) — f(x*) to obtain the
claim. ]

In other words, to find a point x* such that f(x*) — f(x*) < ¢ for any given ¢ > 0, we
need

L|lx® = x*|I?
> -

£

k

10
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iterations. Of course, in practice we do not know the distance of the initial point x° to the
minimizer x*, so this complexity estimate is mostly useful for comparing the effort needed
for different methods or under different situations.

If f is even p-convex, we can use the stronger gradient inequality Theorem 1.4 (iii) to
obtain faster rates as well as convergence rates for the iterates x*. The main tool is here
the following inequality, which gives a quantitative link between stationarity and distance
to the minimum.

Lemma 2.3 (Polyak—tojasiewicz inequality). Let f : R" be pi-convex with minimizer x* € R".
Then for any x € R",

(2.3) IVFCON® = 20 (f(x) = f(x) .

Proof. We start from the gradient inequality Theorem 1.4 (iii), for which we can estimate
the right-hand side by its minimum over all x € R": For all x € R",

F(x) 2 )+ (Vf () = 9) + Sllx = I
> f(3) + min(Vf(y).x = ) + Ellx =yl

The second line is a y-convex function in x, so we can by Theorem 1.9 compute its unique
minimizer by setting the gradient with respect to x to zero; this yields that the minimizer
X (not x™!) is characterized by

0=Vf(y) +pux-y).

e, x=y- %V f(y). Inserting this into the right-hand side, we obtain for all x € R" that

£09 2 F0) = LIVFOIIE + ST = £ = IV

In particular, this holds for x = x*. Rearranging and renaming y to x then gives the
claim. o

Combining this with the fundamental descent inequality yields our desired result.

Theorem 2.4. Let f : R® — R be L-smooth and pi-convex and let x° € R" be arbitrary.

Assume that f admits a minimizer x* € R". Then the iterates {x*}ren of the gradient descent
method (2.2) satisfy

FR) = f(x") < (1 - %)k (F(%) - f(x*)  forallk € N.

Furthermore, we have that

Ik — x| < (1 _ %)k/z \/Z(f(xo)u_ FE)) raken.

11
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Proof. Using this time the Polyak-Lojasiewicz inequality (2.3) in the fundamental descent
inequality yields for all k € N that

O < P = S ITFEIE < 6 - B () - £).

Subtracting f(x*) from both sides of the inequality thus gives

e — ) < (1-2) e — e << (12 2) 7 () - e

For the second claim, we again use the gradient inequality Theorem 1.4 (iii), this time for
x = x* and y = y*, so that using Vf(x*) = 0 by Theorem 1.8, we obtain

Bkt el = ™) - £ ) < (1= 2) 7 (pa) - e o

Note that combining the descent lemma with the gradient inequality yields

(Vi(y),x—y) + gllx — P < fx) = f(y) <(Vf(y).x—y) + Iéllx -lI?

for all x, y € R" and therefore necessarily y < L (with equality if and only if f is quadratic).
Hence the distance to the minimum is reduced linearly by a factor 1 - £ € [0,1) in every
iteration; one therefore speaks of convergence at a linear rate. The corresponding complexity

estimate is o .
k> Llog (M)
1] £

for the number of iterations needed to reach f(x*) — f(x*) < ¢, which is much smaller
than the complexity of % in the convex case.

2.2 ACCELERATION

The classical steepest descent method always uses the gradient in the current iterate, which
gives the best possible decrease at the current point. However, this may be too greedy if we
are far from the minimizer and therefore the gradient points in a poor direction. It stands
to reason that we can get better search directions if we combine knowledge from multiple
gradients, in particular those we have already computed in previous iterations.

One currently popular motivation for deriving such methods starts with the interpretation
of steepest descent (2.2) as an explicit Euler discretization of the gradient flow

x(t) = =Vf(x(),  x(0) =x",

12
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whose solution x(t) converges as t — oo to a minimizer x* of f (if f is convex, by a
continuous analogue of the arguments in the proof of Theorem 2.1). The idea is to replace
this first-order ordinary differential equation with a second-order one from Newton’s Law
of Motion:

pE(E) = —Vf(x(D) +bi(),  x(0) =x°, %(0) =0,

whose solution describes the trajectory of a ball with mass pz > 0 subject to friction with
coeflicient b > 0. In contrast to solutions of the gradient flow, the mass of the ball imparts
momentum, which means that the direction of travel depends on the previous directions
rather than changing instantly. (The friction is responsible for the ball actually coming
to rest in a stationary point.) We now discretize this differential equation again using a
simple finite difference approximation:

x(t + At) — x(t)
At

x(t + At) = 2x(t) + x(t — At)
a0y = -Vf(x() - b

for At > 0 sufficiently small. Rearranging terms and setting x* = x(#;) for t; = kAt leads
to the iteration

(2.4) X = Xk — gV F(F) + pak — x5

with x™! = x and appropriate coefficients @, > 0. This is Polyak’s heavy ball method.
Since x* — x*¥1 = —@V f(x1), this corresponds to using a (suitable) linear combination of
the two previous gradients as the search direction, which can be more robust.

Here we will consider the closely related Nesterov accelerated gradient method

yk — xk + ﬁk(xk _xk—l)
(2.5)

=y - g V(5

for appropriate sequences of a, fr > 0 and with x™! = x* and hence y° = x°. In contrast
to the heavy ball method, we here extrapolate beyond the gradient step before taking a
new gradient step at the extrapolated point. However, due to the momentum, we will not

always have a descent, which complicates the analysis.

CONVEX FUNCTIONS

The analysis is significantly simplified by first introducing an auxiliary sequence {z*}ren
and considering the more general class of iterations

13
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y& = x5 + Br(F - xF)
(2.6) = yF — V(Y5
21 =2 - V(55

with z° = y° = x° and an appropriate sequence y; > 0. (We will later show that for a
suitable choice of y;, we can eliminate z* from the iteration to arrive back at Nesterov’s
method.) We then define the potential (or Lyapunov) function

() oe = o () = ) + 2k =

(note the ZF in place of xk in the norm!) The goal is now to choose {ax, Sk, Yk, @k }ken such
that ¢ is monotonically decreasing (instead of f(x*), which is not) and wy — oo as quickly
as possible such that f(x*) — f(x*) — 0 as quickly as possible (since ¢ is uniformly
bounded from above due to its monotonicity).

If f is L-smooth, we can again choose the constant step size oy = % For reasons that will
become clear shortly, we set

1
Pr=1- , Vi = Z(@kﬂ - k),

for

1
(2.8) W41 = Of + 2 (1 + Vdwy + 1) , wo = 0.

Note that w41 > wy forall k € N. We can then show the desired potential decrease lemma.

Lemma 2.5. Let f : R" — R be L-smooth and convex and let x° € R" be arbitrary. Assume
that f admits a minimizer x* € R". Then the sequence {¢i}ren defined in (2.7) with the
weights (2.8) is monotonically decreasing.

Proof. We again combine the gradient inequality and the descent lemma, but now as a
weighted sum of

« the gradient inequality between x* and y* with weight wj4; — wi > 0,
« the gradient inequality between x* and y* with weight w; > 0,

k+1

« the descent lemma between yk and x**" with weight wg41.

14
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Substituting the definitions of xk, yk . and zF as well as the parameter choices (and after a
number of tedious algebraic manipulations exploiting the choice of f; and y;), we obtain
from this for any k € N that

0> (0re = 0n) (F(F) = F) + (VF (5" =19
o (FOF) = F) + (TR = )

+ 0k (f(x"“) ~ FOF) = (TR, o) = ke - yk||2)

= 0ea(FE) = F ) + S = 27 = (£ = F()) = 112k =<

Wper1 = (0 = Ope1)”
= IV OO

But by the choice of wy41, we have
1 21
(2.9) (W — Wp41)? = 1 (1 + 4wy + 1) =2 (4a>k + 1+ 244 +1+ 1)
1
= wi + E (1 + V4o + 1) = Wk41-

Hence the term involving Vf(y¥) disappears, and rearranging yields the claim O

Together with an estimate of the growth of wy, we obtain from this the desired convergence
rate.

Theorem 2.6. Let f : R" — R be L-smooth and convex and let x° € R" be arbitrary. Assume
that f admits a minimizer x* € R™. Then the iterates {x"}ren of the accelerated gradient
method (2.6) for the given choice of {ax, Pi, Yr }ken satisfy

69 - f(x") < i—fnxo ~x*||*  forallk e N.

Proof. By recursively applying Lemma 2.5, we have that for all k € N,

£ * L *
or(f(x*) = f(x*) < ok < 0o = wo(f(x°) = f(x7)) + Ellxo - x*1%.
Now by the choice of wg, we have vy = 0 and

1+ Vdwg +1

2
1 1
wk+1:wk+f Za)k+§+\/a)k2 (\/wk+5) .

Using this estimate, a simple proof by induction shows that wy > % for all k € N, and thus

L 2L

k s * *
FOO) = f) < Il =7 < 5 1" = X7
Wk

as claimed. m|

15



2 GRADIENT DESCENT METHODS

Note that we only required that w1 > (0 — wk41)? (to make the term involving V £ ( yk)
non-negative) and wy > thZ (to obtain the quadratic convergence rate), which is also satisfied
by the simpler recursion wi4+; = Wk + %

It remains to show that we can eliminate the extra sequence {z*} ey from the algorithm
to obtain convergence of Nesterov’s method.

Lemma 2.7. The sequence {x*, y*}ren generated by (2.6) for the given choice of {atk, B, Yk }ken
coincides with that of Nesterov’s accelerated gradient method (2.5) with

T — 1 1
B = =, Tk:§(1+\/4a)k+1), 7o = 1.

Tk+1

Proof. Since the x* are generated from y* in the same way in both algorithms, it suffices to
show that the yk coincide. To that end, we first note that since wi+; = wi + 7 by definition,
(2.9) shows that w4 = z']f for all k > 0, which implies that 7 satisfies the recursion

2 2
Tpy1 = Ok+2 = Wk41 + Ter1 = T + Tieqp 7o =1

(In fact, this is an alternative derivation of the parameter choice.) Hence we can rewrite

the update
@ ®
yk = xk +( )(z— ky = kxk+(1— k)zk
Wk+1 Wk+1 Wk+1

which after rearranging (note wyi1 — wr = 7 > 0) yields

W W
2k = Lyk + (1 - ¢) xF = yf + (1 - o)x*
Wk+1 — Wk Wk+1 — Wk

using the relations between w1 and 7. (Note that this reveals z* to be a convex combina-

tion of x* and yk , which could have served as alternative motivation for its introduction in
the potential function.)

We now proceed by induction. For k = 0 the claim holds by definition since y° = x° in

both cases. For the iteration step k — k + 1, we use the above expressions together with
the fact that the step for x**! is the same to obtain

Wk+1 Wk+1 Wk+1 Wi+2 — Wk+1 wk1
k+1 _ @k+ xk+1+(1_ + )Zk+1_ 1 ket Pkt + (zk + Vf( k))

Wie+2 Wie+2 Wie+2 Wie+2

2
T
— 2k xk+1+
Tkes1 Th+1

(my + (1= mx* = EVF(H)

- Tk+1
= k+12—xk+1 + — (Tkx + (1—1)x )
T, Tk+1
k+1

T — 1
— ,k+1 k_(xk+1 _ xk)’

Tk+1

where the last equality follows by straightforward simplification. O

16



2 GRADIENT DESCENT METHODS

A similar argument shows that the simpler recursion wi4+; = wk + % satisfies the same
relations as in the proof of Lemma 2.7 with 7 = %, from which we obtain a simpler

accelerated gradient method with the explicit extrapolation parameter f; = % (and
slightly slower convergence).

Using one more time the relation wy4q = r]f, we can also eliminate wy entirely to arrive at
Nesterov’s optimal method: Set 7, = 1and y° = x° € R", and iterate

1
xk+1 — yk _ va(yk)

1
(2.10) Thy1 = P (1 + 1/41’,3 + 1)

T — 1
yk+1 — xk+1 + (xk+1 _ xk)
Tk+1

Compared with gradient descent, we now have the rate k—lz compared to %, at the small cost
of an additional extrapolation step.

STRONGLY CONVEX FUNCTIONS

Again, we can obtain faster convergence for strongly convex functions, but in contrast
to standard gradient descent we now need to adapt the extrapolation parameter to the
modulus of convexity. On the other hand, we can now work with a constant sequence,
which simplifies the proofs.

Assume f is L-smooth and p-convex with k := % € (0,1). We then consider the iteration

¥ = xk 4 Vi
1+ vk

1
(2.12) Sxktl =k ZVf(yk)

# = (1= Vi) + Vi (yk - ivmk))

(2" - x)

(note the different auxiliary sequence z¥). We then pick the potential

(212) o= (1= VO™ (£ = ) + Bl =2 ))

Lemma 2.8. Let f : R" — R be L-smooth and pi-convex and let x° € R" be arbitrary.
Assume that f admits a minimizer x* € R". Then the sequence { ¢y }ken defined in (2.12) is
monotonically decreasing.

17



2 GRADIENT DESCENT METHODS

Proof. We proceed similarly as in Lemma 2.5, this time using a weighted sum of

. the strong gradient inequality between x* and y* with weight %

« the gradient inequality between x* and y* with weight 1,
« the descent lemma between y* and x**! with weight (1 - vx)™,
and obtain (again using the iteration step and tedious algebraic manipulations) that

D (0N 1)+ TR0 =+ Bl = )

2
+(FOP = £ + (TR = )

+ (1= (f(x"“) — M) = (TR, = ) = 2k - yk||2)

= (1= VR (FOH) = £+ S = 1) = (65 = ) + Sl =711
L_Vk
(1- VK2

> (1= V) (£ = ) + ST =217 = () - £ + ElF - ).

02>

k
I = 25|12

Multiplying by (1 — /%)™* > 0 and rearranging yields the claim. O
Exactly as in the proof of Theorem 2.6, we obtain from this a convergence rate (using that
2% = x9).

Theorem 2.9. Let f : R" — R be L-smooth and pi-convex and let x° € R" be arbitrary.

Assume that f admits a minimizer x* € R". Then the iterates {xk}keN of the accelerated
gradient method (2.11) satisfy

k
f65) = 1) < (1 - \/%) (£ = e + il = 2]

Compared with Theorem 2.4, we still have linear rate but now with the smaller constant

(1= +vk) < (1-x).

Again we can use a simple induction proof to eliminate the auxiliary sequence z* and
obtain Nesterov’s optimal method for strongly convex functions: Set y° = x° and iterate

18



2 GRADIENT DESCENT METHODS

1
= yF = ZVF(55)

1—-+k
yk+1 — xk+1 + \/_(xk+1 _ xk)
1+ vk

We close with two remarks:

« If f is a strongly convex quadratic function, one can compute the coefficients a; and
Pk in (2.5) that lead to an optimal decrease of f in every iteration; this leads to the
well-known conjugate gradient method.

« One can give an explicit (and practically relevant) example of a convex quadratic
function for which

0 k(|12
[lc” = x|

k %
f(x)—f(x)Zm

This shows that Nesterov’s accelerated gradient method is the (rate-)optimal method
for L-smooth and convex functions that only uses function and gradient evaluations
in the iterates.
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3 STOCHASTIC GRADIENT METHODS

One particular issue in modern data science is the sheer size of the problems, especially in
the training of deep neural networks with billions of parameters from huge sets of training
data, which can make the computation of gradients for such functions prohibitive. Hence
there is a need to develop algorithms that can work with only “partial gradients”. To handle
a large number of parameters, one approach is coordinate descent: Instead of updating the
full vector x*, one only updates a single component xlk in each iteration via

xk+1 — xk — tre;,

where t; > 0 is a suitable multiple of the partial derivative %’,Ck) = [Vf(x")];. The
coordinate i = i(k) can either be chosen cyclicallyi =1,2,...,n,1,2, .. or randomly in each
iteration. This works well if the coordinate-wise Lipschitz constants are significantly smaller
than the full Lipschitz constant (and the partial derivatives can be evaluated efficiently),
which holds for specific types of functions; see [Wright & Recht 2022, Chapter 6].

The case of large training data can be handled similarly (but for a larger class of functions).
Assume that f : R" — R is given by

N
(3.1) fx) = %Z fix),  xeR™
i=1

Computing a full gradient Vf(x) = % >N, Vfi(x) requires the evaluation of N individual
gradients Vf;(x), which can be too expensive. Instead, one could again pick only a single
i = i(k) per iteration and set

xk+1 — xk _ thfi(k) (xk),

where i(k) could be chosen cyclically or randomly. In particular, choosing i(k) indepen-
dently and uniformly distributed from the set {1,..., N} (i.e., each index is chosen inde-
pendently with probability % in every iteration), we have the nice property

N
BV figg ()] = 2 VA - 55 = V1 ()
i=1

i.e., the random direction V f; ) (x*) is an unbiased sample of the full gradient.
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3 STOCHASTIC GRADIENT METHODS

Similarly, the training of neural networks is often performed by expected loss minimization,
where the weights w € R" of a network NV : R" X R? — R™ are trained from training
data (x, y) € R? x R™ by minimizing a loss function £ : R™ X R™ — R measuring the
deviation of network output and training data (e.g., the squared norm of the difference),
in expectation over all possible training data (under a suitable assumed distribution); this
leads to minimizing

(3-2) fw) =E(xy) [EN (x5 w), )] .

Since the set of all possible training data is infinite, this problem cannot be solved directly
but can be tackled by the same approach: In every iteration, pick independent samples
(xx, yx) of training data (under the given distribution) and set x**! = x* — ,.d* for d* :=
Vit (N (xx; W), yk). Assuming we can interchange gradient and expectation (which requires
some very technical assumptions!), we again have

Ery) [d"] = B [V bV (3 w), 1)1 = V Ex ) [N (x5w), y)] = Vf (w)

and hence an unbiased sample of the full gradient. (In fact, (3.1) can be seen as a sample av-
erage approximation or empirical risk version of (3.2) by taking f;(w) = £(N(x;; w), ¥;); the
difference is whether one samples from the training data before or during the iteration.)

Both examples are instances of the stochastic gradient method for minimizing f : R" — R:
For given x € R", iterate

(i) pick a random sample d* := d(x*, &), where & ~ £ is distributed independently
and identically;

(ii) pick a step size t; > 0;
(iii) set x**! = xk — g.dk.
(In the first example, & = i(k) is distributed uniformly on {1,...,N} and d(x*, &) =

Vit (x%); in the second, & = (xx, yx) is sampled from the training data and d(w*, &) =
Vit (N (xi; W), yi)-)

Note that since & is random, so is d* and hence x¥*!; the latter depends on all prior choices
&o, - . ., & But crucially, #; is assumed not to be random and hence in particular cannot
depend on x* and d*.

3.1 CONVERGENCE RATES FOR CONVEX FUNCTIONS

We now show convergence of the stochastic gradient method for smooth convex functions
under the following assumptions:
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3 STOCHASTIC GRADIENT METHODS

(a1) E¢[d(x,&)] = Vf(x) for all x € R";
(a2) Eg[|ld(x, 1?1 < M? for some M > 0 and all x € R".

Both assumptions can be relaxed somewhat to allow for asymptotically vanishing bias and
an upper bound that may depend on ||x — x*||. (But note that we only need boundedness in
expectation, not for every possible choice of ¢!) Note also that we don’t require L-smoothness
here.

The main difficulty is that we cannot ensure convergence for the (random) iterates but
only for their weighted running or ergodic mean

k

_k i
X, ::Zoijj, YooYk >0
]:

(which is still a random variable!); this is called ergodic convergence.

CONVEX FUNCTIONS

We begin by considering smooth convex functions and deriving a fundamental estimate
for the expected difference of the function values of the ergodic mean and the minimum.

Theorem 3.1. Let f : R" — R be smooth and convex, and let x* € R" be a minimizer of f. If
Assumptions (A1) and (Az) hold, then we have for all for allk € N andy; := zk—jt-’j =0,...,k,

i=0 "t
|x0 — x*||2 + M2 2k 12

J=0"j
p .
2Zj:0 tj

|
E[f(z) - f(x9)] <

Proof. We start by considering a single iteration step:
I = 1P = = = ¥ = [ = 7 = 2 1 - x) + el

We now take the expectation of this equation with respect to the choices &, . .., &, where
we have to carefully deal with the second term. The idea is that although d* depends on x*
and hence on all the prior choices of &j, . . ., xx, for fixed x* it only depends on & ~ & which
is an independent unbiased sample. We can formalize this with conditional expectations:
Noting that t; is deterministic and x* only depends on £ ..., &y but not on &, we can
apply the law of iterated expectation to obtain

E [te(d", x* = x*)] =t E[Eg, [(d5 %" —x*) | &, ..., & ]
= i E [(Eg [d* | &, .. Gl X" = )]
=t E [(Eg[d(x" &) | &, el X" = xY)]
=t E [(Eg [d(x", &)1, x" — x)]
=t E [(VF(x"),x* = x")]
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3 STOCHASTIC GRADIENT METHODS

by Assumption (A1), since we take the conditional expectation only over &, which does
not depend on &, .. ., &—;. By a similar argument, we have for the third term

E [e21d %] = 2 E [Eg, [ | & .- & ] ]
= e E [Eg, [Il4G5, &)11%]]
<M’

by Assumption (a2). We thus have

(3.3) E [I1x5 = x*1?] < E [IIx* = x*|1?] = 2t E [(VF(x5), xF = x*)] + t2M2.

Now we use convexity of f in the form of the gradient inequality (i), which by monotonicity
of the expectation yields

e E [f(x5) = f(x)] < tE [(VF(x"), 5 = x)]

IA

1 1 . 1
< —E [IIxF = x*|1?] = = E [IIxF* = x*)1%] + =2 M2,
2 2 2
From here, we proceed as usual: by a telescoping sum over all j =0, ..., k, we obtain
£ j * 1 0 * 12 1 k+1 *[[2 1 £ 202
th[E[f(x)—f(x )] < —[E[llx = x| ] ——[E[llx — x| ] +—Zt]-M
= 2 2 2 S
<1|| 0 *||2+1it2M2
< —|x"—x — M=,
2 24

L
Zi‘czo ki
y; € (0,1) and Z?:o y; = 1. Applying convexity of f for each summand, we have that

since the starting value x% is not random. Set now yj = for j =0,...,k such that

f (J_C)If) <X vif (x/). Together with the monotonicity of expectation, we arrive at

0 _ ,x[2 2 vk 2
l|lx® = x*||* + M ijotj

k
2Zj:o tj

k
E[f() - ()] < D1y E [F) - Fx)] <
j=0
as claimed. O

Note that we used Assumptions (A1) and (a2) only for the actually used directions {d*}en.

This result immediately implies (ergodic) convergence under the usual assumptions that
the step sizes go to zero slowly enough.

Corollary 3.2. Let f : R" — R be smooth and convex, and let x* € R" be a minimizer of f. If
Assumptions (A1) and (Az) hold and Y jen ty = 00 and Xken t]f < o0, then

(&) = f(x")  fork — co,
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3 STOCHASTIC GRADIENT METHODS

The assumptions are satisfied in particular for the typical choice # = 5 +1 However, the
convergence can be arbitrarily slow. We can improve this using an adapted step size.

Corollary 3.3. Let f : R" — R be smooth and convex, and let x* € R" be a minimizer of f. If

—x*[|M~L

Assumptions (A1) and (Az) hold and t; = o1

2 + log(k)
oVk+1

Proof. With this choice of #, the estimate from Theorem 3.1 simplifies to

E[f(x5) = f(x")] < MIIx® - x*|

+ 35
E[f&)-f] <lx"-x ”MZ;{H
0 i
We now bound the denominator by
k k
1
P I -

o Vitl =o\/k+1 Vi +1

For the numerator, we use the Euler—Maclaurin formula: Since x — }C is monotonically
decreasing on [1, c0),

k k
1
_ = — < — = .
E — 1+§ _+1_1+/1 xdx 1+ log(k) O

Although due to the logarithmic term, this is slower than -~ o it is still faster than ;. 7= for all
s < §

We can even choose a constant step size if we only consider a finite number of steps
k=1,...,Kfor K < oo (sometimes called an epoch, especially for K = N); of course we can

then restart the method with x° = 3?)1,( as often as we like. (But note that since we have no
convergence for the iterates, it’s possible that ||)?)I,( —x*|| > ||x° — x*||. We can therefore
not conclude from this that the final iterates converge as the number of epochs goes to

infinity!)
Taking t; =t > 0 and k = K fixed in Theorem 3.1, the estimate simplifies to

|x® — x*||? + M?(K + 1)t?
2(K + 1)t

E[fx) - f(x")] <

5

and a simple computation shows that the right-hand side is minimized for

12 — x|

MVK +1

t =
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3 STOCHASTIC GRADIENT METHODS

which leads to the optimal estimate

|x° — x*||M
VK +1 '

With this choice, the ergodic weight also simplifies to

E[f&) - f(x9)] <

t 1
e = , i =0,...,K,
Vi (K+1)t K+1 J
and hence
X-K-:)Z‘K: ! ixk
Y K+14T

A simple induction argument shows that X can be computed recursively as

1 1
—k+1 k+1 -k
k+1 ( k+1)

so that it is not necessary to save the iterates during the iteration.

This optimal choice of step size is of course not applicable in practice; however, the estimate
is robust in the sense that any scaling of t simply changes the constant in the estimate, not
the rate. We have thus shown

Corollary 3.4. Let f : R" — R be smooth and convex, and let x* € R" be a minimizer of f. If

Assumptions (A1) and (Az) hold and ty = \/I% for some K € N and T > 0, then the empirical

K o 1 K koo
mean X" := Zk:o x" satisfies

”xO _x*||2 + le'z

_K_ *
E[f(x") - f(x9)] < KT

STRONGLY CONVEX FUNCTIONS

We briefly discuss how these rates can be improved for strongly convex functions.

Theorem 3.5. Let f : R" — R be smooth and ji-convex, and let x* € R" be a minimizer of f.
If Assumptions (A1) and (Az) hold, then we have

(i) forty = m and the empirical mean k= L >, x/,

k+1 “~j
_k x 1+10g(k).
[E[f(x ) - f(x )] SM22,u(1<—+1)’
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3 STOCHASTIC GRADIENT METHODS

(ii) forty =t < i’
* t . t
E [llx* - x*|I*] - ;MZ < (1= tw)* [E [IIx° = x*|1?] - I—JMZ

Proof. Exactly as in the proof of Theorem 3.1, we can derive the estimate (3.3). Applying
now the strong gradient inequality from Theorem 1.4 (iii), we obtain

64) HE[f(5) = ()] < E[(VF(). =) = L E [ =)

1 . 1 . 1
< E [(1 = pt) [lx* = x*||?] - SE [+ = x1?] + EtiM‘?.

We now distinguish the two choices of step sizes.
Ad (i): Inserting t; = m and dividing by t; > 0, (3.4) simplifies to
E[£(x) — £0)] < 2 (KE [Ix = x'I7] = (k + D E [0 = x° ] ) + -2 —
2 2u(k +1)
and hence summing over all j = 0,..., k and telescoping yields
M2 k1 3 M?(1 + log(k))

k
k * H k+ *
2LE[FON - FO] < -5+ DEIRT =P+ 50 B o < ——

using the same estimate as in the proof of Corollary 3.3. Dividing both sides by ﬁ and
using again convexity of f yields the first claim.

Ad (ii): Rearranging (3.4) and using that f(x*) > f(x*) by definition yields
E [l = x*||?] < (1= pt) E [|lx* = x*|*] + t2M2.
Subtracting l—th 2 from both sides, we obtain
t t
E [|l"*" = x*||] = =M?* < (1 - ut) |E [[Ix* - x*||?] - —M?
H H
We can now apply induction to arrive at the second claim. m]

This shows that for strongly convex functions, stochastic gradient descent converges at
linear rate to some point in the neighborhood of the minimizer and remains there.

3.2 ACCELERATION

We again consider possible approaches for accelerating the convergence of stochastic
gradient methods. Since their analysis is very technical and the theoretical guarantees are
comparatively weak, we will only present the main ideas and algorithms and discuss their
qualitative behavior

26



3 STOCHASTIC GRADIENT METHODS

VARIANCE REDUCTION

We recall the main estimate (3.3) in the proof of Theorem 3.1: for d¥ a random sample of
V£ (x*), we have

E [[1x** = x*|1?] <E [lIx* = x*11?] - 2t E [(E[d*], x* = x*)] + £ E[||d"||*].

This can be seen as an instance of bias—variance decomposition of the error: The second
term involves the bias of @ (which vanished by Assumption (a1)), while the second term is
related to the variance of d¥ (which was bounded by the “sledge hammer” of Assumption
(a2)). The idea is now to correct this sample by keeping a running estimate of the full
gradient such that the bias is still zero but the variance is reduced, which allows getting
rid of the M? term in the error estimate.

One particular approach for problems of the form (3.1) is the SAGA algorithm: For x° € R",
set 2% := V£ (x?), then iterate

1 N
k k k k k
Xt =~ (Vf,-(k)(x ) + N ;—1 )

(3-5) e e
e _ Vfi(x*) ifi=i(k)
: zf else
where i(k) is again sampled independently and uniformly from {1, ..., N} in every iteration.

Since by definition,
[ l(k):| Z Zis

this update is still unbiased, but if the random variable zf.‘( 0 is positively correlated with

Vfik) (x%), then it has a smaller variance, which allows for larger step sizes.

For strongly convex functions, this allows overcoming the issue with nonconvergence for
constant step sizes; see [Bach 2024, Prop. 5.9].

Theorem 3.6. Let f : R" — R given by (3.1) be smooth and p-convex, and let x* € R" be a

minimizer off If Assumption (A1) holds and f; is L-smooth for everyi =1,..., N, then the
iterates {x*}ren of (3.5) fort = satzsfy

k N
* . 3 *
[E[||xk_x ”2] < (l—mm{ﬁ,lé—’z}) (1+Z) [l — x*||2.
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3 STOCHASTIC GRADIENT METHODS

ADAPTIVITY AND MOMENTUM

This approach can be improved by using an empirical variance estimator to obtain a better
(estimated) bound on the step size in each iteration; in order for early iterates far from
the minimizer not to influence the estimate, an exponentially weighted average is used.
This estimate of the variance can even be used to reduce the variance for each component,
allowing longer steps for components where the gradient variance is low.

This idea leads to the following general class of algorithms: For x° € R" and d° = 0° = 0,
iterate

d* = ﬂdk_l + d(xk, &) & ~ & independent
Ulk :szk_l‘*' [d(xk,fk)]i2 i=1...,n
dr
xzkﬂzxf_tk—l i=1...,n
oF +e

where > 0 controls the momentum as in a heavy-ball method and y > 0 similarly controls
the decay of the empirical variance estimate v*. (Note the componentwise squaring and
division in the last two updates.)

Depending on the choice of f, y, and t, this covers a number of algorithms popular in
machine learning, e.g.,

o Adagrad withy =1, f € [0,1),and t; =t > 0;

. Adamwithy € (0,1), B € [0,y), and t; = t(1— ﬁ)ﬂ/ﬁ{’;“ for t > 0.

Especially Adam is very popular for training neural networks (which is a nonconvex prob-
lem). While it is known to not converge in general, there are conditions where convergence
to a stationary point can be shown, see, e.g., [Défossez et al. 2022], although with rates
that are not higher than for non-adaptive methods. Nevertheless, in practice these yield
very fast decrease of the objective, in particular when only considering a finite number of
iterations (epochs).
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4 FUNDAMENTALS OF CONVEX ANALYSIS

We have already seen how convexity allows obtaining particularly strong results in op-
timization. In fact, convexity is such a strong property that it can completely replace
smoothness! As we will see, we can even deal with functions that can take the value +oo,
allowing us to include hard constraints in the function (since a function that is finite at
some point will certainly not attain its minimum where the function is infinite).

We extend the usual arithmetic on R to R := R U {co} by letting t < co and  + co = oo for
allt € R; wesett-oco=ocofort > 0andO0:oco=0.Addition and multiplication of negative
numbers with co and in particular F(x) = —oo is not allowed, however, nor is division. We
thus consider from now on functionals F : R" — R. The set on which F is finite is called
the effective domain

domF :={x € R" | F(x) < co}.

If dom F # 0, the functional F is called proper.*

4.1 CONVEX AND LOWER SEMICONTINUOUS FUNCTIONS

We first collect some basic properties of extended real-valued functions that are useful in
optimization. First, just as for real-valued functions, we call F : R" — R convex if

F(Ax+ (1-1)y) < AF(x) + (1-A)F(y), forallx,y € R", A € (0,1),

where now the value oo is allowed on both sides. (This immediately implies that dom F is
convex if F is proper and convex.) We similarly define strict convexity using strict inequality
for x # y.

Obviously, we cannot expect an extended real-valued function to be continuous. However,
since we are only interested in minimizers, we only require a “one-sided” continuity: We
call F: R" — R lower semicontinuous in x € R" if

F(x) < liminf F(x;) for every {x,}nen C R" with x, — x.
n—oo

Note that this is not a consistent convention in the literature; some authors take R = R U {—o0, 0o} but
require F(x) # —oo for all x € R" for a function to be proper. The result is the same either way: We don’t
talk about functions attaining the value —oo.
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Finally, we still call F : R" — R coercive if for every sequence {x, }neny C R” with ||x,]] — oo
we also have F(x,) — co. Replacing continuity with lower semicontinuity, we can proceed
exactly as in the proof of Theorem 1.6 to show existence of minimizers.

Theorem 4.1. Let F : R" — R be proper, coercive, and lower semicontinuous. Then F admits
a global minimizer x* € dom F. If F is strictly convex, the minimizer is unique.

It remains to determine whether a function is lower semicontinous. Obviously, every
continuous function is lower semicontinuous; in particular, this holds for
(i) every norm || - |[;
(ii) affine functions of the form
F:R" - R, x— (X x)+a
for fixed x* € R" and a € R.
These functions are clearly convex as well. Furthermore, just like convexity, lower semi-

continuity is preserved under common operations.

Lemma 4.2. Let F : R" — R be lower semicontinuous (convex). Then the following are also
lower semicontinuous (convex):

(i) aF foralla > 0;

(i) F+ G for G : R" — R lower semicontinuous (convex);
(iii) @ o F for ¢ : R — R lower semicontinuous (convex) and increasing;
(iv) Fo A for A: R™ — R" affine;

(v) x = sup,.; Fi(x) for F;i : R" — R lower semicontinuous (convex) and any index set I.

Note that (v) does not hold for continuous functions!

A common example for not continuous but lower semicontinuous functions is the indicator
function of a set U C R", defined via

0 ifxeU,

P _
U= ifx e R\ U

The motivation is of course to be able to write the constrained problem min,cy F(x) as
the unconstrained problem minyer» F(x) + dy(x). Hence the following result is useful.

Lemma 4.3. Let U C R™. Then 8y : R" — R is

(i) proper ifU is nonempty;
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(ii) convex if U is convex;
(iii) lower semicontinuous if U is closed;

(iv) coercive if U is bounded.

Proof. Statement (i) is clear, and (ii) follows directly from the definition. For (iii), consider a
converging sequence {x,},en C R” with limit x € R". If x € U, then y > 0 immediately
yields

du(x)=0< lirrlri)iorolf Oy (xn).

Let now x ¢ U. Since U is closed, there must be an N € Nwith x, ¢ U foralln > N
(otherwise we could - by passing to a subsequence if necessary — construct a sequence
with x, — x € U, in contradiction to the assumption). Thus, dy(x,) = co for alln > N,
and therefore

Oy (x) = oo =liminf &y (xy,).

For (iv), let U be bounded, i.e., there exist an M > 0 with U C Kj((0). If ||x,|| — oo, then
there exists an N € N with ||x,|| > M for all n > N, and thus x, ¢ Kj;(0) D U and hence
Ou (xp) for all n > N. This implies that dy(x,) — oo as well. O

By Lemma 4.2 (v), the pointwise supremum of affine functions is convex. In fact, the

converse holds: every convex furEtion can be written in this form. To that end, we defined
for a proper function F : R" — R the convex hull

FlF:R" S R, x > sup {a(x) | a affine with a(x) < F(x) for all x € R"}.

The proof of the following result is non-trivial and relies on the Hahn-Banach separation
theorems.

Theorem 4.4. Let F : R" — R be proper. Then F is convex and lower semicontinuous if and
only if F = FF.

We close with another non-trivial and surprising result:
Theorem 4.5. Let F : R" — R be convex. Then F is continuous on int(dom F).

We will have multiple other occasions to witness the unreasonably nice behavior of convex
functions on the interior of their effective domain.
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4.2 CONVEX SUBDIFFERENTIALS

We now turn to the characterization of minimizers of convex functionals via a Fermat
principle. For this, we require a generalized derivative that is on the one hand general
enough to also obtain optimality conditions for non-smooth problems and on the other
hand strong enough to allow for explicit computation and in particular calculus rules. We
would also like to use it for algorithms.

Motivated by the constant usefulness of the gradient inequality Theorem 1.4 (i), we thus
simply define our generalized derivative as the set (which may be empty!) of all vectors
that satisfy this inequality: For F : R" — R and x € dom F, we call

(4.1) OF(x) ={x" e R" | (x",x —x) < F(X) — F(x) forallx € R"}

the (convex) subdifferential of F in x. (Note that x ¢ dom F is allowed since then the
inequality holds trivially.) For x ¢ dom F, we set dF (x) = (. We note that the definition
directly implies that the set dF(x) is convex and closed. An element ¢ € JF(x) is called
subgradient of F at x.

Directly from the definition, we also obtain our desired Fermat principle.

Theorem 4.6. Let F : R" — R and x € dom F. Then the following statements are equivalent:
(i) 0 € 9F(%);
(ii) F(x) = min F(x).
xeRn

Proof. By definition, 0 € 9F(x) if and only if
0=(0,x—x) < F(x) - F(x) for all x € R",

ie., F(x) < F(x) for all x € R". m|

This matches the geometrical intuition: For n = 1, the affine function f(x) := f(x)+&(x—x)
with & € df (x) describes a tangent at (x, f(x)) with slope &; the condition & = 0 € 9f (x)
thus means that f has a horizontal tangent in x.

It is not surprising that for convex functions, stronger claims are possible for the convex
subdifferential. A central tool for this is an equivalent characterization using the directional
derivative, which for F : R" — R is defined for fixed x € R" and direction h € R" as

F(x:h) = lim Pt ”? —Flx)
t—0t

This limit exists (but need not be finite) for every convex function.
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Lemma 4.7. Let F : R" — R be convex and x € dom F and h € R" be given. Then

(i) the function
(p:(O,OO)—)@, tl_)F(x+tht)—F(x),

is increasing;

(ii) there exists a limit F'(x; h) = lim;_,o () € [—o0, 00|, which satisfies

F'(x;h) < F(x + h) — F(x);
(iii) if x € int(dom F), the limit F'(x; h) is finite.

Proof. (i): Inserting the definition and sorting terms shows that for all 0 < s < ¢, the
condition ¢(s) < ¢(t) is equivalent to

F(x +sh) < ;F(x +th) + (1 - ;) F(x),

which follows from the convexity of F since x + sh = $(x + th) + (1 - })x.

(ii): The claim immediately follows from (i) since

F'(x;h) = }E}% o(t) = itr>1t0“(p(t) <@(1) = F(x +h) - F(x) € R.

(iii): If x € int(dom F), then there exists an ¢ > 0 such that x + th € domF for all
t € [—¢, ¢€]. Proceeding as in (i), we obtain that ¢(s) < ¢(t) for all s < t < 0 as well. From
x = %(x +th) + %(x —th) for t > 0, we again obtain from the convexity of F by rearranging
the definition that

(x — tﬁ)t—F(x) < F(x+tht) — F(x) _ ()

F
p(-t) =
and hence that ¢ is increasing on all R \ {0}. As in (ii), the choice of ¢ now implies that

—00 < @(—¢) < F'(x;h) < ¢(¢) < co. O
These properties yield an alternative characterization of the subdifferential.

Lemma 4.8. Let F : R" — R be convex and x € dom F. Then

OF(x) ={x" € R" | (x",h) < F'(x;h) forallhe R"}.

Proof. Since every x € R" can be written as X = x + h for some h € R" and vice versa, it
suffices to show that for any x* € R", the following statements are equivalent:
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(i) {(x*,h) < F'(x;h) for all h € R";
(if) (x*,h) < F(x+h)—F(x) forallhe R"

(i)= (ii): If x* € R" satisfies (x*, h) < F’'(x; h) for all h € R", we immediately obtain from
Lemma 4.7 (ii) that

(x*,h) < F'(x;h) < F(x+h) — F(x) forall h € R".
Setting x = x + h € R" then yields x* € dF(x).

(ii) = (i): Conversely, if (x*, h) < F(x+h) — F(x) holds for all h € R", it also holds for th for
all h € R" and t > 0. Dividing by t and passing to the limit (which exists by Lemma 4.7 (ii))
then yields that
F -F
by < lim LX)~ FO)

=F'(x:h). O
t—0 ¢ (x; h)

We now look at some examples. First, the characterization from the directional derivative
indicates that the subdifferential is indeed a generalization of the classical derivative.

Theorem 4.9. Let F : R" — R be convex and differentiable in x. Then dF (x) = {VF(x)}.

Proof. If F is differentiable in x € R", then the directional derivative is given by
(VF(x),h) = F'(x;h) forall h e R".
Lemma 4.8 now immediately yields VF(x) € dF(x).
Conversely, if ¢ € 9F (x), then Lemma 4.8 implies that
(§,h) < F'(x;h) =(VF(x),h) forallhe R".
Rearranging and taking h = £ — VF(x) € R" shows || — VF(x)||* < 0, which is only
possible if &£ = VF(x). O

Of course, we would also like to compute subdifferentials of nonsmooth functions. The
canonical example is any norm || - || on R", which is not differentiable in x = 0. For the
following result we need the corresponding dual norm (or operator norm) on R", defined
via

; (x*, x) ;
[|x*]|« == sup = sup (x",x).
xeR"\{0} || [|x||<1

The definition directly implies that ||x*||. > ||x]|~}(x*, x) for all x € R" \ {0} and hence
that

(4.2) (", x) < ™|l x]] for all x*, x € R",
which can be seen as a generalization of the Cauchy-Schwarz inequality.

We recall from linear algebra that for ||x|| = [|x], it holds that [|x*|l. = [|x*||; with
p~' + ¢! = 1and hence in particular
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@) [x*[l = [lx]lz for p = 2;
(i) [lx*lls = llx*[[eo for p =1;
(iii) [|lx*[ = [lx*|lx for p = co.

We then have the following characterization.

Theorem 4.10. Forx € R",

{x* e R* | (x*,x) = ||x|| and ||x*[l. =1}  ifx #0,

ol D) = {{x* | L. <1} ifx = 0.

Proof. For x = 0, we have x* € 9(]| - ||) (x) by definition if and only if
(x*, x) < |1x] for all x € \{0}

(since the inequality is trivial for x = 0), which by the definition of the operator norm holds
if and only if ||x*||. < 1.

Let now x # 0 and consider x* € d(]| - ||)(x). Inserting first X = 0 and then x = 2x into the
definition (4.1) yields the sequence of inequalities

llxll < (x", %) = (x", 2 = x) < []2x ]| = [Ix]| = [Ix[l,
which imply that (x*, x) = ||x||. Similarly, we have for all x € R" that
(x", %) = (", (X +x) —x) < [|% + x| = [lx]] < [I%]l,
As in the case x = 0, this implies that ||x*||. < 1. For x = x/||x|| we further have that
* -1/ % -1
(7 %) = [lxll 77 x) = [l x| = 1.
Hence, ||x*||. = 11is in fact attained.

Conversely, let x* € R" with (x*, x) = ||x|| and ||x*||. = 1. Then we obtain for all x € R"
from (4.2) that
(x", % = x) =(x", %) = (x", x) < |Ix]| =[],

and hence x* € (]| - ||) (x) by definition. O

In particular, we obtain for R" = R the subdifferential of the absolute value function as

{1} ift >0,
(|- (t) =sign(t) :=<{-1} ift<o,
[-1,1] ift=0.

We can also give a more explicit characterization of the subdifferential of the indicator
functional of a set C ¢ R".

35



4 FUNDAMENTALS OF CONVEX ANALYSIS

Lemma 4.11. For any C C R",

Ic(x) ={x" e R" | (x",x—x) <0 forallx € C}.

Proof. For any x € C = dom ¢, we have that

x* € 30c(x) © (x*,x —x) < 6c(x) forall x € R"
& (x",x—x)<0 forall x € C,
since the first inequality is trivially satisfied for all x ¢ C. O

The set Neo(x) := dd¢c(x) is also called the (convex) normal cone to C at x (which may be
empty if C is not convex). Depending on the set C, this can be made even more explicit.

Example 4.12. Let R" = R and C = [-1,1], and let t € C. Then we have x* € 98[_11](t)
if and only if x*(¢ — t) < 0 for all £ € [—1,1]. We proceed by distinguishing three cases.

Case1: t =1. Thent —t € [-2,0], and hence the product is nonpositive if and
only if x* > 0.

Case 2: t = —1. Then t — t € [0, 2], and hence the product is nonpositive if and
only if x* < 0.

Case 3: t € (—1,1). Then f — t can be positive as well as negative, and hence only
x* = 0 is possible.

We thus obtain that

[0,00) ift =1,

(=00,0] ift=-1,

{0} ift € (-1,1),

0 ifte R\ [-1,1].

911 (t) =

The case n > 1 can be obtained from this via the following result.

Theorem 4.13. Let F : R" — R be separable. i.e., F(x) = 2t filxg) for fi: R — R. Then
forallx € domF,
OF(x) ={{ € R" | § € afi(x;), 1<i<n}.

Proof. If & € 9fi(x;) for all 1 < i < n, then we can simply sum the inequality in the

definition of (4.1) for all f; to deduce that for all x € R",

(E.5—x) = D &(xi—x) < D (%) - filx) = F(%) = F(x).
i=1 i=1
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Conversely, let £ € 0F(x) and set forany1<i<nandt e R

T t ifj=i
~ ~ ~ ~ 5
X :=(xy...,Xn), X; =

( B ! {Xi if j # 1.

Then we have for all t € R that

Ei(t —x;) = (&, X —x;) < F(x) = F(x) = fi(t) - fi(x),

ie., gi € aﬁ(xi). O
Together with the above examples, this yields componentwise expressions for the sub-
differential of the norm || - ||; = X; |x;| as well as of the indicator function ). <i1(x) =
i 5[—1,1] (x;).

As for classical derivatives, one rarely obtains subdifferentials from the fundamental defini-
tion but rather by applying calculus rules. It stands to reason that these are more difficult
to derive the weaker the derivative concept is (i.e., the more functionals are differentiable
in that sense). For convex subdifferentials, the following two rules still follow directly from
the definition.

Lemma 4.14. Let F : R" — R and x € dom F. Then
(i) d(AF)(x) = A(9F(x)) :={AE | & € dF(x)} for A > 0;
(ii) IF (- + x¢)(x) = OF (x + x¢) for xo € R" with x + xo € domF.

Already the sum rule is considerably more delicate and requires additional assumptions.
Again, the proof is involved and relies on the Hahn-Banach separation theorem.

Theorem 4.15 (sum rule). Let F,G : R" — R be convex and x € dom F N dom G.Then
I(F +G)(x) D dF(x) + dG(x) :={E+n| &€ dF(x),n € IG(x)},

with equality if there exists an x, € int(dom F) N dom G.

By induction, we obtain from this sum rules for an arbitrary (finite) number of functionals
(where x( has to be an interior point of all but one effective domain). A chain rule for linear
operators can be proved similarly.

Theorem 4.16 (chain rule). Let A € R™" F : R™ — R be convex, and x € dom(F o A). Then
d(F o A)(x) D A"9F(Ax) :={A"y" | y* € 9F(Ax)},

with equality if there exists an xo € R" with Ax, € int(dom F).
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We can also obtain a chain rule when the inner mapping is nondifferentiable. Here the
proof relies on a similar chain rule for directional derivatives.

Theorem 4.17. Let F : R" — R be convex and ¢ : R — R be convex, increasing, and
differentiable. Then ¢ o F is convex, and for all x € R",

(@ o F)(x) = ¢'(F(x))oF (x) = {¢’(F(x))x" | x" € oF (x)} .

4.3 PROXIMAL MAPPINGS

For algorithms, having a set-valued derivative is challenging, since it’s not clear which
subgradient should be taken as a descent direction in place of the non-existing gradient.
To remedy this, we introduce a new operation that can replace the gradient step.

To this end, we define for a proper, convex, and lower semicontinuous functional F : R* —
R the proximal mapping

1
proxy : R" —» R", proxz(x) = arg min - ||z — x||* + F(z).
zeRn

(Intuitively, we are trying to make F(z) as small as possible while staying close to x —
similar to a gradient step.) Since F is convex, we know from Theorem 4.4 that it is bounded
from below by an affine function. This implies that z — F(z) + %llz — x||? is coercive
(since the increasing quadratic function “wins” at infinity); it is also proper and lower
semicontinuous as well as strictly convex. Theorem 4.1 thus guarantees that this function
has a unique minimizer z* = prox(x) for all x € R". Furthermore, since the squared norm
is always finite and differentiable, we can apply in turn the Fermat principle (Theorem 4.6),
the sum rule (Theorem 4.15), and Theorem 4.9 to obtain that

0e{z"—x}+0JF(z") o x€{z"}+9F(z") = (Id+9F)(z"),

or in other words that
proxg(x) = z* = (Id +aF) ().

For later use, we can also introduce a parameter y > 0. Since scaling a function doesn’t
change its minimizer (only its minimum) and d(yF) = y(9F) by Lemma 4.14 (i), we have
thus shown the following.

Theorem 4.18. Let F : R" — R be proper, convex, and lower semicontinuous and y > 0. Then
for all x € R" there exists a unique proximal point

1
prox},F(x) = arg min _y”Z —x||* + F(2) = (Id +yoF) ().

zeR”®
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The usefulness of proximal mappings in optimization is that they yield a single-valued,
implicit, characterization of subgradients.

Lemma 4.19. Let F : R" — R be proper, convex, and lower semicontinuous, and x, x* € R".
Then for anyy > 0,
x*€dF(x) & x= prox,p(x + yx).

Proof. Multiplying both sides of the subdifferential inclusion by y > 0 and adding x yields

that
x* € 9F(x) © x + yx* € (Id +ydF)(x)

& x € (Id+yaF) ™ (x + yx™)
© x = prox,p(x + yx"). o

Applying Lemma 4.19 to the Fermat principle 0 € dF (x) then yields the following implicit
characterization of minimizers.

Corollary 4.20. Let F : R" — R be proper, convex and lower semicontinuous, and y > 0 be
arbitrary. Then x € dom F is a minimizer of F if and only if

X = prox,p ().

This simple result should not be underestimated: It allows replacing (explicit) set inclusions
by (implicit) Lipschitz continuous equations in optimality conditions, thus opening the
door to fixed point iterations or Newton-type methods.

Specifically for fixed point iterations, we would like to have that proximal mappings are
contractive (i.e., Lipschitz continuous with constant L < 1). This is unfortunately not the
case, but we have the following weaker property called nonexpansivity.

Lemma 4.21. Let F : R® — R be proper, convex, and lower semicontinuous and y > 0. Then
forallx,z € R",

lIprox, 5 (x) - prox, x(2) 12 + [|(1d —prox, ) (x) - (1d ~prox, ) (2) 12 < [}x — zII*
Proof. By definition, x* = prox,p(x) and z* = prox,(z) satisfy
x —x" € (yF)(x"), z—2z" € I(yF)(z"),
which implies that

(x —x",x —x") < yF(Xx) — yF(x"), for all x € R",
(z—2",2—2") < yF(2) —yF(z"), forall z € R".
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Adding the first inequality for x = z* and the second for z = x* then yields
(x-x")—(z-2"),2" —=x*) <0,

which we can rearrange as

(z-x2" —x*) > ||z = x*|°
From this, we immediately obtain

IGe =x7) = (2= 2" = llx = 2ll* = 2¢x = z,x" = 2") + [Ilx" = 27|
< e =zl = Ilx" = 2")1%.

Inserting the definitions of x* and z* now yields the claim. m]
In particular, this implies that proximal mappings are Lipschitz continuous with constant
L=1

The following calculus rules will prove useful, which follow by substitution in the defining
minimization problem.

Lemma 4.22. Let F : R" — R be proper, convex, and lower semicontinuous. Then,

(i) for A # 0 and z € R" we have with H(x) := F(Ax + z) that

proxy (x) = A7 (prox,.p(Ax + 2) — 2);

(ii) for proper, convex, lower semicontinuous G : R™ — R andy > 0 we have with
H(x,y) :=F(x) + G(y) that

prox, r(x) ) ‘

rox X, =
p yH( y) (PYOXYG()/)

Computing proximal points is difficult in general since evaluating prox; by its definition
entails minimizing F. In some cases, however, it is possible to give an explicit formula for
ProXg.

Example 4.23. We first consider scalar functions f : R — R.

i) f(t) = %|t|2. Since f is differentiable, we can set the derivative of %(s -1)2 + %sz
to zero and solve for s to obtain prox, ((#) = (1 + y) it

(ii) f(t) = |t|. By (4.2) we have that df(t) = sign(t); hence s := proxyf(t) =
(Id +y sign)~!(¢) if and only if t € {s} + ysign(s). Let ¢t be given and assume
this holds for some 5. We now proceed by case distinction.
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(i) § > 0. This implies that t =5 + y,i.e.,§ =t — y, and hence that t > y.
(if) § < 0. This implies that t =5 —y, i.e.,§ =t + y, and hence that ¢t < —y.
(iii) § = 0. This implies that ¢t € y[-1,1] = [-y, v].
Since this yields a complete and disjoint case distinction for ¢, we can conclude

that
t—y ift>y,

prox, ¢(t) =40 ift € [-y,vl,
t+y ift<-y.

This mapping is also known as the soft-shrinkage or soft-thresholding operator.

(iii) f(¢) = 6[-11)(t). Here a similar case distinction shows

1 ift>1,
prox,¢(t) =§ t ifte[-11],
-1 ift < -1

For every y > 0, the proximal point of t is thus its projection onto [-1,1].

Example 4.24. We can generalize Example 4.23 to R" by applying Lemma 4.22 (iii) n
times. We thus obtain componentwise

(i) for F(x) = %llx”% =>" %xlz that

[proxyF(x)],- = (m) xi, 1<is<m

(ii) for F(x) = [|x|l: = X1, |x;| that
[prOX)/F(x)]i = (x| —y)*sign(x;), 1<i<mn;

(iii) for F(x) = dp,(x) = X, 6[-11)(x;) that

-
rox, - (x)]i=xi— (- DV = (x;+1)" = —————, 1<i<n.
Here we have used the convenient notation (#)* := max{t,0} and (t)” := min{¢, 0}.

Example 4.25. For C ¢ R" nonempty, convex, and closed, we have by definition that
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for any y > 0,

ProX,s,. (x) = arg Iélin llz — x|| = projc(x)
zE

the metric projection of x onto C (independently of y!).
Many more examples of projection operators and proximal mappings can be found in

[Cegielski 2012], [Boyd & Vandenberghe 2004, § 6.5], [Beck 2017], as well as at https:
//www.proximity-operator.net.
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5 PROXIMAL GRADIENT METHODS

By Corollary 4.20, we can equivalently characterize minimizers of a convex function
F : R" — R as fixed points of the corresponding proximal mapping prox,p for any y > 0,
which opens the door to fixed point iterations. Unfortunately, evaluating the proximal
mapping is “morally” equivalent with minimizing F (except for the added quadratic term,
which only helps somewhat), so this does not buy us anything. However, the situation is
different if we want to minimize a sum J = F + G of convex functions, each of which is
“prox-simple” (has an easily evaluated proximal mapping): Instead of applying the proximal
point reformulation directly to 0 € dJ(x), we can first apply the sum rule and obtain a
p € R" with

- { p € OF (%),

—p € IG(%).
We can now replace one or both of these subdifferential inclusions by a proximal point
reformulation that only involves F or G.
Explicit splitting methods apply Lemma 4.19 only to the second inclusion in (5.1) to obtain
p € 9F (%),
{)? = prox, (% — yp).

The corresponding fixed-point iteration then consists in

(i) choosing p* € aF (x¥);

(ii) setting x**' = prox, ;(x* - yxp*)

for a suitable sequence {yx }xen € (0, 00). This will in general not work due to the unspecified
choice in step 1; further assumptions on F and/or G are required.

5.1 CONVERGENCE RATES FOR CONVEX FUNCTIONS

The situation is much better if F is smooth, since in this case dF (x) = {VF(x)} is a singleton.
This leads to the proximal gradient method or forward-backward splitting method
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5 PROXIMAL GRADIENT METHODS

(5.2) Xkt = proxykG(xk — e VF(x5)).

(The special case G = ¢ - i.e., prox,(x) = projo(x) - is also known as the projected gra-
dient method; for G = || - |1, it becomes the Iterative Soft-Thresholding Algorithm (ISTA)).

Theorem 5.1. Let F : R" - R and G : R" — R be proper, convex, and lower semicontinuous.
Furthermore, let F be L-smooth. Assume J = F + G admits a minimizer x € R". If 0 < ypin <
Yk < L7\, the sequence {x*}rcn generated by (5.2) satisfies

lx® — x]|*

J(x) - J(x) < o~ Jorallken.

Proof. We argue similarly as in the proof of Theorem 2.1. For this purpose, we define
T, : R" - R", x>y (x - Prox,g (x —yVF(x))),
which allows reformulating the iteration (5.2) as
Xk = proxYkG(xk — kaF(xk)) = xF - YTy, (xF).
Applying Lemma 4.19 to the second equality then implies that

(5.3) T, (x*) = VF(x*) € 9G(x* - 11T, ().

k+1

The fundamental descent lemma (Corollary 1.3) for F with x = x*, y = x**1 = xk - YTy, (x*),

and yx < L™ further implies that
viL
(5-4) F(x* = yi Ty, (x9)) < F(x*) = yi(VF(x"), Ty, (x*)) + "TIITM (x|
< F(x*) = yi(VF(x*), Ty, (x%)) + %IITM (x)II%.
Hence, using in turn (5.4), (5.3), and VF(x) € oF(x), we obtain for all z € R" that
T = F(x* =y, (x) + G(x* = Ty, (x5))
< F(x*) = yi(VF(x"), Ty, (x%)) + %IITy,C(xk)II2
+G(2) + (T, (x¥) = VE(x5), xF = i T, (xF) - 2)
< F(2) + (VF(x"),x* = 2) = i (VF(x"), Ty, (x*)) + %IITM (x|
+G(z) + (T, (xk) - VF(xk),xk -z-yT, (xk))
= J(2) + (T, (), = 2) = T, ()12

44



5 PROXIMAL GRADIENT METHODS

Completing the square and using the iteration step thus shows that for all z € R",

G5) TG = J(2) < (T (65,55 = 2) = 2T, )11
1
= 5 (I = 2l = ¥ = 2 T )
1

= — (IIx* = 2] = |x** = 2)?) .
2yk

(This is known as the fundamental proximal gradient or three-point inequality.)
For z = x*, this inequality implies that

TG < () = BT, G

i.e., {J(x*)}ren is decreasing. (The proximal gradient method is thus a descent method.)

Furthermore, summing (5.5) for z = X over m = 1,.. . ., k and telescoping the sum shows that

k k
DU =J@) < 7 (I =5 = " = 2l
m=1 m

m m=1

1 0 =112 k =112
= —— (I - %I - I - 52
2}/min
1 0 =112
< I’ -
2Ymin

Since {J(x*)}ren is decreasing, this implies that

1
Ix® = %||?

k
J6H = 1@ < £ S UM - J@) < 5
m=1

k Ymin

as claimed. m]

If either F or G is in addition strongly convex, we can use a nonsmooth version of the
strong gradient inequality Theorem 1.4 (iii) to obtain convergence at a linear rate.

Theorem 5.2. Let F : R" — R and G : R" — R be proper and lower semicontinuous.
Furthermore, let F be L-smooth and pp-convex and G be pg-convex with ur, uc > 0 and
UF + U > 0. Assume | = F + G admits a minimizer x € R". Then the iterates {xk}keN
generated by (5.2) with yx = % satisfy

0

J(x*) = J(x) + —x|? forallk €N.

[l

k
1+ Ly ~ 1—=Lpp\ 1+ Lug
—|Ix* - x|* <
2L 1+ Lyug 2L

Note that the term in parentheses is smaller than 1 as long as either F or G is strongly
convex.
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5 PROXIMAL GRADIENT METHODS

5.2 ACCELERATION

Just like gradient descent, we can accelerate the proximal gradient method using Nesterov’s
approach: Set 7, =1and y° = x° € R", and iterate

X = prox, o (¥* -y VF(5Y))

1
(5.6) } e =5 (1 + \f4r? + 1)

T — 1
yk+1 s k (xk+1 . xk)
Tk+1

(or equivalently using the simpler extrapolation fi = %) For the special case G = || - ||1,
this is also known as the Fast Iterative Soft-Thresholding Algorithm (FISTA).

The convergence proof is very similar to that for Nesterov’s optimal method (2.10), which

serves as a useful recap.

Theorem 5.3. Let F : R" > R and G : R" — R be proper, convex, and lower semicontinuous.
Furthermore, let F be L-smooth. Assume | = F + G admits a minimizer x € R". Then for
Yk = 1. the sequence {x*}ren generated by (5.6) satisfies

J(5 - J(x) < i—énxO — x> forallk € N.

Proof. First, from the relation x**' = prox; i, y* — L'V£(y¥)), we obtain once more the

fundamental proximal gradient inequality

L
I = J() < 2 (I9F =2l = 1 - 2112

for any z € R" (note the use of y* instead of x¥).

The remaining steps are now very similar to that for the accelerated gradient method. We
get to the point quickly, for we are well prepared. The key idea is again to pick z as a convex
combination, this time of x* and %. Specifically, we pick for ¢t > 1 (such that ™! € (0,1])

1 1 x+ (t—1)xF
S PO PR IV 5 Gl V5
t t t

Using the convexity of J and multiplying with t* > 0, we obtain from the proximal gradient
inequality

2] (K + %Htxkﬂ —x—(t=DxF? <t(t - 1D)J(F) + (%)

L _
+ 5yt =% = (=D
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5 PROXIMAL GRADIENT METHODS

Subtracting t2] (%) from both sides, this becomes
L
PG = 1) + Sl == (- )P
L
< (2= UG8 = J@) + Z ey = 2= (- Dt

Now we are almost done: Setting ¢t = 7; such that T]f - T = T,‘z_l makes the weights match;
using the recursion for y* yields

k k—l)

7y = (ne = Dx* =xF — e = Y =+ (o - D(F - x
= ox® = (Geoy — DxF!
and hence the norms match as well.

We have therefore shown that with these choices and the relation T,"j_l = wg, we again have
that

L
or = o (J() = J(®)) + ot = (g = D2F = 2|

defines a decreasing potential sequence, and using wo = 0 and wy > kzz aswellas7; =175 =1
(so that y° = x°) we obtain from that the claimed estimate

k? L
T 6N -J@) <o <00 = SI -2 :

As for accelerated gradient descent, we can obtain convergence at a linear rate for strongly
convex F with a constant extrapolation: If F is L-smooth and p-convex, set k := ¥ and
iterate

7 = PrOXLflc(yk - L_1VF(yk))
(5‘7) yk+1 — xk+1 + 1- \/E
1+ vk

(xk+1 _ xk)

By similar arguments as for Theorem 5.3 using a “strong three-point inequality” (and more
tedious algebraic manipulations), one can show the following version of Theorem 2.9, see
[Beck 2017, Thm. 10.42]:

Theorem 5.4. Let F: R" - R and G : R" — R be proper, convex, and lower semicontinuous.

Furthermore, let F be L-smooth and p-convex. Assume J = F + G admits a minimizer x € R".
Then the sequence {x*}ren generated by (5.7) satisfies

k
J6 =) < (1 - \/%) (76 =) + il = 211
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6 DUALITY

One powerful tool in optimization is duality, which links solutions to an optimization
problem with those of a dual problem. This dual problem may be easier to solve than
the original primal problem; it also gives additional information on solutions that can
be exploited for algorithms. Again, convex problems allow a particularly strong duality
theory.

6.1 FENCHEL CONJUGATES

Let F : R" — R be proper but not necessarily convex. We then define the Fenchel conjugate
of F as
F':R" 5 R, F*(x™) = sup (x*,x) — F(x).
xeRn

(Since dom F # 0 is excluded, we have that F*(x*) > —oo for all x* € R", and hence the
definition is meaningful.) Lemma 4.2 (v) immediately imply that F* is always convex and
lower semicontinuous (as long as F is indeed proper). If F is bounded from below by an
affine functional (which is always the case if F is proper, convex, and lower semicontinuous
by Theorem 4.4), then F* is proper as well. Finally, the definition directly yields the Fenchel-
Young inequality

(6.1) (x*,x) < F(x) + F*(x") for all x € R", x* € R".

Intuitively, F*(x*) is the (negative of the) affine part of the tangent to F (in the point x
in which the supremum is attained) with slope x™. If we conjugate again, we obtain the
biconjugate F** := (F*)*, which is always convex and lower semicontinous even if F isn’t.
Intuitively, F** is the convex hull of F, which by Theorem 4.4 coincides with F if F is convex
and lower semicontinuous.

Theorem 6.1 (Fenchel-Moreau-Rockafellar). Let F : R" — R be proper. Then:
(i) F** < F;
(i) F* = F';

(iii) F** = F if and only if F is convex and lower semicontinuous.
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6 DUALITY

Proof. For (i), we take the supremum over all x* € R" in the Fenchel-Young inequality
(6.1) and obtain that
F(x) > sup (x*,x) — F*(x") = F*(x).

x*eR®

For (ii), we first note that F** is convex and lower semicontinuous by definition as a Fenchel
conjugate as well as proper by (i). Hence, Theorem 4.4 yields that

F*(x) = (F*) ' (x) = sup {a(x) | a : R" — R affine with a < F**}.

We now show that we can replace F** with F on the right-hand side. For this, let a(x) =
(x*,x) — a with arbitrary x* € R" and @ € R. If a < F**, then (i) implies that a < F.
Conversely, if a < F, we have that (x*,x) — F(x) < « for all x € R", and taking the

supremum over all x € R" yields that « > F*(x™). By definition of F**, we thus obtain that
a(x) = {(x",x) —a < {x",x) — F*(x*) < F"(x) forallx € X,
ie, a < F*™,

Statement (iii) now directly follows from (ii) and Theorem 4.4. O

We again consider some relevant examples.

Theorem 6.2. Let B := {x € R" | ||x|| <1} and F = 6. Then F*(x*) = ||x*||. for the corre-
sponding dual norm.

Proof. By definition of the dual norm, we have for all x* € R” that

(8)"(x7) = sup (x,x) — 8p(x) = sup (x",x) = [|lx"|.. o

xeR” [|x|I<1

Theorem 6.3. Let F(x) = ||x|| with dual norm || - ||« and B* := {x* € R" | ||x*||« < 1}. Then
F*(x*) = 6p+(x").

Proof. Let x* € R" be arbitrary. Then we distinguish two cases:

(i) ||x*|l« < 1. Arguing as in the proof of Theorem 4.10, we then deduce that (x*, x) —
lx|| < 0 for all x € R". Furthermore, (x*,0) = 0 = ||0||, which implies that

F*(x™) = sup (x*,x) — ||x|| = 0.

xeR”

(ii) ||x*|l« > 1. By definition of the dual norm there then exists an xo € R" with (x*, xo) >
||xo0||. Hence, taking t — oo in

0 < #({x", x0) — [Ixoll) = (x7, tx0) — l[txoll < F*(x7),

yields F*(x*) = co. O
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6 DUALITY

Similarly to Theorem 4.13, we can show that separable functions can be conjugated term
by term.

Theorem 6.4. Let F : R" — R be proper and separable, i.e., F(x) = >t filx) forfi i R — R
proper. Then

F*(x*) = Zfi*(xf) forallx* = (x},...,x)T e R".
i=1

Proof. By the definition of the Fenchel conjugate, we immediately obtain

n n
F*(x") = sup (x*,x) — F(x) = sup Zx;“x,- - fi(xy) = Z sup [x;‘xi —ﬁ(xl-)]
xeRn? xeR™ j=1 i=1 x;€R
n
= Z f;* (x;k),
i=1
since by separability each summand can be maximized independently. O

We note several useful calculus rules, which follow from suitable transformations of the
supremum taken in the definition.

Lemma 6.5. Let F : R" — R be proper. Then:
(i) (aF)* = aF* o (a7'1d) fora > 0;
(i) (F(-+x0) +{x3,))" = F*(- = x3) — (- — x5, x0) for all xo, x; € R";
(iii) (Fo A)* = F* o A™ for A € R™" invertible and A~ := (A™!)*.

There are some obvious similarities between the definitions of the Fenchel conjugate and
of the subdifferential, which yield the following very useful property.

Theorem 6.6. LetF : R" — R be proper, convex, and lower semicontinuous. Then the following
statements are equivalent for every x € R" and x* € R":

(i) (x*,x) =F(x) + F*(x");
(ii) x* € dF(x);
(iii) x € OF*(x").
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6 DUALITY

Proof. If (i) holds, the definition of F* as a supremum immediately implies that
(6.2) (x*,x) = F(x) = F"(x*) > (x",x) — F(x) for all x € R",
which again by definition is equivalent to (ii). Conversely, taking the supremum over all

x € R"in (6.2) yields
(x*,x) > F(x) + F*(x"),

which together with the Fenchel-Young inequality (6.1) leads to (i).

Similarly, (i) together with Theorem 6.1 shows that for all x* € R”,
(x*,x) = F*(x*) = F(x) = F"(x) > (x*,x) — F*(x7),
yielding as above the equivalence of (i) and (iii). O

Theorem 6.6 plays the role of a “convex inverse function theorem” and can be used to,
e.g., replace the subdifferential of a (complicated) norm with that of a (simpler) conjugate
indicator functional (or vice versa). This also yields further calculus rules for proximal
mappings.

Theorem 6.7 (Moreau decomposition). Let F : R" — R be proper, convex, and lower
semicontinuous. Then we have for all x € R" that

X = proxp(x) + proxg.(x).
Proof. Setting w = proxz(x), Lemma 4.19 and Theorem 6.6 imply that

w = proxp(x) = proxp(w + (x —w)) © x —w € 9F(w)
S weIF (x —w)

© x —w = proxp. ((x — w) + w) = proxz.(x). O

Combining this with the calculus rules Lemmas 4.22 and 6.5 for proximal mappings and
Fenchel conjugates, we obtain the following generalization which can be used to derive
Example 4.23 (iii).

Corollary 6.8. Let F : R" — R be proper, convex, and lower semicontinuous andy > 0. Then

prox,p.(x) = x — yproxy_lF(y_lx);
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6 DUALITY

We now apply Fenchel duality to optimization problems of the form

(P) ieann F(x) + G(Ax)

for F:R" > Rand G : R™ —» R proper, convex, and lower semicontinuous and A € R™",
Using Theorem 6.1, we can replace G with the definition of G** to obtain

inf sup F(x)+ (y", Ax) — G"(y").
xeR" y*eRm

If(!) we were now able to exchange inf and sup, we could write (with inf F = — sup(—F))

inf sup F(x)+ (y",Ax) —G*(y") = sup inf F(x) + (y",Ax) — G*(y")
xeR" y*eRm y*eRm xeR"

= sup —|sup —F(x) + (-A"y",x)| = G"(y").
y*eRm xeR”

By definition of F*, we thus obtain the dual problem

(D) sup —F*(=A"y") - G*(y").

As a side effect, we have shifted the operator A from G to F* without having to invert it.

The following theorem uses in an elegant way the Fermat principle, the sum and chain rules,
and the Fenchel-Young equality to derive sufficient conditions for the exchangeability.

Theorem 6.9 (Fenchel-Rockafellar). Let F : R" — R andG : R™ — R be proper, convex,
and lower semicontinous and A € R™". Assume further more that

(i) the primal problem (P) admits a solution x € R";
(ii) there exists an xq € dom F N dom(G o A) such that Ax, € int(dom G).

Then the dual problem (D) admits a solution y* € R™ and
(6.3) min F(x) + G(Ax) = max —F"(-A"y") - G*(y").
xeR" yreRm
Furthermore, X and y* are solutions to (P) and (D), respectively, if and only if they satisfy the
Fenchel extremality conditions

{—A*y* € dF (x),

®) y* € dG(Ax).
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6.2 PRIMAL-DUAL SPLITTING

Fenchel duality can also be used to derive algorithms tailored to problems of the form

min F(x) + G(Ax)
xeRm

forF:R" > Rand G : R™ — @proper, convex, and lower semicontinuous, and A € R™*",
Applying Theorem 6.9 and Theorem 6.6 to such a problem yields the Fenchel extremality
conditions

—A"j € 9F (%), —A"j € oF (%),
(6.4) _ e _ fo
y € dG(Ax), Ax € aG™(y),
which can be reformulated using Lemma 4.19 as
X = prox,p(x — 7A"y),
(6.5) _ _ .
y = prox ;. (y + cAx),

for arbitrary o, 7 > 0. This suggests the fixed-point iteration

{xk+l = prox, p (xk = zA*y5),

k+ k+1)

(6.6)
Yy = proxUG*(yk + ocAx

(where we have left the step sizes constant for simplicity). However, there is still one
issue: while (6.5) is a joint fixed-point equation for (x, y*), the iteration (6.6) is in fact an
alternating fixed-point iteration for x* and y*, respectively — and such alternating iterations
do not converge in general.

Luckily, it turns out that by inserting a simple extrapolation step for x**1, it is possible to
sufficiently couple the steps to interpret them as a joint fixed-point iteration for (x*, y*).
This yields the primal-dual proximal splitting method, also known as the primal-dual hybrid
gradient method (modified) (PDHGM) or Chambolle—Pock method:

1 = prox p(x* — A*yF),

(6.7) J?k+1 — 2xk+1 _ xk’

Yyl = prox, .- ( y* + oAx

k+1)

While this iteration is implicit with respect to F and G, it still includes explicit steps with
respect to A (compare the proximal gradient method). It is therefore not surprising that we
need to observer step size restrictions — in terms of A - to ensure convergence.

Theorem 6.10. Let F : R* — R, G : R™ — R, and A € R™" satisfy the assumptions of
Theorem 6.9. If o||A||? < 1, then the sequence {(x*, y*)}ren generated by (6.7) converges to
some (X, y) € R" X R™ satisfying (6.4).

Convergence rates require additional assumptions such as strong convexity for at least
one of F or G.

53



BIBLIOGRAPHY

F. BACH (2024), Learning Theory from First Principles, MIT Press, URL: https://www.di.ens.fr/
~fbach/Itfp/.

A. BEck (2017), First-order Methods in Optimization, vol. 25, MOS-SIAM Ser. Optim. Philadel-
phia, PA: Society for Industrial and Applied Mathematics (SIAM); Philadelphia, PA:
Mathematical Optimization Society (MOS), DoI: 10.1137/1.9781611974997.

S. Boyp & L. VANDENBERGHE (2004), Convex Optimization, English, Cambridge University
Press, URL: www.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf.

A. CEGIELSKI (2012), Iterative Methods for Fixed Point Problems in Hilbert Spaces, vol. 2057,
Lecture Notes in Mathematics, Springer, Heidelberg, poi: 10.1007/978-3-642-30901-4.

C. CLAsON & T. VALKONEN (2024), Introduction to Nonsmooth Analysis and Optimization,
ARXIV: 2001.00216.

A. D’ASPREMONT, D. SciEUR & A. TAYLOR (2021), Acceleration methods, Foundations and
Trends in Optimization 5(1-2), 1-245, ARXIV: 2101.09545.

A. DEFossez, L. BoTtTou, F. BAcH & N. USUNIER (2022), A Simple convergence proof of Adam
and Adagrad, Transactions on Machine Learning Research, 1-30, ARXIV: 2003.02395.

A. EFFLAND, E. KoBLER & T. Pock (2023), Convex Optimization, lecture notes, TU Graz.

Y. NESTEROV (2018), Lectures on Convex Optimization, 2nd ed., vol. 137, Springer Optim. Appl.
Cham: Springer, DOI: 10.1007/978-3-319-91578- 4.

A. RuszczyNski (2006), Nonlinear Optimization, Princeton University Press, Princeton, NJ,
DOI: 10.2307/j.ctvemghc;.

S.J. WRIGHT & B. RECHT (2022), Optimization for Data Analysis, Cambridge: Cambridge
University Press, DOI: 10.1017/9781009004282.

54


https://www.di.ens.fr/~fbach/ltfp/
https://www.di.ens.fr/~fbach/ltfp/
https://dx.doi.org/10.1137/1.9781611974997
www.stanford.edu/~boyd/cvxbook/bv_cvxbook.pdf
https://dx.doi.org/10.1007/978-3-642-30901-4
https://arxiv.org/abs/2001.00216
https://arxiv.org/abs/2101.09545
https://arxiv.org/abs/2003.02395
https://dx.doi.org/10.1007/978-3-319-91578-4
https://dx.doi.org/10.2307/j.ctvcm4hcj
https://dx.doi.org/10.1017/9781009004282

	Fundamentals of nonlinear optimization
	Smoothness
	Convexity
	Existence of minimizers
	Optimality conditions

	Gradient descent methods
	Convergence rates for convex functions
	Acceleration

	Stochastic gradient methods
	Convergence rates for convex functions
	Acceleration

	Fundamentals of convex analysis
	Convex and lower semicontinuous functions
	Convex subdifferentials
	Proximal mappings

	Proximal gradient methods
	Convergence rates for convex functions
	Acceleration

	Duality
	Fenchel conjugates
	Primal-dual splitting


