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PREFACE

Historically, variational problems such as those arising in optimal control and inverse problems
were predominantly posed in Hilbert spaces. Although this is indeed the correct setting for
many physical models (e.g., those involving energy terms), it is just as often simply due to
convenience and numerical tractability, and a Banach space setting would be more natural.
In addition, interest in total variation minimization, sparsity constraints and bang-bang
control have lead to significant progress in the analysis of such problems over the last decade.
Numerical approaches, on the other hand, still tend to focus on either finite-dimensional
(e.g., discretized) problems or those set in reflexive Banach spaces such as L?, 1 < p < oo,
due to their better differentiability properties. Hence, the motivation for this work, and its
main contribution, is the development of efficient numerical algorithms for optimization
problems in non-reflexive Banach spaces such as L' and L*°. The main difficulty to overcome,
apart from the non-standard functional-analytic setting, is the non-differentiability inherent
in their formulation.

The problems treated here can be grouped as follows.

 Optimal control problems in measure spaces. These arise from control problems with
sparsity constraints, which in finite dimensions can be enforced by ' penalties. The
corresponding infinite-dimensional problem, however, is not well-posed in L' due to
the lack of weak compactness, and needs to be considered in spaces of Radon measures.
Included here are also control problems in the space of functions of bounded variation
(i.e., whose distributional gradient is a Radon measure), which can be used to promote
piecewise constant controls.

« Optimal control problems with L™ functionals. The works in this group are concerned
with problems with either tracking terms in L*, which correspond to minimizing the
worst-case deviation from the target, or control costs in L*°, which lead to bang-bang
controls.

o Inverse problems with nonsmooth discrepancy terms. The standard L? data fitting term
is statistically motivated by the assumption of Gaussian noise. For non-Gaussian noise,
however, other data fitting terms turn out to be more appropriate. For impulsive noise
(e.g., salt-and-pepper noise in digital imaging), L' fitting is more robust. Uniform noise
(e.g., quantization errors) leads to L* fitting.



PREFACE

o Applications in biomedical imaging. This group contains two examples from interdisci-
plinary cooperations where the non-reflexive Banach spaces considered above occur
in applications. The first example demonstrates that the Radon measure space setting
can be used to solve the problem of optimal placement of discrete light sources for
the homogeneous illumination of tissue in optical tomography. The second example
addresses an inverse problem in image reconstruction in magnetic resonance imaging
using penalities of total variation-type.

For the numerical solution, Newton-type methods in function space are preferred due to
their superlinear convergence and mesh independence. To apply these in spite of the lack of
differentiability of the problems, a common approach is followed:

1. Using convex analysis (in particular, Fenchel duality) or a relaxation technique (or
both), the original problem is transformed into a differentiable problem subject to
pointwise constraints. Standard techniques (e.g, Maurer-Zowe-type conditions) then
allow derivation of first order optimality conditions.

2. Due to the nonsmoothness of the original problem, these optimality systems are typ-
ically not sufficiently smooth to be solved by a Newton-type method. We therefore
introduce a family of approximations that are amenable to such methods while avoiding
unnecessary smoothing.

3. The resulting regularized optimality conditions lead to semismooth operator equations
in function spaces, which can be solved using a semismooth Newton method. To deal
with the local convergence of Newton-type methods, the Newton method is combined
with a continuation strategy in the regularization parameter. In practice, this results in
a globalization effect.

This thesis is organized as follows. Part I contains a summary of the submitted papers. It
begins with a chapter collecting common background on partial differential equations with
measure data, convex analysis, and semismooth Newton methods; the following chapters
then summarize in turn the precise setting and the main results for each of the above groups.
The purpose, besides introducing a consistent notation and terminology, is to motivate the
appearing concepts and to illustrate their connections. Hence, some derivations and calcula-
tions are sketched, while formal statements of theorems and proofs are omitted; the reader
is instead referred to the cited literature and to the full discussions in the corresponding
chapters of the remaining parts. It should be pointed out that achieving a consistent notation
and terminology in this part requires deviating, at times significantly, from that used in the
original papers which make up Parts II-V of the thesis.
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SUMMARY



BACKGROUND

The purpose of this chapter is to collect the definitions and results on measure spaces, convex
analysis and semismooth Newton methods that form the common basis for the results
described in the remaining chapters, and to motivate the approach followed there.

1.1 MEASURE SPACES

We begin by giving some elementary definitions of dual spaces and operators, which serve to
fix a common notation. In particular, we define spaces of Radon measures as dual spaces of
continuous functions and discuss the well-posedness of partial differential equations with
measures on the right hand side.

1.11 WEAK TOPOLOGIES

For a normed vector space V, we denote by V* the topological dual of V. Note that this
definition depends on the choice of the topology, specified via the duality pairing (-, )y, -
between Vand V* (i.e., (V, V*, (-, )y y-) is a dual pair; see, e.g., [Werner 2011, Chapter VIIL3]).
This fact that will play an important role in this work. The topological dual V* is always a
Banach space if equipped with the norm

[Vl = sup{{v,v)y v« : vEV, |y, <1}

For non-reflexive spaces, two different topologies are of particular relevance.
(i) The weak topology corresponds to the duality pairing between V and V* defined by
WV )y v =VE(V)

forallv € Vand v € V*. In this case, V* can be identified via the Hahn-Banach
theorem with the space of all continuous linear forms on V, and the topological dual
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coincides with the standard definitions. For example, the weak topological dual of L' (Q)
can be identified with L*(Q), with the duality pairing reducing to

V)L = J v(x)v*(x) dx,
Q
see, e.g., [Brezis 2010, Theorem 4.14]. If not specified otherwise, the topological dual is
to be understood with respect to the weak topology.
(ii) If V* is the weak topological dual of V, the duality pairing between V* and V is defined
by
(V5 V)ye vy =V(V)

for all vi € V* and v € V. This allows identifying the weak-* topological dual (or
predual) of V* with V (i.e, the weak-x dual of L*(Q) is L' (Q)).

(For reflexive Banach spaces, of course, both notions coincide.)
For a linear operator A : X — Y between the normed vector spaces X and Y, we call A* :
Y* — X* the adjoint operator to A if

(%, A*y*>x,x* = <AX»U*>Y,Y*

for all x € X and y* € Y*. If the duality is taken with respect to the weak topology, this
coincides again with the standard definition. On the other hand, if there exists B : Y — X
such that B* = A with respect to the weak topology, we can identify the weak-* adjoint (or
preadjoint) A* of an operator A : X* — Y* with B, since

(x*, BU>X*,X = <AX*>U>Y*,Y

forallx* € X*andy €Y.

1.1.2 SPACE OF RADON MEASURES

Let M(X) denote the vector space of all bounded Borel measures on X C R™, that is of all
bounded o-additive set functions p : B(X) — R defined on the Borel algebra B(X) satistying
w(0) = 0. The total variation of u € M(X) is defined for all B € B(Q) as

[1I(B) := sup {Z n(B)I: (JBi= B} ,
i=0 i=0

where the supremum is taken over all partitions of B. We recall that every Radon measure  has
a unique Jordan decomposition L = u* —p~ into two positive measures (i.e., u* (B),u (B) >
0 for all Borel sets B). The support supp () of a Radon measure 1 is defined as the complement
of the union of all open null sets with respect to p.
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By the Riesz representation theorem, M(X) can be identified with the dual of spaces of
continuous functions on X, endowed with the norm |[[v||. = sup, ., [v(x)|. Based on the
boundary behavior of the continuous functions, we discern three cases.

(i) Let Co(Q) be the completion of the space of all continuous functions with compact
support in the simply connected domain QO C R™ with respect to the norm ||v||, i.e, the
space of all functions vanishing on the boundary 9Q (or at infinity if Q is unbounded).
In this case, we set X = Q) and have from [Elstrodt 2005, Satz VIII.2.26] that the weak
topological dual of Cy(Q) can be isometrically identified with M(Q).

(ii) If Q is bounded, Q is compact, and we can identify M(Q) with the weak topological
dual of the space C(Q) of continuous functions that can be continuously extended to
the boundary of Q; see, e.g., [Dunford and Schwartz 1988, Theorem IV.6.3].

(iii) If the functions vanish only on an open part I" of the boundary, we set X = Q \ T. Then,
X is compact, and we can apply the same argument as in case (ii) to deduce that the
weak topologlcal dual of Cr = {v eCQ): v = O} can be identified with the
space Mr(Q) := {pn e M(Q r =0}

For the sake of presentation, we will restrict the discussion to the first case; however, all results
hold for the other two cases as well (with obvious modifications regarding the boundary
behavior). The Riesz representation theorem leads to the equivalent characterization

(1.1.1) |l = sup {J vdp: v e Co(Q), v, < 1}.
0

In particular, this makes M(Q) a Banach space. For the purposes of dual pairings, we will
always equip M(Q) with the weak-* topology, with respect to which ||-||; is lower semicon-
tinuous.

With the formalism of section 1.1.1, this allows identifying the weak-x dual of M(Q) with
Co(Q), corresponding to the duality pairing

(I V)pec = J vdu.
Q

Note that (1.1.1) allows us to isometrically identify L' (Q) with a subspace of M(Q), such
that [[u|,; = [[ul|.: forallu € L' (Q); see, e.g., [Brezis 2010, Chapter 4.5.3]. In addition, the
Rellich-Kondrachov theorem yields that Wg’q (Q) — Co(Q) for g > n, and this embedding
is dense and compact. Hence we have the dense and compact embedding

M(Q) — Wi Q) =w19'(Q)

for 1 < q" < 5. We will make use of this embedding to show well-posedness of partial
differential equat10ns with measure right hand sides.
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For time-dependent measure-valued functions, the situation is slightly more delicate. As-
sociated to the interval (0, T) we define the space L2(0, T; Co(Q)) of measurable functions
z:(0,T) = Co(Q) for which the associated norm given by

T
e = (] I=012, at)

is finite. Due to the fact that Cy(Q) is a separable Banach space, [?(0, T; Co(Q)) is also a
separable Banach space; see, e.g., [Warga 1972, Theorem 1.5.18]. Let L?(0, T; M(Q)) denote
the space of weakly measurable functions u : [0, T] — M(Q) for which the norm

i 2
e e, = ( j et dt)

is finite. This choice makes L%(0, T; M(Q)) a Banach space and guarantees that it can be
identified with the weak topological dual of L?(0, T; Co(Q)), where the duality relation is
given by

1/2

1/2

-
(z,Wr2(co),L20m) = J (z(t), u(t)) o, dt,
0
with (-, -) ¢, . denoting the duality pairing between Co(Q) and M(Q); see [Edwards 1965, The-
orem 8.20.3]. Vice versa, L2 (0, T; Co(Q)) can be seen as the weak-+ dual of L%(0, T; M(Q)).

Finally, we recall that BV(Q), the space of functions of bounded variation, consists of all
u € L'(Q) for which the distributional gradient Du belongs to (M(Q))™. Furthermore, the
mapping u = [[ullgy,

(112)  Jullgy = J |Dul dx = sup {J’ u(—divv)dx: v e (CF Q)™ [Vl < 1}
Q Q

(which can be infinite) is lower semicontinuous in the topology of L' (Q), and u € L' (Q) is
in BV(Q) if and only if ||u|| 5, is finite. In this case ||-|| 5, is referred to as the total variation
seminorm. (If v € H'(Q), then |[ul|z, = [, [Vu| dx.) Endowed with the norm ||-||; 1 + ||| v
BV(Q) is a (non-reflexive) Banach space; see, e.g., [Attouch, Buttazzo, and Michaille 2006,
Chapter 10.1].

1.1.3 PARTIAL DIFFERENTIAL EQUATIONS WITH MEASURE DATA

Measure-valued right hand sides or boundary conditions in partial differential equations
have attracted recent interest due to their role in the adjoint equation for optimal control
problems with pointwise state constraints (see, e.g., [Casas 1986; Alibert and Raymond 1997]),
although measure-valued right hand sides have already been treated in [Stampacchia 1965]
in the context of the Green’s function of the Dirichlet problem for an elliptic operator with
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discontinuous coefficients. Correspondingly, several different solution concepts have been
introduced in [Stampacchia 1965; Boccardo and Gallouét 1989; Casas 1986; Alibert and
Raymond 1997]. All of these are fundamentally based on a duality technique, and have been
shown to coincide; see [Meyer, Panizzi, and Schiela 2011]. Here, we follow [Casas 1986].

We first discuss elliptic problems. Consider the operator
Ay =— Z 0j(ajk(x)0xy + dj(x)y) + Z b;(x)95y + d(x)y,
j, k=1 j=1

and for 1 € M(Q) the abstract Dirichlet problem

{Ay = U, inQ)

1.1
(1.1.3) y=0, onadQ.

We cally € L'(Q) a very weak solution of (1.1.3) if
J yAfzdx = J zdu forall z € H2(Q) N HA(Q),
Q Q

where A* is the (weak) adjoint of A. Here, we shall for simplicity assume that A* has max-
imal regularity as an operator from W(])’q (Q) to W—19(Q) for g > n, which is the case if
aji, bj € C®*(Q) for some § € (0, 1); A is uniformly elliptic; d;, d € L(Q); the lower order
coefficients are small enough (see, e.g., [Gilbarg and Trudinger 2001, Th. 8.3]); and 0Q) is of
class C™1, or Q is a parallelepiped; see, e.g., [Ladyzhenskaya and Ural’tseva 1968, pp. 169-189]
and [Troianiello 1987, Th. 2.24]. If not otherwise specified, any elliptic operator A mentioned
in the following is assumed to satisfy these requirements. Under these conditions, A* is
an isomorphism from W(; 9(Q) to W-19(Q), and the closed range theorem together with
reflexivity of these spaces implies that A is an isomorphism from Wg’q/ (Q) to W 19'(Q)
for " < 5. Hence by the continuous embedding M(Q) — wW-19'(Q), problem (1.1.3)

admits a unique solution y € W%’ (Q) satisfying

[yllwrer < Cllully

for a constant C independent of p. In this case, y also solves (1.1.3) in the usual weak sense.
Note that this approach ensures the existence of a weak-x adjoint of A, which can be identified
with A*; and similarly for A=" and (A*)~'. Furthermore, the compactness of the embedding
M(Q) — W19'(Q) yields that for any sequence p, converging weakly-x in M(Q) to p,
the sequence of corresponding solutions yj converges strongly in W(;’q/ (Q) toy.

If A* does not enjoy maximal regularity, we still have existence of a solution y € W'9'(Q) to
(1.1.3), but uniqueness in W9’ (Q) requires (one of several equivalent) additional assumptions
(such as y being the limit of a sequence of regularized problems or satisfying an integration
by parts formula). We refer to [Meyer, Panizzi, and Schiela 2011] for details.

The case of measure-valued boundary data or parabolic equations can be treated in an analo-
gous fashion; see, e.g., [Casas 1993] and [Casas 1997], respectively. Finally, we note that by the
chain of continuous embeddings BV(Q) — L' (Q) < M(Q), we can apply the above results
ton € BV(Q) as well.
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1.2 CONVEX ANALYSIS

The task of finding a minimizer u of a Fréchet differentiable functional | can often be reduced
to solving the first order necessary optimality conditions ]J'(u) = 0, which is sometimes
referred to as Fermat’s principle. If ] is non-differentiable but convex, as is mostly the case in
this work, the convex subdifferential replaces the nonexistant Fréchet derivative, as it satisfies
Fermat’s principle and allows for a rich calculus - in particular Fenchel duality - that can be
used to obtain explicit optimality conditions. The classical reference in the context of this
work is [Ekeland and Témam 1999], while [Attouch, Buttazzo, and Michaille 2006, Chapter 9]
contains a readable and complete overview. A rigorous and extensive treatment can be found
in the excellent textbook [Schirotzek 2007], which we follow here.

1.2.1 CONVEX CONJUGATES

Here and below, let V again be a normed vector space. Recall that a function f : V — R :=
R U {400} is called convex if

f(Av + (T —=A)vz) < Af(vi) + (1 —A)f(v2)

forallvi,v, € Vand A € (0, 1), and proper if f is not identically equal to +co. For example,
the indicator function ¢ of a nonempty, convex set C C V, defined by

dc(v) ==
oo otherwise,

{o ifv e C,

is convex and proper. This function will appear frequently in the following.

As we will see, one reason for the usefulness of convex subdifferentials in our context is their
connection with the Legendre-Fenchel transform. For a function f : V — R, the Fenchel
conjugate (or convex conjugate) is defined as

(1.2.1) oV S R, f*(v*) = sup (v, v¥)y, . — F(v).

vev ’
The convex conjugate is always convex and lower semicontinuous. If f is convex and proper,
then f* is proper as well; see, e.g., [Schirotzek 2007, Proposition 2.2.3]. We also introduce the
biconjugate of f, defined as

.V 5 R, f(v) = sup (v, V). — (V)

vFeV*

(i.e., if V* is the weak dual of V, we take V as the weak-x dual of V* (or vice versa) and set
f** = (f*)*). If f is proper, the Fenchel-Moreau-Rockafellar theorem states that f** = f if and
only if f is convex and lower semicontinuous; see, e.g., [Schirotzek 2007, Theorem 2.2.4].

We give a few relevant examples; see [Schirotzek 2007, Examples 2.2.2, 2.2.5, and 2.2.6].
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(i) LetV =L%*(Q)andf(v) =3 ||V||%z We identify V* with V (i.e., the duality pairing is
the inner product in L?(Q)). Then, the function to be maximized in (1.2.1) is strictly
concave and differentiable, so that the supremum is attained if and only if v* = f’(v) = v.
Inserting this into the definition and simplifying, we obtain

1

:12(Q) — R, (v = 3

2
Vil -

(ii) Let V be a normed vector space and f(v) = g, (v), where By is the unit ball with
respect to the norm ||-||,. We take V* as the weak (or weak-«) dual of V and compute
f*(v*) for v € V*:

8, (V) = sup <V>V*>V,V* —dgy (V) = sup <V>V*>v,v* = [[v*[ly- -
vev Ivilv<1

(iii) Let V be as above, V* its weak topological dual and f(v) = ||v||,. We compute f*(v*)
for given v* € V* by discerning two cases:

a) [[v*[ly. < 1.1In this case, (v,v*)y . < [Vly [[V¥]ly- < [IV]ly forallv € V and

(0,v*)y,v- = 0 =[0[],,- Hence,

f*(v*) = sup <V3V*>V,V* — |[vllv = 0.
vev

b) |[v*||y~ > 1. Then by the definition of the dual norm, there exists a vo € V with
(vo, V)y v~ > [[volly,. Taking p — oo in

0 < p((vo,vi)vve — IIvolly) = (pvo, Vv v —llpvolly < (V')

yields f*(v*) = +o0.
We conclude that f* = 8g,,..

If we take the dual with respect to the weak-x topology between V* and V, this result
also follows directly from the Fenchel-Moreau-Rockafellar theorem and example (ii)

by noting that
Pov V) = 85 (V) = sup (Vv = 8 V)
= sup (Ve y = [Vl = 1)
forallv e V.
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Furthermore, straightforward calculation yields the following useful transformation rules;
see, e.g., [Ekeland and Témam 1999, page 17]. For f : V — R,we have forall« € Randa € V
that

(1.2.2) (xf(:))*(v*) = of* (o 'v¥),
(1.2.3) f(-—a

In particular, the above yields for every o« > 0

erx 1. 0 if v*(x)| < aforalmostall x € Q,
(124) () ) = Spe (oM ):{ )
oo otherwise.
On the other hand, applying the same to V* = M(Q) and its weak-x dual V = C,(Q), we
obtain

0 iffv(x)| < aforallx € Q,

oo otherwise.

(12:5) (o [[l)* (v) = B, (o V) = {

We will make use of this duality to pass from problems involving these nonsmooth norms to
smooth problems with pointwise constraints.

1.2.2 CONVEX SUBDIFFERENTIALS

Let f : V — R be convex and proper, and let ¥ € V with f(¥) < co. The set
(1.2.6) of(v) :={v" e V' (v—1,v")y . < f(v) —f(V) forallv € V}

is called subdifferential of f at V. Every v* € 0f(V) is called subgradient of f at V. From the
definition (1.2.6), we immediately obtain Fermat’s principle for convex functions: The point v
is a minimizer of f if and only if f(¥) < f(v) for all v € V, which is equivalent to 0 € 9f(V).

The convex subdifferential satisfies the following sum rule. Let f1,f, : V — R be convex and
proper. If there exists a point v € V such that f;(v), f,(V) < oo and f; is continuous at v,
then

(1.2.7) o(fy +f2)(v) = 0of(v) + 0f,(v)

forallv € V for which f; and f, are finite; see, e.g, [Schirotzek 2007, Proposition 4.5.1]. Further
calculus rules can be obtained by relating the convex subdifferential to other derivatives. If
f is convex, proper, and Géteaux differentiable, then 0f(v) = {f'(v)}; see, e.g., [Schirotzek
2007, Proposition 4.1.8]. On the other hand, any convex and proper function that is bounded
from above is locally Lipschitz, and in this case the convex subdifferential coincides with the
generalized gradient of Clarke; see, e.g., [Schirotzek 2007, Proposition 7.3.9]. In particular, we
can apply the sum and chain rules for the generalized gradient; see [Clarke 1990, Theorems 2.3.3
and 2.3.10].



1 BACKGROUND

The usefulness of the convex subdifferential now lies in the fact that it can often be character-
ized explicitly. To give an example, we return to the indicator function of a convex set C. For
v € C, we have

cv) forallv e V

V€ 0c(V) & (v—V,V )y <O
<0 forallv € C,

S V=1,V -

since the condition is trivially satisfied for all v ¢ C. In other words, the subdifferential of the
indicator function of a convex set is its normal cone. Of particular importance for us will be
the case when the set C for o« > 0 is given by pointwise constraints,

Coa={veCo(Q): —a<v(x) < forallxe Q},

where we can give a pointwise characterization of the subdifferential. By separate pointwise
inspection of the

o positive activeset: x € AT :={x € Q: v(x) = af,
o negative activeset: x € A7 :={x € Q: V(x) = —a},
e inactive set: xel={xeQ: pPpkx)<a,

we obtain the equivalent complementarity conditions for v € 95¢_ (V) C M(Q):

V(A1) <0, v (A7) >0, v () = 0.

If v* is sufficiently regular (e.g., v* € L?(Q) or V is finite-dimensional), the complementarity
conditions can equivalently be expressed for anyy > 0 as

(1.2.8) v* + max(0, —v* +y(V — «)) + min(0, —v* + y(V + «)) = 0,

where max and min are taken pointwise almost everywhere in Q (or componentwise in finite
dimensions); this can again be seen by pointwise inspection. Optimality systems involving
equation (1.2.8) can then be solved by Newton-type methods, and the regularity requirement
is one reason why we will need to introduce approximations.

Another relevant example is the subdifferential of the norm of V. It is straightforward to
verify using the definition of the subdifferential and the dual norm that

v eV vvi)y . =Illy and [[villy. =1} ifv #0,

(- )v) = {BV* oo

see [Schirotzek 2007, Proposition 4.6.2]. For V = L' (Q), we can use pointwise inspection to
explicitly compute v* € L*(Q) for given v to obtain

1 ifv(x) > 0,
(1.2.9) O([|Il;1)(v) = sign(v) := { —1 ifv(x) <0,
te[-1,1] ifv(x)=0

10
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Since the multi-valued sign is not differentiable even in a generalized sense, we again need to
consider an approximation before we can apply a Newton-type method.

1.2.3 FENCHEL DUALITY

We now discuss the relation between the Fenchel conjugate and the subdifferential of convex
functions. Let f be a proper and convex function f. Then we immediately obtain from the
definitions of the conjugate and the subdifferential that for all v € V with f(v) < co and all
v* € V* the Fenchel-Young inequality

(1.2.10) WV )y v < V) +7(v7),

is satisfied, where equality holds (and thus the supremum in (1.2.1) is attained) if and only
it v* € 0f(v). Hence, inserting in turn arbitrary w* € V* and v* € 0f(v) into (1.2.10) and
subtracting yields

VW' =)y v < (FV) + 1 (W")) — (F(v) + 7 (v7)) = £ (w") — 7 (v7)

for every w* € V*,i.e, v € 0f*(v*). If f is in addition lower semicontinuous, we can apply
the Fenchel-Moreau-Rockafellar theorem to also obtain the converse, and thus

(1.2.11) v*eof(v) <« veof (v,

see [Schirotzek 2007, Proposition 4.4.4]. When combined with (1.2.4) or (1.2.5) and the char-
acterization (1.2.8) or (1.2.9), this relation is the key in deriving useful optimality conditions
for problems involving L' or measure space norms.

The Fenchel duality theorem combines in a particularly elegant way the relation (1.2.11), the
sum rule (1.2.7), and a chain rule to obtain existence of and optimality conditions for a solution
to a convex optimization problem. Let V and Y be Banach spaces, F: V =+ R, §:Y — R
be convex, proper, lower semicontinuous functions and A : V — Y be a continuous linear
operator. If there exists a vo € V such that F(vy) < 0o, §(Avy) < o0, and G is continuous at
Avy, then

(1.2.12) inf F(v) + §(Av) = sup —F*(A*q) — §*(—q),

veVv qev+
and the optimization problem on the right hand side (referred to as the dual problem) has
at least one solution; see, e.g., [Ekeland and Témam 1999, Theorem III.4.1]. (Existence of a
solution to the problem on the left hand side - the primal problem - follows directly from the
assumptions on F, G, and A by standard arguments.) Furthermore, the equality in (1.2.12) is
attained at (v, q) if and only if the extremality relations

{/\*q € 3F(¥v),
(1.2.13)

—q € 05(AV),

11
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hold; see, e.g., [Ekeland and Témam 1999, Proposition III.4.1]. Depending on the context, one
or both of these relations can be reformulated in terms of 5* and §* using the equivalence
(1.2.11). The conditions and consequences of the Fenchel duality theorem should be compared
with classical regular point conditions (e.g., [Maurer and Zowe 1979; Ito and Kunisch 2008])
for the existence of Lagrange multipliers in constrained optimization.

1.3 SEMISMOOTH NEWTON METHODS

It remains to formulate a numerical method that can solve nonsmooth equations of the form
(1.2.8) in an efficient manner. Just as the convex subdifferential proved to be suitable replace-
ment for the Fréchet derivative in the context of optimality conditions, we need to consider a
generalized derivative that can replace the Fréchet derivative in a Newton-type method and
still allow superlinear convergence. In addition, it needs to provide a sufficiently rich calculus
and the possibility for explicit characterization to be implementable in a numerical algorithm.
These requirements lead to semismooth Newton methods. This section gives a brief overview
of the theory in finite and infinite dimensions; for details and proofs, the reader is referred to
the expositions in [Ito and Kunisch 2008; Ulbrich 2011; Schiela 2008].

To motivate the definitions, it will be instructive to first consider the convergence of an abstract
generalized Newton method. Let Banach spaces X, Y, a mapping F : X — Y, and x* € X with
F(x*) = 0 be given. A generalized Newton method to compute an approximation of x* can
be described as follows:

1: Choose x° € X

2: fork =0,1,... do

3 Choose an invertible linear operator M. € £(X,Y)
4 Set x* 1 = x* — M, F(x¥)

5: end for

We can now ask ourselves when convergence of the iterates x* — x* holds, and in particular
when it is superlinear, i.e.,

ka+1 _

- x|
) i o
Set M(x¥) := My and d* = x* — x*. Then we can use the definition of the Newton step and
the fact that F(x*) = 0 to obtain

[t = x| = X< - M) ’F(ka — x|
= [[M(xi) " [F(x*) — X*) — Mxi) (x* — x|
= [IM(a) 7T [F(x¥) = F(x*) — M(xi)d*] |
< [IM(xx) 1H/; HF X"+ d*) — F(x*) — M(x*)d |,

Hence, (1.3.1) holds if both a

12
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o uniform regularity condition: there exists a C > 0 such that

[ M (xx <C

1
7 evix) <
for all k, and an

o approximation condition:

- |[F(x* 4+ d¥) — F(x*) — M(x* + d*)d¥|,

lak[|x—0 [d*[lx

=0,

hold. In this case, there exists a neighborhood N(x*) of x* such that

ka+1

* ] *
—x7[|x < 3 [ =%l
for an x* € N(x*), which by induction implies d* — 0 and hence the desired (local) super-
linear convergence.

If F is continuously Fréchet differentiable, the approximation condition holds by definition
for the Fréchet derivative My = F/(x*), and we arrive at the classical Newton method. For
nonsmooth F, we simply take a linear operator which satisfies the uniform regularity and ap-
proximation conditions. Naturally, the choice M. € 0F(x*) for an appropriate subdifferential
suggests itself.

1.31 SEMISMOOTH NEWTON METHODS IN FINITE DIMENSIONS

If X and Y are finite-dimensional, an appropriate choice is the Clarke subdifferential. Recall
that by Rademacher’s theorem, every Lipschitz function f : R™ — R™ is differentiable
almost everywhere; see, e.g. [Ziemer 1989, Theorem 2.2.1]. We can then define the Clarke
subdifferential at x € R™ as

0cf(x) =co { lim f'(xn): {Xn}nen with x,, — x, f differentiable at xn} ,

n—o00

where co denotes the convex hull. To use an element of the Clarke subdifferential as linear
operator in our Newton method, we need to ensure in particular that the approximation
condition holds. In fact, we will require a slightly stronger condition. A function f : R™ — R™
is called semismooth at x € R™ if

(i) fis Lipschitz continuous near x,
(ii) fis directionally differentiable at x,

L [F(x + h) — F(x) — Mh]|
(iii) lim sup =
IMI—=0 Meacf(x+h) R

0.

13
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Note that we take the subgradient not in the linearization point but in a neighborhood, so we
avoid evaluating 0cf at the points where f is not differentiable. This definition is equivalent
to the original one of [Mifflin 1977] (for real-valued functions) and [Qi and Sun 1993] (for
vector-valued functions); see [Ulbrich 2011, Proposition 2.7].

For a locally Lipschitz continuous function, this leads to the semismooth Newton method

1 Choose x° € X

2: fork =0,1,... do

3 Choose My € dcf(x¥)

4 Set x* 1 = xk — M f(x¥)
5. end for

If f is semismooth at x* with f(x*) = 0 and all M satisty the uniform regularity condition,
this iteration converges (locally) superlinearly to x*; see, e.g., [Ulbrich 2011, Proposition 2.12].
(In fact, condition (iii) of the definition is sufficient.) A similar abstract framework for the
superlinear convergence of Newton methods was proposed in [Kummer 1988].

We close this section with some relevant examples. Clearly, if f is continuously differentiable
at x, then f is semismooth at x with 0cf(x) = {f’(x)}. This can be extended to continuous
piecewise differentiable functions. Let fq,...,fy € C'(R™R™) be given. A function f :
R™ — R™ is called piecewise differentiable it

f(x) € {f1(x)y...,fn(x)} forallx € R™.
Then, f is semismooth, and
dcf(x) = co{fi{(x): f(x) =fi(x) and x € clint{y : f(y) = fi(y)}};

see, e.g., [Ulbrich 2011, Proposition 2.26]. This means that we can differentiate piecewise, and
where pieces overlap, take the convex hull of all possible values at x excluding those that
are only attained on a null set containing x. As a concrete example, the function f : R — R,
f(x) = max(0, x) is semismooth, and

{0}y  ifx <0,
dcf(x) = {1} ifx >0,
[0,1] ifx=0.

Finally, a vector-valued function is semismooth if and only if all its component functions are
semismooth; see [Ulbrich 2011, Proposition 2.10]. This implies semismoothness of (1.2.8) in
finite dimensions.

1.3.2 SEMISMOOTH NEWTON METHODS IN INFINITE DIMENSIONS

In infinite dimensions, Rademacher’s theorem is not available, and thus the construction
above cannot be carried out. Instead of starting from Lipschitz continuous functions, we

14
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directly demand the approximation condition to hold. We call F : X — Y Newton differentiable
at u € X if there exists a neighborhood N(u) and a mapping G : N(u) — £(X,Y) with

[F(u+h) —F(u) — G(u+hjh[y

—0.
Inflx—0 Il

(1.3.2)

Any DNF € {G(s) : s € N(u)} is then a Newton derivative at u. Note that Newton derivatives
are in general not unique, and need not be elements of any generalized subdifferential. If F is
Newton differentiable at u and

lim G(u+th)h

t—07"
exists uniformly in ||h|| = 1, then F is called semismooth at u. This approach to semismooth-
ness in Banach spaces was proposed in [Hintermiiller, Ito, and Kunisch 2002], based on
the similar (but stronger) notion of slant differentiability introduced in [Chen, Nashed, and
Qi 2000]. Related approaches to nonsmooth Newton methods in Banach spaces based on
set-valued generalized derivatives were treated in [Kummer 2000] and [Ulbrich 2002]. The
exposition here is adapted from [Ito and Kunisch 2008].

For Newton differentiable F, this definition leads to the semismooth Newton method
: Choose u® € X

1

2: fork =0,1,... do

3: Choose Newton derivative D F(u*)
4 Set ukt! = uk — DF(uk)TF(uk)
5: end for

If F is Newton differentiable (in particular, if F is semismooth) at u* with F(u*) = 0 and all
DnF(u) € {G(u) : u € N(u*)} satisfy the uniform regularity condition [[DnF(u)|| ;v x) <
C, this iteration converges (locally) superlinearly to u*; see, e.g., [Ito and Kunisch 2008,
Theorem 8.16].

If we wish to apply a semismooth Newton method to a concrete function F such as the one
in (1.2.8), we need to decide whether it is semismooth and give an explicit and computable
Newton derivative. Clearly, if F is continuously Fréchet differentiable near u, then F is semis-
mooth at u, and its Fréchet derivative F/(u) is a Newton derivative (albeit not the only one).
However, this cannot be extended directly to “piecewise differentiable” functions such as the
pointwise max operator acting on functions in LP (Q). It is instructive to consider a concrete
example. Take F: LP(Q) — LP(Q), F(u) = max(0,u). A candidate for its Newton derivative
is defined by its action on h € LP(Q) as

0 u(x) <0
[G(uwhl(x) =< h(x) u(x)>0
dh(x) u(x)=0

for almost all x € ) and arbitrary 6 € R. (Since the Newton derivative coincides with the
Fréchet derivative where F is continuously differentiable, we only have the freedom to choose

15
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its value where u(x) = 0.) To show that the approximation condition (1.3.2) is violated at

u(x) =—Ixlon Q = (—1,1) forany 1 < p < oo, we take the sequence
1 if < 1
ha) =47 1 IxI <,
0 otherwise,

with [|hn|[f, = =%+ Then, since [F(u)](x) = max(0,—|x|) = 0 almost everywhere, we
have

—Ix| if|x] < %,
[Flu+hn) —Fu) = Gu+h)had(x) =<0 iflx| > L,
—2 iflx]=1
and thus

1

n p+1
[F(u+ hn) — F(u) — G(u+ hy)ha |7, :J P dx = 2 <l> _

. p+1\n
This implies
1
lim HF(u“—hn) _F(u) - G(u+hn)hn’|l_v — ( 1 )p 7& 0
oo Fenllpr p+1

and hence that F is not semismooth from LP(Q) to LP(Q). A similar example can be con-
structed for p = oo; see, e.g., [Ito and Kunisch 2008, Example 8.14].

On the other hand, if we consider F : L9(Q) — LP(Q) with q > p, the terms involving
n~" do not cancel and the approximation condition holds (at least for this choice of h,,). In
fact, for arbitrary h € L9(Q) one can use Holder’s inequality to create a term involving the
Lebesgue measure of the support of the set where the “wrong” linearization is taken (i.e.,
where max(u(x) + h(x)) # max(u(x)) + G(u(x) +h(x))h(x)), which can be shown to go to
zero as h — 0; see [Hintermdiiller, Ito, and Kunisch 2002, Proposition 4.1]. Semismoothness
in function spaces hence fundamentally requires a norm gap, which is another reason why
approximation may be necessary to apply a semismooth Newton method to equations of

type (1.2.8).

The above holds for any pointwise defined operator. If p : R — R is semismooth, the
corresponding Nemytskii operator ¥ : L9(Q) — LP(Q), defined pointwise almost everywhere
as

is semismooth if and only if 1 < p < q < o0, and a Newton derivative of ¥ at x, acting on h,
can be taken as

[Dn(Y(u))h](x) € dc (b (u(x)))h(x).

16
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This connection was first investigated systematically in [Ulbrich 2002]; an alternative ap-
proach which parallels the theory of Fréchet differentiability is followed in [Schiela 2008].
In particular, F(u) = max(0, u) is semismooth from L9(Q) to LP(Q) for any q > p, with
Newton derivative

[DnF(u)h](x) = {

This can be conveniently expressed with the help of the characteristic function x 4 of the active
set A:={x € Q: u(x) > 0} (i.e., the function taking the value 1 at x € A and 0 otherwise)
as DnF(u) = xa.

There is a useful calculus for Newton derivatives. It is straightforward to verify that the sum
of two semismooth functions F; and F; is semismooth, and

Dn(Fr +F2)(u) := DnFr(u) + DnFa(u)

is a Newton derivative for any choice of Newton derivatives DyF; and Dy F,. We also have
a chain rule: If F : X — Y is continuously Fréchet differentiable atu € Xand G: Y — Z s
Newton differentiable at F(u), then H := G o F is Newton differentiable at u with Newton
derivative

DnH(u+h) = DNyG(F(u+ h))F (u+h)

for any h € X sufficiently small; see [Ito and Kunisch 2008, Lemma 8.15].

A final remark. Although numerical computation almost always involves finite-dimensional
problems, there is a practical reason for studying Newton methods in function spaces (besides
the uniform framework and the frequently tidier notation this allows): If semismoothness
and the uniform regularity condition can be verified for an infinite-dimensional problem,
the respective property holds uniformly for any (conforming) discretization. In practice, this
is reflected in the observation that the number of Newton iterations required to achieve a
given tolerance does not increase with the fineness of the discretization. This property, called
mesh independence, has been verified for semismooth Newton methods in [Hintermiiller and
Ulbrich 2004].
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OPTIMAL CONTROL WITH MEASURES

This chapter is concerned with optimal control problems for elliptic and parabolic equations,
where the controls are sought in spaces of Radon measures instead of the usual Lebesgue
or Sobolev spaces. This setting is not a generalization for its own sake, but rather motivated
by applications: In finite dimensional optimization, it has frequently been observed that
minimizing ¢’ -norms promotes solutions that are sparser than their {?-norm counterparts,
i.e., that have fewer non-zero entries. This would also be desirable in the context of optimal
control of partial differential equations, e.g., for the optimal placement of discrete actuators.
These could be modeled as a distributed “control field”, where a L' penalty would favor sparse,
i.e., strongly localized controls, denoting both location and strength of the actuators; see
[Stadler 2009]. Penalties of L' type would also be relevant in settings where the control cost
is a linear function of its magnitude, e.g., representing fuel costs; see [Vossen and Maurer
2006]. However, optimal control problems in L' (Q) are not well-posed, since boundedness in
L'(Q) is not sufficient for the existence of a weakly convergent subsequence. One possibility
is to add additional L? penalties or L* bounds on the control, in which case the existence
of minimizers can be deduced from the Dunford-Pettis theorem; see, e.g., [Edwards 1965,
Theorem 4.21.2]. This approach is followed in [Stadler 2009; Wachsmuth and Wachsmuth
2011a; Wachsmuth and Wachsmuth 2011b; Casas, Herzog, and Wachsmuth 2012]. On the
other hand, we can identify L' (Q) with a subspace of M(Q) to obtain existence of a weak-x
convergent subsequence in the latter. In this sense, the space M(Q) of Radon measures is
the proper analogue of ¢! for infinite-dimensional optimal control problems with sparsity
constraints. A framework for the numerical solution of such problems is presented in section
2.1 for elliptic problems; its extension to parabolic problems is the topic of section 2.2.

In a similar fashion, total variation penalties favor piecewise constant controls and for that
reason have attracted great interest in signal and image processing. In the context of optimal
control problems, this would be relevant when the cost is proportional to changes in the
control. Here, the proper setting in infinite dimensions is the space BV(Q) of functions
of bounded variation. The corresponding approach for elliptic problems is discussed in
section 2.3.
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2 OPTIMAL CONTROL WITH MEASURES

2.1 ELLIPTIC PROBLEMS WITH RADON MEASURES

The challenge in the numerical solution of optimal control problems with measures arises
from the non-reflexivity of the space M(Q) and the non-differentiability of its norm. However,
a combination of Fenchel duality and Moreau-Yosida regularization allows approximating
the optimal measure-space controls by a family of more regular controls that can be com-
puted using a semismooth Newton method. The next section introduces this framework.
Section 2.1.2 discusses the modifications necessary for restricted control and observation. An
alternative to regularization is to consider a conforming discretization of the measure space,
which is presented in section 2.1.3.

2.1.1 DUALITY-BASED FRAMEWORK

We consider the optimal control problem

min_ ~ ly — 2% + o fJu
Slly—z
(2.1.1) uwertiay 219 L M

s.t. Ay=u.

where QO C R™, n € {2, 3}, is a simply connected bounded domain with Lipschitz boundary
0Q, and o > 0 and z € L?(Q) are given. Here, A is a linear second order elliptic differential
operator taking homogeneous Dirichlet boundary conditions such that ||A-||; > and ||A*-||,2
are equivalent norms on

W= H*(Q)NH(Q) — Co(Q).

This is a slightly more restrictive assumption than maximal regularity for p > n, which can
be relaxed; see sections 1.1.3 and 2.1.2. The main motivation for this restriction is to work
with a standard Hilbert space for the dual problem; this will be particularly convenient when
applying the framework to controls of bounded variation; see section 2.3.

Under this assumption, the equality constraint in (2.1.1) is well-posed, and the existence of a
unique solution ©t € M(Q) follows from standard arguments; see Theorem 7.2.2.

To apply Fenchel duality, we take C,(Q) as the weak-x dual of M(Q) and set

F:MQ) = R, FW) = vy,

1
G:W S R, §v) = 5 [|A"v =212,
/\M(Q) —>W*, Av =,

i.e., /A is the injection corresponding to the embedding M(Q) < W*. The conjugate of G can
be directly calculated due to its Fréchet differentiability and the bijectivity of A; the conjugate
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2 OPTIMAL CONTROL WITH MEASURES

of F is given by (1.2.5). The adjoint A* is the injection corresponding to the embedding W —
Co(Q). Since F and G are convex, proper, and lower semicontinuous, and G is continuous at,
e.g.,v = 0 = Av, we can apply the Fenchel duality theorem to deduce that the dual problem

N B 2 2
min 2 A" + 2l — 3 [l

st plle, < &
has a solution p € W which is unique by the assumption on A*. Applying the equivalence
(1.2.11) to both extremality relations in (1.2.13) then yields first order (necessary and sufficient)
optimality conditions for p: There exists A := —it € M(Q) C W* such that
AA*D +Az+A =0,
(2.1.2) 5 _
(Ap _p>3v[ & S0
holds forallp € Wwith [p||, < &, where the first equation should be interpreted in the weak
sense; see Corollary 7.2.5. From (2 1.2), we can deduce the following structural information
for the Jordan decomposition t = it — Tt~ of the optimal control:
supp(t’) C{x € Q: p(x) = —od,
supp(tt ) C{x € Q: p(x) = «f.
This can be interpreted as a sparsity property: The optimal control it will be nonzero only on

sets where the constraint on the dual variable p is active, which are typically small; and the
larger the penalty «, the smaller the support of the control.

Due to the low regularity A € W*, we cannot apply a semismooth Newton method directly.
We therefore consider for y > 0 the family of regularized problems

2
min —Z||12 T Uy + 5 |lu

(2.1.3) werL(Q Hy HLZ [l 2y RV
s. t. Ay :u)

which is strictly convex and thus has a unique solution u, € L*(Q). Proceeding as above, we
now set

_ 1
Fy Q) =R Ty ) = vl + 50 vtz

which is finite if and only if v € L?(Q). Direct calculation verifies that the weak-x Fenchel
conjugate J7, : Co(Q) — R is given by

* * Y
Ty = 5 [[max(0,v" oIt + 5 ||mln (0,v* + &)If2

see Remark 7.3.2. The Fenchel duality theorem then ylelds the existence of a (unique) solution
Py € W of the dual problem

N BT 2
min - [|A"p + z[|1> — ||Z||L2 +5 Hmax (0,p — &)t + 5 ||rnlrl 0,p + )|z,
pPeEW 2
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2 OPTIMAL CONTROL WITH MEASURES

as well as the optimality system

(2.1.4) AAp, +Az+ A, =0,
2.1.4 .
Ay =y max(0,p, — «)) +ymin(0, py + o),

where A, = —u, € L?(Q). (Thelast equation should be compared with (1.2.8); the connection
with the Fenchel dual of (2.1.3) justifies calling (2.1.4) a Moreau-Yosida regularization of
(2.1.2).) Asy — oo, the solutions p, converge strongly in W to p, while the A, converge
weakly-* in W* to A; see Theorem 7.3.1.

We now consider (2.1.4) as a nonlinear equation F(p) = 0 for F: W — W*,
(2.1.5) F(p) := AA"p + Az + ymax(0,p — &) +y min(0,p + «),

understood in the weak sense. Since W < LP(Q) for any p > 2, this equation is semismooth
with Newton derivative

DnF(p)h = AA™h + YXix: fp(x)|> o) e

By the assumption on A and A*, the operator AA* is an isometry from W to W*, which
implies uniform invertibility of D F(p) independently of p. The semismooth Newton method
applied to F thus converges locally superlinearly to the solution of (2.1.5). The corresponding
control u, = —A, can then be obtained from the second equation of (2.1.4). In practice,
the basin of convergence shrinks with increasing vy; this can be remedied by computing a
sequence of solutions, starting with vy, = 1, and using the solution u,, as starting point for
the computation of u,,, ., with vy > yx. We shall refer to this procedure as a continuation
strategy.

Figure 2.1 shows an example target and the corresponding optimal control u, for A = —A,
o = 1073 and y = 107, demonstrating the sparsity of the controls. More examples are given
in section 7.4.

2.1.2 RESTRICTED CONTROL AND OBSERVATION

The optimal controls obtained from the above approach are strongly localized, and can be
used as indicators for the optimal placement of point sources. In practical applications, it is
often not possible to place sources in the whole computational domain; similarly, the state
may need to be controlled only in a part of the domain. In case of restricted observation,
however, the control-to-restricted-state mapping is no longer an isometry, and the above
pure (pre)dual approach is no longer applicable. Nevertheless, useful optimality conditions
of primal-dual type can still be obtained using Fenchel duality.

We thus consider the problem

min 1H | 122001 + o]
Py —Z x _
(2.1.6) ueMp(w.) 2 Ylwo L2(w,) Mr (@)

s.t. AYy =Xo. U,

21



2 OPTIMAL CONTROL WITH MEASURES

(a) z (b)u,

Figure 2.1: Target z and corresponding optimal control u,, for o = 1073,y = 107

where w, and w, represent the observation and control subdomains of the bounded domain
Q C R™ with characteristic function x,,, and X, respectively, and z € L*(w,) is given.
Furthermore, M (@, ) is the topological dual of Cr (@, ) :={v € C(@,) : Vlow.nr = 0}, where
I' = 9Q and the constraint v|3,.nr = 0 is dropped if dw. N T = (); see section 1.1.2. Under
the assumptions of section 1.1.3, the state equation is well-posed and problem (2.1.6) has a
solution by standard arguments.

To define the control-to-observation mapping S, we introduce for ¢ > n the canonical
restriction operators

Rw, t W' (Q) = Wh' (W), Ru, : W H(Q) » Whi(w,)
and the injections
Juw,  Wh (wo) = L2 (wo), . : W) — Cr(@e)
and set
Sw : Mr(@e) = Lwo)y  Sw() = Ju, Rw, ARG, T, 1
By construction, S, has the weak-x adjoint

S:, i L2 (w,) — Cr(@,), S5 (@) =w. Ru (A*)T'RE, T7,. 9.

We now apply Fenchel duality, this time setting

F:Mr(@.) = R, F(v) :“HVHMF(GC)’

1
G: L% (w,) — R, G(v) ZzHV—ZH%Z(wO)a
/\ZMr(wc) —>L2(wo)) /\V:Sw\).
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2 OPTIMAL CONTROL WITH MEASURES

The Fenchel duality theorem now yields the existence of q € L?(w,) satisfying

—q=S,u—2z,
ue aI{HqHCr(wc)gix}(S*wq)’

where we have applied the equivalence (1.2.11) to the second relation only. Setting p =
—S%,q =S}, (Swott—z) € Cp(w,) (i.e., introducing the adjoint state), we obtain the primal-
dual optimality system for (11, p) € Mp(w.) x Cr(w,)

o) S: (Swit—2z) = P,
2.1.
’ (8P — Pty (o, () < O

forallp € Cr(@.) with [[p[|¢, (@,) < o see Theorem 8.2.3. Note that since S, is no longer
bijective, we cannot solve the first equation for it as in (2.1.2).

Again, due to the low regularity of i, we introduce a Moreau-Yosida regularization of (2.1.7):

(2.1.8) Py :SZ;(SwU'y_Z))
o —u, =y max(0,p, — &) +ymin(0,py + o),

where S, is considered as an operator from L?(w.) — L?(w,). As in section 2.1.1, we deduce
the existence of a unique solution (uy,p,) € L?(w.) x WH9(w,); see Theorem 8.3.1. For
Y — o0, the family {1, }, - has a subsequence weakly-* converging to @ in M (@, ), and
{py}y=0 has a subsequence strongly converging to p in W"9(w.) and hence in Cr(@.); see
Theorem 8.3.2.

The regularized optimality system (2.1.8) can be written as an operator equation F(u, ) =0
for F: L?(w.) — L?(w,),

F(u) =u+vymax(0,S;,(Swou—2z) — &) + ymin(0, S}, (Swu — z) + «).

Due to the smoothing properties of the adjoint solution operator S;, this equation is semis-
mooth, with Newton derivative given by

DnFwh = h +vXx: 152 (Seu—z) (x)1>o (S Swh).

*

Due to the presence of the first term and the continuity of S, and S, the Newton derivatives

have uniformly bounded inverses, and the semismooth Newton method converges locally
superlinearly; see Theorem 8.4.1. The solution of the Newton step D¢ (u*)du = —F(u*) can
be computed using a matrix-free Krylov method such as G MREs, where the action of the
Newton derivative on a given du is computed by first solving the state equation Ady = x, du
followed by the adjoint equation A*dp = X,y —zand setting S S, du = X, Op. In practice,
the Newton method is combined with the continuation strategy described above.

Figure 2.2 shows an example target and the corresponding optimal control u, for A =
—vA—b-Vwithv=01andb = (1,0)T, x = 1073, and y = 10"2. It can be observed that
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2 OPTIMAL CONTROL WITH MEASURES

(a) z b) u,

Figure 2.2: Target z and optimal control w,, for y = 10'? and o = 102 (control domain w,
and observation domain w, are shown in black and red, respectively)

the controls are concentrated on the boundary of the control domain w, (outlined in black)
closest to the observation domain w,, (in red). More examples can be found in section 8.5.

For some applications, it is important to ensure non-negativity of the controls; this is the case,
e.g., if the controls represent light sources. This restriction can be incorporated by replacing
F in the above framework with

Fi:Mp(we) > R, Fiv) = O‘HVHMF@C) + Spenty (we): 0 (V).

It follows from its definition that the Fenchel conjugate 3™ is finite in q € Cr(@.) if and only
if ¢ < « everywhere, i.e.,

Sjjr :Cr(wc) _>R> ?jr(q) :6{v€Cr(wc):v<cx}(q)'
This leads to the optimality system (recalling that p = —S7,q)
S5, (Sett—2z) =p,
(WP =Py (wo),cr(we) <O
forallp € Cr(w,) with p > —«, whose Moreau-Yosida regularization is
Py = Sz)(swu'y - Z))
—u, = ymin(0,py + ).

The semismooth Newton method discussed above can be applied after straightforward modi-
fications; see Remark 8.2.5 ff.
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2 OPTIMAL CONTROL WITH MEASURES

2.1.3 CONFORMING APPROXIMATION FRAMEWORK

In the previous sections, we have introduced a regularization in order to apply semismooth
Newton methods in function spaces. Since for every y > 0 the regularized controls u, are in
L%(Q), the Newton steps can be discretized in this case using a standard finite difference or
finite element method (optimize-then-discretize). On the other hand, if we apply a conforming
discretization to problem (2.1.1), the resulting finite-dimensional optimality system will be
semismooth without additional regularization. This will allow the numerical solution of the
(semi-discretized) problem in measure space.

The crucial idea here is to construct a finite-dimensional subspace of M(Q) by considering
a conforming discretization of Cy () and then mirroring the duality of C,(Q) and M(Q)
on a discrete level. We start from the standard finite element approximation of continuous
functions. Let {71 }n~o be a family of shape regular triangulations of @ and let {x; }}\':“1 denote
the interior nodes of the triangulation T},; see section 9.3 for the precise definitions. Associated
to these nodes we consider the nodal basis formed by the continuous piecewise linear functions
{e]-}}\]:“1 such that e;j(x;) = dy; for every 1 < i,j < Ny. We now define

Nn
Yn = {yh € Co(Q):yn = Zyjej, where {yj}}i“] C R}

j=1

endowed with the supremum norm. Since any function yy € Y, attains its maximum and
minimum at one of the nodes, we have

= max |y;| =y
HthCo 1<j<Nh|y]| |yh|oo>
where we have identified y;, with the vector §, = (y1,...,yn, )" € RN" of its expansion

coeflicients, and | - |, denotes the usual p-norm in RN, Similarly, we define
Np

U, = {uh eM(Q): u, = Zujéxj, where {uj}}iﬁ C R} ,
j=1

where &, is the Dirac measure corresponding to the node x;, i.e., <6Xj , V>M cy = v(x;) for all
v € Co(Q). For uy, € Uy, we have

Np Np
unllye = sup > wi(dy,v) =Yyl = [
j=1

IVle=13
Hence endowed with these norms, Uy, is the topological dual of Y}, with respect to the duality

pairing

Ny
(2.1.9) (Uny Yn)ag,co = Zuiyj = UG-
j=1
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2 OPTIMAL CONTROL WITH MEASURES

The natural conforming discretization of M(Q) is thus by a linear combination of Dirac
measures.

To analyze the discretization of the optimal control problem, it will be useful to define the
linear operators IT, : Co(Q) — Y, and Ay, : M(Q) — Uy, by

Nn

Ny
ﬂhy:Zy(xj)ej and /\hu:Z<u,eJ~>6Xj.
j=1

j=1

It is straightforward to verify using (2.1.9) that A}, is the weak-x adjoint of IT;, and that

(2.1.10) (W Yn)a,co = (AR Yn)ae,c,

for allu € M(Q) and yn € Yj. Furthermore, A, u converges weakly-* in M(Q) to u as
h — 0and [|[Anll ¢ v(a).u,) < 1; see Theorem 9.3.1.

We now consider the semi-discrete optimal control problem

: | 2
min = z + ofu
(2.1.11) EM(Q) 2||Uh ||L2(Qh) || ||M(Q)>

s.t. a(yn,vh) = (W, Vh)yc, forallvy € Yy,

where a : H'(Q) x H'(Q) — R is the bilinear form associated with the operator A. Note
that we have only discretized the state, but not the control; in this sense, this approach is
related to the variational discretization method introduced in [Hinze 2005]. As before, we
obtain the existence of an optimal control i € M(Q); however, since the mapping u — yp, is
not injective due to (2.1.10), the control is not unique. Nevertheless, by the same argument,
there exists a unique 1, € Uy, such that every solution i € M(Q) satisfies Apit = 1ip; see
Theorem 9.3.2. This means that we even if we restrict the control space to U;,, the computed
control will be optimal for (2.1.11) as well.

Using the properties of Ay, one can show weak-* convergence of 1, to solutions of (2.1.1) in
M(Q) and strong convergence of the corresponding states gy, to § in L?(Q) as h — 0; see
Theorem 9.3.5. If z is sufficiently smooth, we also obtain a rate for the latter:

19— Unlliz(a) < Ch?,

where k = 1ifn =2 and k = 1/2 if n = 3; see Theorem 9.4.2.

To compute the optimal control i1y, we formulate problem (2.1.11) in terms of the coefficient
vectors iy, and §j. Introducing the stiffness matrix Ay, corresponding to A, we have

A I .
min _|Uh_zh|% + afiinl,
dneRNn 2

s. t. Ahgh = fth.
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(Note that the “mass matrix” corresponding to (un, Vi) ¢, is the identity.) Applying Fenchel
duality as above and introducing the optimal state vector §j;, € RN*, we obtain for the vectors
Un, prn € RN® the optimality conditions

AnrUn = Un,
A}TJ_?h = Mn(Un —Ya,n),
—lp = max(0, —tp + Y(Pr — o)) + min(0, =ty + v(Pr + «))

for any y > 0, where My, is the mass matrix corresponding to Yy, and max and min should
be understood componentwise in RN". Since we are in finite dimensions, this system can be
solved using a semismooth Newton method. In practice, a continuation strategy based on a
Moreau-Yosida regularization (obtained by dropping the terms —tiy, on the right hand side
of the last equation) is useful to compute a good starting point for the Newton iteration.

This framework can also be applied to the case of Neumann boundary controls in the space
M(T); see section 9.5.

2.2 PARABOLIC PROBLEMS WITH RADON MEASURES

When applying the above framework to control problems involving parabolic partial differen-
tial equations, the situation is more difficult due to the low regularity of the states. For right
hand sides in the space M(Q+), where Qt := (0, T) x Q, the solution to the heat equation is

only in L™(0, T; L#(Q)) for v < 2. (Using the duality technique, r = 2 would require C(Qr)

regularity for solutions to the adjoint equation with right hand sides in L*(Qr~), which does

not hold.) If we want to consider distributed L? tracking, we need to use controls that are

more regular in time. This leads to the space L?(0, T; M(Q)) defined in section 1.1.2. The

resulting controls are smooth in time, but exhibit sparsity in space; such controls can be used
to model moving point sources. The spatio-temporal coupling of the corresponding control

cost, however, presents a challenge for deriving numerically useful optimality conditions.

We thus consider the optimal control problem

. 1 5
min =ly—=z + xjju
uel?(I,M(Q)) 2||y ||L2(QT) ez vy,

(2.2.1) s.t. 0ty+Ay=u inQr,

U(X,O) =TYo inQ

for given yo € L?(Q). If A (and A*) enjoys maximal parabolic regularity, the state equation
is well-posed in 12(0, T; Wg’q/(Q)) for all " € [1,77); see Theorem 10.2.2 for the case
A = —A. The control problem (2.2.1) then has a unique solution & € 1%(0, T; M(Q)); see
Theorem 10.3.2. Although the derivation of optimality conditions is deferred to later, let us
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note that we can again deduce sparsity properties of the optimal control from them: For
almost every t € [0, T],

supp(i'(t)) C{x € Q:p(x,t) = —[[p(t)llc b
supp(i (1)) C{x € Q:p(x, 1) = +[[p(t)]l ¢,

where p denotes the adjoint state; see Theorem 10.3.3. This implies that the control is active
where the adjoint state attains its maximum or minimum over Q) independently at each time
t, and hence a purely spatial sparsity structure for the controls.

The approximation framework for L2(0, T; M(Q)) is again based on applying discrete duality
to a conforming discretization of L*(0, T; Co(Q)). For the spatial discretization, we take the
framework introduced in section 2.1.3; the temporal discretization uses piecewise constant
functions. This leads to a dG(0)cG(1) discontinuous Galerkin approximation of the state
equation; see, e.g., [Thomée 2006]. Specifically, we introduce a temporal grid 0 = to < t; <

. < tn, = T with T =ty — t_1 and set T = max; <x<n, Tk. For every o0 = (1, h) we now
define the discrete spaces

o= {yc € LZ(O)T; CO(Q)) :ycr|(tk,1,tk]€ Yh) 1 < k < NT})
ucr = {uc S LZ(O,T,M(Q)) :u6|(tk,1,tk}€ uh) 1 < k < NT}

The elements u, € U, and y, € Y, can be represented in the form

N~ N~
Us =) WenXk and Yo = ) YinXi
k=1 k=1

where Xy is the characteristic function of the interval (tyx_1, ti], uk,n € Up, and yx n € Y.
Identifying again u, with the vector 1 of expansion coefficients u,;, we have for all us € Uy
that

T Nh NT Nh 2 NT
o llFzne) J szuk]xk% dt=Y n (Y hwgl] =) wlif
k=1 j=1 k=1 =1 k=T

for W = (Wk1y--.,UeN, ) "> and similarly for all y, € Y, that

N~ 2 N
2 = 12
lyollfzico = D <1£“2§ '%) =D il
k=1 k=1

It is thus straightforward to verify that endowed with these norms, U is the topological dual
of Y, with respect to the duality pairing

Nr
(2-2-2) <Umya> ),L2(Co) ZTkZuk]yk) ZTk( lgk)
k=1
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As in the elliptic case, we now introduce the linear operators
Oy 120, T;M(Q)) = U, Yo 120, T;Co(Q)) = Yo
by

N- N~

1 1
E — J' Anu(t) dtxy, Yoy = —J My (t) dtxy,
b Tk Tk

k=1 Lk

which satisfy

<u>Uc>L2(M),L2(CO) = <(D0u>yU>L2(M),LZ(Co)

forallu € L%(0, ; M(Q)) and y, € Y,. Furthermore, @ ,u converges weakly-x to u in
L2(0, T;M(Q)) as 0 — 0 and [| D | (1250 a0,y < 15 see Theorem 10.4.2.

Since the dG(o0)cg(1) discontinuous Galerkin approximation can be formulated as a variant
of the implicit Euler method, the semi-discrete optimal control problem can be written as
(2.2.3)

min = z ollu
WEL2(0.TM (O 2”96 IF2(0p) + llulliz o,
st <Uk,h —Yk—1,h

1 [T
- )Vh> + a(yi,hyvn) = —J <u(t))vh>M,C0 dt,

T Jrye s

Yo,h = Yo,

Again, since only the state is discretized, the solution w is not unique in L?(0, T; M(Q)),
but there exists a unique i, € U, such that every solution w € L?(0, T; M(Q)) satisfies
@, = 1,. Convergence as 0 — 0, including rates, can be obtained in a similar fashion as in
the elliptic case; see sections 10.4 and 10.5.

For the computation of the optimal control i, we formulate (2.2.3) in terms of the expansion
coeflicients uy », and yy n. Let N = N x Ny, and identify as above u, € U with the vector
Uo = (Wi1yee oy WiNy,y -+ -y Unen, ) T € RNe of coefficients, and similarly y, € Y, with §o3
see section 10.4.1. To keep the notation simple, we will omit the vector arrows from here on
and fix yo = 0. Then the discrete state equation can be expressed as L,y, = u, with

T My, + A 0 0
L,=| —0'Mn  T'Mu+An 0 | ¢ RNexNo,
0 ) )
Introducing for v, € RNe the vectors vii = (Vi1,...,vikn, )" € RNn, T < k < Ny, the

discrete optimal control problem (2.2.3) can be stated in reduced form as

N N 12
‘] T T
min 5 ]; T Ly U — Zo g ML, " — Zoli + (Z Tk|uk|%> .

RNo
Uo€ k=1
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We now set
N, 1/2
F:RNe 5 R, Fv) =« (Z Tk|vk|%> )
k=1
1 &
G:RNe 5 R, G(v) = EZTk(Vk_Zk)TMh(Vk_Zk)a
k=1
A RNe — RNo| Av =17y,

and calculate the Fenchel conjugates with respect to the topology induced by the duality
pairing (2.2.2). For G, direct calculation yields that

1 &
5"(q) = 3 Z Tk ((qk + Mnzi) "My (g + Minzi) — ZEMth)
k=1

For F, we have by example (iii) in section 1.2.1 that

1/2
. NT 2
F*(q) = og,(q) = 0 if (Zk:1 Tquklm) <«

oo otherwise.

This leads to the dual problem

N
N .
min 5 > ti([Lgpoli — Mnzi) "My, ([Lgpolk — Mnzi) + 8, (po)-
L

Here, we cannot make direct use of the extremality relations since we have no pointwise
characterization of the subdifferential of F*. We thus consider the following equivalent
reformulation

N
, K= —
min 7 D wlLipelh — Mazi) "M H([Lipolh — Mizi)
k=1

po‘ERNUyCO‘ERNT

N
S.t. |prleo ScrforallT< k<N, and Z chﬁ = o2,
k=1
where ¢, = (c1,...,cn, )T € RN+, Since the constraints satisfy a Maurer-Zowe regular point

condition (that the feasible set contains an interior point), we obtain first order optimality
conditions which can be reformulated as

LoYo —Us = 0,

LI‘I_)O‘ - Mcr(gc - ZO‘) = O)

Uy + max(0, =ty + v (Prx — €k)) + min(0, =ty + v (Px + ¢k)) =0,
Np

Z [— max(0, —y + v (Px — k) + min(0, =ity +v(Pr + &))l; + 2A¢k =0,
j=1

N
E Tkéi — OC2 = O,
k=1
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2 OPTIMAL CONTROL WITH MEASURES

(a)z (b) s (x=1073) (€) Uty (x=10"")

Figure 2.3: Target z and corresponding measure space optimal controls i, for o« = 1073 and
o=10"

where the third and fourth equations hold for all 1 < k < N.. This system can be solved
by a semismooth Newton method; a good starting point again can be computed using a
continuation strategy based on a Moreau-Yosida regularization of the complementarity
conditions; see section 10.6.

Figure 2.3 shows an example target and the corresponding measure space optimal control
U, for two different values of «. The results demonstrate the expected sparsity structure: For
larger o, the controls are sparser in space, but smoother in time. More examples can be found
in section 10.7.

2.3 ELLIPTIC PROBLEMS WITH FUNCTIONS OF BOUNDED VARIA-
TION

To treat controls in the space BV(Q), we follow the approach of section 2.1.1. We consider
the problem

N 2
Lamin 5y =27+ o fullpy

s.t. Ay=u

under the same assumptions as in section 2.1.1. Due to the embedding BV(Q) — M(Q), the
state equation is well-posed and existence of a unique minimizer follows again from standard
arguments.

Here, we make use of the dense embedding (C3*(Q))™ < H3, (Q) to apply Fenchel duality
in a Hilbert space setting. In the following, Lebesgue spaces of vector valued functions are
denoted by a blackboard bold letter corresponding to their scalar equivalent, e.g., L?(Q) :=
(L2(Q))™. Now let

Hi(Q) = {v e L*(Q): divve W, v-v=00ndQ},
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2 OPTIMAL CONTROL WITH MEASURES

endowed with the norm [|v||;z = [[v|[: + [[div v]3,. We set
. LT 2
J:H: (Q)" — R, Fu) = 5 A w—z||,,
§:HE,(Q)" > R, S(v) = [Vl s
AW — H3, (Q), Av = Dv,

where D is the distributional gradient, and deduce from the Fenchel duality theorem that the
dual problem

1 ) 1
min S A" divp + 2|2 — 5 |l2]7
pGHdw(Q) 2 2
st Ipllicon S
has a solution (which however may not be unique); see Theorem 7.2.11. From the extremality

relations, we obtain first order optimality conditions: There exists A := Dt € HZ_(Q)* such
that

(A*divp +z, A" divv) > + (A V>H2 HT =0,
(AP —Pha - H2, S 0,

div

for all v, p € Hg, (Q) with [[p]| ¢,;» < o see Corollary 7.2.12. These conditions also imply
that for any p € Hdw(Q) p=> O

(DUyp)yz 2 =0 it supp(p) C{x: [P(X)]e < o).

div >" “div
This can be interpreted as a sparsity condition on the gradient of the control: The optimal
control 1t will be constant on sets where the constraints on the dual variable p are inactive.

Since ||A* divp||;. is only a seminorm on Hj; (Q), we need to add additional regularization
to ensure a unique solution. Since furthermore H3 (Q) does not embed into L9 for q > 2
— which is necessary to apply a semismooth Newton method, - we set H := H3 (Q) N W™
and consider the regularization

. T 2
]Ijmn 5 HA divp +z|f. + & HAPH]LZ —3 (EA[Fe?

+ 3 I max(0,p — e[ + 7 [Imin(0, p + o)

with the corresponding optimality system

div > “div

(A*divpy +z, A" divv), + B (Apy, AV) 2 + (A, V)12 42 =0,
Ay =y max(0,p, — «) + min(0, py + «),

for all v € Hj (Q), where A denotes the componentwise Laplacian with homogeneous
Dirichlet boundary conditions, and the max, min are understood to act componentwise.

32



2 OPTIMAL CONTROL WITH MEASURES

(a)z by

Figure 2.4: Target z and corresponding optimal control u, for « = 1074, =101,y = 10"

(Here and below, « stands for the vector («, ..., «) € R™.) This system can be written as a
semismooth operator equation F(p) = 0 for F : H — H*,

(F(P)yV)gee 9¢ = (A" divp + 2, A"divv) 2 + B (Ap, Av),
+v (max(0,p — o) + min(0, p + &), V),

for all v € HH. Its Newton derivative D F is given by its action on h as

(231)  (DnF(P)hyV)ge o0 = (A" divh, A" divv) 2 + B (Ah, Av)
+v (X \p(x)|>oc}h)v>Lz ;

where the last term is evaluated componentwise, i.e.,

hi(X) if |p1(X)| > X,
( x:|p(x)|>a h); (X) =
e C
fori=1,...,n. Since the weak form of the Newton derivative (2.3.1) by construction defines
an inner product on 7, its inverse is uniformly bounded and the semismooth Newton method
converges locally superlinearly; see Theorem 7.3.5.

Figure 2.4 shows an example target and the corresponding optimal control u, for A = —A,
o« =10"% B =10""andy = 107. It can be seen that the optimal controls tend to be piecewise
constant. Note that although the target possesses rotational invariance, the optimal control
does not; this is due to the anisotropy of the vector norm | - |, used in the definition of the
total variation. More examples can be found in section 7.4.
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This chapter treats optimal control problems where the functional to be minimized includes
an L* norm. We can separate such problems into two classes, depending on the role of the
norm:

« Problems with tracking terms in L* appear if the deviation from the target needs to be
bounded uniformly everywhere in the domain; this amounts to a worst-case (in space)
optimization problem.

« Problems with control costs in L* lead to optimal controls of bang-bang type (i.e., the
control attains its upper or lower bound almost everywhere). This is relevant in cases
where the control action is virtually cost-free, but the cost of constructing the control
apparatus depends on the possible range of the control.

Note that such problems are related to but different from problems with pointwise constraints
on the state or the control, since the constraints themselves are subject to optimization.
Compared to problems with pointwise constraints, both types of L* optimal control problems
have been studied relatively little in the context of partial differential equations.

The difficulty in their numerical solution arises from the fact that the subdifferential of the L*
norm is difficult to characterize. This can be circumvented by a reformulation: The problem

min [|f(w)]|{-
can equivalently be expressed as

min ¢? st V]~ <c, fu) =v,
c,v,uL
see, e.g., [Ruszczynski 2006, Example 3.39], [Grund and Rosch 2001], and [Priifert and Schiela
2009]. In this way, optimality conditions can be obtained under standard regular point
conditions. The corresponding Lagrange multipliers are only in (L*(Q))*, but semismooth
Newton methods can be applied after introducing a Moreau-Yosida regularization. The
squared L™ norm is considered in order to obtain positive definiteness of the Newton steps;
note that this does not change the structural features of the problem, only the trade-off
between minimizing the tracking term and the control cost for a fixed penalty parameter.
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3 OPTIMAL CONTROL WITH L>® FUNCTIONALS

3.1 L TRACKING

We treat a slightly generalized problem

( 2
min — + ¢ hul?
ceRuerm 2 22
m
(3.1.1) s.t. Ay="~f+ Z WiXw,»
i=1
—Bac+ P2 < Ylw, < Bic+y,

where w; C Q,1 = 0,...,m are open and connected sets in Q and f € L9(Q) for some
q < max(2,n). Further

B1,P2 € R with $1,B2>0 and 1P; € L®(wo), P2 € L®(wy),

and we assume that 37 + 32 > 0 as well as max1{, < mint;. To simplify notation, we
introduce the control operator B : R™ — L*(Q), Bu = > ™| WiXw,-

This problem can be given the following interpretation: A pollutant f enters the groundwater
and is (diffusively and/or convectively) transported throughout the domain Q. To minimize
the concentration y of a pollutant in a town wy, wells wy, ..., w., are placed in Q, through
which a counter-agent u; can be introduced. The problem is therefore to minimize the upper
bound c in the formulation y|,,, < c.

The case 31 = 3, =1 and {; =1, = 0 corresponds to a problem with L* tracking:

1, %
(3.1.2) un 5 [YllTee (o) + 3 ul;

s.t. Ay =f+DBu.

Since the functional in (3.1.1) is continuous and radially unbounded, the problem admits a
unique solution (1, ¢); see Proposition 11.2.3. Optimality conditions follow from a Maurer—
Zowe regular point condition; see Theorem 11.3.1. However, this leads to Lagrange multipliers
that are only in (L*°(Q))*, which is not amenable to numerical realization.

We thus consider the Moreau-Yosida regularization of (3.1.1),

2«
—+

. 2, Y 2
cemin = 5 fuly + 5 [max(0, ylw —Bre — 1)l

Y (s
+ z ||m1n(o>y|wo + BZC _¢2)H%2 )
s.t. Ay =f+Bu.
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3 OPTIMAL CONTROL WITH L>® FUNCTIONALS

This is a smooth, strictly convex optimization problem with equality constraints satisfying a
Slater condition (that the linearized constraint (y,u) — Ay — Bu is surjective), and hence
the necessary and sufficient optimality conditions are

iy i — (Py,Xw) =0, i=1,...,m

cy — Ay, B1) + (Ay,2,B2) =0,

A*py + Ay, =0,

Ay, —f—Bu, =0
where

7\1/,1 = ymax(0>yy|wo - B]C _11)1 ))
}\y>2 - ymin(o)yv|wo + BZC _1b2)>
Ay = Ay Ay,

and A, denotes the extension by zero to Q \ wo of A,. Asy — oo, we have convergence of
(CyyUy,Yy) to (c*,u,y*) in R x R™ x WH4(Q); see Proposition 11.2.3. Furthermore, we
have the rate

),

m‘m

1 o 1
zlcy —c*? + 5 lu, —u*|§ =0 (y E

_ n ] "
where 0 = Tﬂ(qqf_n)’ see Proposition 11.3.3.

Due to the regularity of the state equation and the embedding R < L*(Q), the optimality
system, seen as an operator equation from R™ x R x W)9(Q) x W9 (Q) to R™ x R x

W14 (Q) x W~ 19(Q), is semismooth with respect toy and c. The Newton derivative can be
calculated in the usual fashion; see section 11.4 (due to the necessary additional notation, it is
not given here). It can be shown that the Newton derivative has a uniformly bounded inverse,
implying local superlinear convergence of the semismooth Newton method; see Proposition
11.4.1. Again, the problem of local convergence can be remedied with a continuation strategy
invy.

Figure 3.1 shows a model example for problem (3.1.2): The circular observation domain w,

(the “town”) is situated in the center of the unit square [—1, 1]2. On one side, a contaminant
given by the function f = 100(1 + y)X(x:x>.75} enters the computational domain. Around
the town, m = 4 control domains (“wells”) are spaced equally. We consider convective-
diffusive transport, which is described by the operator Ay = —vAy + b - Vy with v = 0.1

and b = (—1,0)". Compared to the uncontrolled state y°, the optimal state  is uniformly
reduced within the observation domain wy. Since the state is bilaterally bounded, the controls
opposite the support of the source are positive to avoid decreasing the lower bound. More
examples are given in section 11.5.

36



3 OPTIMAL CONTROL WITH L* FUNCTIONALS

y L . y R )

(a) Geometric setup (b) Uncontrolled state y°

Y . X Y oo X

(c) Optimal control @ (d) Optimal state g

Figure 3.1: L tracking problem. The upper left plot shows the pollutant f, while the circles
give the observation domain wy (red) and the control domains wy, ..., w4 (black).
The upper right plot shows the uncontrolled state y° = A~'f. The lower plots
show the optimal control and state, respectively, for oc = 10°.
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3 OPTIMAL CONTROL WITH L>® FUNCTIONALS

3.2 L CONTROL COST

We consider the optimal control problem

(0.8

2
Il

min 1H z||% +
wer(0)2Y L

s.t. Ay=u.

Such problems are called minimum effort problems and have been studied in the context of
ordinary partial differential equations; see, e.g., [Neustadt 1962]. They have received little
attention for partial differential equations; see, e.g., [Zuazua 2007] and [Gugat and Leugering
2008] in the context of approximate and exact controllability of heat and wave equations. This
may be related to the obvious difficulty arising from the non-differentiability appearing in
the problem formulation.

Our approach rests on the equivalent formulation

1 5 x ,
' Sy — —c2 46
(3.2.1) CGR,IIPEI&(Q) 2||U zl[{2 + 7€ + 0B, (W)

which is strictly convex due to the square of the optimal L* bound c. Here and in the following,
we exclude the trivial case ¢ = 0. This problem admits a unique solution (1, ¢) € L*(Q) x R,
which satisfies the first order optimality conditions

(—py,u—1). >0 foralluwith ||ul,. <1,
o — (1L, P) 2 = 0,
y—z+A"p =0,
Ay — ¢l =0,
with the optimal state §j € H}(Q) and the Lagrange multiplier p € H}(Q). Identifying L'(Q)
with the weak-x dual of L*(Q) and applying the equivalence (1.2.11) to the first relation
(which is the explicit form of p € 005, (1)), we obtain
e d(]1)(p) = sign(p).

Note that this relation directly implies the bang-bang nature of the optimal controls. Inserting
this into the remaining equations and eliminating 3 yields the reduced optimality system

AA™p + Csign(p) = Az,
e — [Pl =o.

Since the multi-valued sign is not differentiable even in a generalized sense, we introduce for
B > 0 a Huber-type smoothing of the L' norm and its derivative:

{ AApp + cp signg (pp) = Az,

(3.2.2)
acs — [pplliy =0,
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3 OPTIMAL CONTROL WITH L>® FUNCTIONALS

where we have defined

P(X) _% pr(X) > B)
G230 ey =] POy dx POl = § —p() =2 ifpix) <,
2pP(x)? i lp(X) < B,
and
1 ifp(x) > B,
signﬁ(p)(x) =< 1 ifp(x) < —B,

Ip(x) (o)l < B.

The optimality system (3.2.2) can also be obtained by adding the penalty § w72 to (3.2.1)
which allows deducing existence and uniqueness of solutions (cg, pg) to (3.2.2); see Proposi-
tion 12.3.1. The optimality condition ug = sign, (pp) - corresponding to the first relation of
(3.2.2) — implies that the regularized controls are of bang-zero-bang type: either ug(x) = £1

or [ug(x)| < 1. As 3 — 0, the family of regularized solutions (13, cg) contains a subsequence
that converges strongly in L9(Q) x R, for any q € [1, 00) to (i, ¢); see Proposition 12.3.5. It
also holds that 3 — cp |jug ||iz is monotonically decreasing; see Lemma 12.3.4.

Due to the local quadratic smoothing, |- HL}s is Fréchet differentiable with derivative sign;.
Furthermore, the mapping ¥ : R — R, t +— sign (t) is continuous and piecewise differen-
tiable and hence defines a semismooth Nemytskii operator from L9(Q) to L?(Q) for every
q > p with Newton derivative

) 1
Dn 51gn[3(v)h = BX{x:Iv(X)KB}h'

for every h € L9(Q). The regularity of p thus implies that (3.2.2) defines a semismooth
operator equation T(p,c) = Ofor T : W x R, — W* x R. Uniform boundedness of the
Newton step

AA*SD + X EXpx: jvix)1<p1 0P + signg (p¥)de = —(AA™P® + csign, (p*) — Az),
adc — (signg (p*), 8p) = —(xc* — ||Pk||Uﬁ)

once more follows from the fact that by assumption AA* is an isometry from W to W*; see
Proposition 12.4.1. This implies local superlinear convergence of the semismooth Newton
method.

To combine this with a practical continuation in 3 requires adapting the stepsizes: If the
Newton iteration did not converge for 3,, = of,,—1 with 0 < 1 after a given number of
iterations (as monitored by the change in active sets), the result is discarded and the Newton
iteration is restarted for a new f3,, = o', for 0’ > 0. This requires an appropriate
stopping rule to prevent stagnation. Here, a model function approach based on the function
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M A4

(a) target z (b) control ug (. =5-10"3) (c) control ug (. =5-1075)

Figure 3.2: Minimum effort problem; shown are the target z and the corresponding optimal
controls ug forao =5-10%and « =5-107°

B cpllup ||%2 is followed: Using the current and the previous iterates, one constructs a
two-parameter interpolant m(f3) and takes m(0) as an estimate of ¢ ||u||%z Ifcg, [ug, ||%2 >
um(0) for a given efficiency index p < 1, the continuation is terminated; see section 12.4.2
for details.

Figure 3.2 shows results for the convection-diftusion problem from Figure 3.1 for two different
values of «. The continuation strategy terminated in both cases at 3 ~ 2 - 10~7. The bang-
zero-bang nature of the regularized controls can be observed clearly. Comparing the optimal

L* bounds cg = 0.8788 and ¢z = 6.8161, respectively, with the unscaled controls ug

demonstrates the tradeoft between magnitude and support inherent in minimum effort
problems. More examples are given in section 12.5.
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INVERSE PROBLEMS WITH NON-GAUSSIAN
NOISE

In this chapter, we consider the inverse problem
S(u) =y

for a compact (possibly nonlinear) operator S, where we are interested in recovering an
unknown true solution u' from measurements y® = S(u') + &%, where £° is some (random
or deterministic) observation error of magnitude & (often called noise level). Since S is compact,
this problem is ill-posed even if y® is in the range of S and S is invertible, in the sense that the
solution u® does not depend continuously on the data. For this reason, one usually computes
an approximation u, of u® by minimizing the Tikhonov functional

(4.0.1) F(S(w),y®) + aR(u)

for an appropriate discrepancy term F and regularization term R. If this problem has a unique
solution u, which converges to uf as § and o go to zero, this approach is called a (Tikhonov)
regularization of the original inverse problem; the classical reference is [Engl, Hanke, and
Neubauer 1996]. The choice of discrepancy and regularization term is crucial to achieve this,
and the correct choice is intimately tied to a priori information about the problem. Specifically,
the regularization term is often the (semi-)norm of an appropriate function space containing
the true solution, and serves to enforce the desired structure of the solution. For example,
higher order Sobolev or Lebesgue space norms yield smoother solutions, L'-type norms
promote sparsity, and total variation terms lead to piecewise constant solutions. This aspect,
especially the last two examples, has attracted great interest in the last years. The discrepancy
term has a similar connection with the observation error &°, and for random noise can often
be deduced from statistical considerations. If £® is normally distributed, the appropriate
discrepancy term is F(S(u),y®) = 1|[S(u) —y® Hiz, and this L? data fitting term is used
in the vast majority of applications even if the Gaussian assumption is not justified. This is
possibly due to the fact that the discrepancy terms for non-Gaussian noise may be nonsmooth,
making the numerical solution challenging.

Here we will consider two such examples:
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4 INVERSE PROBLEMS WITH NON-GAUSSIAN NOISE

o Impulsive noise is characterized by significant outliers, i.e., large deviations which occur
with much greater frequency than in Gaussian noise. On the other hand, not all data
points are corrupted, i.e., there exist x € Q where £2(x) = 0. Such noise frequently
occurs in digital image acquisition and processing due to, e.g., malfunctioning pixels
in camera sensors, faulty memory locations in hardware, or transmission in noisy
channels. The assumption that there exist uncorrupted data points amounts to sparsity
of the noise; this suggests choosing the discrepancy term

F(S(w),y®) = [|S(w) —y°| .. -

o Uniform noise can take any value between, say, —6 and  with equal probability. Noise
distributions of this type appear as statistical models of quantization errors and are
therefore of relevance in any inverse problem where digital acquisition and processing
of measured data plays a significant role, e.g., in the context of wireless sensor networks.
Statistical considerations suggest that the choice

F(S(w),y°) = [[Sw) —v°[|,-
is appropriate in this case.

Although the choice of discrepancy terms has received less attention than the choice of
regularization terms, there has been considerable recent progress in the general theory of
inverse problems in Banach spaces which covers the above cases; see, e.g., [Burger and Osher
2004; Resmerita 2005; Poschl 2009; Scherzer et al. 2009]. Efficient methods for their numerical
solution, however, are less well studied.

One issue that distinguishes minimizing the Tikhonov functional (4.0.1) from optimal control
problems with a similar structure is the role played by the parameter «, which governs the
trade-off between attaining the data (or target) and enforcing the desired structural properties
of the minimizer. In optimal control, this trade-off is usually part of the model and thus fixed
in advance. For inverse problems, on the other hand, there exists an optimal choice for «,
namely the one that yields a minimizer u, that is as close as possible to u'. The parameter
choice thus depends on y® and is part of the problem.

Of course, without knowing the true solution u', this optimal choice is not possible. There
are two classes of practical choice rules: The rules in the first class are based on the noise level
b and allow proving error estimates for u, in terms of the noise level. One popular rule is
the Morozov discrepancy principle, where « is chosen such that the discrepancy term is on
the order of the noise level 5. On the other hand, heuristic rules such as the quasi-optimality
principle do not require knowledge of the noise level. Although one can construct for any such
rule a worst-case example for which convergence does not hold (known as the “Bakushinskii
veto’; see [Bakushinskii 1984]), they are desirable in practice since the noise level may not be
available. This is especially the case for non-Gaussian noise.
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4 INVERSE PROBLEMS WITH NON-GAUSSIAN NOISE

Here, a heuristic choice rule is proposed that involves auto-calibration of the noise level for
non-Gaussian noise. Specifically, « is chosen such that the balancing principle

(4.0.2) 0T (S(ua),y®) = aR(ua)

is satisfied. The parameter o is a proportionality constant which depends on S and R, but not
on 0. The motivation is that if S is compact, S(u) is smooth for any “reasonable” u, while non-
Gaussian noise in general is not. If the discrepancy term is chosen appropriately, F(S(u), y®)

will therefore be a good estimate of the noise level & for u reasonably close to uf. A similar
assumption on the structural difference of noise and data allows proving (average-case)

convergence rates for minimization-based heuristic choice rules; see [Kindermann 2011]. Of
course, this is not a rigorous justification; but the rule performs quite well in practice and
can be implemented using a simple fixed point iteration: For o, chosen sufficiently large, the
iterates

F(S(ua),y°)
R(ue,)

define a monotonically decreasing sequence that converges to a solution of (4.0.2). This
follows from the fact that by the minimizing property of 1, the mappings o — F(S (), y®)
and o — R(uy) are monotonically decreasing and monotonically increasing, respectively,
as « — 0; see [Clason, Jin, and Kunisch 2010b] and section 15.3. In practice, convergence is
achieved within a few iterations.

(4.0.3) X1 =0

41 L' DATA FITTING

We first consider inverse problems with data corrupted by impulsive noise. Specifically, we
assume that y® is defined pointwise as

Px) = S(uh)(x) with probability 1 — d,

S(uf)(x) + &(x)  with probability d,

where &(x) is a random variable, e.g., normally distributed with mean zero and typically
large variance. The parameter d € (0, 1) represents the percentage of corrupted data points.
As discussed above, this implies that y°® — S(u') is sparse, suggesting use of the L' norm as
discrepancy term. To avoid additional complications, we further assume in the following that
uf is an element of a Hilbert space X and correspondingly fix R(u) = 3 HuHé

4.11 LINEAR INVERSE PROBLEMS

We begin with linear inverse problems, i.e., S(u) = Ku for a bounded linear operator K :
[?(Q) — L?(Q), and consider

. x 2
min [|[Ku—1y® — w72 .
S | Yo + 7 [ullt2
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4 INVERSE PROBLEMS WITH NON-GAUSSIAN NOISE

Since u € L?(Q), standard results ensure the well-posedness of this problem: There exists a
unique solution u, which depends continuously on the data y®, and if x — 0 and §/x — 0,
the minimizers u, converge to u'. Furthermore, under a so-called source condition (that w
lies in the range of K*, which implies additional regularity of the true solution) one obtains
rates for this convergence; see section 13.2.1.

We now apply Fenchel duality. Setting

08
F:12(Q) — R, Fv) =5 Vi,
G:12(Q) - R, SOv) = [Iv—y°|lur,
A L2(Q) = L2(Q), Av = Ky,

and computing the Fenchel conjugates (with respect to the weak duality between L' (Q) and
L>(Q) in case of G), we obtain the dual problem

. T e 2
(41.1) Jdoin o Kl — (P, y®) 12 + 8, (P),

where we have used (1.2.4) together with the transformation rules (1.2.2) (for F) and (1.2.3) (for
G). The Fenchel duality theorem then yields existence of at least one minimizer p, € L*(Q),
which satisfies the extremality relations

{ K*poc = XUy,

(4.1.2)
(Kia =y, pa —P)12 <0,

forallp € L?(Q) with ||p||;~ < 1, where we have again used the equivalence (1.2.11) to obtain
the second relation; see Theorem 13.2.5. From the latter, we immediately deduce the following
structural information:

supp((Kug —y®)") C{x: palx) =1},
supp((Kua —y®)7) C{x: pa(x) = —1}.

This can be interpreted as follows: the data is attained exactly at points where the bound
constraint on p, is inactive, and the sign of p is determined by the sign of the noise. The
dual variable thus serves as a noise indicator.

If the inversion of K is ill-posed, solving the optimality system (4.1.2) is ill-posed as well.
In addition, the low regularity p, € L*(Q) prohibits application of semismooth Newton
methods. We thus add a H' regularization term for p: For B > 0, we consider

T2 B 2
(412) Cmin o [KPIE+ 5 IVPIE = Py + Suue ().

Under the assumption that ker K* N ker V = {0}, i.e., constant functions do not belong to the
kernel of K*, probem (4.1.3) is strictly convex and hence admits a unique solution. The family
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4 INVERSE PROBLEMS WITH NON-GAUSSIAN NOISE

of minimizers {pp }p~o contains a subsequence converging weakly in L2(Q) to a minimizer p
of (4.1.1); see Theorem 13.3.2. Since a regular point condition is satisfied for the box constraint,
we obtain the optimality system

T s
< KK'pp — BAPs —y° +Ap =0,
O‘ﬁ)p _PB>L2 <0,

forall p € H'(Q) with ||p]|;~ < 1andaAs € (H'(Q))*. Again, the low regularity of
the Lagrange multiplier Ag prevents a semismooth complementarity formulation, and we
introduce for y > 0 the Moreau-Yosida regularization

1
—KK*py, — BApP, —y® + A, =0,
(4.1.4) x Pv Py —Y Y
Ay =vymax(0,p, — 1)) +ymin(0,py + 1).

One can show convergence for (p,,A,) asy — oo for fixed $ > 0; see Theorem 13.3.1 and
Theorem 13.A.1.

Due to the regularity of pg € H'(Q), the optimality system (4.1.4) defines a semismooth
nonlinear equation F(p) = 0 with F: H'(Q) — (H'(Q))*,

1
F(p) = —KK*p — BAp +y(max(0,p — 1) + min(0,p + 1)) — y°,

which has the Newton derivative

1
DNF(p)h = &KK*h - BAh + YX{X:IP(X)\>1}h-

Since by assumption the inner product f (V-, V-);, + & (K*-,K*-),, induces an equivalent
norm on H'(Q) for any B > 0, the Lax-Milgram theorem implies uniform invertibility
of DnF(p) for fixed B,y > 0 and hence local superlinear convergence of the semismooth
Newton method. Since (3 should be chosen as small as possible without making DnF(p)
numerically singular, one can apply a continuation strategy which is terminated as soon as the
computed pg becomes infeasible, i.e., |pg||;~ > 1. In practice, the continuation strategy for
B is sufficient to deal with the local convergence of the Newton method, and the parameter y
can be fixed at a large value, e.g.,y = 107.

Figure 4.1 shows a typical realization of noisy data for an inverse heat conduction problem
with d = 0.3 and compares the performance of L' fitting with L fitting, demonstrating the
increased robustness of the former. For comparison, in both cases the parameter was chosen
from a range of 100 logarithmically spaced values to give the lowest L? reconstruction error.
The reconstruction with the parameter o, = 2.239 x 10~2 chosen according to the balancing
principle (4.0.2) is very close to the optimal reconstruction with otop = 2.009 x 1072, Details
and further one- and two-dimensional examples can be found in section 13.5.
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Figure 4.1: Comparison of linear L' (Q) and L?(Q) fitting for inverse heat conduction problem
(d=0.3)

4.1.2 NONLINEAR INVERSE PROBLEMS

We now consider L' fitting for nonlinear inverse problems, in particular, for parameter
identification for partial differential equations. Let S : X — Y denote the parameter-to-
observation mapping, where X is a Hilbert space and the space Y compactly embeds into
L9 for some q > 2. We also assume that y® is bounded almost everywhere, which is the
case for data subject to impulsive noise. The spaces X and Y are defined on the bounded
domains w C R™ and D C R™, respectively. To apply our approach, we assume that S
is uniformly bounded in U C X, completely continuous, and twice Fréchet differentiable
with bounded first and second derivatives. These are generic assumptions in the context
of parameter identification problems for partial differential equations, and are satisfied, for
example, in the following situations.

o Inverse potential problems consist in recovering the potential u defined on w = Q from
noisy observational data y® in the domain D = Q, i.e., Smapsu € U C X = [?(Q) to
the solutiony € Y = H'(Q) to

—Ay+uy =f in Q,

N _o

o onl.

Such problems arise in heat transfer, e.g., damping design and identifying heat radiative
coefficients.

o Inverse Robin coefficient problems consist in recovering the Robin coefficient u defined
on the boundary part w = T from noisy observational data y® on the boundary part
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4 INVERSE PROBLEMS WITH NON-GAUSSIAN NOISE

D =T,ie,Smapsu e UC X =L1*TN)toylr, €Y = H%(FC),wherev — V[r,
denotes the Dirichlet trace operator and y is the solution to

—Ay =0 in Q,

0

%zf on I¢,
0
%+uy:0 on [;.

This class of problems arises in corrosion detection and thermal analysis of quenching
processes.

o Inverse diffusion coefficient problems consist in recovering the diffusion coeflicient u
defined on w = Q from the noisy observational data y° in the domain D = Q, i.e., S
mapsu € U C X = H'(Q) to the solutiony € Y = Wy9(Q), q > 2, to

-V (uVy) ="~ in Q,
y=20 onT.

Such problems arise in estimating the permeability of underground flow and the con-
ductivity of heat transfer.

Under the above assumptions, the Tikhonov functional
(415) min [S(u) —y* o0 + 5 [}
uel 2
is well-posed by standard arguments, and convergence rates can be obtained under the usual

source conditions on u'; see section 14.2.1.

Since S is nonlinear, we cannot apply the Fenchel duality theorem. We therefore proceed as
in section 2.1.2. Due to the differentiability assumptions, S is strictly differentiable, and hence
the Tikhonov functional is Lipschitz continuous. We can therefore use Clarke’s calculus for
generalized gradients to obtain for any local minimizer u, of (4.1.5) the optimality system

S' (W) P + &j(Ue — o) =0,
<S(uoc) _yé>p _poc>L‘,L°° <0 for all HPHLOO <1

with a py € L*(D) with ||ps/|{~ < 1. Here S’(u)* denotes the adjomt of S (u) with respect
to L?(D), and j : f)C — X* is the (linear) duality mapping, i.e., j(u) % IE ||§C)(u); see
Theorem 14.2.7.

As in section 3.2, we now apply the equivalence (1.2.11) to the second relation (which is the
explicit form of S(uy) —y® € 085, (p«)) to obtain

Po € O([Ifl11)(Sua) —y®) = sign(S(us) —y°).
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4 INVERSE PROBLEMS WITH NON-GAUSSIAN NOISE

Inserting this into the first relation yields the necessary optimality condition

0¢ O‘j(uoc) + S/(uoc)*(Sign(S(uoc) _yé))-

Again, the non-differentiability of the multi-valued sign prevents application of Newton-type
methods. We therefore consider for 3 > 0 the smoothed problem

. 5 X2
min [[S(w) —y°[lgy + 5 [,

with HHLF3 defined as in (3.2.3). As p — 0, the family of minimizers {ug}g~o contains a
subsequence converging strongly in X to 14; see Theorem 14.3.2.

Differentiability of ||-|| Ly yields the necessary optimality condition

oj(up) +S'(up)*(signg (S(ug) —y®)) =0,
which defines a semismooth equation F(u) = 0 from X to X* due to the linearity of the

duality mapping in Hilbert spaces and the smoothing properties of S. By the chain rule for
Newton derivatives we find the action of the Newton derivative on du € X as

DnF(w)du = o’ (u)du+ (8" (u*)du)* sign g (S(u*) —y)NH+BS () (g S’ (U du).

Given a way to compute the action of the derivatives S’(u)h, S’(u)*h and [S”(u)h]*p for
given u, p and h, the Newton system can be solved using a matrix-free Krylov method. In
the context of parameter identification for partial differential equations, this involves solving
linearized forward and adjoint equations; see section 14.A for the explicit form of these
derivatives for the model problems listed above.

To deduce superlinear convergence of the semismooth Newton method, it remains to show
uniform invertibility of Dy F(u). Since the operator S is nonlinear and the functional is thus
in general non-convex, we need to assume a local quadratic growth condition at a minimizer
ug: There exists a constant y > 0 such that

(S"(up) (N, h),signg (S(up) —y®))r2 + «[[N|I% = vI[hI%

holds for all h € X. This is related to standard second-order sufficient optimality conditions
in PDE-constrained optimization; see , e.g., [Troltzsch 2010, Chapter 4.10]. The condition
is satisfied for either large & or small noise (in the sense that S(ug) — y?® is sparse), which
is a reasonable assumption for parameter fitting problems with impulsive noise. Under this
condition, the inverse of DnF is uniformly bounded and thus local superlinear convergence
holds; see Proposition 14.3.3. The Newton method is again combined with a continuation
strategy in (3, which is terminated if the semismooth Newton method failed to converge (as
indicated by the change in active sets and the norm of the residual) after a given number of
iterations.

48



4 INVERSE PROBLEMS WITH NON-GAUSSIAN NOISE

‘ ‘ ‘ ‘ ‘ ‘ ——— ‘ ‘ ‘ ‘ ==
35} __7 noisy (8 = 0.365) | | 191 ——exact 4
A | -1 =3.63x1073)
1.8
25
5 1.7
15 \ ‘ l ~ 16] S
1 } ' l ‘ 151
i i il | \H'\“H\“”\m ) \““ {8 i i ‘u“‘ il M i I )
) | i
\ 131
—0.5 B
n 1.2}
15t 11
72—] —6.8 —6.6 —6.4 —(‘)AZ 6 OIZ 014 016 018 1 ‘—1 —(‘).8 —(‘)46 —6.4 —(S.Z 6 0‘.2 014 016 018 1
(a) exact and noisy data S(uf), y® (b) true solution u' and reconstructions 14

Figure 4.2: Comparison of nonlinear L' and L fitting for inverse potential problem (d = 0.6)

Figure 4.2 shows a typical realization of noisy data for the inverse potential problem with
d = 0.6, and compares the performance of L' fitting with L? fitting. For L' fitting, the
regularization parameter & was chosen according to the balancing principle; the fixed point
iteration (4.0.3) converged after 4 iterations. For L? fitting, the parameter is chosen from a
range to give the smallest reconstruction error. Again, L' fitting is much more robust than L?
fitting. More results for the model problems in one and two dimensions are given in section

14.4.

4.2 L% DATA FITTING

We now consider linear inverse problems with data corrupted by uniformly distributed noise.
Specifically, we assume that S(u) = Ku for a bounded linear operator K : X — L*(Q), and
y® € L®(Q) is defined pointwise as

y°(x) = Ku'(x) + &(x),

where &(x) is a uniformly distributed random value in the range [—d Ymax, d Ymax) for a noise
parameter d > 0 and Ymax = ||Ku'||w. The main assumption on K is that

u, = u'inX implies Ku, — KulinL®(Q).

This holds if K is a compact operator or maps into a space compactly embedded into L*(Q)
(as is commonly the case if K is the solution operator for a partial differential equation). We
then consider for p € [1, c0) the Tikhonov regularization

.1 [od
(4.2.1) min HKu—yépr(Q) +3 ull3 .
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Similar to the L' fitting case, well-posedness and convergence rates follow from standard
results; see section 15.2. The reason for allowing p > 1 is to obtain positive definiteness of
the Newton matrix; the value of p only influences the trade-off between minimizing the L*
norm of the residual and minimizing the norm of x, but not the relevant structural properties
of the functional (in particular the geometry of the unit ball with respect to ||-||7).
For the numerical solution of (4.2.1), we follow the approach presented in section 3.1. Fixing
p = 2, we introduce the equivalent reformulation
min ¢ +2 [k lEs
(u,c)EXXR 2 2 X

s. t. HKu—y‘SHLm(Q) <ec.

Since a regular point condition is satisfied for the bound constraint, there exist Lagrange
multipliers A1, A; € L®(Q)" with

<7\1><P>Loo(g)*,Loo(Q) <0, (Az, (p>L°°(Q)*,L°°(Q) =0

for all ¢ € L*(Q) with ¢ > 0 such that the minimizer (uy,cy) satisfies the optimality
conditions
‘Xj(uoc) = K*()W + AZ))
Co = (A1 — }\2)_1>L°°(Q)*,L°°(Q) )

5
0= (A1, Kug —y° — Cfx>Loo(Q)*,L°°(Q) ’

0= <)\2, Kug —yé + Coc>Loo(Q)*,L°°(Q) )

see Theorem 15.4.1. Low regularity of the Lagrange multipliers once more prevents a semis-
mooth complementarity formulation, and we introduce the Moreau-Yosida regularization

. o v 2 Y. 2
(u,glél)l(X]R > + 5 Hu|]§c + 5 Hmax(O, Ku—y® — C)HLZ + 5 Hmm(O, Ku—y® + C)HLZ

which admits a unique minimizer (u,,c,) € X x R. Fory — oo, the sequence of minimizers
converges strongly to (14, C«); see Theorem 15.4.2. Straightforward computation yields the
(necessary and sufficient) optimality conditions

oj(1y) +yK* (max(0, Ku, —y® —¢,) + min(0,Ku, —y® +¢,)) =0,
cy +vy <—max(0, Ku, —y® — cy) + min(0, Ku,, —y® + Cy)y 1>L2(Q] =0.

This defines a semismooth equation F(u, c) = 0 from X x R to X* x R due to the mapping
properties of K : X — L*°(Q) and the embedding that maps ¢ € R to the constant function
x — ¢ € L*(Q). The Newton derivative of F is defined by its action on (du, c) as

o’ (w)du + YK*((xa, + xa,)KOU) + ydcK* (—x A4, + Xu,)

DnF(u, c¢)(du, bc) =
Y (—Xa, +Xa,) K6u>L2(Q) + <1 + v {Xa, +Xazs 1>I_2(Q)> dc

50



4 INVERSE PROBLEMS WITH NON-GAUSSIAN NOISE

0.1 T T T
— 1 (¢ =650-1073)
S 12 (0 =428-107%)
8.102 ——exact
6-1072
4.1072
2.102
0
2102 _—
—4.102 | | | | | | | | | 02 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
(a) exact and noisy data Ku'f,y® (b) true solution ut and reconstructions u,

Figure 4.3: Comparison of linear L* and L fitting for inverse heat conduction problem
(d=0.3)

with
Ay :{x: (Ku—yf’)(x)>c}, Azz{x: (Ku—yf’)(x)<—c}.

Since A; and A, are disjoint sets, straightforward calculation verifies that DN F is a positive
definite operator independent of (u,c) and thus has a uniformly bounded inverse. This
implies local superlinear convergence of the Newton method; see Theorem 15.4.4. Again, this
is combined with a continuation strategy in .

Figure 4.3 shows a typical realization of noisy data for the inverse heat conduction problem
with d = 0.3 and compares the performance of L* fitting with L? fitting, demonstrating the
increased robustness of the former. For L* fitting, the regularization parameter o was chosen
according to the balancing principle; the fixed point iteration (4.0.3) converged after 6 itera-
tions. For L2 fitting, the parameter is chosen from a range to give the smallest reconstruction
error. More details and two-dimensional examples for deterministic quantization errors can
be found in section 15.5.
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APPLICATIONS IN BIOMEDICAL IMAGING

The final chapter of this part illustrates the relevance of non-reflexive Banach spaces in
real-world applications with two examples from biomedical imaging: Optimal light source
placement in diffuse optical imaging, which can be formulated as an optimal control problem in
the space of Radon measures, and image reconstruction in parallel magnetic resonance imaging,
which amounts to a bilinear inverse problem where regularization terms of total variation type
can lead to improved reconstruction quality. These works arose from cooperations with the
Institute of Medical Engineering of the TU Graz in the framework of the SFB “Mathematical
Optimization and Applications in Biomedical Sciences”

51 DIFFUSE OPTICAL IMAGING

Fluorescent diffuse optical tomography is an imaging methodology where a biological sample
is illuminated by near-infrared light emitted from point-like light sources (so-called optodes)
such as optical fibers or lasers after a fluorescent marker has been introduced which selectively
binds to inclusions to be detected, e.g., cancer cells. The light then diffuses through the tissue
while being scattered and absorbed by inhomogeneities including the markers. The photons
absorbed by the latter are reemitted at a different wavelength and are then transported back
to the surface, where they are captured and used to reconstruct a tomographic image of
the marked tissue. However, the diffusive nature of the photon transport makes this task
challenging. The reconstruction would be facilitated if the photon density of the illuminating
light can be made homogeneous within a region of interest, so that any variation in contrast
must be due to the marker distribution. A similar problem occurs in photodynamic cancer
therapy, where instead of a fluorescent marker, a photo-activable cytotoxin is used to selec-
tively destroy cancer cells, and homogeneous illumination is critical to avoid local under- an
overdoses.

Due to the complex surface shape of biological samples, the configuration of optodes required
to achieve this is far from obvious. Previously published methods were based on a discrete
approach, where a (large) set of possible locations was specified beforehand, from which
the best locations are chosen such that a certain performance criterion is minimized; this
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5 APPLICATIONS IN BIOMEDICAL IMAGING

amounts to a combinatorial problem with exponential complexity. The corresponding optimal
source magnitudes would then be computed in a second step. In contrast, the measure space
optimal control approach described in section 2.1 yields both location and magnitude of point
sources in a single step, without requiring an initial feasible configuration or specification of
the desired number of optodes.

The model of the steady state of light propagation in a scattering medium is based on the
diffusion approximation of the radiative transfer equation. This leads to a stationary elliptic
partial differential equation for the photon distribution ¢ € H'(Q),

q(x) inQ,

=V (k(X)V@(x)) + pa(x) (%)
(5.1.1)

kK(x)v(x) - Vo(x) + pp(x) =0 onT.

The geometry of the sample is given by the domain O C R™, n € {2, 3}, with boundary
I whose outward normal vector is denoted by v. The medium is characterized by the ab-
sorption coefficient 4, the reduced scattering coefficient ., and the diffusion coeflicient
K=n[(q + 1. )]'. The coefficient p models the reflection of a part of the photons at the
boundary due to a mismatch in the index of refraction. Finally, the source term q models the
light emission from the optodes.

The objective is to minimize the deviation from a constant illumination z in an observation
region w, CC Q. Due to the linearity of the forward problem, we can take z = 1 without loss
of generality. In addition, we restrict the possible light source locations to a control region
w, CC Q and enforce non-negativity of the source term ¢ (which represents the optodes).
This leads to the optimization problem

) 1 2 5
(in_ N Plas = 2liz(w,) T dlldllv@o + S nzor(a)

s.t.  (5.1.1).

Applying the approach of section 2.1.2 yields for y > 0 the family of optimality conditions
qy +ymin(0,p, + ) =0,

where p,, is again the adjoint state, i.e., the solution of the (selfadjoint) differential equation
(5.1.1) with right hand side ¢, — z. Instead of a matrix-free Krylov method, we first apply the
discretization described in section 2.1.3 to obtain the discrete optimality system

Anon —qn =0,
_Mo On + A;rlph - _MOZ)
qn + vy min(0, prlw, + &) =0,
where A}, denotes the stiffness matrix corresponding to (5.1.1), M,, the restricted mass ma-

trix with entries (e, €j); 2, and the last equation is to be understood componentwise in
RNr. Due to the discretization chosen for ¢, we can eliminate the control using the first
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Figure 5.1: Optode positions and magnitudes (left) and photon densities (right, normalized
to unit mean) for o = 0.8

equation and apply a semismooth Newton method. In each Newton step, we have to solve for
(@1, p**1) the block system

Ah Dk (pk+l (- (Xdk
M, Al \p*) T \ Moz’
where Dy is a diagonal matrix with the entries of the vector d¥,

Y if(pklwc)j < =&,
0 else,

k _
di =

on the diagonal. This is once more combined with a continuation strategy in v.

The feasibility of this approach is demonstrated for the practically relevant problem of design-
ing light applicators in photodynamic therapy for mesotheliomas in the intrathoracic cavity,
i.e., light-activated destruction of cancer cells on the surface of the lung. The goal is to achieve
homogeneous illumination of the target region using a flexible diffuser with embedded light
sources, taking into account the curvature of the surface. This is illustrated using a realistic
three-dimensional diffuser model constructed from a CT scan of a human thorax, where the
observation region w, is defined as the outer and inner surface of the model and w, is an
interior manifold equidistant from both. Figure 5.1 shows the computed optimal light sources
q and resulting photon density ¢, for « = 0.8. The resulting deviation from a homogeneous
illumination (with a coefficient of variation of 0.204) would be acceptable in practice. More
results and quantitative evaluations are given in section 16.4.

5.2 PARALLEL MAGNETIC RESONANCE IMAGING

Magnetic resonance imaging (MRI) is a medical imaging method that employs radio pulse
echoes to measure the density of hydrogen atoms in a sample, which allows the discrimination
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of different types of tissue. The spatial information is encoded, using a combination of spatially
varying magnetic fields, in the phase and frequency of the time-dependent echo, which is
then measured by coils surrounding the patient. A Fourier transform of the recorded signal
will therefore yield an image of the sample. Mathematically, MRI can thus be thought of as
direct measurement of the Fourier coefficients of the image. One of the major drawbacks of
MRI in current practice is the speed of the image acquisition, since in principle each (discrete)
Fourier coefficient k(i, j) has to be acquired separately: Each coordinate pair (i, j) needs to be
encoded by the gradient fields and measured by a separate radio pulse. By employing a phase
encoding instead of a frequency encoding for one coordinate, a “line” of Fourier coefficients
k(i,-) can be read out in parallel for every radio excitation. The standard approach for further
speeding up the process acquires only a subset of these lines (e.g., every second, k(2i, -), or
every fourth, k(44, -)); other strategies (so-called trajectories) such as sampling along radial
and spiral “lines” are possible.

This, however, leads to aliasing, as the signal is now sampled below the Nyquist frequency;,
resulting in visible image corruption. As a remedy, parallel magnetic resonance imaging
(PMRI) measures the radio echo using multiple independent coils, which are usually placed in
a circle around the patient; in this way one hopes to compensate for the lost information. Since
these coils have only limited aperture compared to a single coil, the resulting measurements
are non-uniformly modulated. It is, therefore, necessary to recover both the missing Fourier
coefhicients and the unknown modulations (the so-called sensitivities) from a set of modulated
and aliased coil images.

Mathematically, PMRI can be formulated as a nonlinear inverse problem where the sampling
operator Js (e.g., Fourier transform followed by multiplication with a binary mask) and the
correspondingly acquired Fourier coefficients g = (g1,...,gn)" from N receiver coils are
given, and the spin density u and the unknown (or not perfectly known) set of coil sensitivities
c = (c1,...,cn) " have to be found such that

F(u,c) :== (Fs(u-c1)y...,Fs(u-en))' =g

holds. Since this problem is bilinear, Newton-type methods are not applicable. A standard
approach for nonlinear inverse problems, the iteratively regularized GaufS-Newton (IRGN)
method, consists in solving a sequence of quadratic problems obtained by linearization.
Specifically, one computes in each step k for given x* := (u¥, ¢*) the solution §x := (8u, &¢)
to the minimization problem

]
min =|F/(x*)8x + F(x*) — g||” + %W(ck +8¢) + BrR(Uk + su)
for given oy, By > 0, and then sets x*™1 := x* + &x, o1 = g and Bri1 == qpPx

with 0 < g, qp < 1. Here, the term W(c) = ||w - Fc||? is a penalty on the high-frequency
Fourier coeflicients of the sensitivities (enforcing smoothness of the modulations) and R is
a regularization term for the image. In this work total variation-type penalties are used to
prevent noise amplification as ay, Bx — 0. For the solution of the quadratic subproblems, a
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first order method is chosen which requires only application of Fourier transforms and point-
wise operations and hence can be implemented efficiently on modern multi-core hardware
such as graphics processing units. Inserting the characterization (1.1.2) of the total variation
seminorm yields the nonsmooth convex-concave saddle-point problem

Xy

1
min max = ||F'(x*)&x + F(x*) — g||* +
ox P 2 2

W(c* + 8¢) + (u* + du, —divp) + 8¢, (p)
with
Cp = {p € L?(Q;C?) : divp € L*(Q;C), [p(x)]2 < B for almost all x € Q},

which is solved using a projected primal-dual extra-gradient method adapted from [Cham-
bolle and Pock 2010]; see Algorithm 17.1. A similar approach can be applied when R is the
total generalized variation, a higher order total variation-type penalty that promotes piecewise
affine solutions; see [Bredies, Kunisch, and Pock 2010] and Algorithm 17.2.

Figure 5.2 shows reconstructions of real-time images of a beating heart using radial sampling
with 25, 12 and 19 acquired lines (corresponding to undersampling of approximately 8.0, 9.6
and 10.6 times below the Nyquist limit, respectively), comparing L? regularization (IRGN)
with total variation regularization (IRGN TV). The ability of the latter to prevent the noise
amplification occuring in the former is evident. Additional results for different sampling
strategies and total generalized variation are given in section 17.4.
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Figure 5.2: Reconstructions of real-time images of a beating heart from 25, 12 and 19 acquired
radial lines with L? regularization (IRGN) and with total variation regularization
(IRGN TV)
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OUTLOOK

The results described in this thesis can be extended in many directions. Clearly, nonlinear
optimal control problems, both in measure spaces and with L* functionals, can be considered.
Of interest would be nonlinear partial differential equations with controls on the right hand
side as well as control of linear equations by lower order coefficients, e.g., potential terms.
Also of practical relevance are controls with sparsity properties not in physical space but
in a transform space, e.g., optimal control of the wave equation using controls that are a
superposition of few frequencies. This problem can be treated using the approach proposed
in section 2.3, with the Fourier transform in place of the distributional gradient. Tracking
terms of L' and L™ type also appear as appropriate distance functionals in the context of
optimal control of probability density functions (there known as Kantorovich and Kolmogorov
distances, respectively).

For inverse problems, it would be of interest to extend the L' data fitting to the case of
mixed noise (e.g., combined Gaussian-impulsive or Cauchy-distributed noise). For such
noise, the regularization of the L' norm introduced in section 4.1.2 turns out to be the
statistically appropriate discrepancy term (known as the Huber norm); it remains to replace
the continuation strategy in 3 with a suitable parameter choice method. Still missing is a
rigorous stochastic framework for impulsive noise models in function spaces, which would
lead to inverse problems with data fitting in measure spaces. Besides applying the L* fitting
approach to nonlinear parameter identification problems, it would be possible to combine
it with the approach for L'-type regularization terms to obtain a numerical method for the
so-called Dantzig selector. Of course, any method for solving inverse problems has to be tested
with real-world data; hence applying the developed methods to practical inverse problems is
of great interest.

A long-term goal is to combine the measure space approach for source placement with
sensitivity maximization techniques to solve optimal light source and sensor placement
problems in optical tomography. In parallel magnetic resonance imaging, formulating the
image reconstruction problem as an inverse problem allows the inclusion of physiological
parameters, either as additional penalties or as unknown parameters to be reconstructed.

These extensions are the topic of future research.
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Part 11

OPTIMAL CONTROL WITH MEASURES



A DUALITY-BASED APPROACH TO ELLIPTIC
CONTROL PROBLEMS IN NON-REFLEXIVE
BANACH SPACES

ABSTRACT

Convex duality is a powerful framework for solving nonsmooth optimal control problems.
However, for problems set in non-reflexive Banach spaces such as L' (Q) or BV(Q), the dual
problem is formulated in a space which has difficult measure theoretic structure. The predual
problem, on the other hand, can be formulated in a Hilbert space and entails the minimization
of a smooth functional with box constraints, for which efficient numerical methods exist. In
this work, elliptic control problems with measures and functions of bounded variation as
controls are considered. Existence and uniqueness of the corresponding predual problems
are discussed, as is the solution of the optimality systems by a semismooth Newton method.
Numerical examples illustrate the structural differences in the optimal controls in these
Banach spaces, compared to those obtained in corresponding Hilbert space settings.

71 INTRODUCTION

This work is concerned with the study of the optimal control problem

ueX

] 2
. { min > [y — 2l 0 +

s.t. Ay=u

where Q C R™, n € {2, 3}, is a simply connected bounded domain with Lipschitz boundary
0Q), X is a non-reflexive Banach space, and « > 0 and z € L?(Q) are given. Furthermore, A
is a linear second order elliptic differential operator, taking appropriate boundary conditions.
Throughout, we assume that:

(A) |A-]l;> and ||A*-||;. are equivalent norms on H*(Q) N H}(Q),
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where A* denotes the adjoint of A with respect to the inner product in L?(Q).

If X = L' (Q), this setting applies to optimal control problems where the cost of the control

is a linear function of its magnitude (cf. [Vossen and Maurer 2006]); the case X = BV(Q)

corresponds to settings where the cost is proportional to changes in the control. Of particular
interest is how the structure of optimal controls in such Banach spaces differs from that of
controls obtained in Hilbert spaces such as 12(Q) or H} (Q). For example, it is known that
L' (Q)-type costs promote sparsity, whereas BV(Q)-type penalties favor piecewise constant
functions (cf. [Stadler 2009; Ring 2000], respectively). Note that for X = L' (Q), problem ()

is not well-posed: It need not have a minimizer in L' (Q), since the conditions of the Dunford-
Pettis theorem are not satisfied (boundedness in L' (Q) is not a sufficient condition for the

existence of a weakly converging subsequence). The natural functional-analytic framework
for problems of this type is the space of bounded measures (cf. Remark 7.2.8). In the current
paper, we will focus on optimal control problems in the space of measures and in the space of
functions of bounded variation, and on their numerical treatment.

For the direct solution of (?), one would need to address the problem of the discretization
of measures. We therefore propose an alternative approach that, roughly speaking, consists
in interpreting the optimality conditions for problem (%) as an optimality system for the
Lagrange multiplier associated with the equality constraint, which by a density argument can
then be taken in an appropriate Hilbert space. This can be justified rigorously using Fenchel
duality. This, together with the numerical results for simple model problems which highlight
the significant difference of the controls in dependence of the chosen norm, constitutes the
main contribution of the current paper.

This work is organized as follows: In the remainder of this section, we fix notations and recall
some necessary background. In section 7.2, we derive predual formulations for the optimal
control problem () with measures and functions of bounded variation as controls (in § 7.2.1
and § 7.2.2, respectively), discuss the existence and uniqueness of their solutions, and derive
optimality systems. Section 7.3 is concerned with the solution of the optimality systems by a
semismooth Newton method, for which it is necessary to consider a regularization of the
problem (§ 7.3.1). We can then show superlinear convergence of the method (§ 7.3.2). Here,
we focus first on the case of measures, and discuss the corresponding issues for functions of
bounded variation in § 7.3.3. Finally, we present numerical examples in section 7.4.

711 NOTATIONS AND BACKGROUND

For the reader’s convenience, we give here the definitions and results on measure theory,
tunctions of bounded variation, and convex duality relevant to this work. For more details and
proofs, we refer to, e.g., [Ambrosio, Fusco, and Pallara 2000; Attouch, Buttazzo, and Michaille
2006] (our notation follows the latter). In the following, Lebesgue spaces of vector valued
functions are denoted by a blackboard bold letter corresponding to their scalar equivalent,
e.g., L?(Q) := (L2(Q))™.
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MEASURE THEORY Let M(Q) denote the vector space of all bounded Borel measures on
Q, that is of all bounded o-additive set functions p : B(Q) — R defined on the Borel algebra
B(Q) satisfying pn(0) = 0. The total variation of u € M(Q) is defined for all B € B(Q) by

[Wl(B) := sup {Z (Bl [ JBi= B} ,
i=0 i=0

where the supremum is taken over all partitions of B. Endowed with the norm |||, = [ul/(Q),
M(Q) is a Banach space. By the Riesz representation theorem, M(Q) can be isometrically
identified with the topological dual of Cy(Q), the space of all continuous functions with
compact support in Q, endowed with the norm |[v|| = sup, . [V(X)|o- This leads to the
following equivalent characterization of the norm on M(Q):

= swp | odn.
@ECO(Q)» Q
lellc,<1

FUNCTIONS OF BOUNDED VARIATION We recall that BV(Q), the space of functions
of bounded variation, consists of all w € L'(Q) for which the distributional gradient Du
belongs to (M(Q))™. Furthermore, the mapping u — |[u|gy»

Il gy ::J |Du| dx = sup {J udivvdx: v e (CTQN", [Vllc,n < 1}
0 o)

(which can be infinite) is lower semicontinuous in the topology of L' (Q), and u € L' (Q) is
in BV(Q) if and only if |[u||,, is finite. (If v € H'(Q), then ||u|/g\, = [, [Vul dx.) Endowed
with the norm |||+ + ||-||g\» BV(Q) is a non-reflexive Banach space.

One of the main features of BV(Q)) in comparison to Sobolev spaces is that it includes
characteristic functions of sufficiently regular sets and piecewise smooth functions. In image
reconstruction, BV/(Q)-regularization is known to preserve edges better than regularization
with || Vul|7.

FENCHEL DUALITY IN CONVEX OPTIMIZATION A complete discussion can be found
in [Ekeland and Témam 1999]. Let V and Y be Banach spaces with topological duals V* and
Y*, respectively, and let A : V — Y be a continuous linear operator. Setting R = R U {co}, let
F:V —=R,5:Y — R be convex lower semicontinuous functionals which are not identically
equal co and for which there exists a vo € V such that F(vy) < 00, §(Avy) < 00, and G is
continuous at Avy. Let * : V* — R denote the Fenchel conjugate of F defined by

F7(q) = sup (g, V). y — F(v),

vEV

which we will frequently calculate using the fact that

(7.1.1) F(q) =(q,V)y-y —F(v) ifandonlyif q € 3F(v).

62



7 A DUALITY-BASED APPROACH TO ELLIPTIC CONTROL PROBLEMS IN...

Here, 07 denotes the subdifferential of the convex function F, which reduces to the Gateaux-
derivative if it exists.

The Fenchel duality theorem states that under the assumptions given above,

(7.1.2) inf F(v) + §(Av) = sup —F*(A"q) — §*(—q),

vev qev*

holds, and that the right hand side of (7.1.2) has at least one solution. Furthermore, the equality
in (7.1.2) is attained at (v*, q*) if and only if

{/\*q* € dF(v),

(71.3) —q* € 3G(Av").

7.2 EXISTENCE AND OPTIMALITY CONDITIONS

This section is concerned with the predual problem of (), discussing the existence and
uniqueness of its solution and deriving the first order optimality system. We first consider
the case X = M(Q), and then treat the case X = BV(Q) in § 7.2.2.

72.1 CONTROLS IN M(Q)
We consider the optimal control problem

min 2 lly — zl% + o f[u]
(Por) wertioy 2 Y I M

s.t. Ay=u

First, we have to address the well-posedness of the constraint for measure-valued data. We
cally € L'(Q) a very weak solution of Ay = u € M(Q) if

(7.2.1) J yA*e dx = J @ du
Q Q

holds for all ¢ € Co(Q) such that A*¢ € Co(Q). Then, we have the following result [Stam-
pacchia 1965, Th. 9.1]:

Proposition 7.2.1. For u € M(Q), the equation Ay = u has a unique weak solution which
satisfiesy € WP (Q) forall 1 <p < 5. Furthermore, there exists a constant C > 0 such
that

Tyl < Cliullag

holds.
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Since W(])’p (Q) is compactly embedded in L?(Q), (Py) is well-defined, and we can show
existence of a minimizer:

Proposition 7.2.2. Problem (Py) has a unique solution (y*,u*) € L2(Q) x M(Q).

Proof. We consider a minimizing sequence (un)nen C M(Q) of (Py). Since the pair
(y,u) = (0,0) is feasible, 5 ||z||2. is an upper bound for |y ||,,.. We can therefore extract a
subsequence converging in the weak topology o(M(Q), Co(Q)) to a u* € M(Q).

Setting Yy, :=y(un) € Wg‘p (Q), i.e., the solution of (7.2.1) with u = u,,, we therefore can
pass to the limit and obtain (by the density of Co(Q) in [2(Q)) ay* € WP (Q) C 12(Q)
solving (7.2.1) for u*. From the weak lower semicontinuity of the norms in L?(Q) and M(Q),
we conclude that (y*,u*) is a minimizer of (Py).

Finally, uniqueness of a minimizer follows directly from strict convexity of the norms and
the assumption on A. ]

We set W := H?(Q) N H}(Q) and consider the problem

1 2 1,2
S A —
1) min > A" + 21> — 7 2]t
st plle, <o

which we will show below to be the predual of (). Due to the embedding of W in Co(Q),
the constraint is well-defined, and problem (P},) has a unique solution:

Theorem 7.2.3. Problem (P3;) has a unique solution p* € W.
Proof. Let again {p, }nen be a minimizing sequence which is bounded in W by 2 ||Z||%z We
can thus extract a subsequence {pn, }xen of feasible functions weakly converging toa p* € W,
which is again feasible. By the weak lower semicontinuity of the norm, we deduce

NP I 2 oV a2

liminf 5 |A"pn, +zlli2 = 5 AP + 2|2

Hence, p* is a minimizer of (P%,).

By the assumption on A*, the mapping p — 3 [|A*p + z||fz is strictly convex, and the mini-
mizer is unique. 0

Theorem 7.2.4. The dual of (P3) is (Pr), and the solutions u* € M(Q) of (Py) andp* € W
of (P3,) are related by

(7.2.2) { <u*’v>w*,W = <A*p* +z A*V>L2 )

0> (—u"\pP—P e,

for allp € Wwith [|p||c, < o
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Proof. We apply Fenchel duality for problem (P3,). Set

1 1
F:W SR, 7q) = 5 IA"q + 2|tz — 5 2],

R 0 if <a
G:ColQ) =R, 9(q) = Ijq)e, <o = | ldllc, < o
oo if [|qll¢c, > «

and A : W — C,(Q) the injection given by the continuous embedding. The Fenchel conjugate
of ¥ is given by

FW R, F(w) = % A u—z|7,.

The conjugate of § can be calculated as

(7.2.3) ' (w = sup (W, d)nc, — Lqlie,<e0 = SUP (W, Q)
qeCo(Q) qeCo(Q),
lallc, <o

= sup (U Q) c, = X [ufln,
quO(Q))
lallc, <1

and A* : M(Q) — W* is again the injection from the dual of Cy(Q) in W*.

It remains to verify the conditions of the Fenchel duality theorem. Since the norms in L*(Q)
and C,(Q) are convex and lower semicontinuous, so are ¥ and G (as indicator function of a
convex set), which are also proper (e.g., for g = 0, at which point § is continuous). In addition,
A is a continuous linear operator, and so we have that

N B PR R TR 2
| g”relgi ZHA 'p+ZHLz—§||Z||L2 :uemjv%(ng]zHA u—z||5 + ocf|—ully -
PlicoS&

Introducing y € WJ;P (Q) as the solution of Ay = u € M(Q), we recover problem (Py),
and the relation (7.2.2) follows from the extremality relation (7.1.3). O

From this, we can derive the first order optimality conditions for problem (P3,):
Corollary 7.2.5. Let p* € W be a solution of (P},). Then there exists \* € M(Q) C W* such
that

(2.4) { (A"p" + 2, A"V) 12 + (A, V)ne e, = 0,

(A" p — P ace <0,

holds for allv,p € W with [|p|c, < «. Moreover, the solution (p*,A\*) of (7.2.4) is unique.
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Proof. By setting A* = —u* in the extremality relations (7.2.2), we immediately obtain (7.2.4)
and existence of the Lagrange multiplier. Let (py,A;) and (p2,A2) be two solutions of (7.2.4),
and set p = p1 — p2, OA = Ay — A,. Then we have

(AP, AV) 12 + (0N V) ¢, = 0,
(87, 8P) . c, = 0.

The choice v = p implies that
IA*8pT2 = — (57, 8P)p,co < O

and hence dp = 0. By the assumptions on A*, it follows that oA = 0. ]

Splitting the first equation of (7.2.2) by introducing y* = A*p + z yields

Ay* = u*)
(7.2.5) APt =y* —z,
0= (u'p" =Py, forallp e W, [lpllc, <o

Formally, this is the optimality system for (P,), where —p is the Lagrange multiplier for the
constraint Ay = u, except that the non-reflexive Banach spaces M(Q) and M(Q)" have been
replaced by the Hilbert spaces W* and W, respectively.

From (7.2.5), we can deduce extra regularity for the Lagrange multiplier if the data is sufficiently
smooth:

Corollary 7.2.6. Let 1 < p < 2. Ifz€ W'P(Q), 0Q € C*>' and the coefficients of A are
in WHP(Q) and C*! for the principial part, then the optimal Lagrange multiplier for the state
constraint in (Py) satisfies p* € WN WP (Q).

Proof. From Proposition 7.2.1 and u* € M(Q), we obtain that the optimal state satisfies
y* e Wg)’p(Q) forall 1 < p < —-. Hence, A*p* = y* — zyields p* € W>P(Q). O
We can also give the following structural information for the solution of problem (Py,):

Corollary 7.2.7. Let u* be the minimizer of (P») and p* the minimizer of (P5,). Then, u* =
wi —u*, where u’ and u* are positive measures with support:

supp(u’) C{x € Q: p*(x) = —«f,
supp(u”) C{x € Q: p*(x) = o}.

This can be interpreted as a sparsity property: The optimal control u* will be nonzero only
on sets where the constraint on the dual variable p* is active; hence the larger the penalty «,
the smaller the support of the control.
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Remark 7.2.8. If in addition, the minimizer satisfies u* € L'(Q), it is the solution of the
problem

. 2
min — —Z + xjju
. i 5y — 2]t + acfu

s.t. Ay=u

This follows from the embedding of L' (Q) into M(Q) and the fact that ||v||,; = ||v||;: for
v € L'(Q) (cf. [Brezis 1983, Ch. IV]).

REGULARIZATION OF (Py) If we wish to avoid measures, we have to look for the mini-
mizer in a stronger space than L' (Q), e.g., L2(Q). Consider then the following regularized
problem:

i L 2 B 2
min = |y —z|[2 + o« [uff + 5w
(?L‘,LZ) uel2(Q) 2 Iy ”L2 H HU 7 H HLZ

s.t. Ay=u

Existence and uniqueness of a minimizer follows from standard arguments. Since L%(Q) is
reflexive, we can directly calculate the dual problem: Set

F:1%(Q) = R, F(u) = affuflpa,

) 1
5 12Q)x Q) R, Sy =5 ly— 2l + 5l
A L?(Q) = L2(Q) x L*(Q), Au = (u, A ).

The Fenchel conjugate of F is again given by
F* . Lz(Q) — R, 35(11) = I{HﬁIILooQ(x})

and we can calculate

as well as

AT L2(Q) x Q) = LX(Q), A*(w,§) =0+A .

Since F and § are convex and continuous operators (due to the continuous embedding
of L2(Q) into L'(Q)), and A is a continuous linear operator due to the well-posedness of
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the equality constraint, the Fenchel duality theorem yields the existence of a minimizer
(W, §*) € L?(Q) x L?(Q) of the dual problem

2 1 - 12

) T, . 2
min —H—y-%ﬂhz—" ZEH_u““

(,§)el2x12 2 2

s.t. i+ ATY| e < o

where we can substitute p = —A~*j € Wand q = . — p € L[?(Q) to arrive at

(P51 12) (p qr)léWxLZZ ||A*p+z]|L2 o HZHLZ+ ‘|p+q’|l_2
[_1)]_2 >

st gl <«

In terms of p, the extremality relations linking the primal and dual minimizers u* and (p*, q*)
can be given as

(UWvi)2 = (A"p" +z,A™V1)2,
(W vahis = 3 (0 + 9" va)is,
0> (u"q" —q)2,
for all vy € W, v,,q € L#(Q) with ||q;» < «

Note that now the Lagrange multiplier corresponding to the box constraint is in 12(Q)
(as opposed to W*). Problem (P}, LZ) therefore can be seen as a regularization of (P},) by
introducing a new variable ¢ = —p and treating this equality constraint by penalization (cf.
also [Stadler 2009]). In section 7.3 we will directly regularize the dual problem (P},) by a
Moreau-Yosida penalization with a parameter c, obtaining a regularized problem (P73 ). We
will see that the Fenchel dual of (P, ) is (Pr1 1 2) for an appropriate choice of the parameter
c (see Remark 7.3.2).

7.2.2 CONTROLS IN BV(Q)

We now consider the optimal control problem

min >y — 2% + o Jul
(Pev) ueBVv(Q) 2 Y L2 BV

s.t. Ay=u

Since the linear operator A~ is injective on BV(Q) C L'(Q) by Proposition 7.2.1, the
existence of a minimizer follows directly from [Chavent and Kunisch 1997, Th. 2.1]:

Proposition 7.2.9. Ifn = 2, problem (Pyy ) has a unique solution (y*,u*) € L*(Q) x BV(Q).
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Now let
HE(Q) := {v e L*(Q): divve W, v-v=00n0Q},

endowed with the norm HszHg = HvH]iz + HdivafN, and consider
1w

1 ) 5 1 ,
min = ||[A"divp+z|i. — = ||z
(Pv) peH2 (Q) 2 | P+ 2| 7 12l 2

st [Ipll <

This problem has a solution, which, however, may not be unique. Set
Hiv.o(Q) = {v € Hj,(Q) : divv =0}
andlet Hg,, ,(Q)™ the orthogonal complement in H3, (Q2). Then we can show the following;

Theorem 7.2.10. Problem (P},,) has a solution p* € Hdw(Q) Moreover, there exists a unique
q* € H3, o(Q)* such that all such solutions satisfy p* € {q*} 4+ Hg, ,(Q).

Proof. Consider again a minimizing sequence {pn neny C H3,(Q). The L?(Q)-norm of p,,
is bounded via the box constraints, and the data fit term gives a bound on the W-norm of
(divpn); together, this yields that the H3 (Q)-norm of p,, is bounded. We can therefore
extract a subsequence weakly converging in H3, (Q), and existence of the minimizer follows
from the same arguments as in the proof of Theorem 7.2.3.

Since Hdlv »(Q) is a closed subspace of H3_(Q), it holds that
Hle(Q) = Hﬁiv,O(Q)L ¥ Hiiv,O(Q))

and that div is injective on H, ,(Q)* by construction. Therefore, ! 2 |A*divp + ZH%Z is
strictly convex on H2 div.0 (Q)+, so that (%) has a unique minimizer q* € H3 L, o(Q)* there.
On the other hand, given p € Hg, ,(Q) with [|q* + p|| .« < «, we find that ¢* +p € HE, (Q)
is also a minimizer. O

Theorem 7.2.11. The dual of (P}) is (Pev), and the solutions u* € BV(Q) of (Pgy) and
p* € H3.(Q) of (Py,) are related by

div

< u’ V>H2 *H2 T < *(_ le)p* +z, A*V>Lz*’]_z y
(7.2.6) L )
0 2 <(_ le) u )p o p >H§iv*’H§iv )

forallv e W, p € H3,(Q) with ||p]| < «
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Proof. We apply Fenchel duality. Setting
F:HEL(Q) =R, F(q) = Ijgjmcan
S:Wo R S@) =g lATa -z -1 2l
A:HL(Q) =W, Agq=—divq,

problem (P},,) can be written as

min  F(p) + §(Ap).

peHz, (Q)
The Fenchel conjugate of G is given by
G*:HZ,(Q) =R, G(v) = % AV +2|[7,,
and the adjoint of A is

A* WS — HE(Q)Y,  A*v = (—div)*v.
It remains to calculate F* : Hﬁiv(Q)* — R. We have, as in (7.2.3), that

Fv)=a sup  (V,q)2 g2 -
5 div " “div

qudiy(Q))

I oo <1

By standard arguments, we can show that (C3*(Q))™ is dense in H3, (Q) (cf. [Témam 2001,
p. 26], [Amrouche, Ciarlet, and Ciarlet 2007]), so that we can equivalently write

Fv) =« sup (v, q>H§. “HZ
qe(Cy(Q))m, v
lallicym<1

and thus

F((—=div)'u) =« sup (U, —divq)r. yp = x| uflgy,
qe(Cy ()T,
lallicym<1

which is finite if and only if u € BV(Q).

Again, J is convex and lower semicontinuous, G is convex and continuous on W, and A'is a
continuous linear operator. The Fenchel duality theorem thus yields the duality of (P},,) and

£3 * * . ] —1 2
max —F*(A*u) — §*(—u) = _uellar\l/f(ﬂl ofjullgy + 7 HA u—ZHLZ,

by which we recover (Pgy). The relations (7.2.6) are once more the explicit form of the
extremality relations (7.1.3). O

70



7 A DUALITY-BASED APPROACH TO ELLIPTIC CONTROL PROBLEMS IN...

From this, we also obtain the first order necessary optimality conditions:

Corollary 7.2.12. Let p* € H3, (Q) be a solution of (P). Then there exists \* € H3, (Q)*
such that

(A*(—=div)p* + z, A" (—div)w) 2 + A, W) 2«42 =0,
(7.2.7)

div " “div
AP =P e

2 <0
div ’Hdiv )

holds for all w,p € H3 (Q) with ||p||.~ < o Moreover, the solution (p*,\*) of (7.2.4) is
unique in Hg,, o(Q)* x HE, (Q)*.

Proof. Forw € H3 (Q), we insertv = —divw € W in the first relation of (7.2.6), and set
A* = (—div)*u* € H3,(Q)*. Proceeding as in the proof of Corollary 7.2.5, we deduce that
A* solving (7.2.7) is unique. Since the operator (A*(—div)-, A*(—div)-). is an inner product
on Hﬁiv,o (Q)+ by construction, we obtain a unique q* € HﬁiV)O(Q)L such that all solutions
p* of (7.2.6) satisfy p* € {q*} + Hg, ,(Q). O

Note that this implies that any solution p* of problem (P},,) will yield the same (unique)
solution u* of (Pgy) when calculated via the extremality relation (7.2.6).

Remark 7.2.13. In order to obtain a unique solution for problem (P},,), we can consider the
following regularized problem for 3 > 0:

1 1
min 2 A" divp + 2l — 32l + 5 bl

(P 12) PEH, (0)

st [pll < e

This can be expressed as a regularization of the primal problem (Pgy ) as well: Setting

P
F(@) = Ljaln<es + 5 lallZ:

and A as in Theorem 7.2.11, we find that

F*(A"u) = L) ©(Vu) dx,

where

75V (X)I? if V(x)| < «f,

ai(x)| — & if F(x)| > «p.
In the primal problem, the additional predual L?(Q)-regularization essentially results in

locally replacing the BV(Q)-term with a H' (Q)-penalty in a small neighborhood of the
origin (cf. [Hintermiiller and Stadler 2006]).
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We can finally give some structural information on the optimal control in BV(Q):

Corollary 7.2.14. Letu* be a minimizer of (Pgy/). Then the following holds for any p € H3, (Q),
p=0:

=0 if suppp C ﬂ{x: Ipi(x)| < o},
i=1

>0 if suppp C U{x: pi(x) = «of,

i=1

((=div)™ u’, Pz~ 142

div >" “div

((—div)"u", )1z * 142

div 0" tdiv

((=div)" u’, Pz - 142

div 2" “div

<0 if suppp C | J{x: pi(x) = —af.

i=1

Again, this can be interpreted as a sparsity condition on the gradient of the control: The
optimal control u* will be piecewise constant on sets where the constraints on the dual
variable p* are inactive.

7.3 SOLUTION OF THE OPTIMALITY SYSTEMS

This section, we present a method for the numerical solution of the optimality systems (7.2.4)
and (7.2.7). For this, we need to deal with the fact that the Lagrange multiplier corresponding
to the box constraints is in general only in W* (and HZ(Q)*, respectively). We introduce
therefore regularized versions of (7.2.4) and (7.2.7) which can be solved using a semismooth
Newton method having superlinear convergence.

Again, we first treat the solution of (7.2.4), and discuss the corresponding results and algorithm
for problem (7.2.7) more briefly in § 7.3.3.

7.3.1 REGULARIZATION OF BOX CONSTRAINTS

In order to obtain Lagrange multipliers in L?(Q), we introduce the Moreau-Yosida regular-
ization of problem (P3,) for ¢ > 0:

] T 2 1y
(Pie,e) gé% 5 AP + 2|12 — 5 z[| L2
1 T, .
+ 3¢ [Imax(0,e(p — )| + 5 [ min(0,e(p + a2,
where the max and min are taken pointwise in Q. This is equivalent to the regularization

in problem (P}, ;,) (cf. Remark 7.3.2) but more amenable to solution by a semismooth
Newton method. Existence and uniqueness of a minimizer is directly deduced from lower
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semicontinuity and strict convexity of the functional. The corresponding optimality system
is given by

(73.2) { (A"pe, A™V) 12 + (2, A"V) 12 + <7\C>V>W*,w =0,

Ae = maX(O) C(pc - OC)) + min(O, C(pc + 0‘)))
where the Lagrange multiplier satisfies A, € WH*°(Q).
First, we address the convergence of the solutions of (7.3.2) as ¢ tends to infinity:

Theorem 7.3.1. Let (pc,Ac) € W x W* be the solution of (7.3.2) for given ¢ > 0, and (p*,A\*) €
W x W* be the unique solution of (7.2.4). Then we have as ¢ — oco:

pe =P inW,
Ac =AY inW*,
Proof. From the optimality conditions (7.3.2), we have that pointwise in x € Q

c(pe — ®)pey, Pe = «,
Acpe = max(0, c(pe — o) )pe + min(0, c(pe + o) )pe = < 0, Ipel < o

C(pc + O‘)pm Pc < =
and hence that
1 2
(7.3.3) <7\c>pC>L2 > c ||)\C||L2 .

Inserting p. in (7.3.2), yields

1

o 112 2 R

(7.3.4) IATPellt + At < IA™pellia 2],
and we deduce that |[A*p.||;2 < ||z]|;2, as well as

[Acllyg- = sup <7\c>V>W*,w< sup [(A"pe, A™V)12 + (2, A™V) 2]
veEW, veW,
Vi<t vilw<1
<2 swp AV 2l = K < oo
VEW,
IVIlws1

Thus, (pc, Ac) is uniformly bounded in W x W*, so that we can deduce the existence of a

(P,A) € W x W* such that
(PesAc) = (B,A)  in W x W=,
Passing to the limit in (7.3.2), we obtain

(A*D, A™V) 12 + (2, A"V) 12 + (A V) e 9 =0 forallv e W.
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We next verify the feasibility of p. By pointwise inspection similar to (7.3.3), we obtain that
A2, — 0 2 (0 2
< el = ¢ [[max(0, pe — a2 + ¢ [lmin(0, pe + o)l -
From (7.3.4), we have that 1 [[Ac[|7. < [|2[|{2, so that

1

Imax(0, pe — o)llt> <  [lzlliz =0,
. 1

|min(0, p. + OC)H%Z < S ||Z||%2 —0

holds for ¢ — oco. Since p. — P strongly in L?(Q), this implies that

—ax<px)<a forallxe Q.

It remains to pass to the limit in the second equation of (7.2.4). First, optimality of p. yields
that

T, .. 2 T .. 2
> [A"pe + z[li2 < > AP + z|i2
holds for all feasible p € W. Therefore, we have that

1 1
limsup 5 | A"pe + 27> < 5 AP + 27,

cooo 2

and thus p. — P strongly in W. Now observe that
(A, P = Pe)we,w = (max(0,c(pe — &), P — Pe)yoe
+ (min(0, ¢(pe + &)y P — Pe)ype vy <O
holds for all p € W with |[p| -, < &, and thus
(AP —=P)y w S0

is satisfied for all p € W with |[p[[, < . Therefore, (P, A) € W x W* satisfies (7.2.4), and
since the solution of (7.2.4) is unique, p = p* and A = A* follows. O

Remark 7.3.2. We can also relate the Moreau-Yosida regularization to the regularized problem
(P11 12) via the primal problem: We proceed by calculating the dual of (5, ) as in the proof
of Theorem 7.2.4, defining G : Co(Q) — R,

1 1
5(q) = 5_ [Imax(0, c(q )|tz + 5 [Imin(0, ¢(q + o gz -

To calculate the Fenchel conjugate, we use (7.1.1), which in this case implies that

u = max(0,c(q — «)) + min(0, c(q + «))
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has to hold for the primal variable u € M. If u(x) > 0, the right hand side has to be positive
as well, which implies u(x) = c¢(q(x) — «) and hence q(x) = %u(x) + . Similarly, u(x) < 0
yields q(x) = ¥(x) — a. For u(x) = 0, —a < p(x) < a holds. Substituting in the definition
of G*, we have that

G*(u) = J u(x) <1u(x) + oc) 1 max(0,u(x))? dx
{fu>0} C 2c

+J u(x) (—u(x) — oc) — l min(0, u(x))? dx
{u<0} 2c

T2
= 5¢ Il +acffulle,

which is finite if and only if u € L?(Q). Setting B := 1, we arrive at problem (P .12). Since

C)

both regularized problems are posed in reflexive Hilbert spaces, they are equivalent.

7.3.2 SEMISMOOTH NEWTON METHOD

The regularized optimality system (7.3.2) can be solved efficiently using a semismooth Newton
method (cf. [Hintermiiller, Ito, and Kunisch 2002; Ulbrich 2002]), which is superlinearly

convergent. For this purpose, we consider (7.3.2) as a nonlinear equation F(p) = 0 for F :
W — W*, defined for v € W by

(F(P)y VI = (A"Pp + 2, A"v) 12 + (max(0, c(p — ) + min(0, c(p + «)),v);2 -

It is known (cf,, e.g., [Ito and Kunisch 2008, Ex. 8.14]) that the projection operator
Po(p) := max(0, (p — &) + min(0, (p + «))

is semismooth from L9(Q) to LP(Q), if and only if ¢ > p, and has as Newton derivative

hix) iflp(x)] > «,

a PCX h::h x) =
NPa(p) X{p|>a) {O ifip()] < o

Since Frechét-differentiable functions and sums of semismooth functions are semismooth
(with canonical Newton derivatives), we find that F is semismooth, and that its Newton
derivative is

<aNF(p)h)V>W*,W = (A"h,A™v)2 +¢ <hX{\p|>oc}’V>Lz )
forallve W.

A semismooth Newton step consists in solving for p**! the equation

(7.35) ONF(P¥) (p*H! —p*) = —F(p").
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Algorithm 7.1 Semismooth Newton method for (7.3.2)

1: Setk = 0, Choose p® € W
2: repeat
3: Set

AL ={x: p*x) > a},
A = {x: p*(x) < —a},
Ay :.A]Jg U.AE

4 Solve for p*¥+! ¢ W:

(AP A™Y) L+ e (P xun V) o = — (2, A™V) 2 + e <xﬂz _XAE’V>LZ
forallve W

5: Setk =k +1

6 until (A} = A} ;)and (A = A ;)

Defining the active and inactive sets
AL ={x: pMx) > af,  Ap = {x: pi(x) < —a},  Axi=AL UAL,

step (7.3.5) can be written explicitly as finding p**' € W such that

(73.6)  (ATP*TLANY L e (P X, V) = — (2, ATV) 2 + e <xﬂz — xﬂi,v>L2

for all v € W. The resulting semismooth Newton method is given as Algorithm 7.1.

Theorem 7.3.3. If ||pc — p°||,, is sufficiently small, the iterates p* of Algorithm 7.1 converge
superlinearly in 'W to the solution p. of (7.3.2) as k — oo.

Proof. Since F is semismooth, it suffices to show that (dnF) ' is uniformly bounded. Let

g € W* be given. Due to the assumptions on A*, the Riesz representation theorem ensures
the existence of a unique @ € W such that

<A*(p»A*V>L2 +c <XA(P,V>L2 = <9>V>W*,W
holds for all v € W, independent of A. Furthermore, ¢ satisfies
2 2
el < Cliglie-

with a constant C depending only on A and Q, giving the desired uniform bound. The
superlinear convergence now follows from standard results (e.g., [Ito and Kunisch 2008,
Th. 8.16]). O]
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The termination criterion in Algorithm 7.1, step 6, can be justified as follows:

Proposition 7.3.4. If A, = A} and A, = A holds, then p**! satisfies F(p**') = 0.

Proof. Since the solution of (7.3.6) is unique for fixed A}, A, , we have that p**! = p*. Thus,
setting A, ; = A and A, ; = A in (7.3.6) and noting that

exa: PET — caxar . = max(0,c(p*! - «)),

k+1

we see that (7.3.6) is equivalent to F(p**') = 0. It follows that p**' is a solution of (7.3.2). [J

73.3 CONTROLS IN BV(Q)

The arguments above rely on the fact that the term ||A*p||, . in the functional is an equivalent
norm on W. For the problem in BV(Q), the corresponding term ||A*divp||,. is only a
seminorm on H3 (Q), and we need to add additional regularization. Since furthermore
HZ,(Q) does not embed into L9 for q > 2, we set H := H3_(Q) N ‘W™ and consider

« 1
(i) min 5 IA* divp+ 2l + 5 fpl - 3 2l

1 1
+ o= max(0, ¢(p — o) |2 + -

3 Imin(0, c(p + «))]||7>

with the corresponding optimality system

(A*(—div)pe + 2z, A" (—div)v);2 + B (Apc, Av); 2 + (?\C,V>Hz ‘w2 =0,
(7.3.8) div div
Ae = maX(O, C(pc - O‘)) + mln(()) C(pc + (X)))

for all v € Hi (Q), where A denotes the componentwise Laplacian with homogeneous
Dirichlet boundary conditions, and the max, min are understood to act componentwise.
(Here and below, « stands for the vector («,...,«) € R™.)

The convergence for 3 — 0 is impeded by the fact that no unique candidate for the limit
exists. We can, however, show convergence for the corresponding regularization of problem
(P%y 12)> and the proof is given in the appendix. In the following, we will consider only the
solution of problem (Pov,e)-

We once more formulate the optimality system (7.3.8) as a semismooth operator equation
G(p) =0for G : H — H*,

(G(P)yV)gee 9 = (AT (= div)p + 2, A" (—div)v) 2 + B (Ap, AV
+ (max(0, ¢(p — «)) + min(0, ¢(p + &), V)2
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Algorithm 7.2 Semismooth Newton method for (7.3.8)
1: Set k = 0, Choose p° € H
2: repeat
3 Setfori=1,...,n

A{fk:{x: pr(x) > af, A;k:{x: pr(x) < —a}, A = AT UAD,
4 Solve for p**+! € H:

n

(A*divp**T A" divv) , + B Z (ApFTT, Avi) , +c Z (P X Vi) =
i=1

i=1

n
(Z, A% diVV>Lz + CCXZ <X‘,qi+‘k - X‘A;k>vi>

i=1

L2

forallv e H
50 Setk =k+1
6: until (A7, = A, ;)and (A, = A, ) foralli=1,....)n

for all v € H with Newton derivative

(7.3.9) (OnG(p)h, v)W’fH = (A*(—div)h, A" (—div)v) ;. + B (Ah, AV),>
+c <hX{|p\>oc}>V>L2

for all v € 7, where the term hx(jp|~ «} is evaluated componentwise, i.e.,

(7:3.10) (hy ) = hi(x) if lpi(x)] > «,
> PEEOET o il < o
fori = 1,...,n. One step of the semismooth Newton method consists thus in finding

p**1 € H such that
(A*divp T A*divv) , + B (Ap T AV) L + ¢ (p* X, V)L =

(z,A*divv);. + ¢ <°‘Xﬂ{ — ocxﬂg,v>ILZ
holds for all v € H. The active sets A and their characteristic functions are defined compo-
nentwise as in (7.3.10). The full Newton method is given as Algorithm 7.2.

Since the weak form of the Newton derivative (7.3.9) by construction defines an inner product
on 7, the same argument used in Theorem 7.3.3 yields uniform boundedness of (InG) .
Hence Algorithm 7.2 converges locally superlinearly and terminates if the active sets coin-
cide:
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Theorem 7.3.5. If ||p. — p°||,, is sufficiently small, the iterates p* of Algorithm 7.2 converge
superlinearly in 3 to the solution p. of (7.3.8) as k — oo. Additionally, if A, ., = A{, and
Al = Agy holds foralli =1,... )N, then p**! =p,.

Finally, arguing as in Remark 7.3.2, we obtain that the Moreau-Yosida regularization of the
predual problem is equivalent to adding the penalty term 5- |Vu||Z, to the primal problem
(Psv) and minimizing over u € H'(Q).

7.4 NUMERICAL RESULTS

Traditionally, optimal control problems for partial differential equations are formulated with
quadratic control costs. When the cost is proportional to the control (or its gradient), it is of
interest how this change affects the structure of the optimal controls. The numerical results
for a simple model problem presented in this section allow a comparison. Specifically, we
consider A = —A, the Laplacian with homogeneous Dirichlet conditions on the domain Q =
[—1, 1] C R2. The differential operators were discretized using standard finite differences on
a 128 by 128 grid. To ensure symmetry of the system matrices, the adjoints of A and — div
were taken as the transpose of the corresponding discretization. The implementation was
done in Matlab. We consider the following two targets, shown in Figure 7.1:
Za(x,y) _ e—50[(x—0.2)2+(y+0.1)Z)]’

Zp (X, y) = Xixl<d,lyl<1y

The solutions of the predual problem for these targets will be denoted by p%, and p;, respectively,
and similarly for the resulting optimal controls u}, u; and corresponding states y%, ys.

CONTROLS IN M(Q) Weset a =102 and ¢ = 107 and compute the solution of (7.3.2)
using Algorithm 7.1. The solution of problem (%P,) is then obtained using the first relation of
(7.2.2). The resulting optimal control and corresponding optimal state are shown in Figure 7.3.
The sparsity of the optimal control can be seen (cf. Figure 7.2, and also Corollary 7.2.7): The
control is zero wherever the dual variable is inactive (i.e., —x < p* < «), negative on the
set where the upper bound is active (i.e., p* > «), and positive where the lower bound is
active (i.e., p* < —o). Note that the solution p* of the regularized problem is allowed to be
infeasible, although this can be controlled with larger c.

We compare the controls obtained in M(Q) with the solution of the control problem in
L%(Q):

min  fy— 2% +
(Pr2) weti(oy2 9 7 A T e

s.t. Ay=u
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Figure 7.1: Test targets.

-0.2-
04—
0.6

-0.8-

0 20 40 60 80 100 120 0 20 40 60 80 100 120
(a) Pa b Po

Figure 7.2: Solutions p* € W of (P3, ) for « = 1073, ¢ = 10”. Shown is the projection along
X2.
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20 2

(a) Optimal control u¥ € M(Q) (b) Optimal control uj, € M(Q)

20

(c) Optimal state y7, (d) Optimal state yj,

Figure 7.3: Solutions of problem (Py) calculated via predual problem (o = 1073, ¢ = 107).
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Table 7.1: Convergence of iterates p* in semismooth Newton method for problem (P}, .).
Given is the error quotient ey defined by (7.4) for the final iterates.

k 21 22 23 24 25 26 27

e 0.9633 0.6766 0.6164 0.5099 0.3467 0.1048 O

The solution is computed from the optimality system, obtained using standard Lagrangian
techniques, which can be written in reduced form as u + dAA*u = Az,if z € W. The
corresponding optimal control and state for the same value of o« = 102 are given in Figure 7.4.
We point out that a better approximation of the target is possible with controls in M(Q)
(compare the height of the peaks for target z, ). Note also that the optimal control in L?(Q)
is nonzero almost everywhere, while u* € M(Q) is sparse.

We illustrate the superlinear convergence of the Newton method for the case of target z, with
the same parameters as given above. Table 7.1 gives the error quotients

k+1 _p*HW

_lp
[p* —p*llhy

ek =

for the final iterates p* in the semismooth Newton algorithm 7.1. The quotients decrease
monotonically, verifying the local superlinear convergence shown in Theorem 7.3.3.

CONTROLS IN BV(Q) We repeat the computations for problem (P%,, ), setting oc = 104,
B =10""and ¢ = 10”. Here, we compare with the optimal control in H} (Q):

min 2 + X Jull?
(Prr) ueH}(0) 2 Y ) HI(Q)

s.t. Ay=u,

where the solution is computed from u — xAA*Au = Az, if z € W. The resulting controls in
BV(Q) and H}(Q) and corresponding states are given in Figure 7.5 and 7.6, respectively. It can
be clearly seen that the BV(Q) cost favors piecewise constant controls; this phenomenon is
well-known in the mathematical imaging community as staircasing (cf. [Ring 2000]). Again,
the target is better attained by controls in BV(Q) compared with H}(Q).

To show the effect of the control cost in the case of BV(Q), we increase o from 10~# to 10~3
for the target zy,. The optimal control and corresponding state are shown in Figure 7.7). The
control is now constant over a much larger region, at the cost of being further from the target.
For this example, we can easily illustrate Corollary 7.2.14: The derivative with respect to x;

or x, of the control u* is zero in regions where the box constraint for the corresponding
component of the predual solution p* = (p7, p3) is inactive (cf. Figure 7.8).
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20 20

(a) Optimal control u%, € 12(Q) (b) Optimal control uj, € L?(Q)

20

(c) Optimal state y¥ (d) Optimal state y;,

Figure 7.4: Solutions of problem (| ) for o = 1073,
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(a) Optimal control u € BV(Q) (b) Optimal control uj € BV(Q)

20 20

(c) Optimal state y% (d) Optimal state y3,

Figure 7.5: Solutions of problem (Pgy) calculated via predual problem (o« = 1074, =101,
c=107).
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120

20 20

(a) Optimal control uf, € H}(Q) (b) Optimal control uj, € H}(Q)

20

(c) Optimal state y¥ (d) Optimal state y;,

Figure 7.6: Solutions of problem (P}1) for o« = 10~%.
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20

20

(a) Optimal control uj, € BV(Q) (b) Optimal state yj

Figure 7.7: Solution of problem (Pgy) for target zy, with o« = 1073.

0 20 40 60 80 100 120 0 20 40 60 80 100 120

(a) Projection of pj along x, (b) Projection of p3 along x4

Figure 7.8: Solution pj, = (p7,p3) € Hi,(Q) of (Pyy ) with x = 1073, ¢ = 107,
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7.5 CONCLUSION

We have presented a framework for the efficient solution of elliptic optimal control problems
in non-reflexive Banach spaces such as the space of bounded Radon measures or of functions
of bounded variation. Specifically, the Fenchel duality theorem allows the reformulation of
these (non-differentiable) problems as smooth box constrained problems in a Hilbert space.
The corresponding optimality systems can be solved with a semismooth Newton method,
which converges superlinearly after regularization. We also demonstrated the structural
differences between the optimal controls for these nonsmooth problems and the solutions of
the corresponding quadratic formulations (i.e., L?(Q) and H} (Q)).

The proposed approach can be extended to time-dependent (e.g., parabolic) problems as well,
which will be investigated in a subsequent work.

77A CONVERGENCE OF MOREAU-YOSIDA REGULARIZATION

In this appendix we consider the regularization of (P}, |.):

T2
min 5 LA divp +2f + HPHLZ + e HPHwn =5 |zl
1 1
+ 52 Imax(0, c(p — «))||7. +5- Hmm (0,c(p + o))l
f > 0 fixed. For the sake of presentation, we have used the same parameter for the Moreau-

Yosida regularization and the W™-smoothing term, but the same result holds if we replace
L |[p[l39n by ¥ [|p|[3o and take the limit as ¢ — oo,y — 0.

The corresponding optimality system is

. . 1 1
(A” divpe, A” divv) 2 + B (pey V)i + - (Bpe, V),
7.a1) — (z, A" divv) 2 + Aoy Vgee 5 = O,
Ae = maX(O) C(pc - “)) + min(oa C(pc + OC)))
for all v € 3. This equation has a unique solution (A.,p.) € H* x H. We wish to show

convergence as ¢ — oo to the unique solution (A*, p*) € H3,(Q)* x HJ, (Q) of the optimality

system for (TBV L2):

(a2) (A*divp*, A*divv) . + B (p*, V)2 — (z, A" divv), + (A" V>H§w*»H§w =0,
2
’ AP —Phe “H2 <0,

div

for all p € H3 (Q) with ||p|l~ < «
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The proof is similar to that of Theorem 7.3.1. Arguing as above, we have that

1
Mespediz > ¢ Az

and hence from (7.A.1) that

IA* divpe|[z + - HPcHwn + B lpella + - H7\ It2 < 1A divpellgz 2],z -

This implies that the H3, (Q)-norm of p. is bounded uniformly in ¢ by ||z||; ., and that

Aellse- <2 sup [[A"divvll;s [z]| 2 < oo

ved,
NMERS

It follows that (A.,p.) converges weakly subsequentially in {* x H3 (Q) to a (Ap) €
H* x H3,(Q), which satisfies

(7.A.3) (A*divp, A*divv) 2 + B (P, V)2 — (z, A*divv) . + (X,v}w*)% =0

for all v € (. By the density of J{ in Hdw( ) (via (CP(Q))™ C H), equation (7.a.3) holds
forallv € HZ (Q), and we can identify A with an element in H3_(Q)* (replacing the duality
pairing with the one in H3, (Q)).

The feasibility of p follows exactly as in the proof of Theorem 7.3.1. Similarly, we deduce from
the optimality of p. and the density of 3 in H3 (Q) that

lim sup > IIA* divpe +2llt. + 5 HpCH]LZ <3 HA* divp +zlf2 + 5 HPHLZ

C—)OO

holds. The convergence of p. to P is therefore strong in HZ,,(Q), and we can pass to the limit
in

(Aey P —Pe)ge a¢ <O forall feasible p € I,
to obtain
(MNP =Py g <O forall feasible p € H.

Again, the density of H in H3,(Q) and the fact that A e HZ,(Q)* allows us to conclude
that

AMP=P)z -2 <O

div 2" “div

holds for all feasible p € HZ, (Q). Therefore, (A,p) € H3 (Q)* x HZ (Q) satisfies (7.4.2),
and p = p* and A = A* follows from the uniqueness of its solution.
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A MEASURE SPACE APPROACH TO OPTIMAL
SOURCE PLACEMENT

ABSTRACT

The problem of optimal placement of point sources is formulated as a distributed optimal
control problem with sparsity constraints. For practical relevance, partial observations as
well as partial and non-negative controls need to be considered. Although well-posedness of
this problem requires a non-reflexive Banach space setting, a primal-predual formulation
of the optimality system can be approximated well by a family of semismooth equations,
which can be solved by a superlinearly convergent semismooth Newton method. Numerical
examples indicate the feasibility for optimal light source placement problems in diffusive
photochemotherapy.

8.1 INTRODUCTION

This work is concerned with the (formal) optimal control problem

] 2
) { min 5 [yleo, = 2020, 0 0l

subject to Ay = Xw U, Yloa =0,

where A is a linear second-order elliptic operator, w, and w, represent the observation
and control subdomains of the bounded domain QO C R™ with characteristic function x,,,
and X, , respectively, and z € 1?(w,) is given. For convenience, we abbreviate I' = 9Q).
Furthermore M (w.) denotes the topological dual of Cr(w,) :={v € C(W,) : Vlow.nr = 0},
where the constraint v|y, . ~r = 0 is dropped if 0w, N T = ). The norm on M (@, ) is given

by

(8.1) Moo= s | edu
@eCr(we) We
lellcp @) <1
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which coincides with [[uf[;1(,, ) ifu € L'(w.) (identified with a subspace of M (@, )) holds.
Since @, \ I" is a locally compact Hausdorff space, the Riesz representation theorem allows
identifying elements of M (w,) with Radon measures that have compact support in w. \ T’
(cf. [Elstrodt 2005, Th. VIII.2.19]).

The problem is motivated by the question of optimal source placement, e. g., in diffusive optical
tomography, since the L' norm is known to promote sparsity in optimization. The connection
between L control costs and source placement was first discussed in [Stadler 2009]. However,
problem (%) is not well-posed in L', since L' lacks the necessary weak compactness properties.
Problems with L' control cost and L™ control constraints were considered in [Stadler 2009],
[Wachsmuth and Wachsmuth 2011a], [Wachsmuth and Wachsmuth 2011b] and [Casas, Herzog,
and Wachsmuth 2012], while a measure space setting was first investigated in [Clason and
Kunisch 2011].

In this work, we address the feasibility of optimal source placement by optimal control in
measure spaces by including partial observation, control on subdomains and non-negativity
of the controls, which was not considered in the previously cited works. The Fenchel predual
framework as utilized in [Clason and Kunisch 2011] is not applicable in this situation, so we
consider a primal-predual setting. This framework can be modified to allow for nonlinear
control-to-state mappings, which also do not fit into the earlier Fenchel duality framework.

This paper is organized as follows. In section 8.2, we discuss the well-posedness of the optimal
control problem for measure source terms defined on subdomains and derive the optimality
system. Section 8.3 is devoted to the regularization of the optimality system and addresses
the convergence of the regularized solutions to those of the original problem. The numerical
solution using a semismooth Newton method is discussed in section 8.4. Finally, in section
8.5 we give numerical examples to indicate the feasibility of the proposed approach for a
problem of optimal light source placement in photochemotherapy.

Throughout, we take as W)™ (Q) the closure of {v € C*(Q) : vlpq = 0} in the WHT(Q)
norm, v € (1, 00). We denote by W=7 (Q) = (W} 7 (Q))* the topological dual of W™ (Q).
Moreover, for w C Q we set WhT(w) = {@l, : @ € WHT(Q)} with dual denoted by
(WhT(w))*.

8.2 PROBLEM FORMULATION AND OPTIMALITY SYSTEM

We first address the well-posedness of the state equation. Let M () denote the topological dual
of Cyo(w) endowed with the operator norm, cf. (8.1.1). By the Riesz representation theorem
(e.g., [Elstrodt 2005, Th. VIII.2.10]), M(Q) can be identified with the Banach space of finite

Radon measures. We further choose q € (1, -"5) andsetq' = 9;—1 € (n, oo). For this choice,

we have W(])‘q,(Q) — Co(w), and this embedding is compact.
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We consider the operator

n n

Ay=— ) dlap(x)dy+d;j(x)y) + Y _bj(x)dy + d(x)y,
j k=1 j=1

and for p € M(Q) the abstract Dirichlet problem

Ay=yu, inQ,
(8.2.1) { y==H

y=0, onoQ,

which is to be interpreted in variational form, i.e., y satisfies

(8.2.2) — Z <C1]'ka]'y, akV>L2+Z <bJ ajy,V>Lz +Z <y, dkak\)>]_z + <dy,V>L2 :J
k=1 j=1 k=1 Q

for all v € W %' (Q). Here, Q is a bounded domain in R™ with C'»® boundary 00, Qjk, bj €
C%%(w) for some 8 € (0,1), dj, d € L°(Q), and it is assumed that 0 is not an eigenvalue of A
(e.g., A is uniformly elliptic and the lower order coeflicients are small enough, cf. [Gilbarg and
Trudinger 2001, Th. 8.3]). These assumptions imply that the adjoint A* of A is an isomorphism
from Wg’q/(Q) to W—149'(Q), see, e.g., [Troianiello 1987, Th. 3.16], [Gallouét and Monier
1999]. Consequently, A is an isomorphism from Wg’q (Q) to W=19(Q). In particular, (8.2.1)

admits a unique solution satisfying

Yllwraia) < Clikllaa)

for a constant C independent of 1, by the fact that M(Q) embeds continuously into W—19(Q)
(see, e. g., [Stampacchia 1965, Th. 9.1] and [Meyer, Panizzi, and Schiela 2011, Th. 4.1]). We refer
to [Meyer, Panizzi, and Schiela 2011] for a discussion of the various (equivalent) characteriza-

tions of solutions to (8.2.2) and their uniqueness if A* is not surjective on W19 (Q).

We now define the control-to-state mapping associated to (). For this purpose, let

Rew, : W39 (Q) = Whd(w,), Re, : W' (Q) = WHh'(w,)

denote the canonical restriction operators from Q) to w. and w,, respectively, with adjoints

RS - (Whi(w,e)) — W' (Q), R, : (Wh (we))* — W ha(Q).
Further we shall employ the injections
Jw, : WhI(we) = L (we),  Jw. : Wh(we) = Cr(@e)
with adjoints

0o, L (wo) = (Wh(wo)), it Mp(@e) — (Wh'(w,))".
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Then we set
Sw i Mp(@e) = L2 (wo), > Jw,Rw, ARSI 1,

and note that S, is a bounded linear operator. Since R, R, dw, and J.,. have dense
ranges, their adjoints are injections. To argue that J,,, has dense range, let ¢ € Cr-(@,). By
Tietze’s extension theorem (e. g., [DiBenedetto 2002, Th. 3.1]), there exists a ¢ € Cr(W,)
with ¢loo = 0 and @lgs, = @ (see also [Troianiello 1987, Th. 1.N]). Moreover ¢ can be
approximated by @, € W(])’q/(Q) in the Wé’q/(Q)—norm, and hence @ |, € WH' (w,)
approximates ¢ € Cr(w,).

We will also need the following continuity property of the control-to-state mapping.

Proposition 8.2.1. For any sequence {uy} C Mr(W,) converging weakly- in Mr(w.), the
sequence S, (W) converges strongly to S, (u) in L2 (w,).

Proof. Since q’ > m, the embedding W9 (w.) — Cr(@,) is compact. Therefore, the
adjoint embedding Mr(@.) < (W' (w.))* is compact as well. Weak-+ convergence of
. in Mr (@, ) thus implies strong convergence of g, ux. The claim then follows from the
continuity of 7, Rew,A™'R,.. O

The reduced problem corresponding to (P) can then be formulated as

: 1 2
(8.2.3) ueﬁrl?wc) 5 [Swu — ZHLZ(wO) + ||u||Mr(wc) .
Existence of a minimizer u* follows from the fact that bounded sequences in M (. ) contain
a weakly-x convergent subsequence, and that w — [[u||; (., is weak-x lower semicontinu-
ous.

Remark 8.2.2. If a minimizer u* satisfies u* € L' (w.), it is also a solution of the problem

. 1 2
uelg}l(lclvo) z stu_ ZHLZ(wo) o ||u||L1(wC) )

This follows from the embedding of L' (w.) into Mr(w,) and the fact that Ve, (@) =
VIt (@, for v e L' (wc) (cf. [Brezis 2010, Ch. IV]).

We wish to employ a Fenchel duality argument for the derivation of a necessary optimality
condition for (8.2.3). To avoid dealing with (M (@,))*, we shall consider a predual of (8.2.3)
rather than a dual problem. Such a procedure was previously used in [Bredies and Pikkarainen
2012; Clason and Kunisch 2011; Hintermiiller and Kunisch 2004], for example. For this purpose,
we introduce

*Sw : L2(wy) — Cr(w,), ¢ = Jw R (A*)'RE 5, @,
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noting that
("Sw)* = Sw,
i.e, "Sy is the “preadjoint” to S.

Theorem 8.2.3. Let u* € M (@) be a solution to (8.2.3). Then there exists a p* € Cr(®@,)
satisfying

*So(Sou" —2z)
(0S) (

=p7
u’,p* —P>Mr(wc),cr(wc) <0, ||P*||cr(wc) < «,

forallp € Cr(w.) with [[pllc (@.) < &

Proof. We consider the following problem in L?(w, ), which will be shown to be the predual
of (8.2.3):

. 1 2 1 2 *
(8.2.4) (in a2l iw,) = 3 1202w, + Tilalcp e <ot ("Swa)

= min JF(q)+ 9("Swq),

QGLZ(wo)

where F : L?(w,) — Rand § : Cr(@.) — R U {co}. A short computation shows that the
Fenchel conjugates 7 : L?(w,) — R and §* : Mr(w@.) — R are given by

. 1 2 .
F*(v) ZEH‘)_ZHLZ(wO]’ 5 (v) :“H"Hmr@c)'

Since q — F(q)+9(*Swq) is continuous at 0, the Fenchel duality theorem (see, e. g., [Ekeland
and Témam 1999, Th. 4.1]) is applicable and implies that

(8.2.5) erLr%i(n )EF(q) +5("Swq) = min  F*(S,u) + G (—u)
qeL (w,

ueMr(w)

B ] 2
= Lhm [Swu = zl[T2(wy) + & Il (we) »

where we utilize (*S,,)* = S,. Moreover (cf. [Ekeland and Témam 1999, Prop. 4.1]), to every
minimizer q* € L?(w,) of the left hand side of (8.2.5) corresponds a minimizer u* € Mr(w,)
of the right hand side satistying the relationship

Sou* =q" +z,
—u’ € aI{HqHcr(mc]écx}(*swq*)-
From the second relation, we have [[*S.,q*|¢, (., < aand
(8.2.6) (U P —"Swd ) (wo).Cr (@) SO forall [[pll¢, (w,) < o
Setting p* = *S,,q* = "Sw (Swu* — z) we find that

and [[p*[| ¢, (w,) < . D
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We note that by construction p* € W9’ (w,) holds. From the second relation of (OS), we
can also obtain the following structural information on an optimal control u*.

Corollary 8.2.4. Let (u*,p*) be a solution to (OS). Then for any p € Cr(w,) withp > 0,
(WS Pt (@), cr@e) =0 if supp(p) C {x € @ : [p* (x| < o,

(WS Py (we),cr (@e) SO if supp(p) C {x € @ : p"(x

>0 if supp(p) C {x € W, : p*

) = OC},
) = —«f.

<u*»P>Mr(wc),Cr(wc) x

This can be interpreted as a sparsity property: An optimal control u* will be non-zero only
on sets where the constraint on p* is active; hence the larger the penalty «, the smaller the
support of the control.

Remark 8.2.5 (Non-negative controls). If in () only non-negative controls are admitted, we
replace §*(v) by

93_ ZMr(wc) —)RU{OO}, V= I{fgo}(V)—f—CXHVHMr(WC)

(noting that the dual problem involves the term G (—u*)). This is the Fenchel dual of

9+ :Cr(@c) = RU{ool, g Irz—o(q),
and (8.2.6) must be replaced by
The optimality conditions for the case of non-negative controls become

S (Suu* —z) =p*,
(OS+) * * *
(WP =Pt wo,crwo SO PP —a

forallp € Cr(w.) withp > —a.

8.3 REGULARIZATION

The numerical solution of the optimality system (OS) is based on a Moreau-Yosida regu-
larization of (OS). For given ¢ > 0, we search for (u¢,pc) € L2(w.) x WH9' (w,.) which

satisty

(05.) { pe =S}, (Swlte —2),

—u. = cmax(0,p. — «) + cmin(0, p. + &),

where the max and min are taken pointwise in w.. Here, S, is considered as an operator
from L*(w.) — L*(w,). The action of its adjoint S¥, : L*(w,) — L*(w.) coincides with
that of *S,,. Moreover, the range of S, is contained in W' (w.,).

This regularization can be interpreted as a quadratic penalization of the box constraints in
(8.2.4).
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Theorem 8.3.1. There exists a unique solution (uc,p.) € L (w.) x W9 (w,) of (OS,).

Proof. The claim will follow from the fact that (OS,) are the necessary optimality conditions
of the problem

1] 2 1 2
(Pe) uerL%l(ri)c) 5 [Swu — Z’HLZ((UO) +x ||u||L‘(wc) + 2 ||u||L2(wc) .

The cost function in (P.) is continuous, bounded from below and strictly convex due to the
presence of the [?(w, ) term, hence (P..) admits a unique minimizer u. € L?(w.). To express
(P.) abstractly, we introduce

Fr 1A (we) = R, uH%HSwu—zH%z(%),
5 2(we) 2By el a + 5 g
The optimality condition for (P.) is given by
0€S,(Swuc —z)+05¢ (uc)
or equivalently,

(8.31) { Pe = S5 (Swlc — 2),

—Pc € agz(uc))

where the first equation implies p. € W' 4 (we) < Cr(we).

We claim that G} is the Fenchel conjugate of
2 ¢ 2 C s 2
90 :L (wc) — R) P z ||max(0,p - (X)HI_Z(wC) + z ||m1n(0,p + o‘)”[}(wc) .
To show this, we compute the Fenchel conjugate of G, at u € L?(w.), which is defined as

Selw)= sup (U, q)12(4.) — Felq).

qel—z(wc)
The supremum is attained at p € L?(w,) if and only if
u=09:(p) = cmax(0,p — &) + cmin(0, p + )

holds almost everywhere in w,. If u(x) > 0, the right hand side has to be positive as well,
which implies that u(x) = c(p(x) — «) and hence p(x) = %u(x) + «. Similarly, u(x) < 0
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yields p(x) = %u(x) — . For u(x) = 0, we deduce that —oc < p(x) < o holds. Substituting
in the definition of G*, we have that

Gi(uw) = J u(x)(lu(x) + o) — l max(0, u(x))? dx
{u>0} C 2c

+J u(x)(lu(x) — ) — ZL min(0, u(x))? dx
{u<0} ¢ ¢

1 2
= ¢ HuHLZ(wC) +o ||u||L1(wC) :

Since §. is Lipschitz continuous, the second condition in (8.3.1) can be expressed as (cf., e. g.,
[Attouch, Buttazzo, and Michaille 2006, Th. 9.5.1])

Ue € agc(_pc) = {c(maX(O, _pc - (X) + min(O, _pc + OC))}

Noting that max(0, —p) = —min(0, p), the optimality conditions (OS.) follow.

Turning to uniqueness, let (1, p.) and (i, p.) be two solutions to (OS,) and set (du, ép) =
(Ue — U, Pe — Pe). Then, subtracting the corresponding optimality conditions and taking
the inner product with (du, ép) implies that

(8.3.2) 0= stéuH%Z(%) + ¢ (max(0, p — o) — max(0, pec — &), Pe — Pe)12(ew,)-
+c <min(O>Pc + (X) - min(o)f?c + “))Pc _ﬁC>L2(wC)

Since the mappings p — max(0,p) and p — min(0, p) are monotone, we obtain that the
inner products in (8.3.2) are non-negative and thus that S, du = 0. Since dp = S}, (S, d0u) =0
by linearity of state and adjoint equation, we deduce p. = p. and hence u. = i, from the
second equation of (OS.). [

Next, we address the convergence of solutions of (OS,) as ¢ — oo.

Theorem 8.3.2. Let (1., p.) € L2 (w.) x WH4'(w,) be solutions of (OS.) for ¢ > 0. Then the
family (uc,p.) contains a subsequence, denoted by the same symbol, such that

u. =~ u* in Mr(we),

pPe = p*  inW"9 (w.) and hence in Cr(@.),
and (u*,p*) is a solution of (OS).

Proof. Since u. = 0 is an admissible control, we have

1 2 1 2
(8.3.3) CxHu’CHMr(EC) < 3 [Swite — ZHLZ(wo) +a HuCHMF(wc) + 2c HuCHLZ(wC)
1

2
< 5 2l (w,) -

2
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The family of minimizers {u.}.~o is thus bounded in M (@, ), and hence there exists a subse-
quence (also denoted by {u.}) which converges weakly-* in M (w,) toa it € Mr(w, ). Since
Sw(ue) = S (1) strongly in L?(w, ) by Proposition 8.2.1, we deduce from the continuity of
S¥, that

Pc =P =S, (St —2)
strongly in W9’ (w, ) and hence in Cr(@.).

We next verify the feasibility of p. By squaring the second relation of (OS.) and inspecting
pointwise, we obtain that

1

2 2 . 2
p HuCHLZ(wC) = ¢ ||max(0, pc — OC)HLZ(wC) + ¢ ||min(0, p. + MHLZ(wC) .

From (8.3.3), we have that ||ucHiz(wc) < HZH%Z(wO)’ so that
2 T2
[max(0, p. — 0‘)’|L2(wc) < p HZHU(%) — 0,
1

Imin(0,pe + o)1) < 2 122w = 0,
hold for ¢ — oo. Since p. — P strongly in C(@), this implies that

—a<Pp(x) <a forallx € ..

It remains to pass to the limit in the second equation of (OS, ). Observe that
<_u6>p - pC>LZ(wC) =c <maX(0,Pc - 0€)>P _pc>]_2(wc)
+c <min(0)pc + “))p _pC>L2(wC) <0
holds for all p € Cr (@) with [|p||¢_(@.) < o and thus that

(WP =P (@e).cr (@) <O

is satisfied for all p € Cr(w,) with ||p||¢_(g,.) < « Therefore, (1, p) € Mr(w.) x Cr(@,)
satisfies (OS). ]

Remark 8.3.3 (Non-negative controls). By a similar argument as in the proof of Theorem 8.3.1,
it can be shown that

x - 1
9+,c : Lz(wc) — R, V= I{fgm(\)) + Z ”VH%Z(%) + ||v||L‘(wC) )
is the Fenchel conjugate of
_ C .
9+,c :Lz(wc) _>R’ q— z Hmln(0>q+0¢)H%2(wc),

and thus that the corresponding regularized optimality system is

c = S*w Sw c
(0S.,0) Pe = Sulutte =)
—u. = cmin(0, pe + «).

The convergence result for ¢ — oo as in Theorem 8.3.2 remains valid.
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8.4 SEMISMOOTH NEWTON METHOD

For the numerical solution, we consider (OS,) as the operator equation F(u.) = 0 for F :
L?(w.) — L?(w,), given by

F(u) =u+ cmax(0,S;,(Swu —z) — «) + cmin(0, S;, (Swu — z) + «).

It is known (e.g., from [Ito and Kunisch 2008, Ex. 8.14]), that the function v — max(0,v — x)
is Newton differentiable from LP to L9 for any p > q > 1 with Newton derivative in direction
h given pointwise almost everywhere by

h(x), ifv(x) > «,

Dy max(0,v — a)]h = xrsah =
D ( ) Xv>ed {O, ifv(x) < «.

An analogous statement holds for the pointwise min function. Since S¥,v € W"9'(w.) holds
for all v € L?(w,), F is Newton differentiable and the chain rule for Newton derivatives (e.g.,
[Ito and Kunisch 2008, Lemma 8.15]) yields that the action of the Newton derivative of

G4 (uw) = max(0, S, (Spu —2z) — x)
in the direction h is given by

DnGi(wh =Xiss, (Seu—z)>a} (S Swh)

C[(SLSeN)(X) f(Sh(Swu—2))(x) > o,
o if (8%, (Swu —2)) (%) < &,

and a similar claim holds for the min term. A semismooth Newton step thus consists in
solving for du in the equation

(8.4.1) dU + eXqist (Swuk—z)>a} (St SwOU) = —u* — cmax(0,S’, (S u* —z) — o)
—cmin(0, S, (Spu® —z) + &)

and setting u**! = u* + du. The semismooth Newton step (8.4.1) can be solved using an
iterative Krylov solver (e.g., GMRES), where the action of the Newton derivative on given du is
computed by first solving the linearized state equation for the state differential 5y followed by
the adjoint equation for the adjoint differential 6p. The full procedure is given as Algorithm 8.1.

It remains to verify the well-posedness and uniform boundedness of the Newton step (8.4.1).

Proposition 8.4.1. For fixed «,c > 0 and for any uw € L?(w.), the mapping DNyF(u) €
L(L?(w,),L2(w.)) is invertible, and there exists a constant C > 0 independent of \u such that

IDNF(W) 2 (L2 (we) L2 (we)) < C

holds.
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Algorithm 8.1 Semismooth Newton method

1: Choose u®, setk =0
repeat

N

3: Solve for y* in Ay = R}, u®, set y* = R, y*
4 Solve for p* in A*p =R}, (y* —z), set p* =Ry, p*
5: Compute active sets
AY ={x € we: pr(x) > a}
A ={x € we: pH(x) < —a},
Ak = Ak U Ak
6: Set F(u*) = —u* — exux (p* — &) — exqx (p* + )
7: Compute du by solving DnF(u*k)du = F(u*) using APPLYNEWTONMATRIX in
Krylov method

8: Set u ! = Uk +ou, k< k41

o: until (A% = A% "and A* = A ") ork = k*

1. function APPLYNEWTONMATRIX(5u, .A¥)

2 Solve for @ in Ady = R}, _du, set dy = Rwog
3: Solve for SB in A*6p = R}, dy, set dp = chgg
4 return du + cx 4x0p

5: end function

Proof. Letu € L?(w.) be given and set
A ={S,(Sou—2z)| > «}

aswellasJ = @, \ A.

For arbitrary w € L?(w. ), we need to find du € L*(w,) satisfying
(8.4.2) du+cexal(S;,Swou) =w.

From this, we have that du = w almost everywhere in J. By the linearity of S, and S}, we
can thus write

cXa(SpSwdu) = exa (S Swxadu)) + exua(SySw(Xaw)).

Inserting this identity into (8.4.2) and testing with du, we obtain

2 2
[OU| T2 () T C1ISew (XaBWIIT2(w.) = Wy SW 2140y — € (S (XaW)y S (XAOW)) 12 (0. )
< Wz U2y + ClIWI L2 (o 10U 2

< Clwllez e 13ulliz (e,
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by the continuity of S,,. Together this implies
H5UHL2(¢UC) <C HWHLZ(wC)

with a constant C > 0 depending on c but independent of A and therefore of u, which yields
the claimed uniform boundedness. O

From this, the superlinear convergence of the semismooth Newton method follows from
standard arguments (e.g., [Ito and Kunisch 2008, Th. 8.16]). The termination criterion in
Algorithm 8.1, step 9, can be justified as follows: If A5 = AX holds, then u**! satisfies
F(u**1) = 0 (cf. [Ito and Kunisch 2008, Rem. 7.1.1]).

For the numerical implementation, we use a continuation strategy: Solve for u.,, set ¢y 1 =
qck with g > 1, and use u., as initial guess for the computation of u., .

Remark 8.4.2 (Non-negative controls). By setting A% = (), Algorithm 8.1 can be applied to
the numerical solution of (OS, ). The superlinear convergence holds in this case as well.

8.5 NUMERICAL EXAMPLES

We illustrate the proposed approach with a simple convection-diffusion equation, described
by the operator Ay = —vAy — b - Vy with v = 0.1 and b = (1,0)" and homogeneous
Dirichlet conditions on the unit square [—1, 1]2. The control and observation domains are
given by

and the target is z = ¥, X2 (see Figure 8.1). The differential operators are discretized using
standard finite differences with N = 128 nodes in each direction, and Algorithm 8.1 is
implemented in Matlab.

The parameters for this example are set as follows. In the continuation scheme for the penalty
parameter c, the initial value is ¢y = 1, the incrementation factor is set to ¢ = 10, and the
continuation is terminated at c* = 10'2. The semismooth Newton method is terminated
if the active sets coincide or k* = 10 iterations are reached. For the solution of the linear
systems arising in the semismooth Newton step, we use Matlab’s built-in GMRES with a
relative tolerance of 107 and a maximum number of iterations of 100. The Matlab code of
our implementation can be downloaded from http://www.uni-graz.at/~clason/codes/
measurecontrol.m.

The discrete optimal controls u, and corresponding states y for different values of « are
shown in Figure 8.2. As « is decreased, the state becomes closer to the target, while the control
becomes less sparse. Note that the loss in sparsity is manifested by an increasing number of
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Figure 8.1: Target z, control domain w. and observation domain w,.

point sources, but the support of the control remains localized. This is due to the structural
properties of the optimality system: the control is allowed to be active only where the dual
variable p* is active and must be identically zero everywhere else (cf. Corollary 8.2.4). Also,
the controls are placed asymmetrically due to the directionality of the convection term. We
point out that the placement of the corresponding sources is not obvious.

We indicate the superlinear convergence of the semismooth Newton method by fixing ¢ = 10°
and o« = 10~* and starting from the initial guess 1y = 0. Table 8.1 shows the norm of the
residual ||F(u®)||; > and the change in active sets A for each iteration in the semismooth
Newton method, verifying the locally superlinear convergence.

The feasibility of our approach for the optimal placement of sources is illustrated with an
example that is motivated by an application in photochemotherapy. Here, w,, denotes a region
where a photosensitive chemotherapeutic agent is locally activated by laser light from multiple
strategically placed fiber-optic light sources [Baas et al. 1997]. The latter can be focused inside
a small boundary layer, which corresponds to the control domain w.. This example further
demonstrates the dependence of the locations of the optimal controls on the geometry of the
problem, here determined by an irregular domain (see Figure 8.3).

Table 8.1: Convergence of semismooth Newton method. Shown are the norm of the residual
of (8.4.1) and the change in active sets dA* in each iteration.

k 1 2 3 4 5
[F(u)|| 3.84-102 3.78-10' 6.12-10° 6.16.78-10" 1.08-107'
sA* 3678 532 106 8 0
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X | X 1

(@) wg, 0x = 1073 (b) Yoo x = 1073

X | X R

(©) Ug x = 1074 (d) Yo x =104

X A

X, R

(&) uy, x =107 ) Yoo x=1075

Figure 8.2: Optimal controls 1, and states y for different values of o.
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0.00 0.500 0.750 1.00 0.00 0.500 0.750 1.00

(a) control domain w, (b) observation domain w,

Figure 8.3: Geometry for model problem. Shown are the indicator functions of control and
observation domain.

The corresponding state equation is

-V - (WVg) + HaYy = Xw YW On Q,

—Z(},La1+us) 9,y +py =0 on 9Q),

which describes diffusive photon transport in tissue. Here, 1, is the tissue’s absorption
coeflicient, i is the scattering coefficient, and p is the reflection coefficient at the boundary
0Q. In our tests, we set n, = 0.03, us = 0.275 and p = 0.1992 to model a small piece of
lung tissue. The objective is then to achieve a homogeneous illumination of the region of
interest w, for the optimal activation of the chemo-sensitive agent. Due to the linearity of the
equation, we set without loss of generality z = 1. As noted in Remark 8.4.2, non-negativity of
the controls is enforced by setting A, = 0.

Due to the irregularity of the domain, we now use a standard finite element discretization
of state and adjoint equation in weak form (cf. (8.2.2)) with triangular elements, where the
discretized control is taken as piecewise constant and the discretized state and adjoint as
piecewise linear. The implementation is based on the open source FEN1CS project [Logg and
Wells 2010]. Here, the final penalty parameter is set to ¢* = 107, the remaining parameters
being unchanged. The results for different values of « are shown in Figure 8.4. The influence
of « on sparsity of the controls and homogeneity of the illumination can be observed clearly.
Note that the placement of the optimal point sources is again not obvious, and depends on «
in a non-intuitive manner (compare the location of the major point source on the right hand
side of the domain between Figs. 8.4a and 8.4b).
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Figure 8.4: Optimal controls u and state y for different values of «. Shown is a superposition
of uwon w, (as height plot) and y on w, (as color plot).
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8.6 CONCLUSION

The problem of optimal placement of point sources was formulated in a non-reflexive Banach
space setting. The optimality system for this nonsmooth optimization problem was derived
and a family of regularized problems, which can be approximated efficiently by semismooth
Newton methods, was analyzed. The numerical examples demonstrate the effectivity for
optimal light source placement problems in diffusive photochemotherapy. Current work
is concerned with the application of the proposed approach to patient-specific geometries.
Formally, the primal-dual framework considered here can be extended to nonlinear control-
to-state mappings, although the proper functional analytic treatment of the linearization
remains challenging. Finally, it would be of interest to consider parabolic state equations.
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APPROXIMATION OF ELLIPTIC CONTROL
PROBLEMS IN MEASURE SPACES WITH SPARSE
SOLUTIONS

ABSTRACT

Optimal control problems in measure spaces governed by elliptic equations are considered for
distributed and Neumann boundary control, which are known to promote sparse solutions.
Optimality conditions are derived and some of the structural properties of their solutions, in
particular sparsity, are discussed. A framework for their approximation is proposed which is
efficient for numerical computations and for which we prove convergence and provide error
estimates.

9.1 INTRODUCTION
This paper is dedicated to the approximation of the optimal control problem

. 1
®) Lmin T = 31y = ali o) + i

where y is the unique solution to the Dirichlet problem

—Ay+coy = u inQ,
(9.1.1) { y = 0 onf

with ¢y € L®(Q) and ¢y > 0. We assume that « > 0, yq € L?(Q) and Q is a bounded
domain in R™, n = 2 or 3, which is supposed to either be convex or have a C'! boundary
I". The controls are taken in the space of regular Borel measures M(Q). As usual, M(Q) is
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9 APPROXIMATION OF ELLIPTIC CONTROL PROBLEMS IN MEASURE SPACES...

identified by the Riesz theorem with the dual space of Cy(Q) - consisting of the continuous
functions in @ vanishing on I" - endowed with the norm

[ulbeo) =  sup  (wz)= sup Jz(x)du,
llzllcyo) <1 llzllcya)<TYQ

which is equivalent to the total variation of w.

It has been observed that the use of measures leads to optimal controls which are sparse. This
is relevant for many applications in distributed parameter control; see [Clason and Kunisch
2011]. Moreover, the support of the optimal control provides information on the optimal
placements of control actuators. Formally, the same features can be achieved by using L' (Q)
control cost. In this case, however, the optimal control problem is not well-posed in the
sense of a possible lack of existence of a minimizer due to the fact that L' (Q) does not allow
an appropriate topology for compactness arguments. Other techniques have been used to
overcome this difficulty, including the use of regularization techniques or the introduction of
control constraints; see, for instance, [Casas, Herzog, and Wachsmuth 2012], [Stadler 2009],
[Wachsmuth and Wachsmuth 2011a].

The focus of this paper is to give an approximation framework which, in spite of the difficulties
due to the presence of measures, leads to implementable schemes for which a priori error
estimates can be provided. We show that the optimal control measure can be approximated
efficiently by a linear combination of Dirac measures. This is important for practical appli-
cations because it provides a way of controlling a distributed system by finitely many point
actuators, giving information on where they have to be placed. A similar framework in the
context of inverse problems was considered in [Bredies and Pikkarainen 2012].

The plan of the paper is as follows. In the next section we provide optimality conditions for
(P) and derive some properties of the solution, in particular sparsity and actuator location. In
§ 9.3, we introduce the approximation framework and prove convergence of the discretized
problems to the continuous one. Rate of convergence results are provided in § 9.4. In § 9.5 we
show that analogous results can also be obtained for Neumann control problems. Finally, the
last section is devoted to numerical test problems.

9.2 OPTIMALITY CONDITIONS

Before establishing the optimality conditions for problem (P) and deducing some conse-
quences from them, let us observe some important facts. First, given a measure u € M(Q),
we say that y is a solution to (9.1.1) if

(9.2.1) J yAzdx = J zdu forall z € H2(Q) N H)(Q),
o Q
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where A = —A+ ¢, L. It is well known, see for instance [Casas 1986], that there exists a unique
solution to (9.1.1) in the sense of (9.2.1). Moreover, y € Wg’p(Q) forevery 1 < p < -5
and

(9.2.2) llwir o) < Collullaa)-

Since W(])‘p(().) C L2(Q) for every nz_J:LZ < p < 5, the cost functional is well defined
on M(Q). Furthermore, the control-to-state mapping is injective, and therefore the cost
functional | is strictly convex. Then, it can be obtained by the standard approach that (P) has
a unique solution; see [Clason and Kunisch 2011] for details. Hereafter, this optimal solution
will be denoted by 1t with an associated state . By using subdifferential calculus of convex
functions and introducing the adjoint state we get the following results (see also [Clason and
Kunisch 2011; Clason and Kunisch 2012]).

Theorem 9.2.1. There exists a unique element @ € H?(Q) N H}(Q) satisfying

—Ap+cop = Y—ya inQ,
¢ = 0 onT,
such that
(9.2.3) o[ a) +J @du=0,
Q
) =o ifu#0,
2.
(92.4) IPllcsior 0 e o

Proof. By standard arguments from Lagrange multiplier theory and the Sobolev embedding
theorem, we deduce the existence of a A € Co(Q) with

(9.2.5) A€ Im)() and oA =-—¢.

By the definition of the convex subdifferential, the first inclusion is equivalent to

(9.2.6) Mu =) + [ty < lullva

for all u € M(Q). Taking u = 2t and u = 0, respectively, we obtain the two inequalities
M) < [[tflaee) < (A1)

and hence (9.2.3) by the second relation of (9.2.5). Inserting (9.2.3) and A = —%C(p into (9.2.6)
yields

<(_p)u> < Oc||1‘L||3\/[(Q))

which implies (9.2.4). O
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As pointed out in [Clason and Kunisch 2011], if we consider the Jordan decomposition of
1 =1u" —u, then we deduce from (9.2.3) and (9.2.4) that

(9.2.7) { supp(iit) C {x € Q: ¢(x) = —atl,

supp(t) C {x € Q: ¢(x) = +af.

From (9.2.7) we note that . = 0 on the set {x € Q : |@(x)| < o}. As the numerical results will
show, the set {x € Q : |@(x)| = «} is small, which yields the sparsity of i. Moreover, we have
the following property for the penalty parameter.

Proposition 9.2.2. There exists & > 0 such that 4. = 0 for every o« > &.

Proof. Let us denote by ] the cost functional associated to the parameter o. Similarly, let
(Ua, Yo, @) denote the solution to the corresponding optimality system. For each « > 0 the
following inequalities hold

1 1
ZHHOC _deIz_Z(Q) < ](X(u’oc) < Ioc(o) = ZHdeIZ_Z(_Q).
Consequently,

Ve —Yall2(0) < Yallizo) Y& > 0.

From the adjoint state equation and the embedding of H2(Q) NH}(Q) < Co(Q), we deduce
the existence of a constant C > 0 such that

leallcora) € Cllya —Yallizio) < Cllyallizia)-

Setting & = C||yal|12(q)> We obtain from the above inequality and (9.2.4) that u, = 0 for
every o« > &. [

In the case where we consider the observation of the state only in a subset w,, C Q, then we
have the following property of the support of the optimal control.

Proposition 9.2.3. Let w,, be an open subset of Q such that Q \ w,, is connected and consider
the functional

1

Jaoy (1) = 51y = Yl + ol

Then the associated optimal control i satisfies supp(it) C Wy,.

Proof. For the functional under consideration, the adjoint state equation is given by

—AQ+cop = (g_yd)wa in Q,
¢ = 0 onT,
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where ., is the characteristic function of w,. Applying the maximum principle to the
problem

—A@P+cop = 0 inQ\wy,
® = 0 onl,

we deduce that ¢ is identically zero in O \ @, or

min @(x') < ¢(x) < max ¢(x') Vx € Q\ W,.
x'C0wy x'€0wy
In both cases the equality (9.2.4) can only be achieved in @,,, therefore (9.2.7) implies the
claim of the proposition. ]

Let us close this section by pointing out that the results of our paper can also be adapted to
the situation where the control domain is a priori restricted to a strict subdomain w,, of Q,
and the controls are restricted to be non-negative (cf. [Clason and Kunisch 2012]).

9.3 APPROXIMATION FRAMEWORK

In this section Q will be assumed to be convex. We consider a nodal basis finite element
approximation of (P). Associated with a parameter h we consider a family of triangulations
{Thn=0 of w. To every element T € T}, we assign two parameters p(T) and o(T), where p(T)
denotes the diameter of T and o(T) is the diameter of the biggest ball contained in T. The
size of the grid is given by h = maxycq, p(T). The following usual regularity assumptions on
the triangulation are assumed.

(i) There exist two positive constants p and o such that

p(T) h
om SO ad Ty se

hold for every T € T, and all h > 0.

(i) Letusset Qn = req, T with Oy and T, its interior and boundary respectively. We
assume that the vertices of 7}, placed on the boundary I}, are also points of I'. From
[Raviart and Thomas 1983, inequality (5.2.19)] we know

(9.3.1) 1Q\ Q| < Ch?,

where | - | denotes the Lebesgue measure.

110



9 APPROXIMATION OF ELLIPTIC CONTROL PROBLEMS IN MEASURE SPACES...

Associated to these triangulations we define the space
Yy, = {yh € Co(Q) :ynr € Py forevery T € Ty, andyn =0 inw\Qh},
where P; is the space formed by the polynomials of degree less than or equal to one. For
every u € M(Q), we denote by y,, the unique element of Yy, satisfying
(9.3.2) a(yYn,zn) = J zn du Vzn € Yh,
Qn

where a : H'(Q) x H'(Q) — R is the bilinear form associated to the operator A, i.e.,

aly,z) = JQ [Vy(x)Vz(x) + co(x)y(x)z(x)] dx.

The approximation of the optimal control problem (P) is defined as

2
(Pv) uemj\%? Jn(un) _—Hyh UdHLZ(Qh)+o‘HuHM(Q)>

where yy, is the solution to (9.3.2).

Since we have not discretized the control space, this approach is related to the variational
discretization method introduced in [Hinze 2005]. Below we will show that among all the
solutions to (Py,) there is a unique one which is a finite linear combination of Dirac measures
concentrated in the interior vertices of the triangulation, leading to a simple numerical
implementation.

Before any discussion of the solutions to problem (P},), let us introduce some additional
notation. Hereafter we will denote by {x; }}\]:ql ) the interior nodes of the triangulation T4,.

Associated to these nodes we consider the nodal basis of Y}, given by the functions {e; }}\] :(]h )

such that ej(x;) = 83 for every 1 < i,j < N(h). Then every element yy, of Y}, can be written
in the form

Yn = Z Yjej, where  y; =yn(xj), 1<j<N(h).

We also consider the space

N(h)
Dp =< up e M(Q):uy = Z Ajdy;, where {7\]‘}}1(1}1) CcR
j=1

Above 8, denotes the Dirac measure centered at the node x;. It is obvious that Dy, can be
identified with the dual of Y}, through the duality relation

(UnyYn) Z Ajy;.
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Now, we define the linear operators Ty, : Co(Q) — Yy, and Ay : M(Q) — Dy, by

N(h)

My=) ylyle and Anu= 3 (u,e)dy.

j=1

The operator TT;, is the nodal interpolation operator for Yy, and we have the following result
concerning the operator Ay,.

Theorem 9.3.1. The following properties hold.
(i) Foreveryu € M(Q) and every z € Co(Q) and z, € Y, we have

(933) <u) Zh> - <Ahu) Zh>)
(9.3.4) (U, Thz) = (Anu, z).

(ii) For every u € M(Q) we have

(9.3.5) [Anua) < [lullva),
(9.3.6) Apu = win M(Q) and AR v ) = IUlaa)

(iii) There exist a constant C > 0 such that for every u € M(Q)

_ / n
(9.3.7) e — Anullw-rp @) < CRT™P lufagay, T<p< o1

(9.3.8) [ = Anulfwpe ) < Chjiuflaca),
where p’ is the conjugate of p.

(iv) Givenu € M(Q), let yy, and §y, be the solutions to (9.3.2) associated to the controls u
and Anu, respectively. Then the equality yn, = Uy holds.

Proof. For z, = Z}iﬂh ) z;e; we have

N(h)

(u,zn) Z zj(u, e Z ) (8,5 zn) = (Anu, zn),

j=1
which proves (9.3.3). For (9.3.4) we proceed as follows

N(h)

(u, TTpz) = Z z(xj)(u, ;) Z (U, €5)(0x,2) = (Anu, z).

j=1

To verify (9.3.5) we introduce the function s, € Y}, by

N(h) +1 if (u,e5) >0,
Sh = Z sjej, with s;=<¢ —1 if (u,e;) <0,
j=1 0 otherwise.
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Then we have

(h) (h)
[ARlatia) Z (u, &)l Z (W e5) = (w,sn) < [[ullvealisnlicora

j=
= [[ullm(a

Let us prove (9.3.6). Since {Apu}y,~ o is bounded in M(Q) there exists a subsequence, denoted
in the same way, such that A, u = vin M(Q). From (9.3.3) we get that

(v, e5) = }lliir%)(/\hu, ej) = (u,e5) V1 <j<N(h),
which implies that (v, z) = (u, zy,) for every z, € Y;,. Hence, for every z € Co(Q)
(v,2) = lim (v, TTz) = lim {u, Tz) = (u,2),

therefore u = v. Since any subsequence converges to u, the whole sequence converges to u
weakly* in M(Q). From this convergence and (9.3.5) we obtain

[ullvie) < liminf [Anuflao) < limsup [Anullva) < [wfao),
h—0 h—0

consequently (9.3.6) holds.

To prove (9.3.7) we take an arbitrary element z € W(])’p/ (Q), with 1 <p < 5. Using (9.3.4)
and the well known interpolation error estimates in Sobolev spaces (see, for instance, [Ciarlet
1978, Chapter 3]) we obtain

(u—Anu,z) = (u,z—TThz) < |[ullaco)llz = TThzllcoa

Ch!™ P [ulaccon Izl -

Since W—1P(Q) is the dual ofWJ)’p (Q) for 1 < p < -5, (9.3.7) follows from the above
inequalities. For p = 1, we have p’ = co and the above 1nequahty can be expressed as

(u—Anu,z) < ChHuHM(Q)HZHWg»OO(Qp vz € Wp™(Q).

Since W~ 1(Q) is not the dual space of W}>*(Q), from this inequalities we only get (9.3.8).

The last statement of the theorem is an immediate consequence of (9.3.3). O

Now, we turn to the study of (P},). First, we observe that analogously to ], the functional ],
is convex. However, it is not strictly convex. This is a consequence of the non-injectivity of
the control-to-discrete-state mapping and the non-strict convexity of the norm of M(Q).
Although the existence of a solution can be proved in the same way as for the problem
(P), we cannot claim its uniqueness. Nevertheless, if i, is a solution to (Py,) and we take
U = Anlly, then the statement (iv) of Theorem 9.3.1 and the inequality (9.3.5) imply that
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Jn(tn) < Jn(tlin), hence 1y, is also a solution to (Py). Since for uy, € Dy, the mapping
Up — Yn(un), the solution to (9.3.2) for u = uy, is linear, injective and dim Dy, = dim Yy,
this mapping is bijective. Therefore, the cost functional ]}, is strictly convex on Dy,, hence
(Pn) has a unique solution in Dy,, which will be denoted by 1, hereafter. We summarize this
discussion in the following theorem.

Theorem 9.3.2. Problem (Py,) admits at least one solution. Among them there exists a unique
one Uy, belonging to Dy,. Moreover, any other solution (1, € M(Q) of (Py,) satisfies that ATy, =
Up.

Remark 9.3.3. The fact that (Py,) has exactly one solution in Dy, is of practical interest. Indeed,
recall that, as an element of Dy,, Tt;, has a unique representation of the form

N(

-

)
W= Y Ajdy,.
1

j
Then, the numerical computation of 11y, is reduced to the computation of the coeflicients
AN,
Remark 9.3.4. All results remain valid for Lagrange elements of arbitrary degree, where the x;
should be taken as the nodes associated with the degrees of freedom (which no longer need

to correspond to vertices of the triangulation, e.g., vertices and edge midpoints for quadratic
elements).

We finish this section by proving the convergence of the solutions in D}, to problems (P},) to
the solution to (P).

Theorem 9.3.5. For every h > 0, let iy, be the unique solution to (Py,) belonging to Dy, and let
U be the solution to (P). Then the following convergence properties hold for h — 0:

(9.3.9) ip =1 in M(Q),
(9.3.10) [tnllveo) = [[8lvo),
(9.3.11) 19— Inllz) = 0

(9.3.12) Jn(ttn) — J(),

where § and Uy, are the continuous and discrete states associated to U and iy, respectively.

Proof. First of all, let us verify that
(9.3.13) Up — win M(Q) implies  ||[yn(un) —Yulr2() = 0,

whereyy, (uy ) and y,, are the discrete and continuous states associated to the controls u;, and u,
respectively. From the compact embedding M(Q) — W~1P(Q) forevery 1 < p < =, we
deduce the strong converge u, — win W~1P(Q). Let us denote by y,,, the continuous state
associated to uy,. From [Jerison and Kenig 1995] we obtain the strong convergence y.,,, — Y,
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in WP (Q), where we have used that the boundary I is Lipschitz continuous as a consequence
of the convexity of Q). Moreover, from [Casas 1985] we have that ||yn (un) — Yu, |l2(q) = 0.
Finally, by the triangular inequality we obtain the desired convergence.

Turning to the verification of (9.3.9), we observe that

- i} 1 1
[ tnl[a) < Jnl(tn) < Jn(0) = §||1Jd”%2(gh) < EHde%Z(Q))

which implies the boundedness of {tiy }n~o in M(Q). By taking a subsequence, we have that
i, = vin M(Q). Then using (9.3.1), (9.3.13), the lower semicontinuity of the norm || - [|»(q)
and (9.3.6) we get

J(v) < liminf Jy (@) < limsup J (@n) < limsup Ju(Ant) = J (@)
h—0 h—0 h—0

Hence v = 1t by the uniqueness of the solution to (P), and the whole sequence {ity }n~o
converges weakly* to tt. Also, from the above inequality we get (9.3.12). Using again (9.3.13),
we deduce (9.3.11). Finally, (9.3.10) follows immediately from (9.3.11) and (9.3.12). O

9.4 ERROR ESTIMATES

This section is devoted to the proof of error estimates for the optimal costs as well as for the
optimal states. We still require Q) to be convex and in addition we assume

. 4 ifn=2,
(9.4.1) yq € L'(Q) withr = { % 3

Asin the previous sections, we denote by §j and j, the continuous and discrete states associated
to the optimal controls 1t and 1uy,, respectively.

Theorem 9.4.1. There exists a constant C > 0 independent of h such that
(9.4.2) J(@) = Jn(tn)l < ChY,
wherek =1ifn=2andx =1/2ifn=3.

Proof. We establish some preliminary estimates. Given u € M(Q), with associated continu-
ous and discrete states y and yy,, we know from [Casas 1985] that

(9.4.3) [y —Ynllezia,) < ChSuflaca),
with k defined as in the statement of the theorem.

Taking r as in (9.4.1) and using Holder’s inequality and (9.3.1), we deduce that for all ¢ €
L"(Q),

r—2 3
oo Q\ Qnl 7 < Cllo|lra\a,h?

(9.4.4) lellziona, < e
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holds. As a consequence of (9.4.3) and (9.4.4), with ¢ =y —yq, we get

(9-4.5) ‘HU _de%Z(Q) — llyn _de%Z(Qh) <y _de%Z(Q\Qh)
+ (HU —Yallizan + llyn _deLZ(Qh)) Iy —ynllezcan)
<C (Ily —Yalltrovan + 1V = Yallzia,) + lyn _deLZ(Qh)]HuHM(Q)) he

Now, by the optimality of i and i, we have
J(@) = Jn(w) < J(@) = Ju(in) < J(@n) — Jn(tn),
hence

(9.4.6) (@) = Jn ()| < max{[J (@) — Jn (@)}, [J(@n) = Jn(@n)l}-

From (9.3.10) we deduce that {i, }n,~ 0 is bounded in M(Q). Therefore, (9.2.2) implies that
the continuous associated states {yq, }n~o are bounded in W(])’p (Q) forevery 1 <p < 5
and therefore also in L™(Q). We apply (9.4.5) with u = 11, and u = 1, respectively. Together
with (9.4.6) this establishes (9.4.2). O

In the following theorem we establish a rate of convergence for the states.
Theorem 9.4.2. There exists a constant C > 0 independent of h such that
(9-4.7) 15 = Gnllizia) < ChE,

with « as defined in Theorem 9.4.1.

Proof. LetS: M(Q) — L?(Q)and Sy, : M(Q) — L?(Q) be the solution operators associated
to the equations (9.1.1) and (9.3.2), respectively. From (9.4.3) it follows that

(9.4.8) [Su—Snufli2(a,) < Ch[uffa(a)-
By the optimality of 1t we have for all u € M(Q), that

(St —ya, Su—3St) + alllullaia) = [ltlm] =0,
where (-, -) denotes the scalar product in L?(Q). In particular, taking u = i, we get
(9-4.9) (St —ya, Stn =S + «ll[tn[la(a) — [[Wlwia)] = 0.
Analogously, the optimality of 1, implies that

(9.4.10) (Shlth —Ya, Snit — Spttn) + of||t||aa) — [[Tnllaca)] = 0.
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We point out that by definition of Yy, we have S,u = 0in Q \ Qy,. Then, the scalar product
above in [2(Q) coincides with that in L?(Qy,). Now, we rearrange terms in (9.4.10) as follows:

(9.4.11) (Stn —Ya, S — Stn) + (Shitn — ST, Splt — Spty)
+ (yd,Sﬂ—Sha"f—Shllh—Sﬁh) + (Sﬁh,shﬂ—5ﬁ+5ﬂh—shah)

+ af]|tllve o) — [[tnllaa)] = 0.
Now, adding (9.4.9) and (9.4.11) we obtain

(9.4.12) HSfL—Shl_,LhHIZ_Z(Q) = (Su—shllh,SfL—Shth)
< (Sntth — Sy, Sht — Spity)
+ (yd —Sﬁh,Sﬂ—Shﬂ+Shﬂh—Sﬁh).

Let us estimate the right hand terms. For the first one we apply the Cauchy-Schwarz inequality,
exploit the fact Syt — Sy, iy, = 0in Q \ Qp, and use (9.4.8), to deduce

(9.4.13) (Shlth — S Th, St — Snin) < ||Shlth — STn[12(0,) ISRt — Shitn||12(0,) < ChS,

where we have used that {tt}, }h~0, {Shit}h=0 and {Sw i =0 are bounded due to (9.3.10),
(9.3.11) and (9.4.3), respectively. For the second term we use (9.4.4) and once again (9.4.8) as
well as the fact that S, u = 0in Q \ Qy, to obtain
(9.4.14)
(yd —-S 11}1, St — Shﬂ -+ Shﬂh —-S 11}1) < ||yd — SﬂhHLZ(O_\Qh) ||S(1:L — L—Lh)HLZ(Q\Qh)
+1[ya = Stnll2(o (S = Sn) (@ —tn)lli2(a,)

< C([[ya = Stnllr oo IS — )| @von) + 18— tnlaa)) B < Ch*,

where we have also used that y4 € L"(Q) and (9.2.2). Finally, (9.4.12), (9.4.13) and (9.4.14)
prove (9.4.7). OJ

Remark 9.4.3. Let us observe that (9.4.2) and (9.4.7) imply that
&) = [[enllvo) | < ChE

for some constant C > 0 independent of h.

Remark 9.4.4. All the previous results remain correct for a general elliptic operator

Ay = - Z ax,— [aijaxiy] + aoy,

i,j=1

provided the coefficients a;; are Lipschitz continuous functions in @ and ap > 0 isin L*(Q).
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9.5 A NEUMANN CONTROL PROBLEM

In this section, we assume that the system is controlled on the boundary. The control problem
is formulated as follows

. 1 2
(Pr) L Jr(uw) = EHU —Yalliza) + «lullar),

where y is the unique solution to the Neumann problem

—Ay+coy = f inQ,
(9:5.1) { 0y = u onl,

for ¢y € L*(Q), cp = 0and ¢y # 0, and given f € L' (Q). Here we will assume Q C R™,
n = 2 or 3, to be convex and polyhedral. Again by the Riesz representation theorem M(T) is
identified with the dual space of C(T'); see, for instance, [Rudin 1970, Chapter 6]. Concerning
the state equation (9.5.1), analogously to the Dirichlet problem (9.1.1), we say that an element
y € WHP(Q), p < -, is a solution to (9.5.1) if

n—1°

J yAzdx%—J' yavsz:J fzdx+J zdu forall z € H?(Q).
o) r o) r

We have the following theorem.

Theorem 9.5.1. The problem (9.5.1) has a unique solution belonging to WP (Q) for every
1 < p < %5, and there exists a constant C,, > 0 such that

[yllwira) < Cp (HfHL‘(Q) + HUHM(F)) .

As a consequence of this theorem, we have that the functional Ji : M(T") — R is well defined.
Moreover, it is continuous and strictly convex. Therefore, it has a unique minimizer that
hereafter will be denoted by 1, with associated optimal state §j. Analogously to Theorem 9.2.1,
if we denote the adjoint state associated to it by ¢,

—Ap+co® = Yy—ya inQ,
0@ = 0 on T,

then the following identities hold

(0.5.2) ot e +J $di =0,
r

(953) loller 4= % He#0

9.5.3 @llcm) <o ifa=o.
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Then, (9.5.2) and (9.5.3) imply a sparsity structure of 1t analogous to (9.2.7).

To carry out the numerical analysis of problem (P), we consider the same triangulation as in
§ 9.3. On this triangulation we define the space of discrete states by

Yn = {yn € C(@) : yny € Py forevery T € Ty, },

and the discrete state equation

(9.5.4) a(yn,zn) = J fzn dx + J zn du forall z;, € Y.
Q r
The approximation of the Neumann control problem results in
, 1
(Pryn) oin Jnlun) = zHyh —Yallt2a) + «lwlaer,

where yy, is the solution to (9.5.4). Before analyzing this problem, let us prove the following
error estimates concerning the discretization of the state equation.

Theorem 9.5.2. Given u € M(T"), let y and yn be the solutions to (9.5.1) and (9.5.4). Then,
there exists a constant C > 0 independent of h, f and u such that

(9.5.5) Iy —ynllzio) < Ch* ([l + lwllver)) 5

with k as in Theorem 9.4.1.

Proof. Here we follow the lines of the proof [Casas 1985, Theorem 3]. For any function
g € L2(Q), let z € H2(Q) be the solution to

—Az+coz = ¢ inQ,
0vz = 0 onl,

and z;, € Y4, the solution to
alzn, on) = J gon dx for all @y, € Y;..
Q

Using Green’s formula, we obtain

L g(y —yn) dx = aly —yn,z) = aly,z) — alyn,z) = aly,z) — a(yn,zn)

J f(z—zh)dx—kj (z—zp) du
Q r

< (Ifller ) + Tuller) iz =zl
< C(IIfller @y + Iullaer) hel1zllne o)
< C (Il o) + ullaer) h¥llgllez (o),

where we have used the classical finite element error estimate; see, for instance, [Ciarlet 1978,
Chapter 3]. Since g € L?(Q) is arbitrary, this gives the desired estimate. O]
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Analogously to § 9.3, we will denote by {x; }).Ai ‘") the boundary nodes of the triangulation T,.

Associated to these nodes we consider the space
Y. = {yn € C(T) : Ynjrar € P1(TNT) forevery T € ‘.T]:} ,

where {T] }n~0 is the family of boundary triangles. A nodal basis of Y], is given by the functions
{e; }].T\igh) such that ej(x;) = &;; for every 1 < 1i,j < M(h). Then, every element yy, of Y}, can
be written in the form

M(h)
Yn= ) yje, where y;=yn(x;), 1 <j<M(h).
j=1

We also consider the space

M (h)
DE =< up e MM :up = Z )\jéxj, where {Aj}j“igh) CcR
i=1

Above, §,, denotes the Dirac measure centered at the node x;. It is obvious that D}, can be
identified with the dual of Y], through the duality relation

M(h)
(Wnyyn) = D> Ayj.
=1

Now, we define the linear operators 1Ty, : C(I') — Y], and A, : M(T) — DI, by

M(h)

M(h)
My = Z ylxj)e; and  Apu= Z (U, €5)0y;-
j=1

j=1

With the above notation, the identities (9.3.3) and (9.3.4) remain valid and (9.3.5) and (9.3.6)
hold with Q replaced by I". Also, the statement (iv) of Theorem 9.3.1 remains correct for
u € M(I). This, in particular, implies that Theorem 9.3.2 remains valid for the case of
Neumann boundary control.

The analogous inequalities to (9.3.7) and (9.3.8) are

T—n/p’ n
= Anull gy < CRTYP Tulloery, 1T<p < —

(r -1

[uw — Anuflwrerys < Chffulaer-

To prove these inequalities let us consider an arbitrary element z € WP’ (I"). It is well known
that W#'P'(T") is the trace space of WP’ (Q) C C(w); see [Necas 1967]. Givenw € WP’ (Q),
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let us denote by wy, its nodal interpolation on the triangulation of @. Then, arguing as in
§ 9.3, we obtain

(U—Anu,z) = (U, z —TThz) < |[uflaem [z = TThzllem
< Jlwflaver inf W —wh|cw)
WEWLP' (Q),y(w)=z
< Ch'"7?'|u inf w /
h | HM(Q)wewhv’(m,ww):zu hwgeia

= Ch' ™ lullacioy 2l -
Since W#'P' (M* = WP (), the inequality (9.3.10) follows from the above inequality. The
inequality (9.3.11) is proved analogously.

Hereafter, 1y, will denote the unique solution to (Py) in the space Dy, with the associated
discrete state . Then, as a consequence of Theorem 9.5.2 and the previous observations, we
get that Theorem 9.3.2 remains true with Q replaced by T".

Finally, error estimates analogous to (9.4.2) and (9.4.7) can be obtained following the same
arguments, replacing (9.4.3) by (9.5.5) and taking into account that Q = Q,,, which obviously
simplifies the proofs.

9.6 COMPUTATIONAL RESULTS

We illustrate the theoretical results of the previous sections with numerical examples in two
dimensions. For our computational domain, we take the square Qy, = Q = [—1,1]2, which
is discretized using the standard uniform triangulation arising from N x N equidistributed
nodes. Unless stated otherwise, we fix N = 128, which corresponds to h ~ 0.0157, ¢, = 0,
and o = 102

The numerical solution of the discrete optimality system is based on an equivalent formulation
of the optimality conditions (9.2.3) and (9.2.4). Returning to the characterization (9.2.5) of
the subgradient, we have that the adjoint state ¢ € Cy(Q) satisfies

—@ € o - [l ().

By the definition of the convex subdifferential, this is equivalent to

e aI{ZECo(Q)iHZHCo[Q)go‘}(_(b)’

since the Fenchel conjugate of the indicator function of the (scaled) unit ball in C,(Q) is the
(scaled) norm in M(Q). The subdifferential of the indicator function is then given by the
normal cone, which can be characterized by the variational inequality

(W, @—@) <0 forall ||o[c,0) <
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We now pass to the discrete setting by replacing the continuous control i with its discretization
Uy, and introducing the discrete adjoint state ¢y, = Zli(lh ) @je;j € Yn. The above variational
inequality can then be reformulated using a complementarity function as

Up + max(0, —tp + ¢ — «) + min(0, —ty, + §p + &) =0,

which should be understood component-wise in terms of the vector of expansion coeffi-
cients (A1, ...,An(ny) and (@1, ..., @n(n))- This is alocally Lipschitz mapping from RN x

RN(M) 5 RN(M and thus the reformulated discrete optimality system can be solved by a
locally superlinearly convergent semismooth Newton method [Kummer 1992; Qi and Sun
1993]. The corresponding algorithm was implemented in Matlab (r2011a).

We first illustrate the structural properties of the optimal controls. Figure 9.1 shows the norm
of the optimal control u as a function of the penalty parameter «. As verified in Proposition
9.2.2, there exists an & (~ 0.187), such that u, = 0 for x > &.

The statement of Proposition 9.2.3 is illustrated in Figure 9.2, where the optimal controls for
the target yq = 10 exp(—50]x||?) and different observation domains w,, are compared. As a
reference, Figure 9.2a shows the control for w, = Q (in the form of its expansion coefficients
A; at each grid point, with linear interpolation for better visibility). In contrast, the control
for wy = X(jx;1<1/2)X{Ixal<1/41 & Q vanishes outside of w,, see Figure 9.2b.

We now investigate the convergence behavior as h — 0. In the absence of a known exact
solution, we take as reference solution the computed optimal discrete control and optimal
discrete state on the finest grid with N* = 219, corresponding to h* = 2 - 1073, We first
consider distributed control, with the target y4,; given in Figure 9.3a. Figure 9.4a shows
the difference |}, — Ji+| for a series of successively refined, nested grids for N = 23,...,2°.
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(a) up, observation on wy = Q (b) un, observation on wy € Q (in red)

Figure 9.2: Comparison of optimal controls uy, for full observation (w, = Q) and partial
observation (w, C Q, marked in red).

(a) target yq, (b) target yq,2

Figure 9.3: Target states for convergence rate examples
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== Jn = Jnel —llyn —yn-lli2
—0(h) —0(h)
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102 1077 1072 107!
h h

(a) functional value Jj, (b) L2 norm of state y;,

Figure 9.4: Illustration of convergence order for distributed control

The observed linear convergence rate agrees well with the rate obtained in Theorem 9.4.1.
The corresponding L? error |[yn, — yYn-||12 of the discrete states also decays with a linear rate,
which is faster than predicted by Theorem 9.4.2.

For the case of Neumann control, we set o = 5 - 1072 and ¢y = 1072 and consider the target
Ya,2 shown in Figure 9.3b. Again, both the error in the functional value (Figure 9.5a) and in
the state (Figure 9.5b) follow an approximately linear convergence rate.

To illustrate the sparsity properties of Neumann boundary controls, Figure 9.6 shows the
optimal control uy, « (again, in the form of its linearly interpolated coefficients A;) for o« =
1073,1072 and 10", plotted along boundary sections as indicated.

Finally, we address a control theoretic issue." In problem (P), the penalty parameter controls
both the sparsity and the magnitude — and hence the effect - of the optimal controls. This may
not be desirable; in fact, the measure theoretic formulation may serve primarily the purpose
of optimal actuator placement, and this is different from the optimal control problem. We
therefore carried out experiments where we identified control locations based on the optimal
measure space control, and then solved a standard quadratic optimal problem. Furthermore,
true point controls may not be realizable in practice, so one would define the control to act as
piecewise constants on patches centered on the optimal Dirac measures. To illustrate these
points, we report on an experiment for the target shown in Figure 9.3b with N = 65 nodes in
each direction, where we solve problem (P) for a value of « chosen to give a strongly localized
optimal control (o = 2 - 1072, cf. Figure 9.7a). We then select the four Dirac measures &,
i=1,...,4, of largest magnitude and define control patches w; by combining all triangles
adjacent to the node &; of each Dirac measure (cf. Figure 9.7b, in green). For comparison, we

"This example was not part of the published version of the work this chapter is based on.
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10-3 |- ——[Jn — Jnel | == [lyn — yn- [z
—0(h) —0(h)

I I | |
102 107! 102 107!
h h

(a) functional value Jj, (b) L2 norm of state y;,

Figure 9.5: Illustration of convergence order for Neumann control

heuristically select four control patches of the same area around the vertices of a rectangle
containing the support of the target (cf. Figure 9.7b, in red). Note that the “optimal” locations
are placed asymmetrically with respect to the target (outlined in black).

Then, we solve for each set of patches the optimal control problem

p

1
min < {lyn —yallf2(q, + 5 ul,
ucR4 2 2

where yn € Yy is the finite element solution of the Dirichlet problem

4
a(Yn,zn) = Z(uprZh) for all z;, € Yy,
i=1
for all z;, € Yy, with the characteristic function X,,, taken as piecewise constant on each
element. Here, (3 is chosen in each case to achieve an optimal control with given energy
lu*|, ~ 1000. For the patches chosen according to the optimal measure space control, this
was 3 = 1.95-107, and for the heuristic choice we set 3 = 1.15-10~7. The resulting controls
are shown in Figure 9.7c and 9.7d, respectively. Although the controls are visually similar, the
tracking error |lyj, — yal%. (o) for the heuristic locations is almost twice as large as that for
the locations based on the optimal measure space control (cf. Table 9.1).

9.7 CONCLUSION

By considering optimal control problems in spaces of measures, controls with strong sparsity
properties can be obtained. Although the non-reflexive Banach space setting complicates the
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0.1
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0.1
—0.1
X1:—1 X2:—1 X1:1 XZZ1
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Figure 9.6: Optimal Neumann control uy,  for increasing values of o«
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Table 9.1: Results of comparison of optimal and heuristic placement of controls.

placement tracking error control energy control area

optimal 0.44843 999.7636 0.011719
heuristic 0.86210 1001.3401 0.011719
1
0.8
0.6 o pu
0.4
0.2
ol
-02 o o
—0.4
o y
! —0.6
—0.8
T 08 06 04 0z 0 0z 04 06 08 1
(a) measure control (x =2 - 1072) (b) control patches (green: based on Fig. 9.7a, red:

heuristic)

(c) optimal control based on measure control (d) optimal control based on heuristic placement

Figure 9.7: Comparison of optimal and heuristic placement of control patches.
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analysis, a straightforward numerical approximation that retains the structural properties
of the measure norm is possible. In a sense, the results of this paper justify the “intuitive”
discretization of regular Borel measures by Dirac measures on a set of nodes.
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PARABOLIC CONTROL PROBLEMS IN MEASURE
SPACES WITH SPARSE SOLUTIONS

ABSTRACT

Optimal control problems in measure spaces lead to controls that have small support, which
is desirable, e.g., in the context of optimal actuator placement. For problems governed by
parabolic partial differential equations, well-posedness is guaranteed in the space of square-
integrable measure-valued functions, which leads to controls with a spatial sparsity structure.
A conforming approximation framework allows deriving numerically accessible optimality
conditions as well as convergence rates. In particular, although the state is discretized, the
control problem can still be formulated and solved in the measure space. Numerical examples
illustrate the structural features of the optimal controls.

10.1 INTRODUCTION
This paper is concerned with the analysis and approximation of the optimal control problem
®) in J0w =30y~ valaa, + ol
min u) ==|ly— ollu
LeL2(LM(Q)) 7Y~ Yallizon L2(M0))

where I = [0, T] and y is the unique solution to the initial-boundary value problem

y = 0 onXy=TIx(0,T),
y(x,0) = yo inQ

o0ty—Ay = u inQr=0Qx(0,T),
(10.1.1)

for given yo € L?(Q). We assume that o« > 0,y4 € L?(Q7) and Q is a bounded domain in
R™, 1 < n < 3, which is supposed to either be convex or have a C'! boundary I'. Hereafter
M(Q) denotes the space of regular Borel measures in Q and |[u||;2() denotes the norm of
uin the space L?(I, M(Q)); see section 10.2 below for details.
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Formulating the control problem in a measure space is motivated by the observation that
the resulting optimal controls possess sparsity properties (i.e., have small support), which is
desirable in many applications such as optimal sensor or actuator placement; see [Clason and
Kunisch 2012; Casas, Clason, and Kunisch 2012] in the context of elliptic equations. Although
similar features can be achieved using L' control costs, the corresponding control problem
in general does not admit a solution in the absence of further regularization because L'

spaces lack the necessary compactness properties. For parabolic problems, the situation is
even more delicate since (10.1.1) is not well-posed for right hand sides in M(Q+) (which
would require C(Q ) regularity for the adjoint equation; see Definition 10.2.1 below). This
leads to considering controls in L?(I, M(Q)). The associated norm |[u||;2(x) for the control
is a natural one from the point of view of well-posedness of the state equation (10.1.1) and
allows for sparsity in space. The numerical results will illustrate precisely this property of
our formulation. The spatio-temporal coupling of the corresponding control cost, however,
presents a challenge for deriving numerically useful optimality conditions.

Besides the analysis of the control problem (P), the main focus of this paper consists in
providing an approximation framework which, in spite of the difficulties due to the measure
space setting, leads to implementable schemes for which a priori error estimates can be
provided. We show that the optimal measure controls can be approximated efficiently by
linear combinations of Dirac measures in space which are piecewise constant in time. We
point out that even after discretization, the control problem is formulated and solved in the
measure space.

Let us mention some related works. A similar approximation framework for elliptic control
problems in measure spaces was proposed in [Casas, Clason, and Kunisch 2012]. Differently
from the elliptic case, parabolic control problems with sparsity-promoting constraints have
received very little attention. In [Casas and Zuazua 2012], the approximate control of y(T)
by measures u € M([to, t1] x Q) with 0 < to < t; < T is discussed (using the smoothing
property of the heat equation to ensure y(T) € L?(Q)); finite-dimensional approximation
and numerical solution are not addressed. Although not specifically concerned with parabolic
equations, the approach of [Herzog, Stadler, and Wachsmuth 2012] covers control problems
with L'(Q, L?([0, T])) control costs (together with additional pointwise control constraints).
The resulting optimal controls have directional sparsity, i.e., their support is constant in time.
In contrast, we will show that solutions to (P) have a non-separable sparsity structure.

This paper is organized as follows. In the next section, we discuss the functional analytic
setting of the control problem and analyze well-posedness of the state equation. Section 10.3 is
concerned with existence of and optimality conditions for solutions to (P), the latter implying
a sparsity property of the optimal controls. The proposed approximation framework is the
subject of section 10.4, where we introduce the discretization (§ 10.4.1) and show convergence
of solutions to the discretized state equation (§ 10.4.2) and to the discrete optimal control
problem ($10.4.3). Convergence rates are derived in section 10.5. Section 10.6 addresses
the numerical solution of the discrete control problem, for which we derive a reformulated
optimality system that is amenable to solution by a semismooth Newton method. (The
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continuous counterpart of this optimality system is sketched in Appendix 10.a.) Finally,
section 10.7 illustrates the structure of the optimal controls with some numerical examples.

10.2 FUNCTION SPACES AND WELL-POSEDNESS OF THE STATE
EQUATION

In this section we first define the control space and give some of its properties. Then, we turn
to the analysis of the state equation.

10.2.1 CONTROL SPACE

We denote by C,(Q) the space of continuous functions in @ vanishing on I' = 0Q, endowed
with the supremum norm || - ||. Its topological dual is identified with the space of regular
Borel measures in ), denoted by M(Q). Moreover, we have

|l wf[nve = sup {J zdu:z € Co(Q) and ||z]|oo < 1} = [u|(Q),
o}

where |u| denotes the total variation measure.

Associated to the interval I = [0, T] we define the spaces L%(I, Co(Q)) and L2(I, M(Q)),
where [2(I, Co(Q)) is the space of measurable functions z : [0, T] — Co(Q) for which the
associated norm given by

T 1/2
qumﬂz(Lnam@dQ

is finite. Due to the fact that Co(Q) is a separable Banach space, L?(I, C(Q)) is also a separable
Banach space; see e.g. [Warga 1972, Theorem 1.5.18].

As a consequence of the non-separability of M(Q), the definition of the space L?(I, M(Q))
is more delicate. Indeed, we need to distinguish between weakly and strongly measurable
functions u : [0, T] — M(Q). Hereafter we denote by L?(I, M(Q)) the space of weakly
measurable functions u for which the norm

.
ullezan) = <L [ (t)]|3 dt)

is finite. This choice makes L? (I, M(Q)) a Banach space and guarantees that it can be identified
with the dual of L?(I, Co(Q)), where the duality relation is given by

1/2

i
m@mmmmszmmm&,
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with (-, -) denoting the duality between M (Q) and C,(Q). The reader is referred to [Edwards
1965, section 8.14.1 and Proposition 8.15.3] for the different notions of measurability and
[Edwards 1965, Theorem 8.20.3] for the duality identification. (The distinction between weak
and strong measurability is not required for the space L?(I, Co(Q)) because C(Q) is separable
and hence both notions are equivalent; see [Edwards 1965, Theorem 8.15.2].)

10.2.2 ANALYSIS OF THE STATE EQUATION

Given 1 < p < oo, we denote by W,'?(Q) the Sobolev space of functions of L?(Q) with
distributional derivatives in L?(Q) and having a zero trace on I and we set W~ "?'(Q) to be
the dual of Wg’p (Q), where 1/p’ + 1/p = 1. These spaces are reflexive and separable, and
hence the spaces L?(I, Wg’p (Q)) formed by the measurable functionsy : [0, T] — WQ;P (Q)
for which the norm

T 1/2
2
e Ny

is finite, are separable and reflexive Banach spaces whose dual is identified with L? (I, W—"?'(Q));
see [Edwards 1965, Theorem 8.25.5].

The notion of solution to the state equation makes use of the following space of test functions
2={zeH>» (Qr):z=00nZtand z(T) =0in Q},

where

0!Bl,

H>'(Q7) =3z€ L?(Q7) : 0z, — €
oxh

L2(Qy), with p € N, || < z}

is endowed with the graph norm. By the Rellich-Kondrachov theorem, Z embeds compactly
into L%(I, Co(Q)).

Definition 10.2.1. We say thaty € L?(Q7) is a solution to equation (10.1.1) if

T

(10.2.1) J y(—0iz — Az)dx dt = J
Qr

(u(t), z(t)) dt + J Yo(x)z(x,0)dx, Vz e Z.
0 o

Theorem 10.2.2. For all (w,yo) € L2(I, M(Q)) x L?(Q) the equation (10.1.1) has a unique
solution y. Moreover, y € L?(I, W(])’p (Q)) for every p € [1, - "5) and there exist constants C,
such that

(10.2.2) yllzowrey < Cp (Itllezoa + [Yollizia)) -
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Proof. We adapt the proof of [Casas 1997]. Let {uy }x be a sequence in C(wr) satisfying
(10.2.3) we = u in L2(I, M(Q)) and ]|z ry < [Jwffez v
Let y, € L?(I,H}(Q)) denote the variational solution to

dyk —Ayx = w inQq,
(10.2.4) ye = 0 onZy,
Yx(x,0) = yo(x) inQ.

For { = (Po,...,Pn) € D(Q7)™" we denote by z € Z the solution to

—atZ —Az = 11)0 — Z]Tl:] alebj in QT,
(10.2.5) z = 0 on X,
z(x, T) = 0 in Q.

From the last two equations we get for any 1 <p < -+

| oy Y wyosu axae= | wzaxat+ | volx)z(x,0) ax
or Q

j=1 Or

< HukHLZ(U)||Z||L2(W3‘p’) + [[Yollez(a [12(0) [l L20)-

In the following estimate we use maximal regularity of the heat equation in an essential way.
If Q is convex, its boundary is of Lipschitz class, and hence there exists a p with p > 4 if
n =2andp > 3 whenn = 3 such that A : Wg’p(Q) — W~1P(Q) is an isomorphism for
eachp’ < p < P, where 1/’ + 1/P = 1; see [Jerison and Kenig 1995]. (If n = T orif Q hasa
C"' boundary, A : WP (Q) — W~ 1P(Q) is an isomorphism for every 1 < p < 400.) In
particular, combining [Haller-Dintelmann and Rehberg 2009, Theorem 5.4] and (10.2.3), we
obtain for every p’ < p < -5 < P the existence of a constant ép such that

J Yk (wo—zaxjmpj> dxdt=J (Woyr + ) i,y dx dt
Qr j=1 Qr

j=1
< Cp (Ivollizia) + Illizon) Y Ibslliagee.
j=0
From the density of {bo — Y ; 35,15 : ¥ € D(Qy)™ '} in L2 ([, W P'(Q)) and the duality
identification L2(I, WyP(Q))* = L2(I, W—"?'(Q)), we deduce the boundedness of {y}3° ,
in L2(I, W(])”D (Q)) and the existence of a constant C,, such that

(10.2.6) yiellez ey < Cp (Illzne + olliza) -

Using the reflexivity of L?(I, WJ,»P (Q)), we can obtain a subsequence, denoted in the same
way, and an element y € L2(I, WP (Q)) such that y,, — y in L2(I, WP (Q)).
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For { € L?(Qr7) arbitrary and z € Z solution to (10.2.5) for P; = 0,1 < j < n, it follows
from (10.2.4) and (10.2.5) that

Yo dx dt = J

Qr

J Yx(—0iz — Az) dx dt = J
Qr

uzdx dt + J' Yo(x)z(x, 0) dx.
or o

Passing to the limit in this identity and in (10.2.6), we obtain (10.2.1) and (10.2.2). Using the
fact that 9, + A is an isomorphism from Z to L?(Q7) and (10.2.1), we conclude the uniqueness
ofy e Wg’p(Q).

Finally, independence of y with respect to p follows from the existence of a solution y in
L2(I, WyP(Q)) for every p’ < p < —— and its uniqueness in L*(Qr), since WP Q) C
W, P2(Q) for py > pa. ]

Remark 10.2.3.

(i) The solution to (10.1.1) belongs to L*(I, W(])’p (Q)) for every p < p < -5, and from

the equation (10.1.1) we know that 3,y € L?(I, W—"?(Q)). Observe that Wg’p(Q) C
L2(Q) forp > po := max{p’, nz—rz}, with P as in the proof of Theorem 10.2.2, and hence
y € L?(Q7). As a consequence, we deduce thaty € C(I, L2(Q)); see [Showalter 1997,

Proposition III.1.2].

(ii) Under our regularity conditions, an equivalent definition for the solution to equation
(10.1.1) is the following. A functiony € L?(I, W(])"D (Q)) withpy <p < Ty iscalleda
solution to (10.1.1) if

.
- J (Y(t), 0ez(t))yy1v yrpr dt + J VyVzdxdt
0 for

.
= J (u(t),z(t)) dt + J Yo(x)z(x,0) dx
0 ol
forall z € L2(I, W}'P'(Q)) such that 3,z € L2(I, W—"?'(Q)) (which implies z(-,0) €
L2(Q); see (i)) and z(T) = 0. This follows from (10.2.1) and the density of Z in this new
space of test functions. Theorem 10.2.2 remains valid with this definition if we only
assume for Q) to have a Lipschitz boundary. This is the regularity of Q) required to have
the maximal parabolic regularity; see [Haller-Dintelmann and Rehberg 2009]. We have
chosen the above definition because it is more convenient for the numerical analysis to
be developed later in this paper.

(iii) The preceding theorem as well as the rest of the results given in this paper are valid if
we replace the heat operator in (10.1.1) by a more general parabolic operator 0, + A that
enjoys maximal parabolic regularity.

We finish this section by proving a continuity result of the states with respect to the controls.

Theorem 10.2.4. Let {w, }3° , C L%(I, M(Q)) be a sequence such that w, — win L2(1,M(Q)).
If yx and y denote the states associated to w, and u, respectively, then ||y — Y|l 2(q;) — 0.
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Proof. For everyk, let zy € Z satisfy

—atZk — AZk = Y —VYx in QT,
Zry = 0 on X,
z(x, T) = 0 in Q.

Then, from Definition 10.2.1 and using the boundedness of {1, }%°_; in L?(I, M(Q)), we have

.
Iy —yilltzop = L} (Y —yr)(—0izx — Azy) dx dt = J'o (u(t) — wi(t), zi(t)) dt

< Jlu—ukllez oo llzclliz(co) < Cllzilliz(co)-
From Theorem 10.2.2, we know that y, — y in L?(Qr), therefore z, — 0in H>'(Q7).

Since the embedding H>'(Q+) C L?(I, Co(Q)) is compact, we get that ||zy||;2(c,) — O. This
convergence and the above inequality conclude the proof. ]

10.3 ANALYSIS OF THE CONTROL PROBLEM

In this section we establish existence of an optimal control and derive the optimality condi-
tions.

Proposition 10.3.1. The control problem (P) has a unique solution 1.

Proof. Let{w, J° ; be a minimizing sequence, which is thus bounded in the space L (1, M(Q)).
Since the predual L%(I, Co(Q)) is separable, there exists a subsequence, denoted in the same
way, converging weakly-x to some @t € L?(I,M(Q)). From Theorem 10.2.4 we get that
y(ux) — y(ir) strongly in L?(Q7). Hence, the weakly-x lower semicontinuity of the norm
|| - |2 (o) implies that 1t is a solution. The uniqueness is a consequence of the strict convexity
of ], which follows from the injectivity of the control-to-state mapping. ]

Hereafter 1t will denote the solution to (P) and  the associated state. Now, we give the first
order optimality conditions, which are necessary and sufficient due to the convexity of (P).

Theorem 10.3.2. There exists a unique element € H>'(Q7) satisfying

—6t¢J—A¢) = g_yd i?’lQT,

(10.3.1) ¢ = 0 on Xt,
(f)(X, T) = 0 in Q,
such that
T
(10.3.2) J (u(t), @(t)) dt + e[|[tf|z(ne) =0,
0
- =a ifu#0,
(10.3.3) [®llt2(co) { <o ifi=0.
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Proof. Let us introduce j(u) = |[ul|2(y) and F(u) = J|ly(u) — de%Z(QT), so that J(u) =

F(u) + «j(u). By the differentiability of F and the convexity of j we obtain
F/(w)(uw—1) + oj(u) — aj(it) = 0 Vu e L*(I,M(Q)),

and hence
L (9 — ya)(y(w) — §) dx dt + o) — () > 0.

Utilizing the adjoint equation (10.3.1) and the state equation (10.2.1), we deduce from the
above inequality

N
(10.3.4) L {u(t) = a(t), (1)) dt + aj(u) — o (@) > 0 Vu e L (I, M(Q)).

Takingu = 2ttand u = %11, respectively, in (10.3.4) we obtain (10.3.2). On the other hand,
setting u = 1t — v in (10.3.4), it follows that

.
(10.3.5) L (v(t), @(t)) dt < afj(@ —v) —j(@) < «fvll2ar) Vv € LI M(Q)).

By the duality L?(I, M(Q)) = L*(I, Co(Q))* we have that

T
(10.3.6) |®lli2(c,) = max J (v(t), @(t)) dt < a.

HVH]_Z(M)<1 0
Then, (10.3.3) is an immediate consequence of (10.3.2) and (10.3.6). O

From now on, we will assume that the optimal control it # 0. By using (10.3.2) and (10.3.3)
we can prove some sparsity property for 1. Let us consider the Jordan decomposition 11(t) =
Ut (t) — 0 (t) for almost every t € 1. Then we have the following theorem.

Theorem 10.3.3. For almost every t € 1 the following embeddings hold

(10.3.7) supp(i' (1)) C {x € Q: p(x,t) = —[|@(t)]|},
(10.3.8) supp(i (1)) C {x € Q: @(x,t) = +[|@(t) [0}

Proof. Since @ : I x @ — R is a Caratheodory function, there exists a measurable selection
t € I — x; € @ such that @(x,t) = ||®(t)||o0; see [Ekeland and Témam 1999, Chapter 8,
Theorem 1.2]. Now, we define the elementv € L2 (I, M(Q)) by v(t) = sign(@ (x¢))|[1(t)]|nOx,-
We have to check that v : I — M(Q) is weakly measurable. To this end the only delicate point
is the weak measurability of t € I — 85, € M(Q). This follows from the measurability of the
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mapping t — x; and the continuity of x € @ — &5 € M(Q) when M(Q) is endowed with
the weak-x topology. By definition of v we get

(10.3.9) (v(t), (1)) = [[a(t) |l @(t) ][0 = —(iL(t), P(L))
and

- 1/2 T 1/2
(10.3.10) Wlizon = (j ) 218 2 dt) _ (J )2, dt)

= [l (v -

From (10.3.2), (10.3.9), (10.3.5) and (10.3.10) we obtain

T

;
o]z o) = —L (), p(1) dt < j (v(1), @(1)) dt < vz v = el -

As a consequence of these inequalities and (10.3.9) we conclude that

(10.3.11) [(O)laell@(t)]loo = —(0lt), @(t)) fora.e.tel.

Finally, (10.3.7) and (10.3.8) follow from (10.3.11) and Lemma 10.3.4 below applied to pn =
—(t). o

Lemma 10.3.4. Let p € M(Q) and z € Cy(Q), both of them not zero, be such that
(10.3.12) <FL> Z> = HHHMHZ’HOO)
and let @ = ut — u= be the Jordan decomposition of . Then we have

(10.3.13) supp(ut) C Qp ={x € Q: z(x) = +||z]| o}y
(10.3.14) supp(p ) C Q- ={x € Q:z(x) = —|z]|co}-

Proof. We will prove (10.3.13), the proof of (10.3.14) being analogous. First we observe that
due to (10.3.12) we obtain for all measures v € M(Q) with ||v|[»c < ||| that

(10.3.15) (vy2) < [IViImllzlloo < [l llzlloo = (1, 2)-
We have as well that
(z) = (u"z") +(uyz7) = (uhz) —(u,z") < (uhyz") + (u, 2 7).

Moreover, the inequality is strict unless u* and p™ are concentrated at the set of points x € Q
where z(x) > 0 and z(x) < 0, respectively. Let us define the sets

A ={xeQ:z(x)>0}and A_={xec Q:z(x) <0}
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and the measures v = p* |[o,,v- = p~ |[a_and v = v© — v~. Then we have that
[Vllae < [[ptllwe and (v,z) > (u,z) if supp(u*) ¢ A, orsupp(n~) ¢ A_. Because of
(10.3.15) we conclude that supp(pn*™) C Ay and supp(pn~) C A_. Now we distinguish two
cases in the proof of (10.3.13) depending on whether the norm bound is attained from above.

Case 1: maxXyecw z(X) < ||z In this case we prove that u™ = 0. Indeed, let x, € Q such that
z(xo) = —||z||oc and define v = —p* (Q)dx, — p~. Then it is obvious that ||v||» = |[pt||oe. If
ut # 0, since the support of u* isin A ; and maxecw z(x) < ||z, we have that

<V>Z> = ”Z”oou+(ﬂ) - <FL7>Z> > <H+>Z> - <H7)Z> = <H>Z>a
which contradicts (10.3.15). Then, (10.3.13) holds.

Case 2: maxXycw z(x) = ||z]|o- Let xo € Q be such that z(xo) = ||z||.. We argue by contradic-
tion and assume that u*(S) > 0 where

S={xeQ:0<z(x) < |z]co}-
We take v = n (Q)0,, — 1~ and once again
HVHM = |||“L||M and <V,Z> = FL+(Q)HZHOO - <|“L_)Z> > <ua Z>)

since u*(S) > 0. Again this contradicts (10.3.15). Therefore, u*(S) = 0 and hence (10.3.13)
follows from the inclusion supp(pu*) C A.. ]

Corollary 10.3.5. There exists & > 0 such that ie = 0 for every « > &.

Proof. Let us denote by ] the cost functional associated to the parameter o. Similarly, let
(Uay Yo, o) denote the solution to the corresponding optimality system. For each o« > 0 we
have the inequalities

1 1 .
z”ytx _de%Z(QT) < Jalua) < Jal0) = ZHUO _UdH%Z(QTp

where {j, denotes the uncontrolled state, i.e., the solution to (10.1.1) with u = 0. Consequently,
Y« —Yalltz(ar) < [Yo — Yall2(qy) holds for every « > 0. From the adjoint state equation
(10.3.1) and the embedding of H>' (Q1) — L%(I, C(w)), we deduce the existence of a constant
C > 0 such that

[@allizico) < C@lH2r € CllYya —Yallizior) < Cllfo —Yalliz(an-

Setting & = C||{jo —yal/L2(a;)> We obtain from the above inequality and (10.3.3) that uq =0
for every o > &. ]
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10.4 APPROXIMATION OF THE CONTROL PROBLEM

We consider a dG(0)cG(1) discontinuous Galerkin approximation of the state equation
(10.1.1) (i.e., piecewise constant in time and linear nodal basis finite elements in space; see,
e.g., [Thomée 2006]). Associated with a parameter h we consider a family of triangulations
{Knn=o of @. To every element K € Ky, we assign two parameters p(K) and 9(K), where
p(K) denotes the diameter of K and 9(K) is the diameter of the biggest ball contained in K.
The size of the grid is given by h = maxkex, p(K). We will denote by {x; ;\’:“1 the interior
nodes of the triangulation Ky, In this section Q will be assumed to be convex. In addition,
the following usual regularity assumptions on the triangulation are assumed.

(i) There exist two positive constants po and 9 such that

h (K)
oK) <pa and 5K <o

hold for every K € Ky, and all h > 0.

Do

(i) Letusset Qn = Uycx, K with Qp, and I}, being its interior and boundary, respectively.
We assume that the vertices of X}, placed on the boundary I', are also points of I and
there exists a constant Cr > 0 such that dist(x,I") < Crh? for every x € I',. This
always holds if T" is a C? boundary. In the case of polygonal or polyhedral domains, it is
reasonable to assume that the triangulation satisfies that I}, = I'. From this assumption
we know [Raviart and Thomas 1983, section 5.2] that

(10.4.1) IQ\ Q| < Ch?,

where | - | denotes the Lebesgue measure.

We also introduce a temporal grid 0 =ty < t; < ... < tn, = T with T =ty — tx_; and set
T = max;<x<N, Tk. We assume that there exist pr > 0, Co 1 > 0 and co,v > 0 independent
of h and 7 such that

(10.4.2) T prTk, for T <k <N, and cQ,Thm“{“’Z} <t CQ,ThmaX{“’Z}.

We will use the notation o0 = (1, h) and Q1 = Qy, x (0, T).

10.4.1 DISCRETIZATION OF THE CONTROLS AND STATES

We first discuss the spatial discretization, which follows [Casas, Clason, and Kunisch 2012].
Associated to the interior nodes {x; }}\':*‘1 of Ky, we consider the spaces

Ny
U, = {uh e M(Q):up = Zujéxj, where {uj}}ih] C R}
j=1

139



10 PARABOLIC CONTROL PROBLEMS IN MEASURE SPACES WITH SPARSE...

and
Ny
Yh = {yh S Co(Q) ‘Ynh = Zyjej, where {yj}}\’:PH C R} y
i=1

where {e; }}i’ﬁ is the nodal basis formed by the continuous piecewise linear functions such that
ej(xi) = 8y for every 1 < i,j < Ny. Such functions attain their maximum and minimum at
one of the nodes, and thus for all y, € Yy,

[ynlleo =  Jax Y51 = [Ghloos

where we have identified y;, with the vector §,, = (y1,...,yn, )" € RN» of its expansion
coefficients, and | - |,, denotes the usual p-norm in RN». Similarly, we have for all uy, € Uy,
that

Nn

Ny
[unllae = sup ) w8y, v) =) hyl=linl; foralluy € U,

Vlleo=1 51 i=1

Hence endowed with these norms, Uy, is the topological dual of Y}, with respect to the duality
pairing

Np
(Un,Yn) = Zujyj = Uy G-
j=1

For every o we define the space of discrete controls and states by

u(r = {uc S Lz(Luh) :uO'|Ik€ uh) 1 < k < NT}
and

yo — {UG S LZ(I)Yh) :y0|1k€ Yh) 1 < k g N’I’})

where I, = (ty_1, ti]. The elements u, € U, and y, € Y, can be represented in the form

N Nt
Uy = E U h Xk and y, = z Y, h Xk,
k=1 k=1

where Xy is the characteristic function of I, uxn € Uy and yxn € Yn. Moreover, by
definition of Uy, and Y}, we can write

NT Nh NT Nh

Ug = Z Zuijk5x,~ and y, = Z ZykiXkei'

k=1 j=1 k=1 j=1

Thus U, and Y, are finite dimensional spaces of dimension N x Ny, and bases are given
by {Xx0x; },; and {Xxej}« ;. Identifying again 1, with the vector i, of expansion coefficients
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Uy;j, we have for all us € U, that
T Nt Ny 2
Jo 122 3 woeess [
0 " k=1j=1
NT Nh 2
SRA )
k=1 j=1
Nt
= ZTkmkﬁ
k=1

for W = (Wk1y--.,UkN, ) "> and similarly for all y, € Y, that

IyollZ cp) = ZTk(max m) mez

It is thus straightforward to verify that endowed with these norms, U, is the topological dual
of Y, with respect to the duality pairing

HuGHIz_Z(M)

N
dt = ZJ
k=11

T

N~
(10-4-3) <u0> U Z Tk Z UkjYkj = Z Tk(ﬁ{gk)-
k=1

k=1

Next we define the linear operators Ay, : M(Q) — U, € M(Q) and Ty, : Co(Q) — Yi C

Nn

Ny
Apu = Z(u, ej)dx; and Thy= ZU(Xi)el

j=1 i=1

The operator IT}, is the nodal interpolation operator for Y;,. Concerning the operator Ay, we
have the following result.

Theorem 10.4.1 ([Casas, Clason, and Kunisch 2012, Theorem 3.1]). The following properties
hold.

(i) Foreveryu € M(Q) and everyy € Co(Q) and yn € Yy, we have

<u>yh> = <Ahuayh>)
<ua nhy> = <Ahu>y>'

(ii) For every u € M(Q) we have

AR < [l

At = win M(Q) and || Anullae — |[uf|a ash — 0.
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(iii) There exists a constant C > 0 such that for every u € M(Q) we have
) n
= Anuw-reo) < CRTYP Julla, T<p < n_1
uw— AhuH(W&ﬂ”[Q))* < Chflufiav,
with1/p' +1/p=1.

Similarly to Ay, and TT;, we define the linear operators

O, L2(I,M(Q)) = Uy € L2(I,M(Q))

and
W, L2(1,Co(Q)) = Yo C L*(1, Co(Q))
by
NT ] T h
(DO—LL = "C_ /\ dtxk = Z Z J e)> dtxkéxl
k=1 KLk k=1 j=1
N< 1 N. Np
Yoy = p— Mh(y(t)) dtxx = Z Z J y(xj,t) dtxxe;.
k=1 k JTy k=1 j=1

Analogously to Theorem 10.4.1 we obtain the following result concerning @, and ¥,,.

Theorem 10.4.2. The following properties hold.
(i) Foreveryu, € U, and every y, € Y, we have

(10.4.4) Dous =uy and Yoy, = Yo

(i) Foreveryu € L?(1,M(Q)) and everyy € L2(1,Co(Q)) andy, € Y, we have
(10-4-5) <u>yc> = <q)0u>yc>)
(10.4.6) <u> ch> = <(Dcru)y>'

(iii) For everyu € L*(1,M(Q)) andy € L*(I, Co(Q)) we have
(10.4.7) [Doullizny < [[uflizn
(10.4.8) Yoyllzico) < Yllezico)-

(iv) Foreveryu € L*(I,M(Q)) andy € L?(1,Co(Q)) we have

(10.4.9) Dou = win L2 (L, M(Q)) and || Qsul[r20) = (w20,
(10.4.10) Yoy —yin L3I, Co(Q)).
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Proof. The formulas of (10.4.4) follow from the linearity of the operators and the identities
D, (x10x,) = X10x; and Wy (x1ei) = xiei forall 1 <1< Nyand T <1< Ny

Identity (10.4.5) is a consequence of (10.4.4) and (10.4.6). Let us prove the latter. First we
observe that

'r Nh
(10.4.11) D, u= ZZuk]xké ., with uy :—J (u(t), e;) dt,
k=1 j=1 T 1
T Nh
(10.4.12) Y,y _ZZyk]Xke], with yy; = J y(xj,t) dt.
k=1 j=1 Lk

From (10.4.11) and (10.4.12) we have

T v Ny
@awy) = | (@) dt—ZZuhj (kb y (1)) dt
0 k=1j=1
_ZZuKJJ X], dt

k=1 j=1
TNh

= Z Z TkWij Yk«

k=1 j=1

Analogously we get
-
<u)‘ycy> = J <u(t)) (WGU dt = Z Zyk] J ,Xk€]> dt
0 k=1j=1
T h
_ZZUkJJ ut)e]>dt
k=1 j=1
’T Nh
= Z Z TkUkjYkjy
k=1j=1
as desired.

We turn to (10.4.7). First we recall that the norm of @ ,u is given by

1/2

N Ny, 2
oo — [ 3 = (z w)
k=1

j=1

Next we define y, € Y, by

Nn
W = <Z qul) sign(w),

i=1
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where we set sign(0) = 0. For y, we compute the expressions

T N Ny
(10.4.13) (0, yo) = J <u(t),yc(t>>dtzzj > yigult), g) dt
0 k=1"Tc j—1
N~ Nh N Nh 2
DRSS SN oY)
k=1 j=1 k=1 j=1
= [ ®oullf2(n
and
T 1/2 N« Ni 5 1/2
(10418)  liyolliee, = (J ||ya(t)||§odt) - (Z | wae dt>
0 k=1"T 5= =
N, Ny, 2\ 1/2
(X (2w
k=1 j=1
= [[Ooullz(n)-
From (10.4.13) and (10.4.14) we deduce
[PofIT200) = (W Yo) < Il 1Yollizico) = ullzon 1Potliz oo,

which implies (10.4.7).

To establish (10.4.8) we choose y € L?(I, Co(Q)) and estimate

N. 1/2
HWGUHLZ(CO): ZJ H(Wcry)(t)Hgodt)

k=1"1x

Ne g N 5\ 2
“(ZAlZ ([ o)l

N 1/2

N\
;
v-]l_l
<
N
=
=
=3
=
=
o,
‘—‘.
N——
[\)
\_/
Z
N
N\
—
™Mz
—
=
=3
=
=
o
-+
\_/

= ||UHL2(CO)-

Before proving (10.4.9), we will consider (10.4.10). It is well known that (10.4.10) holds for
functions in C*°(w+) vanishing on L. From the density of these functions in L?(1, Co(Q))
and from inequality (10.4.8) we deduce (10.4.10).
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Finally, we prove (10.4.9). From (10.4.7) we know that {®,u}, is bounded in the space
L2(I, M(Q)). Then, there exists a subsequence, denoted in the same way, and an element
it € L2(I,M(Q)) such that ®,u = @ in L2(I,M(Q)). Then, for everyy € L%(I,Co(Q)) it
holds that

T

)
im [ ((@aw)(0),y(0) dt = | (a0, y(0) at.

o—0 0 0

Using (10.4.6) and (10.4.10) we find

T T T
lim | ((@aaw)(0)yl0) at = lim | (ult), (Foy)() at = | fu(o),y(o) at

o—0 0 o—0 0 0

Combining these two equalities we have that

T T
L (@(t), y(t) dt = J (u(t), y(t) dt vy € [2(I, Co(Q)),

therefore u = 1t and the whole sequence {® ,u}, converges weakly-x to .

By the convergence @, — 1 and (10.4.7) we obtain

2oy < liminf [[@gulli2p0) < limsup [@ouf[r20) < [flezan,
0—0 o—0

which concludes the proof of (10.4.9). l

We finish this section by proving the following approximation result.

Theorem 10.4.3. Lety and y° be the solutions to (10.1.1) corresponding to w and @ ;u, respec-
tively. Then there exists a constant C > 0 independent of w and o such that

(10.4.15) Yy —=y°fl2(ar) < Chz’%HuHLz(M) vu e L2 (I, M(Q)).

Proof. Let f € L?(Q7) be arbitrary and take z € Z satisfying

—0tz—Az = f inQr,
(10.4.16) z = 0 onZXr,
z(x,T) = 0 inQ.

Due to the convexity of Q, there exists a constant C independent of f such that ||z|| ;2.1 (o) <
ClIfllLz(qy)- By (10.2.1) and (10.4.6) we get

T

(10.4.17) |, w—yerraxar- L (u(t) — (@) (1), 2(1)) dt

.
- L (u(t),z(t) — (Woz)(t)) dt

< ez llz = Yozlliz(cy)-
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Now, we will prove that
(10.4.18) |z = Yozlli2(cy) < Ch?7 22|12 ()

From the error estimates of the interpolation in Sobolev spaces [Ciarlet 1978, Chapter 3] we
get

T 1/2
(10.4.19) |z —Thz|[L2(cy) = (Jo z(t) — TThz(t)]|% dt)

< on s ([ etttoe o)

< Chz*%HZHHZJ(QT)'

1/2

Here and below C denotes a constant independent of o. By an inverse inequality (see [Ciarlet
1978, Theorem 17.2]) and using (10.4.2) for the last inequality in the following estimate we

obtain
] 1/2
()——J Mhz(s dsH dt)
T J1,

(10.4.20)
N 1 1/2
<Z—J J [TThz(t) ﬂhz(s)ngodsdt)

Nr
[Tz —YozllL2(cy) = <Z J
1 Tk

C =
(;

1/2
H”hl(t) — Tnz(s)l|f2 () ds dt)
1

1/2
J Mhz(t) — z(t ||L2 ) ds dt)
I 1

N 1/2
+ n J J HﬂhZ(S)—Z(S)HZZ ds dt
n /zﬁ <k1 D I T s
1/2
T NTJ J 1z(t) — 2(s)[1{2( ) ds dt
hn/2y/T i) S L)

< —Chz HZH + ¢ . J J ||J 0.z(0) de”z ds dt v
< 2,1 T —— E
hn/2 oo hn/z\/r—t k=1 v I I Ik ' Q)

h? +1 _n
< C—5 Izl an < €2 H izl ap-

Inequality (10.4.18) follows from (10.4.19) and (10.4.20). Finally, (10.4.17) and (10.4.18) leads
to

J (y—y°)fdxdt < Ch* 2| z|[i21 (0, < Ch* 2 ||f|l 20,y VF € L2(Q7),
Or

which implies (10.4.15). ]

146



10 PARABOLIC CONTROL PROBLEMS IN MEASURE SPACES WITH SPARSE...

10.4.2 DISCRETE STATE EQUATION

In this section we approximate the state equation and provide error estimates. We recall
that I, was defined as (tx_1, ti] and consequently yx n = yo(tx) = Yol» 1 <k < N.. To
approximate the state equation in time we use a dG(o) discontinuous Galerkin method, which
can be formulated as an implicit Euler time stepping scheme. Given a controlu € L?(I, M(Q)),
fork =1,...,N;and z;, € Y}, we set

o 1
(ykm—ykm,zh) +alymzn) = - | {ulthzu) dt
(10.4.21) Tk e

Yo,h = Yony

where (-,-) denotes the scalar product in L?(Q), a is the bilinear form associated to the
operator —A, i.e.,

a(y,z) :J VyVzdx,
o)

and yon, is an element of Yy, satistying for some Cy > 0

(10.4.22) [yo = Yonllu-1(a) < Cohllyollz(q)-

For instance we can choose for yon, the projection P,y of yo on Yy, given by the variational
equation
(Pryo, zn) = (Yo, zn) Vzn € Y.

For any such choice of yon, the estimate (10.4.22) implies that there exists a constant C; > 0
independent of h such that

(10.4.23) lyonllizia) < Cillyolliz(a)-

Indeed, by using an inverse inequality and the well known estimates for the projection operator
Pn : L?(Q) — Yp, we obtain

C
[yonllt2ia) < [[yon — Pryollizia) + [[Pryollizo) < EHUOh — Pryollu-1a) + [[volliz(a)
C
< h (HUOh —UO||H4(Q) + llyo — PhUOHH”(Q)) + ||UO||L2(Q)

< (C+Dlyollizca)-

Obviously (10.4.21) defines a unique solution y,. Let us observe that from (10.4.5) we have
the following important consequence.

Lemma 10.4.4. Lety, and {j, denote the solutions to (10.4.21) associated to the controls u and
@ ,u, respectively. Then the identity y, = {, holds.
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The rest of the section is devoted to the proof of the stability of the scheme (10.4.21) and to the
derivation of error estimates for ||y — yo||12(q,)> where y and y, are the solutions to (10.1.1)
and (10.4.21) associated to a given control u € L?(I, M(Q)). To this end, we introduce some
operators that will be used in the proof of the theorems. For every h we consider the Ritz
projection Ry, : H}(Q) — Y}, given by

a(yh, RhZ) = a(yh,z) Vyh S Yh.

From the theory of finite elements we know that for all z € H2(Q) N H}(Q),

|z = Rnzli2(a) + hllz = Rzl (o) < Ch?||zllnz(q),
(10.4.24)

Iz — Rnzllt=(a) < Ch* ¥ |1z]l 1z (0.

Now, for every o = (1, h) we define R, : L*(I, H}(Q)) — Y, by

N N
T ‘I T
Rz = E —J Rnz(t) dtxx = E Zrk,hXk-
k=1 Tk Ik k=1

The operator R, enjoys for all z € L*(I, H}(Q)) and y, € Y, the property

N

]
G0.425) | alyelthz(t) = Rez() dt= Y| alyinzlt) —zp) dt =0,

0 k=1"1k
Indeed, for every k = 1,..., N, we have

L a(yYi,n, z(t)) dt = J a(Yi,n, Rnz(t)) dt

Ty

1
:Tka(yk,h)T_J Ryz(t) dt)
k J1,

= J’ a(Yn,k, Zn,k) dt.
Ik

Theorem 10.4.5. Given a controluw € L?(I, M(Q)), let y, be the solution to (10.4.21) corre-
sponding to u. Then, there exist constants C; > 0,1 = 1,2, independent of uw and o such
that

Nt
Z|‘Uk,h_9k4,h||%2(g) + T max ||Vyk,h||%2(g)
k=1

(10.4.26) 1<k<N<
< €1 (Ilvolitza) + Itz )
(10.4.27) HyGHLZ(QT) < Cz (HUOHLZ(Q) + HuHLZ(M)) .
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Proof. Let us set z, = Yx,n — Yk—1,n in (10.4.21). Then we obtain for 1 < k < N, that

1 1
—[yx,n _kal,hH%Z(Q) + alYx,n Yioh —Yk-1,0) = — J (u(t), Yi,n — Yx—1,n) dt.
Tk T J1y

From here we get with the aid of an inverse estimate [Ciarlet 1978, Theorem 17.2]

1

1
;Hyk,h —Yk—1,h

I%Z(Q) + z[a(yk,myk,h) — a(Yk—1,hyYk—1,n)]

1 2
< EHyk,h —Yx—1,nlli20) + z[a(yk,myk,h) — a(Yx—1,n, Yk—1,n)
+ a(Yx,h — Yk—1,hy Yk,h — Yk—1,h)]

= EHUk,h _yk*LhH%Z(Q) + a(Yx,ny Yk,h — Yk—1,1)

1
= —J <u(t))yk,h _yk_11h> dt
I

Tk
1
< \/_T—kHuHLZ(Ik,M) [Yi,n — Y11 oo
Ch /2
< ——— T_kHUHLZ(Ik,M)HUk,h —yk—hhHLz(Q)
. C*h™t, ., 5
S T||u||L2(Ik,M) + Z—THUk,h _yk*hh”LZ(Q)
CszCQ,T 2 1 2
< THuHLZ(Ik,M) + Z—THUk,h _yk*LhHLZ(Q)'

In the last inequality we have used (10.4.2). Summing from k = 1 to m and using (10.4.2), it
follows that

%H

.] m
T Z lYx,n —ykq,h”%Z(Q) + a(Ym,n, Ym,n) — a(Yon, Yon) < UH%Z(M)-
k=1

Hence
m

(10.4.28) Z [Yx,n _yk*hhH%Z(Q) +T||Vym,h||%2(g) < C(HyOH%Z(Q) + HuH%Z(M))‘
k=1

Here we have used an inverse inequality, (10.4.2), and (10.4.23) to get

Ct
T’|90hH}21‘(Q) < FHUOhH%Z(Q) < CHUOH%Z(Q)'

Finally, since 1 < m < N is arbitrary, (10.4.26) follows from (10.4.28).

Now we prove (10.4.27). Given f € L?(Q7), we take z € Z satisfying (10.4.16). Integrating by
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parts we get

z

T

J Yof dxdt = J' J Yi,n(x)f(x,t) dxdt
or L Jo

J [0 (Wi, 2(1)) + alyin, 2(1))} dt

k

x
I

Il
z
A —_

?V
Il
—

z
A

{Uk‘m (tk—1) _Z(tk))+J

Ik

a(Yiom 2(4) dt}

W
z

T

{(yk,h —Yk—1,hy Z(ti—1)) +J a(yi,n, z(t)) dt} + (Yon, 2(0)).

I

x
I

1

Taking z, = Rz, we get from the above identity and (10.4.25) that
N+
(10.4.29) J Yofdxdt = Z {(Yi,n — Yr—1,h) Zi,n) + Tea(yYx,ny 2i,n) 4 (Yon, 2(0))
Qr k=1

N-
+ Z {(Uk,h —Yk—1,0 Z(tk—1) — zi;n) +J

k=1 L

a(yYi,hy z(t) — zin) dt}

T N
= | (lt),2000) @+ (yon, 200+ 3 (o — i 2lt11) — 2
k=1

Let us estimate each of these terms. From the definition of z, and (10.4.23) we obtain
(10-4.33)
L (u(t)y zo(t)) dt + (yon, 2(0)) < w2 lzollzco) + [Yonllez () l12(0)] 2@
< Cllzllnaron (lhizoo + IYolliza)),
where we have used that there exists a constant C > 0 independent of o such that
(10.4.31) [ReVllL2(co) < ClVI21(0r) W € H2T(Q1).
Indeed,

N+

1/2 N, 1 ) 1/2
[RoVlL2(cy) = <ZJ IRov(t)]12, dt) = (ZJ T—kj Rnv(s) dsH dt)
k=1 L *©

k=1 Lk

<NZJ IRv(s)]1% ds>m.

k=11«

N

Using (10.4.24) we deduce that

[Rawlloo < [[RW = W|loo + [W]loo < Ch¥|[Wll2(0) + [[W]leo < CllWlH2(0)
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for every w € H?(Q) N H(Q), with k = Tifn < 2and k = 1/2 if n = 3. Then, (10.4.31)
follows from the above inequalities.
Concerning the last term of (10.4.29), we will prove

N

(10.4.32) Z(Uk,h — Y1, Z(t—1) — zi,n) < Ch¥|lzflvzr or) (Iullez o) + [[Yolliz )
k=1

where « is defined as above. First we observe that (10.4.26) implies

N

(10.4.33) Z I(Uk,h — Yk—1,hy 2(tk—1) — Zi,n )
k=1
1/2

N /2 /N,
< (Z [Yx,n _UkhhH%Z(Qh)) <Z |z(ti—1) _Zk,hH%Z(Qh))
k=1

k=1

N. 1/2
< Cllullezan) + llyolliz () (Z |2(t—1) —Zk,hH%Z(Qh)) -

k=1
5 1/2
dx)

] 1/2
< (— J J |z(tk1)—ha(s)|2dsdx>
Tk Jo, J1

1/2
< <l J J |z(tk1)—z(s)|2dsdx)
T Ja, J1y

: 1/2
+ <—J |z(s) — RhZ(S)H%Z(Qh) ds)
I

Tk

1/2
< <J J J 19:2(0)[> dO ds dx)
Qh Iy JIx

v , 1/2
+ Ch - 1z($)][fi2(q) ds
I

Chz\/ PT
< \/”_fHatZHLZ(Ik,LZ(Q)) + —\/,—C HZHLZ(Ik,HZ(Q))

From the definition of z; and (10.4.24) we deduce

1
L2y = J
ol T

—j (2(te_1) — Ruz(s)} ds
k JIy

z(tk—1) — Zi,n

< Ch*(||0ez|[ 21y, 120)) + 12l 21, 12 (0)))-

Inserting this estimate in (10.4.33) we infer (10.4.32). Finally, (10.4.29), (10.4.30) and (10.4.32)
imply that

|| vaf axdt < Clllaian (o + Ivolle@) ¥ e Lar),
Qr

which is equivalent to (10.4.27) O
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In the next theorem we show error estimates for the discretization of the state equation.

Theorem 10.4.6. Givenu € L2(1, M(Q)), lety andy be the solutions to (10.1.1) and (10.4.21).
Then, there exists a constant C independent of u € L*(I, M(Q)), yo € L?(Q), and o such that

(10.4.34) 1y = Yollizan < Cho(Juflizon + [Yolliziay),

wherek =1ifn < 2andk =1/2ifn =3.

Proof. As in the proof of Theorem 10.4.5, we take an arbitrary element f € [?(Q7),z € Z
solution to (10.4.16), and z, = Ryz. Then, from (10.2.1) we obtain

T

(10.4.35) JQT (y—yo)fdxdt = J

(u(t), z(t)) dt + J Yo(x)z(x,0) dx
0 Q

N

=3 |l 2e2(0) + alyin, 2(t))
k=1""k

Integrating by parts we get

N+ N

> | izt ar =Y izl - 2()
k=1"1x k=1
N

(Uk,h — Yk—1,h» 2(tk—1)) + (Yon, 2(0)).
1

?v
Il

From this identity, (10.4.21), and (10.4.25) we deduce

N-
L [~ (Yom 3e2()) + alyn, 2(1))} dt
k=1 k

N+
=3 | {(yk,h vt )+ | a(yk,h,z(t))} dt + (yom 2(0))
k=1"1Ik Iy
N
= J {(Uk,h —Yk—1,h Zk,h) +J a(yk,mlk,h)} dt
k=1"1Ik Lk
N
+ Z L (Uk,h — Yk—1,hy Z(tk=1) — z,;n) + (Yon, 2(0))
Tk 1
= J (u(t),zo(t)) dt + J Yon(x)z(x,0) dx
0 Q
N+
+ Z J (Yk,h — Yk—1,h Z(tk—1) — zi,n).
k=1"1Ik
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Inserting this identity in (10.4.35) we infer

(10.4.36)
JQT(y —yo)fdxdt = J

0

]
(u(b), 2(t) — Roz(1)) dt + JQ (Yo (x) — yon(x))z(x, 0) dx

N~

- Z J (Yi,h — Y—1,1y 2(tk—1) — Zic,n ).
k=1"1x
Let us estimate each of these three terms. For the first term we observe that

|z —Roz|[L2(cy) € Ch®||z|[121(Qq)-

The proof of this inequality is the same than the one of (10.4.18); it is enough to replace TTy, by
Ry, and to use (10.4.24). Using this inequality we obtain the first estimate as follows:

T
(10.4.37) J' (u(t), z(t) — Roz(t)) dt| < [[uflzov)llz — Rozl12(cy)

0

< ch®[[uflz v 12l H2 (@)
For the second term we proceed with the aid of (10.4.23):

(10.4.38) < Yo =yonlln-1(0)l12(0) Iy (a)

L (Yo lx) — yon(x))2(x, 0) dx

< ChHUOHLZ(Q)HZHHZJ(QT)-

Finally, the third term of (10.4.36) was estimated in (10.4.32). Thus, using (10.4.37), (10.4.38),
and (10.4.32) in (10.4.36) the inequality

j (4 — yo)f dxdt < CR*([[ufliz a0 + [Wollizion) 1zl o)
Qr
< Ch(Jluflizovy + Yollzc) Ifllzcam

is obtained, which leads to (10.4.34) O

10.4.3 DISCRETE OPTIMAL CONTROL PROBLEM

The approximation of the optimal control problem (P) is defined as

. 1 2
(Po) e i Jolw) = 5lYo —yalltz 0, + ltfzoo,

where y,; is the discrete state associated to u, i.e., the solution to (10.4.21). Let us observe that
analogously to J, the functional |, is convex. However, it is not strictly convex due to the
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non-injectivity of the control-to-discrete-state mapping and the non-strict convexity of the
norm of L%(I, M(Q)). Although the existence of a solution can be shown in the same way as
for the problem (P), we therefore cannot deduce its uniqueness. On the other hand, if i, is a
solution to (P,) and if we take i, = @i, then Lemma 10.4.4 and the inequality (10.4.7)
imply that J;(ls) < Jo(ls), hence 1, is also a solution to (P,). Since for u, € U, the
mapping U, — Yo (Us), with Yy (1) the solution to (10.4.21) for u = u, is linear, injective
and dim U, = dim Y, this mapping is bijective. Therefore, the cost functional J is strictly
convex on U, hence (P) has a unique solution in U, which will be denoted by 11, hereafter.
We summarize this discussion in the following theorem.

Theorem 10.4.7. Problem (P,) admits at least one solution. Among all solutions, there exists
a unique solution 1, belonging to U,. Moreover, any other solution 1. € L?(1, M(Q)) to (P,)
satisfies O ;1 = U

Remark 10.4.8. The fact that problem (P,) has exactly one solution in U, is of practical
interest. Indeed, recall that 11, as an element of U, can be uniquely represented as

N+ Nh

Uy = Z Z aijkéxj .

k=1j=1

The numerical computation of it therefore is equivalent to the computation of the coefficients
{1 1 <k <Ny, 1<j < Nyj; see section 10.6.

We finish this section by analyzing the convergence of the solution in U, to (Py) to the
solution to (P).

Theorem 10.4.9. For every o, let i, be the unique solution to problem (P) belonging to U,
and let 1 be the solution to problem (P). Then the following convergence properties hold for
o—0":

(10.4.39) e — 1 in L2(I, M(Q)),
(10.4.40) [Tollizon) = [Tz,
(10.4.41) 19— Yollzar) — 0,
(10.4.42) Jol(its) — J(1),

where § and {, are the continuous and discrete states associated to U and 11, respectively.

Proof. First of all, let us show that
(10.4.43) Uy = uwin L*(I,M(Q)) implies |ye —Ylli2(ar) = 0,

where Yy, and y are the discrete and continuous states associated to the controls u, and u,
respectively. Indeed, let us write y —yo, = (y —y°) + (y° —yo), where y? is the continuous
state associated to u. Then by Theorems 10.2.4 and 10.4.6 we deduce (10.4.43).
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Turning to the verification of (10.4.39), we observe that

] ] 1 "
o[ ttollz v < Joltie) < Jo(0) = 5lfo0 —Yalltzia,) < PLEEE —yallf2(an

with {j ;o denoting the uncontrolled discrete state, which implies the boundedness of {it;}
in L2(I, M(Q)). By taking a subsequence, we have that it, — win L%(I, M(Q)). Then using
(10.4.1), (10.4.43), lower semicontinuity of the norm || - || 2(3r) and (10.4.9) we obtain
J(u) < liminf J; () < limsup J4 () < limsup Jo(Wott) = J(1).
0—0 o—0 oc—0
Hence u = 1 by the uniqueness of the solution to (P), and the whole sequence {11}, converges
weakly-« to T. In addition, the above inequality implies (10.4.42). Using again (10.4.43), we
deduce (10.4.41). Finally, (10.4.40) follows immediately from (10.4.41) and (10.4.42). O

10.5 ERROR ESTIMATES

We now turn to the proof of error estimates for the optimal costs and for the optimal states.
We still require Q) to be convex and assume in addition

2 ifn=1,
(10.5.1) yq € L*(I,L7(Q)) withr={ 4 ifn=2,
S ifn=3.

Recall that §j and §j, denote the continuous and discrete states associated to the optimal
controls 1t and i, respectively.

Theorem 10.5.1. There exists a constant C > 0 independent of o such that

(10.5.2) J(1) = Jo (o) < Ch¥,

wherek =1ifn<2andx =1/2ifn =3.

Proof. Taking r as in (10.5.1) and using Holder’s inequality and (10.4.1), we deduce that for
all € L*(I,L7(Q)) andn = 2 or 3,

(10.53)  llelizizionon < Ieliemr@om@\ Ol ® < Cllellizgraanh?
holds. Observe that Q = Qy, for n = 1; consequently (10.5.3) holds with C = 0.

Let y and y, be the continuous and discrete states associated to a given control u. As a
consequence of (10.4.34) and (10.5.3), with ¢ =y — y4, we obtain

(10.5.4) ‘HU _de%Z(QT] —lyo _de%Z(QhT) <y _de%_Z(I,LZ(Q\Qh)]
+ (ly = yvall2can + Yo = Yalliziowm) IV = Yollziaun
K

<C (HU _de%Z(I,LT(Q\Qh)) + lullzon) + ||UOHL2(Q)) h*.
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Now, by the optimality of it and 1, we have

](L—L) - Ja(u) < ](L—L) - Ja(uc) g J(ac) - Ic(ﬂc)v

and hence

}.

From (10.4.40) we deduce that {ii; }, is bounded in L?(I, M(Q)). Therefore, (10.2.2) implies
that the continuous associated states {yy_}, are bounded in L2(I, W(])’p (Q)) for every 1 <
p < %, and therefore in L2(I,L7(Q)) as well. We now apply (10.5.4) with u = 11, and
u = 1, respectively. Together with (10.5.5) this establishes (10.5.2). ]

(10-5-5) U(ﬂ) - JO’(uO'H < maX{”(a) - JO‘(aN) U(ac) - ]G(ac)

In the following theorem we establish a rate of convergence for the states.
Theorem 10.5.2. There exists a constant C > 0 independent of h such that
(10.5.6) 15 = olli2(ar) < ChE,

with « as defined in Theorem 10.4.1.

Proof. Let S : L*(I,M(Q)) — L*(Q7) and S, : L*(I, M(Q)) — L?*(Q7) be the solution
operators associated to the equations (10.1.1) and (10.4.21), respectively. From (10.4.34) it
follows that

(10.5.7) [Su—Soullr2(ar) < Ch*(Jlullzov) + [[YollLz(a))-
By the optimality of & we have for all u € L*(I, M(Q)) that
(S0 —ya, Su—5t) + lfuflrzze) — lAffr2a0] = 0,
where (-, -) now denotes the scalar product in L?(Qr). In particular, taking u = 11,, we get
(10.5.8) (ST —yaq, Ste — SU) + &[||[ts||r2n) — [[W][L22)] = 0.
Analogously, the optimality of 11, implies that
(10.5.9) (SoTte —Yay Sott — Solie) + &l 0|2 (ve) — %ol 2] = O.

We point out that by definition of Y}, we have S;u = 0in I x (Q \ Qy,). Then, the scalar
product above in L?(Q7) coincides with that in L?(Q},1). Now, we rearrange terms in (10.5.9)
as follows:

(10.5.10) (St —yq,STU— Stts) + (Selte — STy, Se — Solty)
+ (yq, S0 — St + Splty — Sty) + (Stty, Set — ST+ Sty — Sty )

+ o[tz vy — 8oz )] = 0.
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Adding (10.5.8) and (10.5.10) we obtain

(10.5.11) IS0 — Selis|f2(q,) = (ST — Ssli, ST — Soile)
< (soao - Sﬂ'G) Scﬂ - 50110)

+ (Yg — Stte, ST — Sott + Soliy — Sity).

Let us estimate the right hand terms. For the first one we apply the Cauchy-Schwarz inequality
and use (10.5.7) to deduce

(10.5.12) (Solty — Sligy Sol— Solle) < ||Solle — Stie||12(qq)[|Sett — Solis||12(0r) < ChS,

where we have used that {ii;}4,{ScTt}s and {S 1t} are bounded due to (10.4.40) and (10.4.27).
For the second term we use once again (10.5.7) to obtain
(10.5.13) (yg — Stie, S — Sot + Sotty — Stity)
+ lya — Stollzian IS = Se) (T — to)|lL2(ay)
+ C(Hﬂ - ao—HLZ(M) + HUOHLZ(Q))hK < ChK,

where we have also used thatygq € L?(1,L"(Q)) and (10.2.2). Finally, (10.5.11), (10.5.12) and
(10.5.13) prove (10.5.6). OJ

Remark 10.5.3. Let us observe that (10.5.2) and (10.5.6) imply that

[l 20 = %olliz0 | < Chi

for some constant C > 0 independent of o.

10.6 NUMERICAL SOLUTION

We now address the computation of minimizers T, of problem (P,). First of all, we note that
if we define yq,, as the L?(Qy7) projection of yq4 on Y, then

1

1
Jolu) = EHyU —Ya,olltzian + €lulleemn + E”yd —Ya,ollf2(a,-

Therefore, the problems (P,) and

, < | 2
(Qo) epmin - Jolw) = 31¥e ~Yaollizio + #lwlion

are equivalent. In this section we present a numerical algorithm to solve (Q) as an alternative
formulation to (P).

Due to the spatio-temporal coupling of the norm in L2 (I, M(Q)), its subdifferential is difficult
to characterize. However, using Fenchel duality combined with an equivalent reformulation
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that decouples the spatio-temporal structure, we can obtain optimality conditions that can
be solved using a semismooth Newton method.

For the reader’s convenience, we recall the Fenchel duality theory, e.g., from [Ekeland and
Témam 1999, Chapter 4]. Let V and Y be Banach spaces with topological duals V* and Y*,
respectively, and let A : V — Y be a continuous linear operator. Setting R = R U {oo}, let
F:V > R,G:Y — R be convex lower semi-continuous functionals which are not identically
equal co and for which there exists a vy € V such that F(vy) < 00, §(Avy) < 00, and G is
continuous at Avy. Let F* : V* — R denote the Fenchel conjugate of F defined by

F7(q) = sup(q, v)v-v — F(v),

veVv

which we can calculate using the fact that
(10.6.1) F(q) =(q,v)v+,v —F(v) ifandonlyif q e 0F(v).

Here, 0F denotes the subdifferential of the convex function &, which reduces to the Gateaux-
derivative if it exists, and the left hand side arises from differentiating the duality pairing.

The Fenchel duality theorem states that under the assumptions given above,

(10.6.2) vlrel\f/ Fv) + §(Av) = sup —F*(A*q) — §"(—q),

qey*

holds, and that the right hand side of (10.6.2) has at least one solution. Furthermore, the
equality in (10.6.2) is attained at (v, q) if and only if

(10.6.3) {/\*q < 63"(\‘;)_,
—q € 0§(/\v),

where the derivative of the duality pairing again enters the left hand side.

We now apply the Fenchel duality theorem to (Q,), which we express in terms of the expansion
coefficients Tij. Let N = N x Ny, and identify as above u, € U, with the vector iy =
(Wity ooy WINgy - -y UNTN,) T € RNe of coefficients, and similarly yq,0 € Yo; see section
10.4.1. To keep the notation simple, we will omit the vector arrows from here on. Denote
by My, = ((ej, ek));’l‘g:] the mass matrix and by A, = (a(e;j, ek))?fg:] the stiffness matrix
corresponding to Yj,. For the sake of presentation, we fix yo = 0. Then the discrete state

equation (10.4.21) can be expressed as L,y, = u, with

T?1Mh+Ah 0 0
L,=| —'Mn T'Mu+An 0| ¢ RNexNo,
0 : :
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(Note that the “mass matrix” corresponding to ((0;, ek>)}\f{(‘:1 is the identity.) Introducing
for v, € RN the vectors vi = (Vi1,...,vkn, ) € RNn, T < k < N, the discrete optimal
control problem (Q.) can be stated in reduced form as

N N 1/2
) ] T B B T
min =Y Tll; "o — Ya,ekMnlly Ue — Ya ol + & <Z muu%) :

No 2
ugseRNo =1 k=1

We now set A : RNe — RNe, Av =1y,

N 1/2
F:RYe - R, Fv) =« (Z Tk|vk|$> ’
k=1

1 &
G:RY" =R, S(v) = ZZTk(Vk_yd,k)TMh(Vk_yd,k)»

k=1

and calculate the Fenchel conjugates with respect to the topology induced by the duality
pairing (10.4.3). For G, we have by direct calculation that

N N
T ] T
§*(q) = sup quTVk—— Tk(Vk—yd,k)TMh(Vk—yd,k)

1
—2 Z T (e + Mnya, ) "My (g + Minya k) — Y4 cMnya k)
k=1

since the supremum is attained if and only if q, = My (v —ya,k) foreach T < k < N due
to (10.6.1) and the definition of the duality pairing. For JF, we appeal to the fact that in any
Banach space the Fenchel conjugate (with respect to the weak-x topology) of a norm is the
indicator function of the unit ball with respect to the dual norm (see, e.g., [Schirotzek 2007,
Example 2.2.6]), and to the duality between U, and Y, to obtain

1/2
0 if (ZE; Tk|£]k|§o> < «,

oo otherwise.

The adjoint A* : RNe — RNe (with respect to the above duality pairing) is given by L T.
Dropping the constant term in §* and substituting p, = A*q,, i.€., o = L.p,, we obtain
the dual problem

1

N<
(10.6.4) pﬁelli@d > Z Tk([LZpa]k — Mhyd,k)TMgl ([Lipo]k — Mhyd,k) + ta(Po)-
¢ k=1

Since vo = 0 = Avy satisfies the regular point condition, the Fenchel duality theorem is

applicable, implying the existence of a solution p, which is unique due to the strict convexity
in (10.6.4).
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While the second relation of (10.6.3),
(10.6.5) T (LI Po)k = M (L i —VYa,o)k forall 1<k <Ny

can in principle be used to obtain i, from P, the first relation remains impractical for
numerical computation. We thus consider the following equivalent reformulation of (10.6.4),
which decouples the spatio-temporal constraint given by the term 4 (po):

N
. 1« _
min 5 2 wllLipel = Miya ) "My ([Lgpolic — My )
=1

poERNo c€RNT

N~
s.t. |prle <cxforalll <k < N. and ZTkCi _—y
k=1

where ¢, = (c1,...,¢cn, )" € RN, Since the constraints satisfy a Slater condition (take

Po = 0and ¢, = T2, 1 < k < N.), we obtain (e.g., from [Maurer and Zowe 1979])
existence of Lagrange multipliers pu,uZz € RN+, 1 < k < Ny, and A € R such that the
(unique) solution (pg, C) satisfies the optimality conditions

(10.6.6)

Tk[I—O'M;1 (I—lf)o - Mcryd,(r)]k = FLIL + Hﬁ, 1 < k g N'ry

Np

D (il + ) + 22 me =0, 1<k <Ny,

j=1

(tp) (P — ) =0, (ug) (P +c) =0, mL <0, pg >0, 1<k<Ng

Nt
E Tkéi —a’ = 0,
k=1

where M, € RNe*No js a block diagonal matrix containing N, copies of My,.

We now rewrite the optimality system in a form amenable to the numerical solution using a
semismooth Newton method. First, | and p? are scaled by T, > 0 to eliminate this factor
from the first and second relation (which does not affect the complementarity conditions).
Using the componentwise max and min functions, the complementarity conditions for ., , p2
and Py can be expressed equivalently for any y > 0 as

wy + max(0, —py +y(Pr —&)) =0,  pp +min(0, —pf + y(pr + &)) =0.
Since uZ = 0if px > —¢y and p} = 0 if py. < ¢y, we have by componentwise inspection
max(0, —1!. + v (P — &) = max(0, —p} — 12 + V(P — ).

We argue similarly for the min term. Furthermore, comparing the first relation of (10.6.6)
with (10.6.5), we deduce that @i, = p} + pi for all 1 < k < N.. Finally, to avoid having to
form M !, we introduce §, € RN satisfying

I—Zf’o = Mc(go _yd,c)'
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Inserting these relations into (10.6.6), we obtain for every y > 0 the optimality system
(10.6.7)
(LYo — U =0,

Llﬁc - Md(gd - Ud,d) = O’

e + max(0, — + v (Px — C)) + min(0, =ik +y(Px +C)) =0, T<k <Ny

Ny

Z [— max(0, —t + Y(Px — Cx)) + min(0, —ty + y(Px + (-Zk))]]- + 2A¢ =0,

j=1

1<k<Ng

Nt
E Tkéﬁ —o? =0.
k=1

Since the max and min functions are globally Lipschitz mappings in finite dimensions, this
defines a semismooth equation which can be solved using a generalized Newton method; see,
e.g., [Qi and Sun 1993; Kummer 1992]. Here we recall that the Newton derivative of max(0, v)
with respect to v is given componentwise by

hk if\)k > O,

D 0,v)h]y =
D max(0, v)hl {O otherwise,

and similarly that of min(0, v). In practice, we have to account for the possibly local conver-
gence of the Newton method. To compute a suitable starting point, as an initialization step
we successively solve a sequence of approximating problems that are obtained from (10.6.7)
by replacing the max and min terms with

max(0,y(px —¢J)) and  min(0,y(px + Cx)),

respectively, and letting v tend to infinity. (This can be interpreted as a Moreau-Yosida
regularization of the complementarity conditions.) Since now uy no longer appears in the
argument of the max and min functions, it can be eliminated from the optimality system
using the third equation (which also allows computing 1y given (P, €x)), yielding

(10.6.8)

L(Typy — Mo (Yy —Ya,0) =0,

Loy, + y[max(O,py - Cy) + min(o)pv + Cy)] =0,

Nn
ZY [_ ma-x(o)pv,k - Cy,k) + min(o)py,k + Cy,k)]j + ZAyCv,k = O) 1 < k < NT
j=1

N+
E chf/’k —o? =0.
k=1

Starting withy = 1and p® = y® = 0,c® = T2 and A° = 1, we solve (10.6.8) using a
semismooth Newton method, increase vy, and compute a new solution for increased y with
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(a) z (b) z2 (©) z3

Figure 10.1: Targets for numerical experiments

the previous solution as starting point. Once a solution satisfies the constraints (or a stopping
value y* is reached), we use it as a starting point for the solution of (10.6.7) withy = 1.

Remark 10.6.1. By virtue of the chosen discretization (specifically, the adjoint consistency of
discontinuous Galerkin methods and the discrete topology mirroring the continuous one),
the discrete optimality system (10.6.8) coincides with the discretization of the continuous
optimality system obtained by applying Fenchel duality, the relaxation approach and a Moreau-
Yosida approximation to problem (P). Since the continuous optimality system may be of
independent interest, the derivation is sketched in Appendix 10.A.

10.7 NUMERICAL EXAMPLES

We illustrate the structure of the optimal controls with some one-dimensional examples. For
this purpose we set Q = (—1,1), T = 2, v = 107" and consider the state equation

Yy — VAY = u,
y(0) =0,

with homogeneous Dirichlet conditions. The spatial domain is discretized using Ny, = 128
uniformly distributed nodes (which corresponds to h ~ 0.0156). Following (10.4.2), we take
N. = 1024 time steps (which corresponds to T ~ 0.00195). The targets are chosen as (see
Figure 10.1)

z1 = t(1 —[x]),
1 if0.25 <t<0.75and 0.25 < x < 0.75,

z; =131 if1.25<t<1.75and —0.25 > x > —0.75,
0 otherwise,

—_

if [x —0.25 —t/4] < (0.2 + t/20),
z3 =<1 if|x+0.25+t/4| < (0.2 —1t/20),
0 otherwise.
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The semismooth Newton method for the solution of the optimality system (10.6.7) is imple-
mented in MATLAB, where the initialization is calculated as discussed in section 10.6 with

Y1 = 10yx and y* = 10'2. For each target the optimal control is computed for « = 103

and « = 107", In every case, the discrete optimality system is solved to an accuracy below
1072, and the bounds on p, and on ¢, are attained within machine precision.

The respective optimal controls u (in the form of linearly interpolated expansion coeflicients
Uy;), optimal states y, and bounds c are shown in Figure 10.2-10.4. The predicted sparsity
structure of the optimal controls can be observed clearly: The spatio-temporal coupling of
the control cost predominantly promotes spatial sparsity; see Figure 10.3b in particular. The
structural features of the norm |[u||; 25 are further illustrated by the fact that larger values of
o lead to both increased sparsity in space and increased smoothness in time. It is instructive
to compare the optimal controls obtained with our ||u|[;2(y) regularization to those obtained
numerically using a (Moreau-Yosida approximation of a) M(Q+) norm penalty term. Figure
10.5 shows the latter for all considered targets and values of «. While for « = 1073 both
types of control have comparable structure, for « = 10~ the controls in M(Q+) demonstrate
strong temporal sparsity which is absent in the case of controls in L%(I, M(Q)).

We now investigate the convergence behavior as h — 0. In the absence of a known exact
solution, we take as a reference solution the computed optimal discrete control and optimal
discrete state on the finest grid with Ny,» = 256 and N, = 4096, corresponding to h* ~
0.00781 and T =~ 0.000488. As a representative example, we consider the target z; and
o = 0.1. Figure 10.6a shows the difference |J1, — Jn+| for a series of successively refined
grids with Ny, = 32,40,...,128 and N;) = 7=N#. The observed approximately linear
convergence rate agrees with the rate obtained in Theorem 10.5.1. The corresponding L? error
Ilyn —yn-|| 2 of the discrete states also decays with a linear rate, which is faster than predicted
by Theorem 10.5.2. A similar behavior was observed in the elliptic case; see [Casas, Clason,
and Kunisch 2012].

10.8 CONCLUSION

For the appropriate functional-analytic setting of parabolic optimal control problems in
measure spaces, there exists a straightforward approximation framework that retains the
structural properties of the norm in the measure-valued Banach space and allows deriving nu-
merically accessible optimality conditions as well as convergence rates. In particular, although
the state is discretized, the control problem is still formulated and solved in measure space.
The numerical results demonstrate that the optimal controls exhibit the expected sparsity
pattern.
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0 0.2 0.4 0.6 0.8 1 12 14 1.6 1.8 2
t t

(e) co () co

Figure 10.2: Optimal control u,, state y, and bound ¢, for target z; and & = 103 (left),
o =10"" (right).
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5.10°3 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0.16
L10-3
4510 ol
4103
012}
35-10°3
e o1f
S 25-107 = 8102
E 3
L10-3
2.10 o
15-10-
4102
1-1073
510 2102
o ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0o 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
t t
(e) co (f) co

Figure 10.3: Optimal control 1, state y, and bound ¢, for target z; and & = 103 (left),
o = 107" (right).
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(e) co () co

Figure 10.4: Optimal control u,, state y, and bound c,, for target z3 and o« = 103 (left),
o = 107" (right).
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(a) target z, x = 1073 (b) target zy, oc = 107!

(c) target z, o = 1073 (d) target z, o = 107!

(e) target z3, o = 1073 () target z3, o« = 107!

Figure 10.5: Optimal controls with M(Q+) penalty.
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—1.3 |
1028 |- 10

1014 b pea
10-22 |+ 1
10-15 1
10731 1
10-16
107311 B 10-17 |

10732 1+ 1 10181

10-33 |

10 3.4 L 4 1
] Ny TR
—0(h) o=ty —0(h) 1
10*3.5 4

1018 1017 1076 105 104 1013 1012 101 10! 1018 1077 106 1015 1014 1013 102 10 107
h h

(a) Functional value Jy, (b) L2 norm of state yp,
Yy

Figure 10.6: Illustration of convergence order for target z; and o = 0.1.
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10.A CONTINUOUS OPTIMALITY SYSTEM

In this section we sketch the derivation of the continuous optimality system using Fenchel
duality and the relaxation approach. Let S : L*(I, M(Q)) — L?(Qr) denote the solution
operator corresponding to the state equation (10.1.1) with homogeneous initial conditions. It
will be convenient to introduce the parabolic differential operator L such that the solution y
to (10.1.1) satisfies Ly = u. Then we can express problem (P) in reduced form as

1
min =|Su— 2 + aflu .
uel2(L,M(Q)) 2” Yallizan w21,y

To apply Fenchel duality, we set

F:LA(L,M(Q)) — R, FOv) = afvllz(,mi))»

1
G:1%(Q1) = R, S(v) ZEHV—UdH%Z(QT)»
A LAHILM(Q)) — L*(Q7), Au = Su.
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Similarly to the discrete case, the Fenchel conjugates (with respect to the weak-* topology)
are given by

F: 12, Co(Q)) — R, T (q) = w«(q)
1 1
G*:12(Qr) - R, 5*(q) = z”q +Ud||%2(QT) - z”de%Z(QT)’

where

0 if < «,
L (q) :{ 1 ||q||L2(I,CO(Q)) 0d

oo otherwise.

Due to the definition of the solution to (10.1.1) via duality (see Definition 10.2.1), we obtain
the existence of a weak-x adjoint operator A* := S* : L?(Q7) — L*(I, Co(Q)) defined via
the solution to (10.2.5). Furthermore, there exists a weak-* adjoint L* of L such that for given
Po € L2(Q7), the solution z € L?(I, Co(Q)) of (10.2.5) satisfies L*z = 1o. The dual problem
is then found to be

| 2
min =|lq— «(8*q).
qeLzl(%T) 2||q 1JdHLZ(QT) + t(S"q)

We again substitute p = S*q € L*(I, Co(Q)), i.e., ¢ = L*p, introduce ¢ € L*(I) by
c(t) == |lp(t)]|oo fora.e.0 <t <T,

and consider

1
min —||L*p — 2
PEL2(1,Co(Q)),ceL2(I) 2 It —valtan

P(t)lo <c(t)fora.e.0<t<T

(10.A.1) s.t. |

.
and J c(t)? dt = o?.
0

The Moreau-Yosida regularization of (10.A.1) is given by

. 1 Y
peL2(I Cgr(lflzr%) cel2(1) EHL*p ~Yallizan + 2 [H max(0,p —¢)ltz(qy)

+ [ min(0,p + )12 )|

.
s.t. J c(t)? dt = o?,
0

where the max and min functions should be understood pointwise in Q) for almost every
0 < t < T. Its solution is denoted by (py,c,) € L*(I,Co(Q)) x L*(I). Since the cost
functional is Fréchet differentiable and a Slater condition is again satisfied for the constraint
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on ¢ (take ¢ = T~"/?«), we obtain existence of a Lagrange multiplier A, € R. Introducing
once more y, satisfying L*p, =y, — ya, this yields the continuous optimality system

L*py — (yy —ya) =0,
Ly, + vy max(0,p, — cy) +ymin(0,p, +cy) =0,

yJ —max(0,p, — ¢y) + min(0,py + ¢, ) dx +2A,c, =0,
o

T
J cidt—azzo.
0

By approximating p,, and y, in Y, using the fact that for linear finite elements the pointwise
maximum and minimum is attained at the nodes, and the adjoint consistency of discontinuous
Galerkin methods (i.e., (L*), = L}), we recover (10.6.8).
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MINIMAL INVASION: AN OPTIMAL L* STATE
CONSTRAINT PROBLEM

ABSTRACT

In this work, the least pointwise upper and/or lower bounds on the state variable on a specified
subdomain of a control system under piecewise constant control action are sought. This
results in a nonsmooth optimization problem in function spaces. Introducing a Moreau—
Yosida regularization of the state constraints, the problem can be solved using a superlinearly
convergent semismooth Newton method. Optimality conditions are derived, convergence of
the Moreau-Yosida regularization is proved, and well-posedness and superlinear convergence
of the Newton method is shown. Numerical examples illustrate the features of this problem
and the proposed approach.

111 INTRODUCTION

We consider the following relaxed L*°-type control problem:

min ’ + x hul?
ceR,uecR™ 2 2 2
m
(?) s.t. Ay =~f+ Z UiXw; in Q,
i=1
— Bac+YP2 <Ylw, < PBic+Py  in wo.

Here & > 0,Q isabounded domain in R™, A is a linear second order elliptic partial differential
operator of convection-diffusion type carrying appropriate boundary conditions (to be made
more explicit below), w; € Q,1=0,..., mare subdomains and as such open and connected
sets in QO with characteristic functions

(x) 1 xe wi,
(,U‘lx' =
X 0 x¢& wy,
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and f € L9(Q) for some q < max(2,n). Further
B1,B2 € RwithB;,2 >0 and Py € L¥(wo), P2 € L™ (wyo),

and we assume that 31 + > > 0 as well as max1, < min;. Furthermore, we assume that
P1(x) = P, (%) for some X € @y, which can always be guaranteed by re-parametrization
according to

Py =7 + B¢, Py =, — Bad,

where ¢ = B1ifﬂz < O with d = max({, — ) < 0. Indeed, let x = argmax(, —;). Then

note that ; — 1 < 0 and 1 (x) — (%) = 0. Hence after re-parametrization it necessarily
holds that ¢ > 0.

To simplify notation, we introduce the control operator B : R™ — L>(Q),

Bu = i WiXw,-
i=1

This problem can be given the following interpretation: A pollutant f enters the groundwater
and is (diffusively and/or convectively) transported throughout the domain Q. To minimize
the concentration y of a pollutant in a city wy, wells wq, ..., wy, are placed in Q, through
which a counter-agent u; can be introduced. The problem is therefore to minimize the
upper bound c in the formulation yl.,, < ¢, or, if the concentration is supposed to be non-
negative, 0 < ylw, < c. In general the concentration only satisfies inhomogeneous boundary
conditions §j = g on 9Q. To return to the formulation introduced above we transform to
homogeneous boundary conditions by means of y = § — gext, Where gey: is a smooth
extension of g into Q. The resulting constraints on y are of the form —gext <Y < —gext +6,
and are a special case of the constrains considered above. The approach we present can readily
be applied to a problem with a unilateral constraint on y.

In case 1 = B, = 1 and Py = P, = 0 the inequality constraints in (P) result in the norm
constraint problem

Yl e (o) < €

which can equivalently be expressed as the following quadratic problem with affine con-
straints:

: ] 2 X 2
(11.1.1) s [YllTe (wo) + 5 lul

s.t. Ay = + Bu.

Clearly () is related to state-constrained optimal control problems but it is different since
it involves c as a free variable. To find the smallest ¢ such that the constraints in (P) admit
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a feasible solution and such that the objective is minimized is the objective of this work.
Note that for (11.1.1) with f # 0 it is required that ¢ > 0 to guarantee that the constraint
Yl 1oy < c is feasible.

Problem (P) with w; = Q was treated in [Grund and Rosch 2001; Priifert and Schiela
2009]. In [Grund and Rosch 2001] a discretize before optimize approach was pursued so that
phenomena due to lack of L2-regularity of the Lagrange multipliers are not apparent. The
work in [Priifert and Schiela 2009] rests on an interior point treatment of the state constraints.
In addition to the different treatment that we follow in this work, in the numerical examples
we also focus on effects and the interpretation which result from the choice of the control
and observation domains as proper subsets of Q.

This article is organized as follows. In a short section 11.2 we present the regularization that
we employ, prove existence and uniqueness of a solution to () and establish the asymptotic
behavior of the solutions to the regularized problems. Section 11.3 is devoted to the optimality
systems for the original and the regularized problems. The semismooth Newton method
and its analysis are considered in section 11.4, and the final section 11.5 contains numerical
results.

11.2 EXISTENCE AND REGULARIZATION

This section is devoted to specifying the regularization that we use, and to establish existence
and uniqueness results. We first address well-posedness of the state equation. We consider
the operator

n n

Ay=— ) dlap(x)dy+dj(x)y) + D b;(x)dy + d(x)y,
j k=1 j=1

where the coefficients satisfy aj, € C%®(@) for some § € (0,1) and b;, d € L*(Q), and the
corresponding Dirichlet problem

Ay =g, inQ,
(11.2.1)

y=0, onoQ,

where the domain Q is open, bounded and of class C'® and g € H~'(Q) is given. If 0 is not
an eigenvalue of A, this problem has a unique solution in H}(Q). A sufficient assumption for
this is the existence of constants A, v > 0 such that

NES < aj &€ forall £ e R™, Z |C1j,k|2 <N
jk=1
A2 (1452 + b57) + A7 dl < d—d;d; >0, foralll1<j<m,
j=1
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where the last inequality should be understood in the generalized sense (cf., e.g., [Gilbarg and
Trudinger 2001, Th. 8.3]). Concerning the regularity of this solution, we have the following
theorem [Troianiello 1987, Th. 3.16]:

Proposition 11.2.1. Foreachg € W~ 19(Q) with2 < q < oo, the solution y of (11.2.1) satisfies
y € W) 4(Q). Moreover, there exists a constant C > 0 independent of g such that

HUHth(Q) <C HQHW*MQ(Q) .

holds.

In particular, since f € L9(Q) with q > n, this implies the existence of a unique solution
y € W) 4(Q) of the state equation Ay = f + Bu for any control vector u € R™, This affine
solution mapping will be denoted by

y:R™ = Wy 9(Q), withy(u) = A~ (f 4 Bu).

Recalling the continuous embedding W'-4(Q) < C(Q) for any q > n we have moreover
thaty € C(Q).

To apply a semismooth Newton method, we introduce the Moreau-Yosida regularization of
(P), i.e. for y > 0 we consider:

. cc L X oY 2
ceugﬂrelﬂemerE'u'poHmax(o’y|w°_(B‘C+¢1))HLZ

(Py) + 3 Imin(0, ylu, + B2c —2)IIf2

s.t. Ay = f + Bu.

For the case 3; = 3, = 1 and{; =1, = 0 this can be expressed compactly as

. z L«
cekuerm 2 | 2
s.t. Ay = f + Bu.

Y
[uly + 3 [max(0, [yl | — €)1,

Proposition 11.2.2. Problem (P) admits a unique solution (c*,u*). Moreover, for everyy > 0
there exists a unique solution (c,,u,) to (P,). The associated states will be denoted by y* =

y(u*) andy, = y(u,) respectively.

Proof. Problem () can equivalently be expressed as

2
min J(u) = min % [esssupmax (y ¢1, Y —H‘bzﬂ + % Iulé,

uerRm uerRm XEwog B] Bz
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where ] : R™ — R is continuous and radially unbounded. The mapping

yu) =P —y(u) —1'11)2)
Br B2

is convex and hence u — J(u) is strictly convex. As a consequence (P) has a unique solution

u — ess sup max <
XEwWo

with . .
0 < ¢® = esssup max <y(u )~ b , —yw) —HI)Z) .
xEwo B B2
An analogous argument implies the existence of a unique solution to (¥, ). H
We also define

)‘v = 7\%1 + }‘v,b

}\y,1 = Ymax(o)yy|wo - (B]C +ll)1 ))a 7\1/’2 = ymin(oayv|wo + BZC _11)2))

which will turn out to be the regularized Lagrange multiplier associated to the inequality
constraint on yl,. Note that A,.; > 0, A,.» < 0 and that strict inequalities cannot hold
simultaneously.

Proposition 11.2.3. We have

(Cyytiyy Yy) = (5,0, y") in R x R™ x WHa(Q),

and
1 0
(11.2.2) ﬁ Ay ll12(w,) — 0y asy — oco.
Proof. Due to the optimality of (c,,u,) we have
() o 1 ()P o, .
(11.2.3) > +§lm|§+ﬁuxyuiz(wo)< 55 s

Consequently

1
(eyly=0, fiyhy=o, {5 A1 (og v =00 Yy llrady=o

are bounded.

Thus there exists a sequence {yy}and (C,{,{j) € R x R™ x Wg’q such that (cy,, Uy, Yy, )
converges to (C,{,{j). Taking the limit in (11.2.3) and in Ay,, — f — Bu,, = 0 we find
that (C,{i,{j) coincides with the unique solution (c*,u*,y*) of (P). Due to uniqueness of
(c*,u*,y*) the whole family (c,u,,y,) converges in R x R™ x W"4(Q) to (c*,u*,y*).
Taking the limit in (11.2.3) implies (11.2.2). ]
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11.3 OPTIMALITY SYSTEM

In this section we derive the optimality systems for () and (P, ) and the relationship between
them.

We introduce the Lagrangian for the regularized problem

2

L(u,c,y,p) = % + % ul3 + % |max(0, ylw, — (B1c +P1))][72
+ 2 Imin(0, ylu + B2e = a)lIf + (P Ay = F = By
where
L:R™x R x W9 (Q) x W9 (Q) = R, %+$:1.

Since the linearized equality constraint in (P) given by
(,7) — Aj — Bl
is surjective, the necessary and sufficient optimality system for () is found to be
oy i — (PyyXw;) =0, 1=1,...,m
¢y = Ay, B1) + (Ay 2, B2) =0,

A'py + 7\y =0,

(11.3.1)

Ay, —f—Bu, =0
where A, denotes the extension by zero to Q \ wo of A,

Theorem 11.3.1 (Optimality system for (P)). There exist \; € L®(wo)*, 1 = 1,2, and p* €
Wy % (Q) such that

(ouf — (P Xwy) =0, i=1,...,m

C* — (A1, B1) oo 1o T (A2y B2) oo 1o = 0,

(P AQ) + (A1 4+ A2, @lwg) v 1 =0, forall @ € W} 9(Q)
Ay* —f —Bu* =0,

ALY lwe — (B1€™ + 1)) 1o 1o = 0y (A2, Y [wy + (B2 = $2)1or 1o =0,
A1y @) poer 100 = 0y (A2, @) 1 <O, forall @ € L®(Q). with @ > 0.

(11.3.2)

Moreover {p,Ay}y~0 is bounded in W(])’q/(Q) x L'(wo) and for every subsequence such that
Dy, converges weakly in W39 (Q) and A, converges weakly* in (L™(w))* the subsequential
limits satisfy (11.3.2).
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Proof. Let G:R™ x R — L*®(wyp) x L*®(wy) be defined by

_ y(uﬂwo_B]C_q)]
Glu,c) = (—y(uﬂwo — Bac +¢2> ’

and
K ={k € L*(wy) : k < 0}.

Then (P) can be expressed in abstract form as

. 1 o .
(11.3.3) ug}g}cneR](u, c) = zcz + EHuHZ subject to G(u,c) € K x K.

The regular point condition for (11.3.3) (cf. [Maurer and Zowe 1979; Ito and Kunisch 2008]) is
given by

(11.3.4) 0 {G'(u*,c*)(R™ x R) + G(u*,c*) — (K x K) }..

To verify (11.3.4) we consider for arbitrary (g1, g2) € L®(wo) x L®(wy)

A~ (Bu)lw, — Bic ) ( Y¥lw, — Br1c* — Wy > B <k1> _ (91)
(11.3-5) <_A—] (Bu”wo . BZC + _y*|w0 o BZC* —I—ll)z kz - 92 .
Setu =0 and

¢ — max ([51’1 esssup(—gi), 551 €ss SUP(—QZJ)O)-

Then the first coordinate in (11.3.5) is satisfied with

ki =—g1 +Y*lw, — B1c" =1 —PBic < 0.
Similarly for the second coordinate we have

k2 = —g2 —Y*lw, — B2c™ + 12 — B2c < 0.

Hence there exist (A1,A;) € L®(wo)* x L®(wyp)* such that the last two lines in (11.3.2) hold.

For later reference we specify that the above argument implies that

(11.3.6)
for all p > 0 there exists M > 0 such that for all g = (g1, 92) € B,

there exists (u, ¢, kq, k2) satisfying

G'(u*,c*)(u,c) + G(u*,c*) — Gz;) — (g;) and

|(‘LL,C,k.] _y*|wo + B1C* +1\b1)k2 +y*|wo + BZC* _I\bZ)hRmX]RXLOOXLOO < Mp)
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where B, ={(g1,92) € L*® X L* : ||gi||;~ < p}. In fact, u = 0 is possible.

We also have

J'(u,e) + (A1, —A2), G'(U", €%)) (o) w0 = 0.
Exploiting this equality we find

¢ — (A1, B1) e 1o + (A2, B2) oo 1 = 0,
which is the second equation in (11.3.2), and
os + A1+ A2 A (X )lw,) =0, foralli=1,...,m=0.

Introducing the adjoint state as the solution to

P AQ) + (Xwy, (A1 +A2)p) =0, forall € CF(Q)

provides the first and third equation in (11.3.2). Since A1, A, € L®(w()* we have that p* €
W(]) 4 (Q). This concludes the proof of the optimality system (11.3.2).

Next we argue that {A, 1},~0 and {A, >}, 0 are bounded in L' (wy). For this purpose we set
Xv = (7\1/,1 ) _)\y,Z)T = ('Y maX(O>yy|wo - (Bl c+ 11)1 )) -Y min(o)y|wo + BZC - ¢2))T-

For p > 0 fixed choose g = (g1, g2) € B, arbitrarily. Appealing to (11.3.6) for —g, there exists
(1, ¢é, k), with k = (kq,k;) € K x K, such that for (u,c) = (it + u*,é + c¢*),

—g = (G"(u", ¢ ((u,¢) — (u,¢")) — (k= G(u",c))
holds. Taking the inner product with A, we have

"(Uy, ¢y ) (1, ¢) — (u'yc*)), Ay ) — (k— G(u*, c*)),Ay)
,cy) (

) — A
((u,c) - u’yacy)))xy> + <G/(u'y)cy)((u'yacy) - (U*,C*)),Xy>
— (K, Ay ) + {G(u", ¢*) — Gy, ey )y Ay ) + (G(ity, ¢y ), Ay ).

Note that (k,A,) <0, (G(1ty,¢y),A,) < 0and J'(uy,cy) + G'(iy,Ay)*A, = 0. Therefore

(9:8y) < (I (y, ey), (w,0) = (wy, c4))
- <G/(u’y)cy)((u’y)cy) - (u*)C*)))Xy> - <G(U.*,C*) - G(LLy,Cy),Xy>.

Hence by (11.2.3) and (11.3.6) there exists M independent of y and (u, ¢) such that

sup (g Ay) < M1+ [IX st 1wy €)= (uyy ey D)
gebByp
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Using (11.2.3) once again there exists M independent of y such that

sup (g, Ay) < M (T 4+ [ Xy || wrr)-
g€By

This implies boundedness of {||Ay1/;1}y>0 and {||Ay 2| 1}y >o. It follows that the sequence
{pr||wg,q/}y>o is bounded as well. From Proposition 11.2.3 we recall that (cy,u,,y,) —
(c*,u*y*) inR x R™ x WH4(Q), and in particular y, — y* in C(Q). Since Wg,’q,(Q)
embeds compactly into L"(Q) C L'(Q) forr = “i = — q_’}g b there exist subsequences
of py, Ay,,Ay,, denoted by the same symbols, and p*, Ay, A, such that p, — p* weakly in
W1h4'(Q) and strongly in L' (Q), and A, 1, A, 2 converge to A, A, weakly* in L= (w,)*.

From (11.2.2) we have 0 = lim,_, %||7\y||iz(wo) and hence

2 )
L2(wo)) OZJE&;H)\%Z‘

o] 2
0 :Ylgr;o;H}‘w L2 (wo)*

Consequently

0= lim <}\%1>max(oayv|wo - ([51CY +1~|)))>

Y—o0

== J%<Ay,1)yv|wo - (Blcy +1\b)> = <}\1)y*|wo - (B1C* +1l)1 )>]_oo*’[_oo .

In a similar way one shows that 0 = (A;, y*[w, + (B2¢c* — 11)2)>Lw*)w. This gives the fifth line
of the optimality system (11.3.2). The remaining properties of the optimality system (11.3.2)
can easily be obtained by passing to the limit in (11.3.1). H

Remark 11.3.2. The regularity of the Lagrange multipliers A;, A\, € L*®(w,)* is associated to
the fact that the obstacle functions 7,1, are in L*°(wy). If 7,1, are taken in C(,), the
above proof can be adapted to show that A1, A, are bounded Radon measures in C()*.

Since the problem () is strictly convex, the system (11.3.2) provides a sufficient optimality
condition. In particular, the (i1, ¢, §) satisfying (11.3.2) are unique.

In the final result of this section we address the question of rate of convergence of the regular-
ized solutions to the solution of the original problem as y — oo.

Proposition 11.3.3. We have

[

1 x 1
v 3w =0 (),

_ n
where 6 = —q—nq+2(q_n)
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Proof. Letz), =yylw, — (B1cy + 1) and 22 = yylw, + (B2¢y — 2). Due to optimality of
(cy,uy,yy) we find
(cy)?  «

2., Y Y
3+ 5wyl + JlImax(0, 2)) [f2 + 5 [min(0, 27) 72 <

(C*)z X2
3 +z|u|2.

(11.3.7)
We shall use the relationships

(cy)?  (c)?

& 2 X2
(11.3.8) > 5+ E|ufy|2 — E'u 5
1
= (ey —c")e" + 3ley — 1P+ ofuy, —ut,ut) + %Clu,y —urf,
and
(11.3.9) (Alyy —y"),p") = (uy —u’, Bp") = a{uy —u’,u’),

and, using (11.3.2),

(11.3.10) (Alyy =Y ), P") = =M1 Yylwo = Y'lwe) — A2 Yylws — Y lwo)
= —A1, Yylw, — (cyB1 +11)) — B1 (A1, ¢y —C¥)
+ A, Y lw, — (€ B1 + 1))
— (A2, Yylw, + (cy B2 —2)) + B2(Az, ¢y —C¥)
+ (A2, Y"lw, + (B2 —b2))
= —(?\1,zl,> — <?\2,zf,> —c*(cy — 7).

Combining (11.3.7), (11.3.8), (11.3.9), and (11.3.10), we obtain

1 * “ * * * * *
(11.3.11) zlcy —c*? + Eluy —u? < —(cy — e — oy —ut,ut)
— Ylimax(0,2}) |2 — ¥ [lmin(0,23) |2
= <7\1>le> + <7\2)ij/>

— Jlimax(0,2})[12: — ¥ {lmin(0,23) 2

Y
<A H(LOO)* maX(()»Zl,)HL“’ - zl\maX(())Z‘y)Hﬁz

+ A2l (o0

. Y.
min (0, z2)|| L~ — z||m1n(0,zf,)H%z

In the following estimates K denotes a generic constant, which is independent of « > 0 and
v > 0. We use the estimate

1-0
Bl < Kl2lwra 12127,
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for Z = max(0, z ), where 0 = m see e.g. [Adams and Fournier 2003, p. 141]. This
further implies that

1-6 1-0
IS GALIEI EE Y s
Lo — 1, e T 2
h Y whe ||}\1||(L°°)* -

1-e
H)“H(LOO)* " Y 2

12l S K| ——F—— 12 ||He s N2l

h Y 2||7\1H(I_°°)* =

where we use that 152 + 138 = 1. Arguing similarly for £ = min(0, z2) and combining these
estimates with (11.3.11) implies that
]+9 > .

Since {yy}y>1 is bounded in W'9(Q) this implies the claim. l

and

1

79
+6

(A7,

1+e + ||7\2|| l+9

1 . x .
Sley =P+ Sy —ul; <K

NaE

In the case n = 2 we find that 6 = —qq— and so we obtain the convergence rate O(WT) for

any € > 0, provided that q is sufficiently large. For n = 2, using solutions y, € H?(Q), the
above proof can also be adapted to obtain the rate O(y~'/3).

11.4 SEMISMOOTH NEWTON METHOD

This section is devoted to the solution of the optimality system (11.3.1) by a semismooth
Newton method. For this purpose we define

F:R™x R x W9 Q) x Wh'(Q) 5 R™ x R x W H9'(Q) x W 9(Q)
by

(11.4.1) F(u,c,y,p) =
o — (P, Xw)
¢ =y (B1,max(0,ylw, — (B1c+¥1))) +7v (B2, min(0, ylw, + B2c —p2))
YMax(0, ylw, — (Brc +11)) +ymin(0, ylw, + B2¢ —2) + A"p
Ay — Bu

where we have set

()_(‘w)f)> = (<Xw1)f)>> D) <me>f3>)T)
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and max, min denote extensions by zero from wy to Q \ wy. Recall from [Ito and Kunisch
2008] that z — max(0, z) is Newton differentiable from LP'(Q) — LP2(Q) provided that
1 < p1 < p2 < oo with Newton derivative given in the a.e. sense by

1, ifz(x) >0
D max(0,z) =
0, ifz(x)<O.

An analogous statement holds for the min operation. It follows that
G1(y, c) = max(0,Ylw, — (Brc + 1))

is Newton differentiable for fixed ¢ from Wg)‘q (Q) - W 149'(Q) with Newton derivative
with respect to y given by

DyGl (y) C) Yy =X,
where ¥ is given in the a.e. sense by

1, ifx € wpand ylw,(x) — (B1c+P1(x)) >0,
(11.4.2) X =Xy,c) :{

0, otherwise.
Analogously
G2 (y, ¢) = min(0, ylw, + B2c —2)

is Newton differentiable for fixed ¢ from W;’q (Q) —» W 149'(Q) with Newton derivative
with respect to y given by

Dy GZ(y) c) y= )_(g)
where ¥ is given in the a.e. sense by

1, ifx € wpand ylw,(x) + f2c —P2(x) <0,
(11.4.3) x =xy,c) = {

0, otherwise.
Let us also consider the mappings Hy, H, : W' 4(Q) x R — R, defined by

H; (U)C) = ((51,max(0,y|w0 - (BIC+¢1))>L2(wo)
= (B],@((O>y|wo - (B]C +1|)1))>L2(Q)

and

Ha(y,c) = <Bz,r;i;l(0,y|wo + (B2c —W2)))12(0)-
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Their Newton derivatives with respect to y are found to be
DyHi(y,c) g = B1(%0), DyHa(y,c)y = B2(x,T)-

Similarly, we obtain

and

DeHi(y,c)e = B(X)S,
where (z) = [, z dx. One proceeds analogously for D.G; and DH,.

All together the Newton derivative of F at an arbitrary point (u, c,y,p) € R™*! x W(; 9Q) x
W, 9 (Q) is given by
(11.4.4)
o — <ﬁa%w>
(T +vB7(x) +vB3(X))E —vB1 (%, T) + VB2 (X, U)
—YB1XC + VYB2XC + VXY +YXY + AP
A{ — Bu

where we have assumed that ¢ > 0 holds. A semismooth Newton step is given by
DF(LL, C,y,p)(ﬁ, C)Q)ﬁ) = _F(u’ C>y>p)-

We next address its well-posedness.

Proposition 11.4.1. For each (u,c,y,p) € R™ x R x Wg’q(Q) X Wg’q/(Q), the mapping
DF(u,c,y, p) is invertible, and there exists a constant C > 0 independent of (u, c,y,p) such
that

|DF(u,c,y,p <C.

—1
) ||L(Rm+1Xw—l,q’xw—hq’Rer]Xwéquw(])‘q/)

Proof. Forw = (wy,...,wq)" € R™ x R x W~H9'(Q) x W~19(Q) we consider the
equation DF(u, c,y,p) (1, ¢, 4, p) =w, ie,

i~ (K ) —w
as) (T+vRI(X) +VYR3(X))E—VB1 (X 0) +VB2(Xx,§) =W
s —YB1XE +YB2XE + VKT + VXY + AP =w;

—Bu+ Ay = Wy.
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Therefore from the third and fourth equation in (11.4.5), we obtain
J=A""Bu) +A 'w; =A"(B1) +1,

p=A"(ws+ve(Br1x—B2x) —YI(X +X))
= A" (w3 +vE(Brx — Bax) — YA (BW) (X +x) — V(X +x)A 'wa

= YEAT*(Brx — Bax) — YA ((x + x)AT ' (Bu)) + 1,

where
=AW, e WPHQ) 1= AT (ws —y(x +x)ATw) € WY (Q).

Using these representations for g, p in the first two equations of (11.4.5) we obtain for 1, ¢

andi=1,...,m
( m
Ly _Y6<Xwi)A7*(B1>_(_ E’Z)_(» +YZaj<(A7]Xwi)()_(+)_())Ai]ij> - <Xwnr2>
=1
= Wiy
W,

(T+v(BT(X) + B3(x)))E —YZﬁj<f31>_(— B2Xo A Xw;) — Y(B1X — Bax, T1) =
=1

\
equivalently in matrix form

(11.4.6)

ol +y(h, (X +x)P)  —y(b, Brx— B2x) <a>:
—y{B1x — Bax, )  TH+v(BT{X) +B3(x))) \¢

( Wi + (Xw,T2) )
Y{B1X — B2x,T1) +w2 )’

where [ is the m x m identity matrix,

I\l’i:Ai]Xwn 152 (ﬂ”)*“)lmbm)T)

and

(P, (X +x)0))1,j = by, (X + X)W;)-

The matrix on the left hand side of (11.4.6) can be expressed as

M = M; ‘f"YMZ +YM3)
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We next argue that the symmetric matrix M, is positive semi-definite. For (x) = 0, this is
straight-forward. Henceforth assume that (x) # 0 and let (11, &) € R™"! be arbitrary.

Then we have, using that 2ab + b? > —a?,

{x)
where
- - 1 - -
(MZ)i,j = <¢i)>_(ll)j> — @<¢1)X><¢] ))_(>
The diagonal elements of M, are given by
1 1
Mo)ii = (b, XUi) — — (i, X)* = i — — (W, OIXIE,
(Mz)ii = (Wi, Xbo) % (Wi, %) = (¥ = i
and for the oft-diagonal elements we find
1 1 1
M i,j — i)_ i) T T~ i)- ')_: i~ 7oy i)_) N ')_ X )-
(M2)1,5 = (b, xb5) X (Wi, %) (b5, %) <11" X (Wi, %), (W5 X (b; X>)X>
Therefore we have
1 1
Ma)i; = (Wi = (i, X), (b — = (b5, X) )X )-

Consequently M, is a Gramian matrix and thus positive semi-definite, and we find that
the same holds true for M. Analogously one argues that M3 is positive semi-definite. All
together we obtain

||M_] ||R(m+1)><(m+1] < max(_) 1 )

L
This estimate is independent of X, x, w;, wo.
Using (11.4.6) there exist constants C; and C; such that
|(11) é)|]Rm+] g C] |W|Rm+1 XWg]’q/ XW&Lq
and

|(g)f))|wg>q ><W(1)’q, < C2|W|Rm+1 ><W(;1"1/><W(;]’q

hold. This implies the claim. O
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Algorithm 11.1 Semismooth Newton method

1: Choose x®, y°,t>1,e > 0,k*setj =0
repeat
Incrementj < j + 1
Setxo =x"1,k=0
repeat
Increment k < k + 1
Compute indicator function of active sets : X (yx—1,cx—1), X(Yx—1,Cx—1) from
(11.4.2) and (11.4.3)
Solve for dx:

N

N v A ow

®

DF(xx_1)0x = —F(Xx—1)>

where F and DF are given by (11.4.1) and (11.4.4), respectively
9: Update xy = xx_1 + 0x
10: until X (Y1, cr-1) = X(Yr—2, c—2) and X (yu—1, €x—1) = X (Y2, €x—2), ork = k*
11 Set x) = xy
12: Sety) =1y !
i until sup, ., (y—(Brc+¥1)) < eandinficw,(y+ Bac—P2) <e

Thus F is semismooth, and from standard results (e.g., [Ito and Kunisch 2008, Th. 8.16]) we
deduce the following convergence result for the semismooth Newton method. For convenience
we set

x=(u,cy,p) € R™ xR x W)9(Q) x Wp9'(Q),
and similarly xy, 6x et cetera.

Theorem 11.4.2. For eachy > 0 the iteration DF(xy_1)(xx — Xx—1) = —F(xx_1) converges
superlinearly to x,, = (Wy, ¢y, Uy, py) provided that x, is sufficiently close to x.,.

The full procedure for the solution of problem (P, ) is given as Algorithm 11.1. Note that
Algorithm 11.1 contains as inner loop the semismooth Newton method and as outer loop the
increase of the penalty parameter y. The convergence of these two processes was analyzed
in Theorem 11.4.2 and Proposition 11.2.3 respectively. Here we choose a simple strategy
for increasing . In related contexts [Hintermiiller and Kunisch 2006] we proposed a path-
following technique which could be adapted to the present situation. The termination criterion
in step 10 is motivated by the following property of the semismooth Newton method.

Proposition 11.4.3. If X(Yx+1,Cii1) = X(Yx, ci) and X(Yxr1, Crr1) = X(Yx, i) holds, then
Xk+1 satisfies F(xy41) = 0.

This can be verified by simple inspection, and is shown in [Ito and Kunisch 2008, Rem. 7.1.1].
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y o x

(a) Geometric setup. (b) Uncontrolled state y°.

Figure 11.1: Model problem. The left plot shows the pollutant f, while the circles give the
observation domain wy (red) and the control domains wy, ..., w4 (black). The
right plot shows the uncontrolled state y© = A~ 'f.

11.5 NUMERICAL RESULTS

Here we give the results of some numerical tests for a model problem in two dimensions.
The geometric situation is given in Figure 11.1a: The circular observation domain w, (the
“town”) is situated in the center of the unit square [—1, 1]2. On one side, a contaminant given
by the function f = 100(1 + y)xx~.75} enters the domain. Around the town, m = 4 control
domains (“wells”) are spaced equally. We consider convective-diftusive transport, which is
described by the operator Ay = —vAy+b-Vywithv =0.1andb = (—1,0)7 (i.e., transport
parallel to the x-axis away from the source) with homogeneous Dirichlet conditions. The
uncontrolled state y°, which solves Ay® = f, is shown in Figure 11.1b.

The parameters were set to x° = 0,7 = 1,7 = 0.1,and ¢ = 10~7. The penalty parameter was
set to o = 107°. The differential operators were discretized by finite differences with N = 64
grid points. We give results for 1p; =y, = 0. Since the convergence behavior is very similar
in all test cases, we only show details for the motivating example of optimal L*°-constraints,
§11.5.3. A Matlab code implementing the algorithm for these examples can be downloaded
from http://www.uni-graz.at/~clason/codes/mininvasion.zip.
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11.5.1 UNILATERAL CONSTRAINT

We begin by considering the motivating example, which is the unilaterally constrained prob-
lem
min c* + x /2
ceRueR™ 2 22
s.t. Ay = f + Bu, Ylw, < cC.

The numerical solution can be obtained using the above algorithm by simply dropping the
min terms and setting all corresponding active sets to zero. Algorithm 11.1 terminated at
v* = 10°, using at most 8 (for y = 1) Newton iterations. The computed optimal control is
u* = (—0.0418744,—0.037166, —25.3717,—29.2032) " (shown in Fig. 11.2c), which results in
a minimal norm bound ¢* = 8.33217 - 10~*. Correspondingly, the maximum value of y* on
wo is 8.33217 - 10~*, while its minimum value is —0.565084 (cf. Figs. 11.2a, 11.2b). It can be
seen that only the controls acting on the control domains located between the source and the
observation domain are active. For completeness, we also show the Lagrange multiplier p*
for the pde constraint in Fig. 11.2d.

11.5.2 NON-NEGATIVITY CONSTRAINT

We next consider the case of minimizing an upper bound, while enforcing non-negativity of
the state, i.e., we set 3; = 1 and 3, = 0. Again, Algorithm 11.1 terminated at y* = 107, after at
most 7 Newton iterations. The computed optimal controlis u* = (70.5931, 58.8345, —17.0403,
—26.6347)7, which results in a minimal upper bound ¢* = 0.350723 and identical maximal
value of y* on wy. The minimal value of y* on wy is —1.67788 - 10~'°, within the prescribed
tolerance of ¢ = 10~7. Optimal state y*, difference y* — y°, optimal control u* and Lagrange
multiplier p* are shown in Figure 11.3.

We note that due to the non-negativity constraint, the controls near the contaminant inflow
cannot act as strongly as in example 11.5.1, and that the optimal control is no longer uniformly
negative. Thus the achievable upper bound is larger than in example 11.5.1.

11.5.3 L*° NORM CONSTRAINT

Finally, we consider the case 3; = 2 = 1, i.e.,, the L™ norm constraint problem (11.1.1).
The iteration terminated at y* = 107, using at most 7 (for ¢ = 1) Newton iterations. Ta-
ble 11.1 shows the distance d(y) := Ilc, — ¢y<|* + $lu, — uy-|3, which indicates that the
convergence rate proved in Proposition 11.3.3 is not optimal. For y = 1, the norm of the
residuals [F(xy)[; in the semismooth Newton method is given in Table 11.2, verifying the
locally superlinear convergence shown in Theorem 11.4.2. The computed optimal control
is u* = (22.4538,18.7443,—19.272,—28.7974)" which results in a minimal norm bound
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Y o X Y o x

(a) Optimal state y* (b) Difference y* —y°

y A1 « y A y

(c) Optimal control u* (d) Lagrange multiplier p*

Figure 11.2: Results for unilateral constraint (yl., < c).

Table 11.1: Convergence in y. Shown are the distances d(y) := Jlcy, — ¢y« > + $lu, — uy- 3.

Y 1€0 1e1 1e2 1€3 1e4 1e5 1e6 1e7 1e8

d(y) sa11e-4 1.85e-5 3.34e-7 3.37€-9 3.37e-11 3.37€-13 3.37€-15 3.30e-17  2.73€-19

Table 11.2: Convergence of semismooth Newton method. Shown is the norm of the residual
of (11.4.1) for the iterates x;.

k o 1 2 3 4 5 6

[F(xx)l2 2.62e+2 9.12e+1 1.34e+0 7.63e-1 3.26e-1 7.07e-2 2.85e-12
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y 4 X y 4 X

(a) Optimal state y* (b) Difference y* —y°

y A X y A4

X

(c) Optimal control u* (d) Lagrange multiplier p*

Figure 11.3: Results for upper bound minimization with non-negativity constraint ($; =1,

B2 =0).

c* = 0.202759. The corresponding maximum and minimum value of y* on wy is 0.202759
(a difference of —1.70265 compared to the maximum of the uncontrolled state y°) and
—0.202759, respectively. Again, optimal state y*, difference y* —y°, optimal control u* and
Lagrange multiplier p* are shown in Figure 11.4.
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y A « y A

(a) Optimal state y* (b) Difference y* —y°

y oA x y T X

(c) Optimal control u* (d) Lagrange multiplier p*

Figure 11.4: Results for L* norm minimization (37 = 3, = 1).
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A MINIMUM EFFORT OPTIMAL CONTROL
PROBLEM FOR ELLIPTIC PDES

ABSTRACT

This work is concerned with a class of minimum effort problems for partial differential
equations, where the control cost is of L*-type. Since this problem is non-differentiable, a
regularized functional is introduced that can be minimized by a superlinearly convergent
semismooth Newton method. Uniqueness and convergence for the solutions to the regularized
problem are addressed, and a continuation strategy based on a model function is proposed.
Numerical examples for a convection-diffusion equation illustrate the behavior of minimum
effort controls.

12.1 INTRODUCTION

We investigate the optimal control problem

1] x 2
min S|y — z[|f: + 5 Julli«

(12.1.1) uere 2 2
s.t. Ay=1u in Q,

where o« > 0, Q is a bounded domain in R™, A is a linear second order elliptic partial
differential operator of convection-diffusion type carrying appropriate boundary conditions,
and z € L?(Q). Problem (12.1.1) expresses the fact that we wish to determine the best possible
control u which steers the state y as close as possible to z, with minimum effort. We consider
(12.1.1) as a simple reference problem. The techniques to be presented here can certainly be
generalized in many aspects. In particular, the results are applicable if the controls act on
subdomains w strictly contained in Q. We shall frequently consider an equivalent formulation
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given by
min 1|| —z||%, + X2
cerners 2 ¥ T I TS
(12.1.2) s.t. Ay=u in Q,
[l < ¢,

where the nondifferentiability that appears in the cost of (12.1.1) is moved to the constraint set
of (12.1.2). This problem resembles a bilaterally constrained optimal control problem, but it is
different in that the bound on the control is itself a variable that is subject to minimization.
Below, we shall consider yet another reformulation involving a scaling of the control according
to u — cu. This will have the advantage that the constraint is not parameter dependent but
fixed, at the expense of a bilinear structure occurring in the transformed state-equation
constraint.

Problems involving L* control costs — so-called minimum effort problems — have received
rather little attention in the mathematical literature so far despite their obvious practical
relevance. This may be related to the obvious difficulty arising from the nondifferentiability
appearing in the problem formulation. We shall demonstrate that semismooth Newton
methods in a function space setting are an efficient method to overcome this difficulty.
Published investigations of minimum effort problems focus on the case of - mostly linear —
control systems in the context of ordinary differential equations. We particularly mention
[Neustadt 1962], where sufficient conditions for the optimal controls to be bang-bang are
given. In [Ben-Asher, Clift, and Burns 1989], numerical approaches to solve minimum effort
problems are discussed and applications to spacecraft maneuvers are given. The application of
semismooth Newton methods to minimum effort problems is presented in [Ito and Kunisch
2011]. In contrast, the corresponding problem for partial differential equations has been
studied less frequently (e.g., in [Zuazua 2007] and [Gugat and Leugering 2008] in the context
of approximate and exact controllability of heat and wave equations). In passing we also point
to a related but different class of problems, where instead of a bound on the controls, bounds
on the state are minimized. This type of constraints can be interpreted as minimal invasion
problems and was considered in [Priifert and Schiela 2009; Grund and Résch 2001] and
[Clason, Ito, and Kunisch 2010].

In section 12.2 we discuss existence and uniqueness of a solution to (12.1.1), and present the first
order optimality condition. Section 12.3 contains a regularization procedure that is the basis
for the numerical treatment by a semismooth Newton method together with a continuation
strategy based on a model function approach, all of which are investigated in section 12.4.
Numerical examples are presented in section 12.5.
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12.2 EXISTENCE, UNIQUENESS, AND OPTIMALITY SYSTEM

We first address well-posedness of the state equation. We consider the operator

n n

Ay=— ) d(ap(x)dy+d;j(x)y) + > b;(x)dy + d(x)y,

jrk=1 j=1

where the coefficients satisfy ajx € C%°(@) for some 6 € (0,1) and b;, d € L*(Q), and the
corresponding Dirichlet problem

Ay=g, inQ,
y=0, onadQ,

where the domain Q C R™, n = 2,3, is open, bounded with at least Lipschitz continuous
boundarydQ,and g € L?(Q) is given. If 0 is not an eigenvalue of A, this problem has a unique
solution in H}(Q). A sufficient assumption for this is the existence of constants A, A, v > 0
such that

NES < ajié & forall & € R™, Z laj kl* < A?

j,k=1

A2y (1517 4 1bs?) +A7"dl < d—3;d; >0, foralll<j<m,
j=1

(cf., e.g., [Gilbarg and Trudinger 2001, Th. 8.3]). In particular, this implies the existence of a
unique solution y € H}(Q) of the state equation Ay = u for any control u € L*(Q). We
further assume that the domain Q is sufficiently regular (e.g., 9Q is of class C"»' or Q isa
parallelepiped [Ladyzhenskaya and Ural’tseva 1968, pp. 169-189], [Troianiello 1987, Th. 2.24])
that in addition y € H2(Q) holds.

Consider now the minimum effort problem (12.1.2). Observe that (12.1.2) contains the implicit
constraint ¢ > 0. Except in the case ¢* = 0, problem (12.1.2) can equivalently be expressed by
rescaling the control u:

) 1 x
min {I(yw) =5ly—zli: + 502}

ceR,uelx®

@) s.t Ay=cu inQ,

<1 inQ.

By standard arguments, we obtain existence of a minimizer (y*,u*, c*) € H}(Q) x L®(Q) x
R, of (P). For ¢* = 0, any control u with |Juf[;. < 1 is a minimizer. The degenerate case
c¢* = 0 can be excluded if and only if J(y*, c*) < 3|z/|Z, with Ay* = c*u* and |Ju*[|;» < 1,
which will henceforth be assumed.
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For c* # 0, this solution is unique. In fact, if (c7,u;) and (c2,u;) are two (possibly different)
solutions to (P) with ¢; # 0 and c, # 0, then they are also solutions to (12.1.1), where
the cost can be expressed as F(u) = 1A~ "u — z||Z, + & ||u/[f.. Since A~ is injective,
u— 2||A7"u—z||?, is strictly convex. Furthermore, u — & [u||?.. is convex. Consequently,

u — F(u) is strictly convex on L*(Q) and hence u; = u, and consequently ¢; = c; holds.

Using standard subdifferential calculus (cf,, e.g., [Ekeland and Témam 1999]), we obtain the
existence of a Lagrange multiplier p* € H}(Q) satisfying the necessary optimality condi-
tions

(=p*u—u*);. >0 foralluwith ||ulj,~ <1,
act — (U, p*) 2 =0,
y —z+Ap" =0,

Ay* —c'u" =0.

(OS)

From the assumption on the regularity of Q, we have in addition p* € H?(Q).

By pointwise inspection of the first relation of (OS) we deduce that

1 ifp(x) >0,
u(x) =< —1 ifp(x) <0,
te[-1,1] ifp(x)=0

holds, which can be equivalently expressed as u = sign(p). Inserting this into the second
relation of (OS) and eliminating y and u from the last two relations, we obtain the reduced
optimality system

08) { AA™p* + ¢ sign(p”) = Az,

e’ — [p* 1 =0,
where the first equation should be interpreted in variational form, i.e., as
(AP, A™V) 2 + " (sign(p*), V)12 = (2, A"V)2
forallv € H)(Q) NH2(Q).

12.3 REGULARIZED PROBLEM

From (OS’), it is clear that the optimality system is not differentiable even in a generalized
sense. We therefore introduce the following regularization in Problem (%), where we again
only consider ¢ > 0:

2 Bc

. 1 o
min {Js(y»u»c) = 5l —zlfa + S lulii + —CZ}

ceER ,uel>®

2
(Pp) s.t.tAy=cu inQ,

luflie < T.
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As before, existence of a minimizer (yp,ug,cp) € H)(Q) x L®(Q) x R, follows from
standard arguments. The case cg = 0 is excluded by the assumption that J(y*, c*) < 3|z|%,,
where (y*,u*, c*) is the solution to (). In fact, if the cs-component of the solution to (Pg)

is zero, then

1

! Bep 04
slzlEs = 5lye —2lE + S luplts + 3¢
| * BC* * X . s 1
< EHU _ZH%Z =+ 7 Jw H%z =+ E(C )2 =TJ(y* ) < ZHZH%Z’

which gives a contradiction.

Due to the bilinear structure of the equality constraint in (P), uniqueness of the solution is
not obvious. The (technical) proof of the following statement is given in Appendix 12.A.

Proposition 12.3.1. If x > 0 is sufficiently large, then the solution (yg,ug,cg) to (Pg) is
unique for every 3 > 0. For any o« > 0 and given cg, the corresponding components ug,yg are
unique, and conversely cg and hence yg is uniquely determined by ug.

For cg > 0, we obtain the existence of a pg € HJ(Q) satisfying the necessary optimality
conditions for (Pp):

(Bug —ppyu—ug);2 =0 foralluwith [julj;. <1,
B
(OSB) xcp + EHuBH%Z - <uf5)pf5>]_2 = O>

yg —z+A'ppg =0,
Ayg —CﬁLLﬁ =0.

We have again by pointwise inspection of the first relation that

1 itp(x) > B,
u(x) = signﬁ(p)(x) =< -1 ifp(x) < —B,

FP(x) iflp(x) < B

holds. Using again the higher regularity ps € H?(Q), we can insert this into the second
relation of (OS) and eliminate y and u to obtain

{ AA P + cp signg (pp) = Az,

(08})
g ey —[Ipplly =0,

where we have defined

B
2
L I e e R
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Remark 12.3.2. The chosen regularization is motivated by the following consideration: We
can write (12.1.2) in the form

1
mcin (min §HA71LL — ZH%Z + I{||v||LOQ<C}(LL)) + %CZ)
Formally applying Fenchel duality for the inner minimization problem (where we consider
¢ > 0 fixed), we obtain by noting that the Fenchel dual of the indicator function of the L*°-ball
is the scaled L' norm

. 1, .. o
@) min (sup —3 1A% + 2f3: e pll, ) + 3¢
c p 2 2
Our regularization now amounts to replacing the non-differentiable L' -norm by the quadratic
approximation HpHLé, which has second (Newton-)derivatives and can be considered as

a Huber-type smoothing of the L'-norm. The optimality system for the regularized dual
problem (after replacing p by —p) is then given by (OS;). In Appendix 12.8, we compare
different regularization strategies, which will turn out to be less convenient.

Remark 12.3.3. The proposed approach can also be applied when the control acts on a proper
subdomain w C Q. Introducing the extension operator E,, from w to Q, we consider the
regularized problem

c

min . Jlhy— 2l + Bl 0 + 5¢
cERuel? (w) 2 B2 TR g

2
s.tt Ay=cE,u inQ,
[l ) < T

with the necessary optimality conditions

c(Pu—ELp, T — U2,y =0 forallttwith [[ff ) <1,
P :
xc + E Hu”iZ(w) — <u,p>]_2(w) = O lfC > O)
y—z+A"p =0,
Ay —cE,u =0,

where E}, denotes the restriction operator to w. By case discrimination and pointwise inspec-
tion we can again obtain the reduced optimality system

AA™p + csigng (XwP) = Az,
oce — [xwplley, =0,

where x, = EE}, is the characteristic function of w. The solution to this system can be
computed using the semismooth Newton method described in section 12.4.1 after changing
the definition of the active and inactive sets to A, N w, A_ N w and J N w, respectively.
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We next address the convergence of solutions to (Ps) as f — 0. First, we show monotonicity
properties of the solutions with respect to f3.

Lemma 12.3.4. For 3 > 0 let (yg,up,cp) denote any solution to (Pg) and let (y*,u*,c*)
denote the solution to (P). Then for any 3 < ' we have that

(12.3.1) corlluprlltz < cplluplliz
(12-3-2) I(yf?ncﬁ) < ](U[ﬁ’)cfi )
Pc
(1233) J(yprep) + 5 llugllfz < J(y” i

Proof. For 0 < 3 < 3’ (where ¢y = c* etc.) we have that

I?) BC /
Jyp,cp) + —||ursH <J(yprcpr) + 2 Jug |2
2

which implies

Bep (B~ B)e B'cp
(123.4)  Jlypscp) + 50 uplts + 5 luprlIf: < Jwprnep) + =5 g2
/
C
<J(yg,cp) S

From the outer inequalities we deduce that

(B—B) (cprlupllfz —cpllupliiz) <O,
which implies relation (12.3.1).

From the first inequality of (12.3.4), we obtain

J(ye,cp) = J(yprycp) < B (cpllup itz —cprllup i) <O,
and relation (12.3.2) follows.
Finally, relation (12.3.3) is a consequence of the second inequality of (12.3.4) by setting 3 = 0
and B’ = B. [
We can now show strong subsequential convergence of minimizers of (Pp).

Proposition 12.3.5. Any selection of solutions{(yp, up, cp)}lp=o0 of (Pp) is bounded in H} (Q) x
L*(Q) x R,. For  — 0, it converges weakly-x to the solution to (P), and the convergence is
strong in H}(Q) x L9(Q) x R, forany q € [1,00).
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Proof. Since (y,u,c) = (0,0,0) is feasible for the constraints in (P), we have
lyp —zllf2 + Bepllupllt: + ach < |l2ll7

and hence {cp}p~0 is bounded. The family {ug}s~0 is bounded by 1 in L*°(Q) and conse-
quently {yp}p~o is bounded in H}(Q) for any q € [1, c0).

Hence there exists (,1, ¢) € H}(Q) x L*®(Q) x R, such that, on a subsequence denoted by
the same symbols, (yg,up,cp) —* (7,1, ¢) holds in H{(Q) x L=(Q) x R. Passing to the
limit in the variational formulation of Ays = cgup, we find that Aj = ¢ti. By the weak lower
semicontinuity of the L*-norm, we have that ||t/ < 1. Weak lower semicontinuity of ]
from [?(Q) x L?(Q) x R, — R implies that (7, i, ¢) is a solution to (). Since the solution
to () is unique, (7, 1, ¢) coincides with (y*, u*, c*) and the whole family {(ygs, ug,cg)lg=0
converges.

To show strong convergence, we insert the weak limit (u*, c¢*) in the inequality (12.3.1) (setting
B = 0) to deduce from the lower semicontinuity of the norm that

cpllug 2 < ¢*[lu 2 < liminf cplug%

holds. From this, we deduce

lim sup |[ug|/?, < [[u*||?> < liminf [[ugl|?,
Bp—0 p—0

and hence strong convergence in L?(Q) - and thus in L9(Q) for every q € [1, c0) as well -
of the subsequence ug to u*. This also implies the strong convergence of yg = A~ ' (cpugp)
in H}(Q). O
Inserting (y*, u*, c*) into (12.3.3) (setting 3 = 0) yields

0<J(yp,cp) —Jy"c™) < B e[z —cpllupllez) -

From the strong convergence of ug, we therefore obtain the following convergence rate
result.

Corollary 12.3.6. As 3 — 0, it holds that

Jlyp,cp) —J(y*,c*) = o(B).

12.4 SOLUTION OF OPTIMALITY SYSTEM

In this section, we discuss the computation of approximate minimizers of (P). The first
subsection is concerned with the solution for fixed 3 > 0 of the regularized optimality system
(OSp). We then propose a continuation strategy in 3 where the stopping criterion is based
on a model function.
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12.4.1 SEMISMOOTH NEWTON METHOD

For the numerical solution of the regularized problem (Pg), we consider the reduced opti-
mality system (OS}) as an operator equation T(p, c) = (0,0) for

AA™p + csi _A
T:W xR, - H Q) xR, (p,c)b—>< P+ csigny (p) Z),

e — [[plly

where W := H(Q)NH?(Q) and H?(Q) := (W)*. Obviously, T is differentiable with respect
to c. We next argue Newton differentiability of T with respect to p. First observe that

signﬁ(v) = %(v —max(0,v— ) — min(0,v+ ))

and recall (e.g., from [Ito and Kunisch 2008, Th. 8.5]; see also [Schiela 2008]) that for any
B € R, the function z — max(0,z — B) is Newton differentiable from LP(Q) to L9(Q) for
any p > q > 1 with its Newton derivative in direction h given pointwise by

h(x), ifv(x) > B,

(DN max(0,v—B)h)(x) = {O, ifv(x) < B.

An analogous statement holds for the min function. The function sign; is thus Newton
differentiable from LP(Q) to L9(Q) as well, where the Newton derivative of sign,; is given
by

| o, if [p(x)| > B,
(DN 51gnB(P)h) (x) = {%h(x), if [p(x)] < B.

Since the mapping P : R — R, t ~ [t[4, is differentiable with globally Lipschitz continuous
derivative t — sign; (t), { defines a differentiable Nemytskii operator from LP(Q) to L2(Q)
for every p > 4 (see, e.g., [Troltzsch 2010, Chap. 4.3] and the references therein). This yields
the Newton differentiability of ||- HLE from L?(Q), p > 4, to R, with Newton derivative

Dn(llplley ) = {signg (p), )12

The Newton differentiability of T thus follows from the smoothing properties of AA*.
Defining the active and inactive sets by
Ar={xeQ:p*x) > B},

A-={xeQ:p*x) <—-B},
A=A, UA, T=0\A
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with indicator functions x4, ..., Xs, @ semismooth Newton step consists in finding dp, ¢
for given p*, c* such that

AA*EP + ¢ 5x30p + signg (p¥)6c = —(AA"p" + csigng (p©) — Az),
04 { xsc — {sign, (p*), 5p) = —(ac® — [p¥]lyy)
holds.
We now show that the Newton system (12.4.1) is uniformly invertible for fixed 3 > 0.

Proposition 12.4.1. For each (p,c) € W x R, the mapping M : W x R — H2(Q) x R,

AA*SP + cxs0p + sign, (p)dc
M(8p, 5¢) = BX B
P ( e — (signg (p), 5p)

is invertible, and there exists a constant C > 0 independent of (p, c) such that there holds

M~ < C.

Proof. Due to the regularity of Q, we have that A* acts as an isomorphism from W to a closed
subspace of L2(Q). It thus suffices to observe that

c
((8p, 8¢), M(8p, 8¢c)) = ||A*Sp||7. + EHépxngz + adc? > 0
for (&p, dc) # 0, independent of p and ¢ > 0. [

Thus, system (12.4.1) is semismooth, and from standard results (e.g., [Ito and Kunisch 2008,
Th. 8.5]) we deduce the following convergence result for the semismooth Newton method.

Theorem 12.4.2. For every «, 3 > 0, the Newton iteration (12.4.1) converges superlinearly to
the solution (pg,cg) of (OS}), provided that (p°, c®) is sufficiently close to (pg, cp).

The following finite termination property (e.g., [Ito and Kunisch 2008, Rem. 7.1.1]) will be
useful in formulating a continuation scheme in {:

Proposition 12.4.3. If AX™" = AX and AT = A holds, then T(p*',c**1) = 0.
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12.4.2 CONTINUATION STRATEGY FOR B

While Theorem 12.4.2 guarantees locally superlinear convergence for every 3 > 0, in practice
the region of convergence for the semismooth Newton method shrinks with decreasing /3.
In order to compute a good approximation of the original minimum effort problem (), we
make use of a continuation approach: Starting with large 3,,, we compute the minimizer
(pg..,cp,)> decrease (3, by a given factor q., and compute the corresponding minimizers
(Pposrs Cpoy, ) Starting from the initial guess (p°, c®) = (pg.., cp..)- If the Newton iteration
did not converge after a fixed number of iterations (as determined by the change in active
sets), we increase the reduction factor by setting g1 = (qm )" for a fixed t < 1 and restart
the iteration with new f3,, = qm+1PBn_1-

Let us address the optimal stopping of the decrease of the regularization parameter. For very
small values of B there is little change in the value of cg and cglug||f,. This observation
from numerical tests can be used to develop a stopping rule based on a model function.
From Lemma 12.3.4 it is known that  — cg||ug||f, is monotonically decreasing. Let j1 > 0
denote the desired efficiency level of the regularization term. Then the stopping parameter
is chosen such that

calluglis > pe|[u(lz..

Since ¢* and u* are unknown, we propose to introduce a model function m({3) which ap-
proximates 3 — cpljug||f,. The specific choice we make is

Ky

(12.4.2) TI'L(B) = m

Since c*||u* ||, is finite, we can expect that 0 < K; < co and 0 < K; < co. The constants
K1, K3 can be determined by interpolation from evaluations with two successive solutions to
(Pg). The continuation is then stopped if

2
Cpallup, Itz > pma(0)
is satisfied, where m,, is constructed from the interpolation conditions at 3,, and ,,_1.

The choice (12.4.2) for m is based partly on numerical experience and partly on the following
heuristic considerations. The necessary optimality condition implies that

0=cA 'u—z+ BAu,

where we ignore the inequality constraint on u. Considering A as a scalar variable, rather
than as an operator, and denoting it by a henceforth, we have

(12.4.3) (ca?+plu—a'z=0.

Here we may consider u as the value of u(x) at some x where the constraint is not yet
active. The range of interest for creating the model function covers small values of 3, where
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Algorithm 12.1 Path-following semismooth Newton method

1: Choose B0, qo, t, ks, 1t
2: Set (co,Po) = (0,0),n=0,9=qo

3. repeat > continuation in 3
4 Setk =0,p° = pn,c® =cn

5: repeat > semismooth Newton method
6: Compute active sets A%, A*

7 Solve Newton system (12.4.1) for dp, dc and set

p =p 4+ 8p, M =ck406c, ke k+1

8 until (A% =A% "Tand A¥ = A ") ork >k,
o if (AX £ A T or A* #£ A1) then

10: Setq < (q)% Bn =qPBn_1 > increase [3, restart Newton iteration
11 else

12: Set i1 =qPn > decrease 3
13: Setpni1 =pS cnpr =cn e n+1 > accept computed step
14: Compute u,, = signg (pn)

15: Determine m,, () from (BrycnllunllZ2)y (Bno1ycn_1llun_1].)

16: end if

172 until ¢ |[u, |7, > pm, (0)

numerical results show little dependence of cg on 3. Assuming therefore that c is a constant,
and differentiating (12.4.3) with respect to (3, we obtain

d
2
(ca +B)d—ﬁu+u 0.

The solution to this ordinary differential equation is given by u =
m(B) as a model function for cg||ug||f,.

Tﬂg This suggests using

The full procedure for the numerical approximation of the solution to (P) is given as Algorithm
12.1.

Remark 12.4.4. The convergence of the path-following method can be accelerated by starting
with a damped Newton iteration (cf. [Sun and Zeng 2010]), where we only take fractional
Newton steps. In our experiments, a sequence of step sizes T = 15 showed good results.
While this modification is not necessary for the convergence of the method, it allows larger
steps in the decrease of 3. The benefit depends on «, from about 20% performance increase
for &« = 1072 to about 80% for « = 10°. Since the focus of this work is not on optimal
performance of the numerical solution, the examples shown below do not make use of this

damping strategy.
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Figure 12.1: Target functions

12.5 NUMERICAL EXAMPLES

To illustrate the features of the optimal controls arising in the minimum effort problem, we
consider convective-diffusive transport, which is described by the operator Ay = —vAy +
b - Vy with v =0.1Tand b = (—1,0)" with homogeneous Dirichlet conditions on the unit
square [—1,1]2. We show results for two target functions

zi1(x,y) = X{x24y2<1/2)X{x24+y2>1/32}

1
z22(x,y) = X{(x—0.5)24(y+0.2)2<1/32} T 7 X{(x+0.2)2+(y—0.3)2<1/16}

which are shown in Figure 12.1.

The parameters in Algorithm 12.1 were set to By = 1, qo = 107", t = 0.5, k, = 10, and
i = 0.99. The differential operators were discretized using finite differences on a uniform
grid with N = 256 nodes in each direction. A Matlab function implementing Algorithm 12.1
can be downloaded from http://www.uni-graz.at/~clason/codes/mineffort.m.

We first compare the optimal (scaled) controls (cu), = c*u* for different values of . The
controls and corresponding states y, are shown in Figure 12.2 for the target z; and in Figure
12.3 for the target z,. The bang-bang nature of the minimum effort control can be seen clearly.
The optimal L™ bounds c are given in Table 12.1. In all cases, the optimal control 1 is
feasible, i.e., max(uy) = —min(uy) = 1. According to the model function, the continuation
was stopped around 2 - 1077 in all cases except for target z; with o« = 5 - 1073, where the
iteration was terminated at 2.4 - 10~°.

We illustrate the convergence behavior with respect to 3 exemplarily for the target z, and
o =5 1072 in Figure 12.4. Figure 12.4a shows the iteration history of ¢, where every circle
represents a computed value. Figure 12.4b illustrates Corollary 12.3.6 by plotting the difference
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0 = e ) e 05
k\\/,/(("
y 44 .
() ug x=5-10"° Yoo x=5-107

Figure 12.2: Optimal controls u, and states y for the target z; and different c.
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(a) ug, x=5-10"3 (b) Yo x=5-10"3

() ug x=5-10"° Yoo x=5-107

Figure 12.3: Optimal controls u, and states y, for the target z, and different «.
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0.95
0.9
0.85
0.8
0.75
0.7
0.65
0.6
0.55
0.5
0.45
0.4
0.35
0.3
0.25

B
I(yﬁvcﬁ)‘l(yﬁ*»cﬁ*)

(a) optimal L*° bound cp (b) difference J(yp, cpg) — J(UB > CBmin )

Figure 12.4: Illustration of the convergence behavior with respect to 3. Every circle corre-
sponds to a computed step in the continuation method.

between the current functional value J(3) = J(yg, cg) and the final computed value of J(f3,,).
We point out the asymptotic superlinear decay as 3 — 0.

We indicate the superlinear convergence of the semismooth Newton method by fixing =
5-10~% and computing pg, cs from the starting guess (po, co) = (0,0) (again, for target z,
and o = 5-1073). Table 12.2 shows the norm of the residual || T(p*, ¢*)||; in the semismooth
Newton method, verifying the locally superlinear convergence shown in Theorem 12.4.2.

Finally, we consider the effect of the geometry of the control domain on the optimal control
and state. For this, we choose the target z3(x,y) = 1, set b = (0, 0) and compare subdomains
of equal area on which the control is allowed to act (cf. Remark 12.3.3): The control domain
Wy, consists of 1,4 or 9 uniformly distributed squares whose areas each sum to 1 (see Figure
12.5). The penalty parameter was fixed at o« = 1073, and to allow quantitative comparison, the
continuation in 3 was terminated in each case when B < 1077 was satisfied. The resulting
controls and states are shown in Figure 12.5, and the corresponding optimal L*°-bound c* are
4.1039, 4.3707 and 4.6298, respectively.

Table 12.1: Optimal L*-bounds c for targets z; (left) and z, (right) and different «.

«x 5-1073% 5.100*% 5.10°3 « 5-103 5.10% 5.10°3
Co 1.9622 44236  9.8518 cr 08788 2.6066 6.8161
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Y R x

Y o X Y o x

Y oo X y oo x

(e) optimal control (cu) for control domain w3 (f) optimal state y for control domain w3

Figure 12.5: Optimal controls (cu) and states y for the target z3 = 1 and different control
domains (x = 1073).
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Table 12.2: Convergence of semismooth Newton method. Shown is the norm of the residual
of (12.4.1) for the iterates (p*, c*).

k 0 1 2 3 4 5 6 7 8
IT(p*,c®)||= 174 6.75 1.93 0.584 0.197 0.0224 2.36-107* 1.62-1077 1.12-10°"°

12.6 CONCLUSION

A semismooth Newton technique based on an appropriate regularization was analyzed and
investigated numerically for a class of minimum effort optimal control problems for elliptic
equations. The numerical results show that while the unregularized minimum effort controls
can be expected to be of bang-bang type, the regularized controls mostly assume values on the
boundary of the admissible control set and are zero on open subsets of the control domain.
This sparsity property could be of practical interest in itself, and can certainly be the focus of
further investigations.

ACKNOWLEDGMENTS

The research of the first and last named authors was supported in part by the Austrian Science
Fund (FWF) under grant SFB F32 (SFB “Mathematical Optimization and Applications in
Biomedical Sciences”). The research of the second named author was partially supported by
the Army Research Office under DAAD19-02-1-0394.

12.A°  PROOF OF PROPOSITION 12.3.1

It will be convenient to introduce the reduced cost

Be

T,
Flu,¢) = SIA™ (ew) —z[[{2 + 5

with the corresponding optimality conditions

cp (Bug —A"z+cgA A Tug,u—ug), >0 forall |lull. <1,
(12.A.1) B 5 ., B 5
acp + 5 f[uplliz = (up, A772) +epllATTupllt. = 0.
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To apply a Taylor expansion of F, we compute the partial derivatives of F at (ug, cg):

Fuuw = cgA A~ + Begl,
Fee = HA_]uﬁHLZ +
Fuc = ZCBA’*A’1uB — A7z + Bug,
Fuue = 2cgA*AT" + B,
Feew = 2A*A Tug,
Fuucc - ZAi*Aila
with Fece, Fuuw, the remaining fourth-order and all higher-order derivatives being zero.

Now let (u, c) be any admissible pair and set

i =u—ug, Cc=c—cg.

Applying Taylor expansion of F(u, ¢) at (ug, cg) and making use of (12.A.1), we find that
(12.A.2)

2
C N
F(u,c¢) —Flug,cp) = cg (Bug —A "z+cgA A ug, i), + TBHA_]UH%Z
Bc
R a2, + —HA "ug |2 + oe?

<f5u[3—A ‘z4cgATTA ug, ), €
+cp (ATFAT uﬁ,v>ch—|—cﬁ||A )2,¢

+ (A Tug, AT L € —HA—1 AHZ 2

2
> Bl + Bies + Q10 + 5 (A gl + 0 €
+cp (A Tug, AT, 4 cpl|AT 1uHch
+ (A ug, A1) L ¢+ %HA%\LH@eZ
2
>3 (1= 1) 1A + B+ oo
3 (anllA g ) €,
where we have used that
(A7 ug, A7), = (VA Tug, (V) TTATI L > —%IIA’WBII@ - ;—nl\Amlfz
for everyn > 0.

Let K = sup {|[A~"u||Z, : [[ul|;~ < 1}. Then the factors in front of [|A~"{i[|Z, and €% are
non-negative if 1 = 1 and o > K? holds. Under this condition, we have that

(12.A.3) F(u,c) — Flug,cp) > %(CB +C HuHLz + (x—K?)e? + cngA HLZ/C‘
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Now for fixed § > 0, let (up,cp) and (up, cp) be two solutions to (Pg). Without loss of
generality, we may assume that ¢y > cg. Taking (u,c) = (ug, cg ), we deduce from (12.4.3)
that (ug, cp) = (up, cp). Moreover, if for two possibly different solutions we have cg = cg,
then from (12.A.2) with anyn > 1 we find ug = u;. Conversely, if ug = uj holds, then by
choosing 0 <m < ¥ we obtain cg = cj;.

12.B COMPARISON OF REGULARIZATIONS

In this section we compare the chosen regularization strategy, where the penalty term is
scaled linearly with c, with two alternatives where the penalty term is constant or quadratic
in c. We restrict the discussion to the case ¢ > 0. First, we consider the regularization

od

1
min 2y — 2l + 5l + 5

ceR, ,uelL™®
s.t Ay=cu inQ,

Jull < 1.
The corresponding optimality system is

OepPpu—cp+ aI{HuHLw<1},

0 =ac—(u,p),
0=y—z+A"p,
0=Ay—cu.

Again, we can rewrite the first two relations by pointwise inspection as

1 ifep(x) > B,
u(x) = signg(cp)(x) = ¢ =1 ifcp(x) < —B,
Lep iflep(x)| < B
and
1 c 2
se=clepllpi= | Ipaldx 5| pproex
c {lcpl>B) B Jiepi<p

to obtain the reduced system
AA"p + csigng(cp) = Az,

1
__ -0
ac = [leplly =0,

Observe that now we have the product of ¢ and p in the smoothed terms. If we formally
compute the semismooth Newton step by fixing one variable and differentiating case by case,

212



12 A MINIMUM EFFORT OPTIMAL CONTROL PROBLEM FOR ELLIPTIC PDES

we obtain (setting A, = {x € Q: cp(x) > 3} and so on) the system

{ AA*SD + czlxgép +(Xa, —Xa_ +2 ckpk)é —(AA"P* + csign, (p*) — Az),

xde —((xa, —Xa_ + 3 2 c*p“), 8p) — EHP Xllr26¢ = —(ae — Hpk||l_}5)-

To show that this deﬁnes a positive definite operator, we would now need to argue that the
term (o — Hp Xs||72) is positive.

On the other hand, we can regularize with the scaled control cu, which leads to

ERTue]_oo _Hy ZHLZ + 5 HCLLHLZ + E
s. t. Ay =Ccu in Q)

uflie < T.

The corresponding optimality system is

0 € Bc*u—cp + Ay weiy
0= ac + pefulffs — (u,p),
O0=y—z+Ap,
0=Ay—cu

Pointwise inspection then allows expressing the first two relations as

1 if p(x

> fc,
u(x) =sign, (p)(x) = < 1 ifp(x) < —Pc,
1

L) iflp(x)] < Be

)
)

and
i zj (Ip(x)| - Be) dx
{lpl>PBc}

The reduced optimality system is thus
AA’p + csigng (p) = Az,
wc—| (ol Be) dx =0,
{lpI>pc}

Here, we have ¢ appearing in the definition of the smoothed functions.
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INVERSE PROBLEMS WITH NON-GAUSSIAN
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A SEMISMOOTH NEWTON METHOD FOR L'
DATA FITTING WITH AUTOMATIC CHOICE OF
REGULARIZATION PARAMETERS AND NOISE
CALIBRATION

ABSTRACT

This paper considers the numerical solution of inverse problems with an L' data fitting term,
which is challenging due to the lack of differentiability of the objective functional. Utilizing
convex duality, the problem is reformulated as minimizing a smooth functional with pointwise
constraints, which can be efficiently solved using a semismooth Newton method. In order to
achieve superlinear convergence, the dual problem requires additional regularization. For
both the primal and the dual problem, the choice of the regularization parameters is crucial.
We propose adaptive strategies for choosing these parameters. The regularization parameter
in the primal formulation is chosen according to a balancing principle derived from the model
function approach, whereas the one in the dual formulation is determined by a path-following
strategy based on the structure of the optimality conditions. Several numerical experiments
confirm the efficiency and robustness of the proposed method and adaptive strategy.

13.1 INTRODUCTION

This work is concerned with solving the inverse problem
Kx =y,

where K : L?(Q) — L?(Q) is a bounded linear operator, Q C R™ is a bounded domain, and
y® € L?(Q) are noisy measurements with noise level |[y"—y?®|| 1 < & (y' being the noise-free
data). This problem is ill-posed in the sense of Hadamard, and in particular, the solution
often fails to depend continuously on the data. The now standard approach is Tikhonov
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regularization, which typically incorporates a priori information and amounts to solving a
minimization problem of the form

:
zHKX _QSH%Z(Q) + aR(x)

where R is the regularization term, and « is a regularization parameter determining the
relative weight of these two terms. The choice of the regularization term R is application
dependent, and in the sequel, we shall focus on the choice R(x) = I||x||?,, which is suitable

for smooth solutions.

The classical Tikhonov regularization uses a L data fitting term, which statistically speaking
is most appropriate for Gaussian noise. The success of this formulation relies crucially on
the validity of the Gaussian assumption [Karkkiinen, Kunisch, and Majava 2005] (no heavy
tails and the noise distribution is symmetric); in some practical applications, however, the
noise is non-Gaussian. For instance, the noise may follow a Laplace distribution as in certain
inverse problems arising in signal processing [Alliney and Ruzinsky 1994]. Noise models of
impulse type, e.g. salt-and-pepper or random-valued noise, arise in image processing because
of malfunctioning pixels in camera sensors, faulty memory locations in hardware, or trans-
mission in noisy channels [Bovik 2005], and call for the use of L' data fitting. The advantage
of using the L' norm is given by the fact that the solution is more robust when compared
to the L? norm [Huber 1981]. In particular, a small number of outliers has less influence on
the solution, whereas the L% formulation needs some extra processing stage utilizing robust
procedures to locate the outliers [Rousseeuw and Leroy 1987]. These considerations motivate
the formulation

(0.8
Jo6) = [Kx =yl + S [x]lt.

Recently, minimization of cost functions involving L' data fitting have received growing
interests in diverse disciplines, e.g. signal processing [Alliney and Ruzinsky 1994; Alliney
1997],image processing [Nikolova 2002; Nikolova 2004; Chan and Esedoglu 2005; Kérkkdinen,
Kunisch, and Majava 2005] and distributed parameter identification [Chaabane, Ferchichi,
and Kunisch 2004]. Alliney [Alliney 1997] studied the properties of a discrete variational
problem and established its relation with recursive median filters. Nikolova [Nikolova 2002]
showed that in L' data fitting for discrete denoising problems, a certain number of data points
can be attained exactly, and thus theoretically justified its superior performance over the
standard model for certain type of noise. Chan and Esedoglu [Chan and Esedoglu 2005]
investigated the analytical properties of minimizers and their implication for multiscale image
decomposition and parameter selection in the context of total variation image denoising.
These results were recently extended and refined by a number of authors [Yin, Goldfarb, and
Osher 2007; Allard 2007/08; Duval, Aujol, and Gousseau 2009].

Numerical methods for the solution of L! data fitting problems have also received some
attention, see for instance [Kérkkéinen, Kunisch, and Majava 2005] (an active set algorithm

216



13 A SEMISMOOTH NEWTON METHOD FOR L' DATA FITTING WITH...

for denoising), [Fu et al. 2006] (an interior point algorithm for image restoration problems),
[Rodriguez and Wohlberg 2009] (a generalization of the classical iteratively reweighted least
squares method), [Yang, Zhang, and Yin 2009] (an alternating minimization algorithm for
color image restoration), and [Chan, Dong, and Hintermiiller 2010] (a primal-dual algorithm
for image restoration). Note that these studies focus on structured matrices, e.g. identity or
(block) Toeplitz, instead of general (infinite-dimensional) operators. Except [Kérkkdinen,
Kunisch, and Majava 2005], the above-mentioned works focus on total variation regularization
because of their interests in image processing.

This paper focuses on the efficient numerical solution of the L' (Q) data fitting problem in
infinite dimensions using a semismooth Newton method and on the automatic choice of the
regularization parameter with a model function approach. Semismooth Newton methods
were applied to inverse problems with L'-type functionals in, e.g., [Griesse and Lorenz 2008]
(for sparsity constrained £2-minimization) and [Dong, Hintermiiller, and Neri 2009] (for ' -tv
image restoration). One particular advantage of semismooth Newton methods in function
spaces [Hintermdiller, Ito, and Kunisch 2002; Ulbrich 2002; Ito and Kunisch 2008] is their
mesh independence (i.e., the necessary number of iterations is independent on the problem
size). The model function approach was originally proposed for efficiently solving Morozov’s
discrepancy equation [Ito and Kunisch 1992; Kunisch and Zou 1998; Xie and Zou 2002].
However, the discrepancy principle requires an accurate estimate of the noise level 5, which
might be unavailable in practice. Therefore, it is useful to estimate the noise level and to
develop heuristic parameter choice rules based on this estimate. In [Kunisch and Zou 1998] it
was suggested to estimate the noise level using an iterative approach involving model functions.
Numerically, it was observed that the method gives an excellent approximation of the noise
level & after two or three iterations. However, the method was formulated for least-squares
data fitting problems, and also the mechanism of the iteration remained unexplored.

Our main contributions are as follows. Firstly, we propose and analyze an efficient semismooth
Newton method for solving the L' data fitting problem. Secondly, we derive heuristic choice
rules for the regularization parameters in the primal and dual problems based on the idea
of balancing, which do not require knowledge of the noise level. Thirdly, the convergence
property of a fixed point iteration for the automatic parameter choice is investigated.

This paper is organized as follows. In section 13.2, we treat the primal and a dual formulation
of the problem. The regularizing properties, especially the convergence rate results for a priori
and a posteriori parameter choice rules, are shown, and optimality conditions are established.
Section 13.3 is devoted to the solution of the dual problem using a semismooth Newton
method. The additional regularization guaranteeing superlinear convergence is discussed
in § 13.3.1, while § 13.3.2 concerns the convergence of the semismooth Newton method. Our
adaptive rules for choosing regularization parameters in the primal and dual problems are
presented in section 13.4. We conclude with several numerical experiments involving test
problems in one and two dimensions.
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13.2 PROPERTIES OF MINIMIZERS

13.2.1 PRIMAL PROBLEM

In this section, we consider the properties of the primal problem

. a 2
«(x) = [|[Kx —y° = }
(P) min {3 () = [IKx =y [[ria) + 5 Xl

The functional g is strictly convex, and thus has a unique minimizer x . The next result, whose
proof is rather standard and is thus omitted [Engl, Hanke, and Neubauer 1996], summarizes
the regularizing property of the functional . For the next result as well as for Theorem 2.3
and Theorem 2.4, we shall assume that the noise free data y is attainable, i.e. there exists
some x' € L?(Q) such that y = Kx.

Theorem 13.2.1. For each fixed «, there exists a unique minimizer x to the functional
which depends continuously on the data y®. Moreover, if the regularization parameter o satisfies
o — 0, and iflims_,o+ 8/ = O, then x, converges to x', a minimum norm solution of the
inverse problem, as & — 0.

We also need the following results on properties of the value function
5 x 2
Fla) = [[Kxa — Pl + Slxali

The proofs can be found in [Ito, Jin, and Zou 2011; Jin, Zhao, and Zou 2012].

Theorem 13.2.2. The functions |[Kxo —y®|1 and ||x«||7, are continuous, and, respectively,
monotonically increasing and decreasing with respect to « in the sense that

(o1 — o) (|| Kxg, _95HU — KX _96||U) > 0,

(o — o) ([|xa, 172 = [[Xoc, [I£2) < 0.

The value function F() is continuous and increasing, and it is differentiable with derivative

1

Flo) = 5

‘XocH%_Z'

The next result shows a convergence rate result for a priori parameter choice rules under
certain source conditions. To explicitly indicate the dependence of the minimizer x, on the
data y®°, we shall use the notation x5, for the next two results. We will also assume that the
following source condition holds: There exists some w € L*(Q) such that the exact solution
x! satisfies

(13.2.1) xI = K*w.
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Theorem 13.2.3. Assume that the source condition (13.2.1) holds. Then for sufficiently small &
and o« = O(5%) with € € (0, 1), the minimizer x5, of the functional J satisfies

XS = x| < 877"
Proof. By the minimizing property of x5, we have
1322) (K —y®lo + SRR <K =P+ Sl < 84 ST
Therefore, we have
K0 =yl + S (R = 71 = 20, =x) < 8 = e, x5, =),
ie,
K% =Pl + Sl =X <8 — e, & =),
Now by the source condition (13.2.1) and the triangle inequality we have
K% =P s + Sl =T < 8 — elKrw, x§ —xT)
=5 — a(w, Kx2 —yT)
<8+ ol ([Kxg = y? [l + ly® —yTle).
Rearranging the terms gives
(1= il ) K, —y®l + Sl =TI < (14 owilu=)s.

The desired convergence rate now follows using o« = O(5¢). ]

Next we consider Morozov’s classical discrepancy principle [Morozov 1966], which consists
in choosing « as a solution of the following nonlinear equation

(13.2.3) ||Kx§c — UéHU = cd,

forsome c > 1. Under the condition thatlimy_,o+ ||Kxo—y®||;1 < cdand thatlimg o [|[Kxe—
Yollur = [[y®|lr > cd, there exists at least one positive solution to Morozov’s equation (13.2.3),
which follows from the continuity and monotonicity results, see Theorem 13.2.2.

In contrast to a priori choice rules, the discrepancy principle yields a concrete scheme for
determining an appropriate regularization parameter, and is mathematically rigorous in that
consistency and convergence rates can be established [Engl, Kunisch, and Neubauer 1989;
Engl, Hanke, and Neubauer 1996]. Its applicability for J, follows directly from the results in
[Jin, Zhao, and Zou 2012].

The next result shows a convergence rate result for the discrepancy principle. We point out
that there have been few convergence rate results for discrepancy principle for Tikhonov
functional other than the classical L?-1? formulation.
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Theorem 13.2.4. Assume that the source condition (13.2.1) holds, and that the regularization
parameter o« = «(0) is determined according to the discrepancy principle. Then the minimizer
x5 of the functional J ,, satisfies

X3 = xT[|12 < 2(c + 1) |wl|1=]252.
Proof. Relation (13.2.2) together with Morozov’s equation (13.2.3) for «(d) gives

etz < [IxHIz2,

from which it follows that

g, = xF[I72 < 20T, xT —x§) = 2(K*w,xT —x3)
< 2wl [ KT = Ko [l s
< 2| wfs (KX = y°ffur + [[Kxg = y°lur)
< 2||wl|1= (8 + ¢d),
again by (13.2.3). This yields the desired estimate. O

13.2.2 DUAL PROBLEM

In this section, we consider the problem

. 1 2 5

— |IK* —

%) nin o IK*pllt2 = (P, y")r2
st Il <1,

which we will show to be the dual problem of (P).

Theorem 13.2.5. The dual problem of (P) is (P*), which has at least one solution, and the
solutions x, € L*(Q) of (P) and p, € L2(Q) of (P*) are related by

( ) K'po = aXq,
13.2.4
0 < (Kxq _96>p —Pa)i2

forallp € L2(Q) with ||p||;~ < 1.

Proof. We apply Fenchel duality [Ekeland and Témam 1999], setting

F:12(Q) — R, F(x) = % X172
G:12(Q) > R, 5(x) = Ix—y°|v1,
A:T2(Q) = L2(Q), Ax = Kx.
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The Fenchel conjugates of ¥ and G are given by

1
* .12 * —_ 2
F*12(Q) — R, F (q)—z(x lallz2,

(0y°)e if gl <1,

§*: 12(Q) = RU{eo}, 9*(00:{ ,
00 if [[qff~ > 1.

Since the functionals ¥ and § are convex lower semicontinuous, proper and continuous at
xo = 0 = Kxp, and K is a continuous linear operator, the Fenchel duality theorem states that

(13.2.5) inf F(x)+5(Ax) = sup —F*(A"p)—G(—p),

x€l?2(Q) peL2(Q)

holds, and that the right-hand side of (13.2.5) has at least one solution.

Furthermore, the equality in (13.2.5) is attained at (x«, p«) if and only if

AP € 0F (Xu)s
—Pu € ag(AXoc)'

Since ¥ is Fréchet differentiable, the first relation of (13.2.4) follows by direct calculation.
Recall that by the definition of the subgradient

—Pa € 0G(Axo) & Axq € 05" (—Po)
holds. Subdifferential calculus then yields
Axe = Y® € O p <ty

where Is denotes the indicator function of the set S, whose subdifferential coincides with the
normal cone at S (cf,, e.g., [Ito and Kunisch 2008, Ex. 4.21]). We thus obtain that

0> (Kxa —Y°,p + Poi2
for all p € L2(Q) with ||p]|; - < 1, from which the second relation follows. O

Remark 13.2.6. The solution of problem (P*) is no longer unique, rather any solution p, can
be written as p, = P + P With P € ker K* and a unique P, € (ker K*)+. Nevertheless,
the corresponding primal solution x calculated using the first extremality relation (13.2.4)
will be unique. The treatment of the non-uniqueness in the numerical solution of problem
(P*) will be discussed in section 13.3.1.

Assisted with Theorem 13.2.5, we can now derive the first order optimality conditions for
problem (P*).
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Corollary 13.2.7. Let p € L%(Q) be a solution of (P*). Then there exists A, € L*(Q) such
that

1
—KK*pa —y® + A =0,
(13.2.6) o P v
<7\oc)p - poc>L2 < Oa
holds for all p € L2(Q) with ||p||;« < 1.

Proof. By applying ];K to the first relation in (13.2.4) and setting A, = —(Kxo — y®), we
immediately obtain the existence of a Lagrange multiplier satisfying (13.2.6). ]

The following structural information for the solution of problem () is a direct consequence
of (13.2.4).

Corollary 13.2.8. Let x be the minimizer of (P). Then the following holds for any p € 1%(Q),

p=0:
(Kxa =y®,p)2 =0 if suppp C {x: Ipa(x)| < 13,
(Kxa =y, p)2 20 if suppp C{x: palx) =1},
(Kxa =y°,p)r2 <O if suppp C {x: palx) = —1}.

This can be interpreted as follows: the bound constraint on the dual solution p is active
where the data is not attained by the primal solution x.

13.3 SOLUTION BY SEMISMOOTH NEWTON METHOD

13.3.1 REGULARIZATION

If the inversion of K is ill-posed, problem (P*) remains ill-posed in spite of the pointwise
bounds on p. To counter this and to ensure superlinear convergence of the semismooth New-
ton method for solving the constrained optimization problem, we introduce the regularized
problem

. 1 ) B 5 S
— ||K* P _
(P) aum oy IKpliE> + 5 VPl — (P y®)1s

st <1,
for 3 > 0. The interplay between the pointwise bound on p and the semi-norm regularization
term will enable an easy choice for the regularization parameter (3, which will be explained

in § 13.4.2. We assume that ker K* N ker V = {0}, i.e. constant functions do not belong to the
kernel of K*. Under this assumption the inner product - (K*-, K*-) 4+ 3(V+, V-) induces an
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equivalent norm on H'(Q), and problem () admits a unique solution pg. This assumption
can be removed if the semi-norm regularization is replaced by the full H' (Q) norm.

To solve (P} ) numerically, we introduce a Moreau-Yosida regularization of the box constraints
and consider
(P50 min o= Kl + 2 |VplE - b,y
Boe peH! 2x L 2 L ’
1 1 .
+ 3¢ Imax(0,e(p — D) E2 + 5 min(0, e(p + 1))

for ¢ > 0, where the max and min are taken pointwise. For fixed 3 and ¢, under the above
assumption, 7 HK*prz + % ||Vp||%2 is strictly convex and hence problem (P} ) admits a
unique minimizer p.. The optimality system for (P .) is given by

s
(13.3.2) {&KK Pe—BAP YT+ A =0,

Ac = max(0,c(p. — 1)) + min(0, c(p. + 1)).

This yields higher regularity for the Lagrange multiplier A.: Since the max (and min) oper-
ator is continuous from W*(Q) to W (Q) (cf,, e.g., [Brezis 1983]) and p. € H'(Q) by
construction, the second equation of (13.3.2) ensures that A, € H'(Q) as well.

Now we address the convergence as ¢ — oo of the solutions of (13.3.2) to that of problem

(P3)- To this end, we introduce the optimality system for problem (P}):

1
—KK*pg — BApPs —y° +Ap =0,
(13.3.3) x Pp Pp—Y B
(Ag, P —Pp)r2 <0,
forallp € H'(Q) with ||p[|;~ < TandaAg € (H'(Q))*, the dual space of H' (Q).

Theorem 13.3.1. For B > 0 fixed, let (pc,Ac) € H'(Q) x (H'(Q))* be the solution of (13.3.2)
forc >0, and (pp,Ag) € H'(Q) x (H'(Q))* the solution of (13.3.3). Then we have as ¢ — oo:

Pe — Ps in H1(Q)a
Ae = Ag in (H'(Q))".
Proof. From the optimality system (13.3.2), we have that pointwise in x € Q

c(pe —Dpey, Pe =1,
Acpe = max(0, c(pe — 1))pe + min(0, c(pe + 1))pe = 0, pel < T,

c(pe+1)pey, Pe<—1
holds and thus, since A, € WH*(Q) C L?(Q), that

1
(13.3.4) (AcyPe)iz = 5 Acl?2 -
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Inserting p. as a test function in the variational form of (13.3.2),

1
(13:3:5) « (K*pey KV) 2 + B (Vpe, V) 12 — (y°, V)12 + <}\C)V>H‘*,H1 =0,

forallv € H'(Q), yields

1 1
(13.3.6) —~ IK*pelliz + BIIVPpellf. + c Aell?2 < lIpelliz 1y llee,

and by recalling that by assumption the first two terms define an equivalent norm on H' (Q),
we deduce that ||p.|l,;1 < C |ly®||,, for some constant C. Moreover,

H)\CH(H‘(Q))*: sup <7\c>V>H1*,H1
veH' (Q),
NIMEY

1 * *
= Sup - <K pPe, K v>L2 —p <vp03 vV>L2 + <y6>v>]_z
veH'(Q), L &
Vil <1

< sup [Crllpello Ml + VIl Ty llez]
veH! (Q),
vl 1 <1

<(CCr+1) sup [Vl [uPfliz = K < oo,

veH'(Q),
[Iv]l} 1 <1

where C; is another norm equivalence constant. Thus, (p¢,A.) is uniformly bounded in
H'(Q) x (H'(Q))*, and there exists some (p,A) € H'(Q) x (H'(Q))* such that

(PeyAc) = (B,A)  inH'(Q) x (H'(Q))*.

Passing to the limit in (13.3.5), we obtain
1
o

forall ve H'(Q).

(K*p, K*V) 2 + B (VP, V)2 — (Y, V)12 + <5\,\1>H1*)H1 =0

We next verify the feasibility of p. By pointwise inspection similar to (13.3.4), we obtain that
1 2 2 . 2
E H)\CHL2 =cC Hmax(o,pc - ”HLZ +c ||m11'1(0,]3c + 1)HL2 .

From (13.3.6), we have that H7\C||%2 <C|ly? Hiz, so that

|max(0, pe — 1|72 < =Clly®[|?. = 0,

Imin(0, pe + D[|f. < ~Clly®2. — 0
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as ¢ — oo. Since p. — P strongly in L?(Q), this implies that
—1<p(x) <1 forallx € Q.

It remains to show that the second equation of (13.3.3) holds. First, the minimizing property
of p. yields that

HK*pCHLZ +3 HVPCHLZ — (e, Y2 < 5 HK*PHLz +5 ||vp||l_2 — P,y

holds for all feasible p € H'(Q). Therefore, we have that

lim sup Z—HK*PcHLer ||VPchz—<Pc,y5>Lz _HK*f)HL2+ HVPH —(p,y%)12

Cc—00

and consequently p. — P strongly in H' (Q). Now observe that

O\C,P _pc>H1*,H1 = (maX(0>C(Pc —-1)),p _pc>L2 + <min(0>c(pc +1)),p _pC>LZ <0

holds for all p € H' (Q) with ||p|;- < 1. Thus

<7\)P - f)>H1*,HT <0

is satisfied for all p € H'(Q) with ||p||;~ < 1. Therefore, (p,A) € H' (Q) x (H'(Q))* satisfies
(13.3.3), and since the solution of (13.3.3) is unique, p = pp and A= Ap follows. O

Next we address the convergence of the solution of (P};) as  — 0 to a solution of (?*), which
might be nonunique if the operator K is not injective. The functional in (*) is convex, as is
the set of all its minimizers, and thus if problem (P*) admits a solution in H' (Q), this set has
an element with minimal H' (Q)-semi-norm, denoted by p.

Theorem 13.3.2. Let {3} — 0. Then the sequence of minimizers {pg, } of (P}) has a subse-
quence converging weakly to a minimizer of problem (P*). If the operator K is injective or there
exists a unique p' as defined above, then the whole sequence converges weakly to p'.

Proof. Since the minimizers p,, := pg,, of (Py) satisfy [|pn[[ - < 1, the sequence {p,} is
uniformly bounded in L?(Q) independently of n. Therefore, there exists a subsequence,
also denoted by {p,,}, converging weakly in L?(Q) to some p* € L?(Q). By the weak lower
semi-continuity of norms, we have that

IK*p*[I22 < liminf [K'pallts,  (p7y*hez = lim (pn,y®)r2,
and

IP" [l < lim inf f[pn i < 1.
o
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Therefore, by the minimizing property of p,, for any fixed p € H' (Q) we have that
1 * % * . . 1 * BTL
5 KPIIE: = (p* y°) 1 < liminf (EIIK Pullte = (P, y*)i2 + TIIVpnlliz)
o T s Pn
<timin (5L 1KpIE = uhis + 519912 )

1
= 54lIK Pl — (P, y%) 12

Therefore, p* is a minimizer of problem (P*) over H' (Q). Now the density of H' (Q) in L2(Q)
shows that p* is also a minimizer of problem (P*) over L?(Q).

Now by the minimizing properties of p' and p,,, we have that

1 * BTL 1 * BTL
5o K PallEz = (s %) + VPl < S IKPTIE: = (0T, y°) e + S VPl
and
T, T oes
S KPTIE: = (P yPhee < S IK Pz = (s y®) e
Adding these two inequalities together, we deduce that
IVpalii- < VTl
which together with the weak lower-semicontinuity of the H' (Q)-semi-norm yields
IVP*IIE. < VPl

i.e. p* is a minimizer with minimal H' (Q)-semi-norm. If K is injective or p' is unique, then it
follows that p* = p. Consequently, each subsequence has a subsequence converging weakly
to pf, and the whole sequence converges weakly. ]

Remark 13.3.3. For the numerical solution of the dual problem, we will let 3 — 0 for some
fixed ¢ > O (cf. § 13.4.2). Thus it is useful to have the convergence of the solution p. = pg,c
of (P} ) as p — 0. The proof of this result is similar to that of Theorem 13.3.2, and is given in
Appendix 13.A.

Remark 13.3.4. For completeness, we also state how the regularization introduced in this
section affects the primal problem. Setting

1
F:12(Q) = R, Fp) = —(pyy®)iz + 5 Imax(0,c(p — D)7
1 . 2
+52 lmin(0,c(p + 1))|i2,
1
§:17(0) x (L2(Q)" + B, §(pa) = 5 bl + 2 )i
AH'(Q) = L2(Q) x (L2 ()", Ap = (K*p, Vp),

and calculating the corresponding duals, we find that the dual of problem (¥} .) is

: : 1 . x 2 1 2
K d - 5 K d - 5112 . n .
in [Kx+divz =yl + 51Kt divz =yl o) + 5 Il + 35 12l o
z€eH(div)
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13.3.2 SEMISMOOTH NEWTON METHOD

The regularized optimality system (13.3.2) can be solved efficiently using a semismooth Newton
method (cf. [Hintermiiller, Ito, and Kunisch 2002; Ulbrich 2002]), which is superlinearly
convergent. For this purpose, we consider (13.3.2) as a nonlinear equation F(p) = 0 with
F:H'(Q) = (H'(Q)",

F(p) == LKK'p — BAp + max(0,clp — 1)) + min(0,c(p + 1)) —y*.

It is known (cf,, e.g., [Ito and Kunisch 2008, Ex. 8.14]) that the projection operator
P(p) :=max(0, (p — 1)) + min(0, (p + 1))
is semismooth from L9(Q) to LP(Q), if and only if q > p, and has as Newton derivative

hix) if[p(x)[ > 1,

DnP(p)h = hyxgpi=1y = {0 if[p(x)I <1

Since sums of Frechét differentiable functions and semismooth functions are semismooth
(with canonical Newton derivatives), we find that F is semismooth, and that its Newton
derivative is

1
DnF(p)h = &KK*]’L — BAh + chx(p|>1;-

A semismooth Newton step consists in solving for p**! € H'(Q) the equation
(13.3.7) DnF(p*)(p*"! —p*) = —F(p").
Upon defining the active and inactive sets

Af ={x:p"x) > 1}, A= {x:p*(x) <=1}, Ax:=A] UAL,
the step (13.3.7) can be written explicitly as finding p**' € H'(Q) such that
(13:38) TR = AP 4 o, p ! = 4 elag — )
The resulting semismooth Newton method is given as Algorithm 13.1.

Theorem 13.3.5. If ||[p. — p°||y1 is sufficiently small, the sequence of iterates {p*} of Algorithm
13.1 converge superlinearly in H' (Q) to the solution p. of (13.3.2) as k — oo.
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Algorithm 13.1 Semismooth Newton method for (13.3.2)

1: Setk = 0, choose p® € H'(Q)
2: repeat
3: Set

A ={xeQ: pe(x) > 1},
A ={xeQ:p*x) < -1},
Ay :A‘Jg U.AE

4 Solve for p**+1 € H'(Q):

T .
KK = BAP T 4 exa T =y el — X, )-

5t Setk =k+1
6: until (A = A ;) and (A = A_;), or k = Kimax

Proof. Since F is semismooth, it suffices to show that (DyF) ™! is uniformly bounded. Let
g € (H'(Q))* be given. By assumption, the inner product p (V-,V-);2 4+ L (K*- K*);,
induces an equivalent norm on H'(Q), and thus the Lax-Milgram theorem ensures the
existence of a unique @ € H' such that

1
B(Ve, V)2 + x (K*@, K*V) 12 + ¢ {xa®, V)12 = (g, V)11 1
holds for all v € H'(Q), independently of A. Furthermore, ¢ satisfies

lelte < Clglln-

with a constant C depending only on «, 3, K and Q. This yields the desired uniform bound.
The superlinear convergence now follows from standard results (e.g., [Ito and Kunisch 2008,
Theorem 8.16]). ]

The termination criterion in Algorithm 13.1, step 6, can be justified as follows:

Proposition 13.3.6. If A}, = A and A, = Ay holds, then p**" satisfies F(p**') = 0.

This can be verified by simple inspection, and is shown in [Ito and Kunisch 2008, Remark 7.1.1].

13.4 ADAPTIVE CHOICE OF REGULARIZATION PARAMETERS

13.4.1 CHOICE OF X BY A MODEL FUNCTION APPROACH

In this section, we propose a fixed point algorithm for adaptively determining the regulariza-
tion parameter o based on a balancing principle and the model function approach. Specifically,
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we first state a balancing principle based on the value function introduced in section 13.2.1,
and prove existence of a regularization parameter «* satisfying it. Then we propose a fixed
point iteration which computes oc* by making use of a model function, which is a rational
interpolant of the value function. The last part is devoted to the proof of convergence of the
fixed point iteration.

Balancing principle

The idea of our regularization parameter choice method is to balance the data fitting term
@(x) = [[Kxq —y®||11 and the penalty term «F’(at) = $||x«||7.. The balancing principle
thus consists in choosing the regularization parameter «* as the solution of the equation
(13.4.1) (0 —Ne(a") = o F'(a”),

where 0 > 1 controls the relative weight between these two terms. Similar balancing ideas
underlie a number of heuristic parameter choice rules, e.g. the local minimum criterion [Engl,
Hanke, and Neubauer 1996], the zero-crossing method [Johnston and Gulrajani 2002] and
the L-curve criterion [Hansen 1998].

Theorem 13.4.1. For o sufficiently close to 1 andy® # 0, there exists at least one positive solution
to the balancing equation (13.4.1).
For the proof of this result, we need the next lemma, which is proved in Appendix 13.8.

Lemma 13.4.2. The following limits hold true

. (08 T 2( 2
O}Ln(}+ 2 HX(XHLZ - (xl—l}}rloo 2 HX(XHLZ - O’

In the following, we will repeatedly make use of the residual in (13.4.1):
(13.4.2) T(o) = aF' () — (00— D(a).

By Theorem 13.2.2, the functions ¢ («) and F/(«) are continuous, and thus the function (o)
is continuous. We can now prove existence of a positive solution to the balancing equation

(13.4.1).
Proof of Theorem 13.4.1. Lemma 13.4.2 shows that the following limits hold for o > 1:

lin(}+ () =—(0—1) lirgl+ [Kxe — Yyl <0,
lim v(o) = —(o—1)|[y®||r <O.
x——+00

However, [[Kxo —y®[li1 < [yl and sup ¢ (o ;o) 5 lXallf2 > 0. Consequently, we have

0.4 x
(@) = Tlieallfs = (0= DIKxa = yllo > Slxal: = (0= Dyl

Therefore, there exists a 0o > 1 such that sup, . ;) T(a) > 0 forall o € (1, 00), and the
existence of a positive solution follows.

229



13 A SEMISMOOTH NEWTON METHOD FOR L' DATA FITTING WITH...

Model function and fixed point iteration

To find a solution of the balancing equation, we write equation (13.4.1) as
Fla) = o(F(e") — o' F' ("))

and consider a fixed point iteration, where o«**! is chosen as the solution of

(13.4.3) Flo" 1) = o(F(a) — /().

To compute this solution, we make use of the model function approach, proposed in [Ito and
Kunisch 1992] for determining regularization parameters, which locally approximates the
value function F(«) by rational polynomials. In this paper, we consider a model function of
the form

s

t+ o

m(x) =b+

Noting that x, — 0 for &« — oo, we fix b = ||[y®||;1 to match the asymptotic behavior of
F(«) (although larger values of b work as well for our purposes). The parameters s and t are
determined by the interpolation conditions

m(a) =Fla),  m'(a) =F'(at),

which together with the definition of m (o) gives

S s ,
b+t+(x—F(O{), —W—F(OC)

The parameters s and t can be derived explicitly. We recall that by Theorem 13.2.2, we have
F/(«) = J||x«||?., and this value can be calculated without any extra computational effort. If
we replace the left hand side of (13.4.3) by the value my (") of the model function m, ()
derived from the interpolation conditions at «*, we can thus explicitly compute a new iterate
o*1. The resulting iteration is given as Algorithm 13.2. One of its salient features lies in
not requiring knowledge of the noise level. Indeed, since F(0) represents a lower bound for
the noise level, the quantity m(0) may be taken as a valid estimate of the noise level if the
model function m(«) approximates reasonably the value function F(«) in the neighborhood
of x =0.

Having found a fixed point & of Algorithm 13.2, we find - using the fact that M = m(&)
satisfies the interpolation condition at & - that & is a solution of the balancing equation
(13.4.1). We can show that under some very general assumptions, Algorithm 13.2 converges
locally to such a fixed point. To this end, we call a solution «* to equation (13.4.1) a regular
attractor if there exists an ¢ > 0 such that r(«) < 0 for x € (a* — ¢, «*) and r() > O for
x € (o, a* + ¢).

Theorem 13.4.3. Assume that o satisfies r(xo) < 0 and that it is close to a regular attractor
oc*. Then the sequence {xy } generated by Algorithm 13.2 converges to «*.

The proof is given in the next subsection.
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Algorithm 13.2 Fixed-point algorithm for balancing equation

1 Setk =0, choose &y > 0,b > ||y||p1 and o > 1

2: repeat

3: Compute x, by path-following semismooth Newton method > Alg. 13.3
4 Compute F(oy ) and F/ (o)

5 Construct the model function my (x) =b + t:ﬁ from the interpolation condition

at oy by setting

o (b—Flw))?
o Flad
o — b—Flo) N
T Pl <
6: Solve for o1 in My (oge1) = o(Flog) — o F/ (o)), dee.

My = Flou) — ‘XkF,(ka)»
X = Sk —1
7: Setk =k +1
8: until k = kK, qx

Convergence of fixed point iteration

To analyze the convergence of the fixed point algorithm, we first observe that

x = Sk t
k+1 = — Tk
om—>b

_ (Flou) — b)? — (b — F(ox) — aF/ (o)) (b — o (o))
F/og) (b —o@(oy)) ’

where @(o) = |[Kxo —y®||11 denotes again the norm of the residual. The numerator can be
simplified as follows

(Flou) — )% — (b — Flou) — o F'(0)) (b — o))
= (o F' (o)) + (0 — 1) (o) b — Flou) — oucF' (o).

Therefore, the fixed point iteration reads as follows

(13.4.4) N (tcF (00))? + (0 — Dp(on) b — Flou) — oucF (o] Nk
” K F/(ou) (b — 0 (o)) D

Under the assumption b > of|y®|| 1, the denominator Dy is positive, and thus the iteration
is well defined. Moreover, the following identity holds

Nx — Dy = [(0— 1)) — o F' ()] [b — Floxk)].
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Therefore, it follows from (13.4.4) thatif r( oy ) = oo F/ (o) —(0—1) @ () > 0,then Ny < Dy
and consequently a1 < oy, otherwise o1 > o holds. Next consider

Ny B Ny — Dy
Hert 8 = S T % T B ) (b — o (o))
_ [(oc— 1) — oucF (o)1 — Flo)]

F/ou) (b —op(ou))

e qyeloa) b — F(o)
=l ”F'(ka) o b—op (o)
. b— F(O(k)
= [T(ot) — ot m>

where the operator T(«) is defined by

(13.45) (o) = (o= 1) 2%,

The auxiliary operator T can be regarded as the asymptotic of the operator ockg—t in (13.4.4)
as the scalar b tends to +oo. For b > o|y®||;1, the inequality

b — Floy)

—— >0
b—o@ (o)

Wy =

holds true, and the fixed point iteration (13.4.4) can be rewritten as
o1 = Wi T (o) + (1 — wie) o

Therefore, the fixed point iteration (13.4.4) can be regarded as a relaxation of the iteration
o1 = T(ax) with a dynamically updated relaxation parameter wy. Note that both iterations
have the same fixed point. Moreover we have

wyr <1 ifandonlyif o F (o) > (00— 1)@ (o).

The next result shows the monotonicity of the operator T.

Lemma 13.4.4. The operator T is monotone in the sense that if 0 < xy < 1, then

T(xo) < Tlo).

Proof. By Theorem 13.2.2, we have
¢(oo) < @la),  Floo) = Flo).

The result now follows directly from the definition of the operator T, see (13.4.5). O
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The next lemma shows the monotonic convergence of the sequence {T*(o)}. This iteration
itself is of independent interest because of its simplicity and practically desirable monotonic
convergence.

Lemma 13.4.5. For any initial guess o, the sequence {T* (o)} is monotonic. Furthermore, it is
monotonically decreasing (respectively increasing) if r(oco) > O (respectively (o) < 0).

Proof. Let o, = T*(xp). Then we have

01— one = T (o) — TH(xo)
P (o @ (ot—1)
= e T Ve
@ (o )F (ote—1) — @(oge—1)F (o)
F'(oue—1)F (o)
@ (ou)[F (ou—1) — F'(ou)] + F'(ouc) [ (on) — @oge—1)]
F/ (1) F/ (ou) '

=(o—1)

=(o—1)

By Theorem 13.2.2 both terms in square bracket have the same sign as o, — «x_1, which
shows the desired monotonicity.

Let r(x) again denote the residual in the balancing equation as defined by (13.4.2). Now if
() > 0 holds, by the definition of the function r, we have

ooF (o) — (0 —T1)(oto) > 0,

which after rearranging the terms gives

w0 > (o— 1) 2%) 70,
F(oo)
The second assertion follows directly from this inequality and the first statement. ]

Remark13.4.6. The iteration produces a strictly monotonic sequence before reaching a solution
to (13.4.1). If two consecutive steps coincide, then a solution has been found and we can stop
the iteration. Upon reaching a solution o*, there holds r(o*) = 0. In our subsequent analysis,
this trivial case will be excluded.

Remark 13.4.7. The sequence {T* ()} can diverge to +oo. This can be remedied by further
regularizing the operator T by setting

o)

T () = (00— 1)m»

for some small number y > 0. This preserves the monotonicity of the iterates, and ensures
the upper bound (o — 1)||y®||.1 /v, which together with the trivial lower bound 0 and the
monotonicity guarantees convergence of T (o). Moreover, the second part of Lemma 13.4.5
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classifies the positive solutions of equation (13.4.1), and the sign of the function r(«) provides
an explicit characterization for that classification. To illustrate this point, let «* be a solution
to equation (13.4.1). The iterate T* (o) converges to oc* for o in the neighborhood of o* if
and only if

<0, o€ (a*—e,af),
r(oc){ >0, x€(af,a"+e¢),

for sufficiently small ¢, and it diverges from «* for «, in the neighborhood of o* if and only if

>0, x€(a*—e,af),
T(O(){ <0, o€ (" +e).

In the case that r( ) has the same sign on (x*—e¢, «*) and (o*, " +¢), the iterate can converge
to o* only for &, in its one-sided neighborhood. If r(«) > 0 on (a* — ¢, &*) U (o, &* + €),
then the iterates T*( o) converge if r( o) > 0, and vice versa for v < 0.

We shall also need a “sign-preserving” property of the operator T: the function r(«) cannot
vanish on the open interval between &, and the limit «* of the sequence {T* (o )}.

Lemma 13.4.8. For any g such that {T* (o)} converges to o*, the function () does not
vanish on the open interval (min (o, «*), max(xo, &*)).

Proof. Without loss of generality we assume that &y < T(o) as the other case can be treated
similarly. Assume that the assertion is false. Then there exists an @ € (xo, a*) such that
r(a) =0, i.e. T(x) = «. By Lemma 13.4.5, there exists some k € N such that

T(o) < o0 < T ().
However, by Lemma 13.4.4, we have
o < T (o) < Tlo) < T (o),

which is a contradiction to T(«x) = c. [

We note that in Lemma 13.4.8, * can take the value +o0, i.e. the convergence can be un-
derstood in a generalized sense. Using Lemma 13.4.5 and Lemma 13.4.8, we can now state a
monotone convergence result for the fixed point algorithm.

Theorem 13.4.9. Assume that o satisfies that v(xo) > 0. Then the sequence {o} generated
by the fixed point iteration (13.4.4) is monotonically decreasing and converges to a solution of
equation (13.4.1).
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Proof. Since r(oty) > 0, we have

b —F(oo) b —F(oo)

b Flow) + rlog) ~b_Flog)

(13.4.6) 0< wy =

Due to Lemma 13.4.5, the auxiliary sequence {T*(o)} is monotonically decreasing and
bounded below by zero and thus converges to some «*. In particular T(xo) < o, which
together with (13.4.6) implies that

(13.4.7) o1 = woT(axo) 4+ (1 —wo)oo € (T(exo), xo).

Consequently we have o* < T(xp) < a1 < ®p. Lemma 13.4.8 and (13.4.7) imply that
T(o1) > 0. Now assume that o, generated by the algorithm satisfies r(ay) > 0. Then by the
definition of the operator T, we have T(ay) < a. Appealing to the preceding arguments we
have wy € (0,1) and

o1 = Wi T(ou) + (T — i)y € (T(ea), o).

and thus o* < T(ax) < o1 < . This shows that the the sequence {xy}3> , is mono-
tonically decreasing and bounded from below by o*, and thus converges to some . Upon
convergence, the limit ' satisfies

+ (o F/()? + (0 = 1) (a)[b — F(arh) — ol (o))
o F/ () (b — o (ah))

O(T:OC

due to the continuous dependence of F(x), F/(«) and ¢ (o) on & (Theorem 13.2.2). Simplifying
the equation shows that «' is a solution to equation (13.4.1). Moreover, from Lemma 13.4.8
we deduce that there is no other solution to equation (13.4.1) in the open interval (o*, &),
and thus that of = *. ]

Next we address the convergence behavior of the algorithm for the case r(oy) < 0.

Theorem 13.4.10. Assume that the initial guess oy satisfies (o) < 0. Then the sequence {xy}
generated by the fixed point iteration (13.4.4) is either monotonically increasing or there exists
some ko € N such that r(xy) > 0 for all k > ko.

Proof. Since r(xp) < 0, we have

b —F(o) S b —F(ot)

= b= Flowo) - r(o0) ~ b—Flowo)

Wo
From Lemma 13.4.5, we deduce that oy < T(cto) and moreover the auxiliary sequence {T* (o)}
is monotonically increasing. Consequently, we have
o = woT(ao) + (1 —wo)oro = T(oto) + (wo — T1)(T(oxo) — o) > T(exo).

In particular, &y < 7. Now «; can either satisfy (1) < 0 or (o) > 0. For the latter case,
we appeal to Theorem 13.4.9, and we have r(ay) > 0 for k > 1. Otherwise r(o;) < 0 and
hence as above &; < T(a) < a. The claim now follows by induction. O
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We can now show the convergence of the fixed point iteration.

Proof of Theorem 13.4.3. By Theorem 13.4.10, we have that the sequence { } is monotonically
increasing or that there exists some ko € N such that r(o) > 0 for all k > ko. Moreover, by
the definition of a regular attractor, r(«) > 0 holds for all « € («*, «* 4 ¢) for some ¢ > 0,
and by Lemma 13.4.2, we have

lim () =—(0c—1) lim F(a) =—(c—1)|y®||1 <O.
X—+00 xX—+00
Therefore, by the continuity of the function r(«) (cf. Theorem 13.2.2), there exists at least
one solution to equation (13.4.1) on the interval («*, +00). Denote the smallest solution of
equation (13.4.1) larger than «* by «**, and set ¢ = m. Since the function r(«) is
continuous and r(«*) = 0, for any 6 > 0 we can choose ¢ such that

[r(a)] < 6, forall x € (" — ¢, " + ¢).

We now choose & such that § < min{® —% b_lhf li1} and pick € accordingly. Consequently,

we have for « € (o* — ¢, x* + ¢€)

w(e) — 1 = b—Fl«) - —r(x)
 b—Fla) +1(x)  b—F(x) +1(a)
—1() o

< X < cd
b— [yl =8 " b— [y’ -8 ’

and in particular
oo < 1 = T(xo) + (wo — 1)(T(xo) —oto) < T(xo) + 0T (0xg) < T(exo) + cdax™,

where we have used that wg > 1 and o* > T(g) > op.

This implies &7 < T(¢g) + cda* < **. Therefore, we have either r(o1) < 0 with g < 7 <
a* orr(og) > 0 with * < oy < o**. In the latter case, the convergence of «y to oc* follows
directly from Theorem 13.4.9, and thus it suffices to consider the former case. We proceed
by induction and assume that o, satisfies v(o) < 0. By repeating the preceding argument,
we deduce that o < oy4q. Again either (o 1) < 0 and convergence to «* follows, or
T(oter1) = 0 and we can proceed as before. If r(«y) < O for all k, then the sequence {o}
is monotonically increasing and bounded from above by «*. It thus converges to some .
Analogous to Theorem 13.4.9, we can show that « is a solution to equation (13.4.1). The
conclusion a' = «* now follows from Lemma 13.4.8.

Remark 13.4.11. Note that our derivations are valid for other Tikhonov functionals, e.g. L?(Q)
data fitting with total variation regularization, as well. A differentiability result of the cost
functional with respect to the regularization parameter as in Theorem 13.2.2 is an essential
ingredient of this approach.
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Algorithm 13.3 Path-following method to solve L'-data fitting problem for fixed o

1 Setk =0, choose o >0,q<1,Bmin >0,T>1

2: repeat

3: Compute pg, ., using semismooth Newton method with p° = pg, > Alg. 13.1
4 Set Bri1 =9 Bx

5: Setk =k +1

6: until [|pg, ||« > Tor Bx < Bmin

7 Setx = TK*pg, |,

13.4.2 CHOICE OF B BY A PATH-FOLLOWING METHOD

Since the introduction of the H' (Q) smoothing alters the structure of the primal problem
(cf. Remark 13.3.4), the value of 3 should be as small as possible. However, the regularized dual
problem (P} .) becomes increasingly ill-conditioned as 3 — 0 due to the ill-conditioning of
the discretized operator KK* and the rank-deficiency of the diagonal matrix corresponding
to the (discrete) active set. Therefore, the respective system matrix will eventually become
numerically singular for some small > 0.

One possible remedy is a path-following strategy: Starting with a large (3o, we reduce its value
as long as the system is still solvable, and take the solution corresponding to the smallest such
value. The question remains how to automatically select the stopping index without a priori
knowledge or expensive computations for estimating the condition number by, e.g., singular
value decomposition. To select an appropriate stopping index, we exploit the structure of the
(infinite-dimensional) box constraint problem: the correct solution should be nearly feasible
for ¢ sufficiently large, and therefore the discretized solution should satisty ||pg||_, < T for
some T ~ 1. Recall that for the linear system corresponding to (13.3.8), the right hand side f
satisfies ||f||., &~ ¢ > 1, which should be balanced by the diagonal matrix cx 4 in order for
the solution to be feasible. If the matrix is nearly singular, this will no longer be the case, and
the solution p blows up and consequently violates the feasibility condition, i.e., [|pgl|,, > 1.
Once this happens, we take the last iterate which is still (close to) feasible and return it as the
solution.

This whole procedure is summarized in Algorithm 13.3. Here, 3,,in can be set to machine
precision, and (3, may be initialized with 1.

13.5 NUMERICAL EXAMPLES

We now present some numerical results to illustrate salient features of the semismooth Newton
method as well as the adaptive regularization parameter choice rules. The first two benchmark
examples, deriv2 and heat, are taken from [Hansen 1998], and are available in the companion
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Matlab package Regularization Tools (http://www2.imm.dtu.dk/~pch/Regutools/). The
third example is an inverse source problem for the two-dimensional Laplace operator.

Unless otherwise stated, the first two examples are discretized into linear systems of size
n = 100, and the parameters are set as follows: in the fixed point Algorithm 13.2, o = 1.05,
« = 0.01andb = ||y®||.:; in the path-following Algorithm 13.3, 0 = 1,4 = 3, Bmin = 107'°
(floating point machine precision), and T = 10; in the semismooth Newton Algorithm 13.1,
Kmax = 10. The penalty parameter was chosen as ¢ = 107.

We compare the performance of the proposed method with two other algorithms: the it-
eratively regularized least squares method (IRLS) [Wolke and Schwetlick 1988; Rodriguez
and Wohlberg 2009] and a splitting approach using an alternating direction method (ADM)
[Yang, Zhang, and Yin 2009]. Since these algorithms were not originally designed for the
L' (Q) model under consideration and numerical implementations are not freely available,
we have adapted the algorithms. The details and their respective parameters are described
in Appendix 13.c. All parameters in the benchmark algorithms were chosen for optimal
performance with the reconstruction error being the same as that from the path-following
semismooth Newton algorithm.

The noisy data y® is generated pointwise by setting

5 y' + €&, with probability r,
v, otherwise,

where & follows a normal distribution with mean 0 and standard deviation 1, and ¢ =
€ max [y®| with € being the relative noise level. Unless otherwise stated we set r = 0.3 and
€ = 1. All computations were performed with Matlab version 2009b on a single core of a 2.4
GHz workstation with 4 GByte RAM. Matlab codes implementing the algorithm presented in
this paper can be downloaded from http://www.uni-graz.at/~clason/codes/11fitting.
zip.

13.5.1 EXAMPLE 1: deriv2

This example involves computing the second derivative of a function, i.e. the operator K is a
Fredholm integral operator of the first kind:

t

(Kx)(t) = L k(s,t)x(s) ds.

Here, the kernel k(s, t) and the exact solution x(t) are given by

[ s(t=1), s<t, |t t<
k(s,t) = { tis—1), s>t x(t) = 1 —t, otherwise,

respectively. The problem is discretized using a Galerkin method. This problem is mildly
ill-posed, and the condition number of the matrix is 1.216 x 10%.
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Figure 13.1: Results for test problem deriv2.

A typical realization of noisy data is displayed in Figure 13.1a. The corresponding reconstruc-
tion with the adaptively chosen parameter o, = 9.854 x 1072 is shown in Figure 13.1b and
agrees very well with the exact solution almost everywhere. The convergence of the fixed
point algorithm is fairly fast, usually within two iterations. For comparison, we also computed
the optimal value o, of the regularization parameter by sampling « at 100 points uniformly
distributed over the range [107>, 1] in a logarithmic scale. This yields aop = 1.418 x 1077,
which is very close to o,. The result, shown in Figure 13.1¢, is practically identical with that by
the adaptive strategy. The optimal reconstruction using L? data fitting, also shown in Figure
13.1G, is far inferior.

In Figure 13.1d, we show the dual solution p and the data noise. Observe that p serves as a
good indicator of noise, as both location and sign of nonzero noise components are accurately
detected. This numerically corroborates Corollary 13.2.8.
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Table 13.1: Computing time (in seconds) and reconstruction errors for the SSN vs. IRLS and
ADM methods (deriv2).

n 50 100 200 400 800 1600

teen 0.0107 0.0223 0.0846 0.4430 3.3032 24.8826
tirls 0.0131 0.0497 0.3079 2.3132 17.3116 132.2214
tadm 0.0720 0.1801 0.6400 3.5907 21.5150 152.5250

esn 1.0847€-2  3.4164e-3  7.7573€-4  5.9145€-4 2.9626e-4  3.1714e-4
€irls 1.0753e-2  3.5412e-3 8.0371e-4 5.8767e-4 2.6148e-4 2.0400€e-4
€.dm 1.0962e-2 3.8802e-3 1.2056e-3 8.3158e-4 4.7506€-4 3.9425e-4

Table 13.2: Iterates in the path-following method for 3 (deriv2).

B iterations e F(x) Vol 2
1.000€+0 2 2.860e-2  2.794e-3  2.589e-3
4.000€-2 2 2.362e-2  2.438e-3  5.155e-2
1.600€-3 2 7.729€-3  1.302e-3  2.148e-1
6.400€-5 2 7.926€e-3 1.096e-3  5.760e-1
2.560e-6 7 2.096€e-2 1.074€-3  4.240€e+0
1.024e-7 6 9.300e-3 8.986e-4 7.423e+0
4.096€e-9 4 3.681e-3 8.646e-4 6.999e+0
1.638e-10 2 1.448e-3  8.625€¢-4 5.994€+0
6.554€-12 3 5.334€-4 8.622e-4 6.389e+0
1.311e-12 10 3.792e-4 8.622e-4 6.884e+0

To illustrate the performance of the semismooth Newton (SSN) method, we compare the
computing time and reconstruction error e, defined as e = ||x, — x'||;2, for different problem
sizes and r = 0.7 (averaged over ten runs with different noise realizations) with that of the
IRLS and ADM methods in Table 13.1. For all problem sizes under consideration, the SSN
method is significantly faster than the IRLS and ADM methods. The results by all three
methods are very close to each other, with the ADM method showing less accuracy.

The convergence behavior of the path-following method is shown in Table 13.2. For moderate
values of {3, the SSN method exhibits superlinear convergence as indicated by the convergence
after two iterations. This property is lost when (3 becomes too small, but the method still
converges after very few iterations due to our path-following strategy. Interestingly, while the
functional value F keeps on decreasing as 3 decreases, the error e experiences some transition
at B = 2.560 x 10~°. This might be attributed to the change from the dominance of the H'
term (f3) to that of the L?(Q) term (o) in the regularized dual formulation (P} ’C).

Finally, we compare the parameters chosen by the balancing principle (BP) with those obtained
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Table 13.3: Comparison of balancing principle with discrepancy principle (deriv2).

(T> € ) o 6b Xb 4 Kopt €b €d €opt

(0.3,0.1) 7.291e-5 7.284e-5 8.656e-3 1.612e-1 2.056e-1 2.849e-3 2.240€-4 1.949€-4
(0.3,0.3) 2.187e-4 2.186e-4 2.621e-2  1125e-1 2.056e-1 9.368e-4 2.392e-4 1.949e-4
(0.3,0.5) 3.645e-4 3.644e-4 4.372e-2 1.266e-1 2.056e-1 5.971e-4 2.358¢-4 1.949e-4
(0.3,0.7) 5.104e-4 5.101e-4 6.123e-2  1.458e-1 2.056e-1 3.695e-4 2.304€-4 1.949€-4
(0.3,0.9) 6.562e-4 6.557€-4 7.874e-2 1.620e-1 2.056e-1 3.851e-4 2.035e-4 1.949e-4
(0.1,0.3) 3.901e-5 3.901€-5 4.677€-3 9.543e-2 1.707e-1 7.963e-4 4.274€-5 3.904€-5
(0.3,0.3) 2.187e-4 2.186e-4 2.621e-2 1.125e-1 2.056e-1 9.368e-4 2.392e-4 1.949€-4
(0.5,0.3) 4.128e-4 4.125e-4 4.930€-2 3.048e-1 3.593e-1 1.909e-3 3.811e-4  3.711e-4
(0.70.3) 5.822e-4 5.798¢-4 6.730e-2  4.065e-1 3.944e-1 5.438e-3 1.791e-3 1.794e-3
(0.9,0.3) 8.238¢-4 7.991e-4 6.602e-2 5.147e-1 4.750e-1 1.797€-2  2.927€-3 2.859e-3

from the discrepancy principle (DP) and the optimal choice. The chosen parameters o and
corresponding errors e for different noise parameters (v, €) are shown in Table 13.3, where
the subscript b, d and opt refer to the BP, DP and the optimal choice, respectively. For the DP,
we utilize the exact noise level 6. We observe that the results by the BP and DP are largely
comparable in terms of the error e despite the discrepancies in the regularization parameter.
Also, the regularization parameter determined by the BP increases at the same rate of the noise
level 5, whereas the one determined by the DP seems largely independent of 8, especially for
fixed r. This causes slight under-regularization in the BP for low noise levels. Nonetheless, the
noise level 0 is estimated very accurately by 8. Interestingly, we observe that the two factors
of the noise, i.e. r and €, have drastically different effects on the inverse solution: the results
seem relatively independent of the € for fixed r, whereas for fixed €, the error e deteriorates
rapidly as noise percentage r increases. In particular, a, seems relatively independent of e
for fixed 1, and increases at the rate of r for fixed e. Finally, with the knowledge of the exact
noise level 3, the DP achieves optimal convergence rate in that its error is roughly the same
as that with the optimal parameter.

13.5.2 EXAMPLE 2: heat

This example is an inverse heat conduction problem, posed as a Volterra integral equation of
the first kind. The kernel k(s, t) and the exact solution x(t) are given by

75t2, u <2,
O e ) i+ u-2B-w), 2<u<3,
k(s,t) = N e =0, x(t) = Se20u-3) 3<u<0,
0, otherwise,

with u = 20t and the integration interval [0, 1]. The integral equation is discretized using
collocation and the mid-point rule. This problem is exponentially ill-posed, and the condition
number is 8.217 x 103°.
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Figure 13.2: Results for test problem heat.

The results are given in Figure 13.2. Again, the reconstruction with automatically chosen
parameter oy, = 2.239 X 1072 is very close to the exact solution and to the optimal recon-
struction with oty = 2.009 x 102, while the L2(Q)-reconstruction is vastly inferior. The
performance and convergence of the path-following SSN method is similar to Example 1
(ct. Tables 13.4, 13.5). Also, the adaptive strategy yields comparable results with that for the
discrepancy principle and optimal choice, see Table 13.6.

The convergence of the fixed point algorithm is now even faster: The convergence is achieved
in one iteration. This may be attributed to the fact that the spectrum of the matrix spans a
much broader range because of its exponential ill-posedness, and thus the residual is less
sensitive to the variation of the regularization parameter. This consequently accelerates the
convergence of the fixed point algorithm. Again the noise level is estimated very accurately,
while the chosen regularization parameter is now closer to the optimal one compared to
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Table 13.4: Computing time (in seconds) and reconstruction errors for the SSN vs. IRLS and
ADM methods (heat).

n ‘ 50 100 200 400 800 1600

ten | 0.0089 0.0197 0.0808 0.4365 4.1769 27.5007
tils | 0.0131 0.0515 0.3254 2.3720 18.6916  132.5247
tadm | 0.0729 0.1826 0.7952 4.3687 25.0411  154.9379

€ssn | 1.4743 2.0263e-1 1.3621e-1 1.4336e-1 1.3319e-1 1.3615e-1
€ils | 1.4610 1.7857e-1 1.3587e-1 1.4334e-1 1.3322e-1 1.3618e-1
€adm | 1.4657 1.7913e-1 1.3595€-1 1.4333e-1 1.3335e-1 1.3638e-1

Table 13.5: Iterates in the path-following method for (3 (heat).

B iterations e F(x) IVpll; 2
1.000e+0 2 2.248e-1  3.274€-2  2.951e-2
4.000€-2 2 1.855e-1  1.963e-2  1.090e-1
1.600€-3 2 1.610e-1  1.713e-2 2.191€e-1
6.400¢€-5 2 1.556e-1  1.737€-2 1.408e+0
2.560¢e-6 6 2.250€-1 1.644e-2  5.852e+0
1.024e-7 4 7.042€e-2 1.435€-2  6.436€+0
4.096€-9 3 2.043€-2 1.415e-2  6.902e+0
1.638e-10 10 1.563e-2 1.414e-2  7.361e+0

3.277€-11 10 1.546€-2 1.414e-2 8.960e+0

Example 1 and sometimes even outperforms the discrepancy principle with exact noise level
(cf. Table 13.6).

13.5.3 EXAMPLE 3: INVERSE SOURCE PROBLEM IN 2D

As a two-dimensional test problem, we consider the inverse source problem for the Laplacian
on the unit square [0, 112 with a homogeneous Dirichlet boundary condition, i.e. K = (—A)~'.
The exact solution x(s, t) is given by (cf. Figure 13.3a)
x(s,1) = sin 27t(s — %) sin 27t(t — %), |s — %I < J‘w It — %I < }L,
’ 0 otherwise.

The problem is discretized on a 64 x 64 mesh using the standard five-point stencil, resulting in
a linear system of size n = 4096. The problem is mildly ill-posed, and the estimated condition
number is 2.689 x 103. The CPU time for one reconstruction using Algorithm 13.3 was 6.5
seconds.
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Table 13.6: Comparison of balancing principle with discrepancy principle (heat).

(T) € ) o 6b &b Xd Kopt €b €d €opt

(0.3,0.1) 1.390e-3 1.335e-3 1.402e-3 1.910e-2 1.830e-2 1.860e-1 2.021e-2 2.026e-2
(0.3,0.3) 4.170e-3 4.155e-3 6.638e-3 1.906e-2 1.830€-2  4.515e-2  2.021€-2  2.026€-2
(0.3,0.5) 6.950e-3 6.939€-3 1.135e-2 1.908e-2 1.830e-2 2.706e-2 2.022€-2 2.026€-2
(0.3,0.7) 9.731e-3 9.719€-3 1.604€-2 2.045e-2 1.830e-2  2.103e-2  2.032e-2 2.026€-2
(0.3,0.9) 1.251e-2 1.249e-2 2.083e-2 1.909e-2 1.830e-2 2.037e-2 2.022e-2 2.026€-2
(0.1,0.3)  7.438e-4 7.439e-4 1.227e-3 1.374e-2  7.742e-4 1.727€-3 2.736e-3 5.980e-4
(0.3,0.3) 4.170e-3 4.155e-3 6.638e-3 1.906e-2 1.830e-2  4.515€-2  2.021€-2  2.026€-2
(0.5,0.3) 7.871e-3 7.799e-3 1.225e-2 4.718e-2  3.199€-2  5.635€-2  4.026€-2  3.772€-2
(0.70.3) 1110e-2 1.074e-2 2.254e-2  3.995€-2 7.390e-2  1.118e-1  1.130e-1  1.034e-1
(0.9,0.3) 1.570e-2 1.470e-2 2.247€-2 1.553€-1 5.094e-2 1.662e-1 1.487e-1  1.388e-1

The noisy data for this problem is given in Figure 13.3b. The corresponding numerical solution
of the inverse source problem, shown in Figure 13.3¢, is a good approximation of the exact
one. Note in particular that the magnitude of the peak is correctly recovered. The L?-norm of
the reconstruction error is e = 7.526 x 103, The fixed point algorithm converged in three
iterations to the value o, = 8.797 x 103. The estimated noise level was &, = 5.475 x 1073,
which is very close to the exact one § = 5.490 x 10~3. For completeness, we show also the
dual solution in Figure 13.3d.

13.6 CONCLUSION

We have presented a semismooth Newton method for the numerical solution of inverse prob-
lems with L' (Q) data fitting together with an adaptive method for the choice of regularization
parameters. The main advantage of the adaptive strategy is that no knowledge of the noise
level is necessary, and it can, in fact, provide an excellent estimate of the noise level. This
is important for some practical applications. The convergence of the fixed point iteration
was analyzed. In practice it is usually achieved within two or three iterations. The value for
the regularization parameter obtained by the proposed technique based on the balancing
principle derived from the model function approach was always fairly close to the optimal
one.

Similarly, the semismooth Newton method allows an efficient numerical solution of L' (Q)
data fitting problems. In our examples, the proposed method was significantly faster than the
iteratively reweighted least squares method and the alternating direction method. In practice,
implementations of the latter two methods would include early termination criteria based,
e.g., on the norm of the difference of consecutive iterates, which would accelerate the methods,
although at the risk of loss of accuracy. Similar strategies could of course also be applied in
our method. On the other hand, we consider the fact that the semismooth Newton method
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0 o

(a) exact solution (b) noisy data

0 o

(c) L' (Q) reconstruction (d) dual solution p

Figure 13.3: Results for two-dimensional inverse source problem

performs very well without the introduction of heuristic tolerance-based termination criteria
to be one of its main advantages.

The path-following strategy proved to be an efficient and simple strategy to achieve the
conflicting goals of minimizing the effect of the additional smoothing term on the primal
problem and maintaining the numerical stability of the dual problem.

The proposed approach can also be extended to more general functionals (e.g., involving total
variation terms), which will be the focus of a subsequent work.
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13.A° CONVERGENCE OF SMOOTHING FOR PENALIZED BOX
CONSTRAINTS

Here we show the convergence of the solutions of (P} ) as 3 tends to zero to a solution of
(P2

R R 1 .
min S [KpIE — (pyy)ee + 5 ([Imax(0,elp — ) + min(0,ep+ 1))

For this problem, the solution might be nonunique if the operator K is not injective. Again, the
functional in (P}) is convex, as is the set of all its minimizers, and thus if problem (%) admits
a solution in H'(Q), this set has an element with minimal H' (Q)-semi-norm, denoted by

p'.

Theorem 13.A.1. Let {3} be a vanishing sequence. Then the sequence of minimizers {pg, }
of (P}..) has a subsequence converging weakly to a minimizer of problem (Py). If the operator
K is injective or there exists a unique p' as defined above, then the whole sequence converges
weakly to p'.

Proof. Let A" ={x € Q:p(x) > 1}and A~ ={x € Q : p(x) < 1}. We denote the positive

and negative parts of a function p by (p)* and (p)~, respectively. The functional in (P} )
can then be written as

1 B 1 )
5o KPlE: = (P y*) e + VPl + 5 (lletp =17 ez + lletp + 1) 7[I22) -

Now observe that
p-17 1 = | (p-12ax=] p-2p+1ax
Q A+
=||p|r%zm+|ﬂ+|—zj pdx,
A+

Note also that

1
| px < Ipliaian 172 < Gl e, +1471
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Combining these two inequalities gives

1
1P = 1" l1E2 = 5lIPlEz sy — M-

Similarly, we have that
—n2 1 2 _
1P+ 17z 2 5lIpllte amy — A7

Without loss of generality, we may assume that ¢ > 1. Then by the minimizing property of
Pn = Pp.,c> We have that

T . Bn 1 .
— K2 = (Pry Yz + = VPnllfz + 5 (1pn = D IE2 + [[(pn + 1) 172)
2 2 2
T . Bn
< 55lIK pullfz — Py y®)iz + 5 IVpnllZ: + Pelpn) <O,

where for the sake of brevity we have set

1
Pe(p)i= 5 (lletp = 17[IE: + lletp + D7)

This together with the inequalities above implies that

T, Bn 1
Zc”K Pullf2 + THVPnH%z + ZHPnH%z <1+ (pn,y%) 12
<1Ql+ [[pallzy® ez
1
<100+ gl + 20°

This in particular implies that the sequence {p, } is uniformly bounded in L?(Q) independently
of n. Therefore, there exists a subsequence, also denoted by {p,,}, converging weakly in L*(Q)
to some p* € L?(Q). By the weak lower semi-continuity of norms, we have

IK*p*[It: < Hminf [K*pallts,  (p*,y°)iz = lim (pn,y®)ee,

and moreover by the convexity of the operators max and min, we have weak lower semi-
continuity of the corresponding terms

|(p* — 1)+||%2 < ligigf [(pn — ])JrH%Z»

I6p* + 1) 122 < liminf [[(pn + 1) 2.
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By the minimizing property of p,,, we thus have for any fixed p € H' (Q) that

] k3K * *

5o P IE2 = (7 y%) e + Pe(p™)
. T oes P

< timinf (1K Pl — (purs*)es + 2Tl + el )
o T

<timinf (P — by yhis + B2 IVpIR + (o)
T, 1 _

= 5 KPlEz = Py + 5 (llelp = 1" I2 + lletp + 1)7I1E:) -

Therefore, p* is a minimizer of problem (%) over H' (Q). Now the density of H' (Q) in L?(Q)
shows that p* is also a minimizer of problem (P?) over L2(Q).

Finally, by the minimizing property of p' and p,,, we have
T e 12
5o K Palliz = (s y)ee + —HVPnH 2+ Pe(pn)
" Pn
—(XHK Pl = (Ph Y% + SIVPTE: + Pe(p?),
and

1 1
7o IK Pt — (T y®) e + Pel(ph) < 7K Prllfz = (Pnyy®) 12 + Pelpn).

Adding these two inequalities together, we deduce that
IVPallz: < VP12,
which together with the weak lower-semicontinuity of the semi-norm yields
VPl < VPl
i.e. that p* is a minimizer with minimal H' (Q)-semi-norm. If K is injective or p' is unique,

then it follows that p* = p'. Consequently, each subsequence has a subsequence converging
weakly to p', and the whole sequence converges weakly. ]

13.B  PROOF OF LEMMA 13.4.2

By Theorem 13.2.2, the function ||Kx, —y®||1 is continuous and increasing as a function of
o. Therefore the following limits exist

. 5 . 5
Jim [[Kxa —y® [y lim [[Kxe =y
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By the minimizing property of x, we have
5 x 2 5 X112 2
Kxo =y® [l + S lxallie < [Kx =y?l[or + Sl forallx € L7(Q).
Taking x = 0, this gives
Kxa =yl + 5 HXaH <y

Letting « tend to co, we deduce that

. 2
0< Jim el < lim Zfyl =0,
ie limy_, o xo = 0. From this we derive that

dim [Keq —y o = 92l

Appealing again to the minimizing property, we obtain

Jim Sl =o0.

Let 0 = inf,c2(0) [|[Kx — y®[|;1. By monotonicity and continuity of ||[Kxy —y®|| ,, we have
that

(13.B.1) 0= lim |[Kxo —y®|ir.
x—0T
By the definition of the infimum, there exists an x* such that
0 < |IKx® —y®|l <0 +e.

Now the minimizing property of x yields

o o o

< K=yl S kel < K6 =y o+ S < 0+ &+ S
Letting o tend to zero, we conclude
5 x 2
0 < lim {|[Kea—y°ll0 + 5 xallf} <O+e

xX—

since ¢ is arbitrary, we have
5 x 2
6 < lim {[IKxe—y®llu + Slxall®} <0,
®—0 2

which together with equation (13.8.1) implies that limy_,0+ $|x«|[Z, = 0.
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13.C BENCHMARK ALGORITHMS

For the reader’s convenience, we briefly sketch the implemented version and the values of
all occurring parameters of the benchmark methods. For a detailed description, we refer to
references [Wolke and Schwetlick 1988; Rodriguez and Wohlberg 2009; Yang, Zhang, and
Yin 2009]. Since the proposed SSN method solves the discrete optimality system exactly, we
avoided introducing early termination criteria in the benchmark algorithms to allow for a fair
comparison. Instead, we have fixed the number of iterations such that their performance was
optimal while still giving the same reconstruction errors as the SSN method. In practice, one
would add termination criteria based, e.g., on the norm of the difference of iterates, which
would accelerate the benchmark methods as well as the SSN method.

13.C.1 ITERATIVELY REWEIGHTED LEAST SQUARES

This basic idea of the approach is to approximate the (discrete) L' (Q) norm from above by a
quadratic function Q(x, z) such that Q(x,z) > ||z||; and Q(x,x) = ||x||; 1. One such choice
is given by

Qx,2) = [xll11 + & (Z"W(x)z— X" W(x)x)

where W(x) is a diagonal matrix with entries |x;|~'. The L' (Q) norm is then minimized
by iteratively solving for given x* the smooth minimization problem with Q(x*,x) in place
of ||x||; . To avoid division by zero in the definition of W(x), an additional regularization
parameter ¢ is introduced, which was set to ¢ = 10~°, again for best performance with the
reconstruction error being the same as that from the proposed algorithm. The maximum
number of iterations K, 4 Was set to 40.

Algorithm 13.4 IRLS

1: Choose tol, kyax, sSetxg =0

2: fork =0,...,kmnax do

3: Set W = diag (max(/Kxy —y®|,€)~")

4 Set xy.,1 as solution of (K*WK + ol)x = (K*W)y?®
5: end for

13.C.2 ALTERNATING DIRECTION MINIMIZATION

This approach consists in introducing the splitting z = Kx — y® and minimizing for 3 > 0
the functional

el + & lox =y 2 + % .
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The minimization is carried out by alternatingly minimizing with respect to z and with respect
to x, which are both explicitly solvable. If the penalty parameter 3 goes to infinity, the solution
converges to the solution x of Problem (). We therefore employ a continuation strategy for
B, as was adopted in [Yang, Zhang, and Yin 2009]. The full procedure is given in Algorithm
13.5. The parameters were chosen as o = 1, Bmax = 2'% q = 2 and kyax = 30.

Algorithm 13.5 ADM

choose Kinax> Bo> Bmaxs g
Seth = Zo :0, [.)) = f.))o
repeat
fork =0,...,Kmnax do
Set zy. 1 = sign(Kxy —y®) - max(|Kxy —y®|— B~ ',0)
Set xy.1 as solution of (K*K + %I)x =K*(y® + zic11)
end for
Setxo =xx, B =qf
until B > Bax return x,

-

L 2N 22w h @« N
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A SEMISMOOTH NEWTON METHOD FOR
NONLINEAR PARAMETER IDENTIFICATION
PROBLEMS WITH IMPULSIVE NOISE

ABSTRACT

This work is concerned with nonlinear parameter identification in partial differential equations
subject to impulsive noise. To cope with the non-Gaussian nature of the noise, we consider
a model with L' fitting. However, the nonsmoothness of the problem makes its efficient
numerical solution challenging. By approximating this problem using a family of smoothed
functionals, a semismooth Newton method becomes applicable. In particular, its super-linear
convergence is proved under a second-order condition. The convergence of the solution to
the approximating problem as the smoothing parameter goes to zero is shown. A strategy for
adaptively selecting the regularization parameter based on a balancing principle is suggested.
The efficiency of the method is illustrated on several benchmark inverse problems of recovering
coefficients in elliptic differential equations, for which one- and two-dimensional numerical
examples are presented.

141 INTRODUCTION

We are interested in the nonlinear inverse problem

where S : X — Y is the parameter-to-observation mapping and y® represents experimen-
tal measurements corrupted by impulsive noise. Throughout we assume that the space Y
compactly embeds into L9 for some q > 2, y® is bounded almost everywhere, and X is
a Hilbert space. The spaces X and Y are defined on the bounded domains w C R™ and
D C R™, respectively. Such models arise naturally in distributed parameter identification for
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differential equations, where typically Y is H' (D) or HZ (D) and X is L2(w) or H' (w) [Banks
and Kunisch 1989].

The noise model for the measured data y® plays a critical role in formulating and solving the
problem. In practice, an additive Gaussian noise model is customarily adopted, which leads to
the standard L2 fitting. However, non-Gaussian (e.g., Laplace or Cauchy) noise - which admits
the presence of significant outliers - may also occur. An extreme case is impulsive noise such as
salt-and-pepper or random-valued noise, which frequently occurs in digital image acquisition
and processing due to, e.g., malfunctioning pixels in camera sensors, faulty memory locations
in hardware, or transmission in noisy channels [Bovik 2005]. Before giving a formal definition
below (§ 14.1.2), let us briefly describe its salient feature and motivate the use of L' fitting. The
impulsive noise models considered here are characterized by the fact that only a (possibly
large) number of points are subject to large errors, while the remaining data points stay intact.
(In effect, such noise is “outliers only”.) Such noise thus has a sparsity property. Since it is
well known that L' norms as penalties promote sparse solutions [Tibshirani 1996; Chen,
Donoho, and Saunders 1998], the expectation of a sparse residual quite naturally leads to
L' fitting. In contrast, L? fitting assumes that all points are corrupted by independent and
identically distributed Gaussian noise, and one single outlier can exert substantial influence
on the reconstruction [Gelman et al. 2004].

These considerations motivate adopting the model
min [S(uw) —y® [l + 5
uel 2 X

where the set U C X is convex and closed, representing physical constraints on the unknown
u. We are mainly interested in various structural properties of the L' -norm fitting compared
with the more conventional L?-norm counterpart. Our main goal in this work is to resolve the
computational obstacles posed by the non-differentiability of the L'-norm and nonlinearity
of the operator S, such that Newton-type methods are applicable when the operator S has the
necessary differentiability properties.

Due to the practical significance of L' models, there has been a growing interest in analyz-
ing their properties and in developing efficient minimization algorithms, e.g., in imaging
[Kérkkainen, Kunisch, and Majava 2005; Clason, Jin, and Kunisch 2010a] as well as parameter
identification [Chaabane, Ferchichi, and Kunisch 2004]. A number of recent works have
addressed the analytical properties of models with L' fitting, explaining their superior perfor-
mance over the standard model for certain types of noise and elaborating the geometrical
structure of the minimizers in the context of image denoising [Chan and Esedoglu 2005;
Allard 2007/08; Yin, Goldfarb, and Osher 2007; Duval, Aujol, and Gousseau 2009], i.e., when
S is the identity operator. In addition, several efficient algorithms [Yang, Zhang, and Yin 2009;
Dong, Hintermiiller, and Neri 2009; Clason, Jin, and Kunisch 2010a; Clason, Jin, and Kunisch
2010b] have been developed for such problems.

However, all these works are only concerned with linear inverse problems, and their analysis
and algorithms are not directly applicable to the nonlinear case of our interest. The optimality
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system is not differentiable in a generalized sense, and thus can not be solved directly with a
(semismooth) Newton method. We consider a smoothed variant, and prove the convergence
as the smoothing parameter tends to zero. The smoothed optimality system is solved by a
semismooth Newton method, and its superlinear local convergence is established under a
second-order condition. To the best of our knowledge, this work represents a first investigation
on L' fitting with general nonlinear inverse problems. The applicability of the proposed
approach and its numerical performance is illustrated with several benchmark problems for
distributed parameter identification for elliptic partial differential equations.

The rest of this work is organized as follows. In the remainder of this section, we introduce a
selection of model problems for which our approach is applicable (§ 14.1.1) and state a precise
definition of the considered noise models (§ 14.1.2). In section 14.2, we discuss well-posedness
and regularization properties for nonlinear L' fitting (§ 14.2.1), and derive the optimality
system (§ 14.2.2). The approximating problem, its convergence as the smoothing parameter
tends to zero, and its numerical solution using a semismooth Newton method are studied
in section 14.3. We also discuss the important issue of choosing suitable regularization and
smoothing parameters. Finally, in section 14.4, we present numerical results for our model
problems.

14.1.1 MODEL PROBLEMS

In this part, we describe three nonlinear model problems - an inverse potential problem, an
inverse Robin coefficient problem and an inverse diffusion coeflicient problem - for which
our semismooth Newton method is applicable.

INVERSE POTENTIAL PROBLEM A first nonlinear model problem consists in recovering
the potential term in an elliptic equation. Let Q C R¢ be an open bounded domain with a
Lipschitz boundary I'. We consider the equation

—Ay+uy =f in Q,
(14.1.1) dy 0

n onl.

The inverse problem is to recover the potential u defined on w = Q from noisy observational
data y® in the domain D = Q, i.e., S maps u € X = [2(Q) to the solutiony € Y = H'(Q)
of (14.1.1). Such problems arise in heat transfer, e.g., damping design [Stojanovic 1991] and
identifying heat radiative coeflicients [Yamamoto and Zou 2001]. We shall seek u in the
admissible set U = {u € L*(Q) : u > ¢} C X for some fixed ¢ > 0.
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INVERSE ROBIN COEFFICIENT PROBLEM Our second example considers the recovery
of a Robin boundary condition from boundary observation. Let QO C R? be an open bounded
domain with a Lipschitz boundary I' consisting of two disjoint parts I and I'.. We consider
the equation

—Ay =0 in Q,

dy
(14.1.2) P
0

%—i—uyzo on [j.

f on g,

The inverse problem consists in recovering the Robin coefficient u defined on w = T}
from noisy observational data y® on the boundary D = T, i.e,, S maps u € X = L?(I})
toylr, € Y = H2 (I'), where v — V|, denotes the Dirichlet trace operator and y is the
solution to (14.1.2). This class of problems arises in corrosion detection and thermal analysis
of quenching processes [Chaabane, Ferchichi, and Kunisch 2004; Jin and Zou 2010]. We shall
seek u in the admissible set U = {u € L*(I}) : u > ¢} C X for some fixed ¢ > 0.

INVERSE DIFFUSION COEFFICIENT PROBLEM Our last example, identification of a
diffusion coefficient, addresses stronger regularization for the parameter. Let Q C R? be an
open bounded domain with a smooth boundary I'. We consider the equation

(14.1.3)

-V (uVy) ="~ in Q,
y=20 onl.

with f € L9(Q) for some q > 2. The inverse problem consists in recovering the diffusion
coefficient u within w = Q from the noisy observational data y° in the domain D = Q, i.e.,
S mapsu € X = H'(Q) to the solutiony € Y = Wg,’q (Q), q > 2, of (14.1.3). Such problems
arise in estimating the permeability of underground flow and the conductivity of heat transfer
[Yeh 1986; Banks and Kunisch 1989; Chen and Zou 1999]. We shall seek u in the admissible
setU={uecl®Q):A<u<< A '"}NX for some fixed A € (0,1).

These model problems share the following properties, which are verified in Appendix 14.a
and are sufficient to guarantee the applicability of our approach.

(a1) The operator S is uniformly bounded in U C X and completely continuous: If for
u € U, the sequence {u,,} C U satisfies u, — win X, then

S(un) — S(u) inL?(D).

(a2) S is twice Fréchet differentiable.

(A3) There exists a constant C > 0 such that for all u € U and h € X there holds

IS"(wh[r2 < CllRlx.
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(A4) There exists a constant C > 0 such that for all u € U and h € X there holds

IS” (W) (h, Wlli2 < ClIh[J3-

The twice differentiability of S in (A2) is required for a Newton method (cf. section 14.3.2),
and ensures strict differentiability required for the chain rule; cf. the proof of Theorem 14.2.7.
The a priori estimate in (A3) is employed in analyzing the convergence of the approximate
solutions, while (a4) will be used to show local superlinear convergence of the semismooth
Newton method.

14.1.2 NOISE MODEL

We now motivate the use of L' fitting for impulsive noise from a statistical viewpoint (cf.
[Huber 1981; Gelman et al. 2004; Hintermiiller and Rincon-Camacho 2010]). The exact data
y' = S(uf), where u' is the true solution, defined over a domain D, is corrupted by noise.
The contaminated observation y° is formed pointwise by

yé(x) = f(‘.ﬂ) ‘ir)(x) X € D)

where &,.(x) is a real-valued random variable, v € [0, 1] is a noise parameter, and the function
f represents the noise formation mechanism. We assume that for any two distinct points
x1,X2 € D, &:(x1) and &,(x;) are independent. In practice, the Gaussian noise model (and
hence L fitting) stands out predominantly. This is often justified by appealing to the celebrated
central limit theorem: a Gaussian distribution is suitable for data that are formed as the sum
of a large number of independent components [Gelman et al. 2004]. Even in the absence of
such justifications, this model is still often preferred due to its computational and analytical
conveniences. However, it is also clear that not all real-world data can be adequately described
by the Gaussian model. Here, we consider impulsive noise models: There exist (many) points
x € D with f(y, &) (x) = y(x). The two most common types of impulsive noises, e.g., arising
in digital image processing [Bovik 2005], are:

SALT-AND-PEPPER NOISE This model is especially common in image processing, and it
reflects a wide variety of processes that result in the same image degradation: the corrupted
data points (where &, # 0) only take a fixed maximum (“salt”) or minimum (“pepper”) value.
A simple model is as follows:

y'(x) with probability 1 —r,
Y°(x) = { Ymax  with probability 7
Umin  With probability 7,

where Ymax and ymin are the maximum and minimum of the signal, respectively, and the
parameter r € (0, 1) represents the percentage of corrupted data points.
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RANDOM-VALUED IMPULSE NOISE (RVIN) In the context ofparameter identification
problems, it is more reasonable to allow arbitrary random values at the corrupted data points,
which gives rise to the following RvIN model

5(x) = y'(x) with probability 1 —r,
Y ~ |yf(x) + &(x)  with probability r,

where &(x) is a random variable, e.g., normally distributed with mean zero and typically large
variance. Clearly, RVIN is generated by the random variable &(x) and reproduces the latter
if r = 1. However, its characteristic is fundamentally different from that of £(x) for r < 1:
there exist data points which are not corrupted by noise, which carry a significant amount of
information in the data.

Like many non-Gaussian noise models such as Laplace and Cauchy noise, impulsive noise

features significant outliers, i.e., data points that lie far away from the bulk of the data. Statisti-
cally, this calls for robust methods (robust estimation in statistics [Huber 1981]). One classical

approach is to first identify the outliers with noise detectors, e.g., adaptive median filter, and

then perform inversion/reconstruction on the data with outliers excluded. Its success relies

crucially on accurate identification of all outliers, which remains very challenging in case of
multiple outliers [She and Owen 2011], and mis-identification can significantly compromise

the reconstruction. The L' approach provides a more systematic strategy for handling outliers

due to its ability to implicitly and accurately detect outliers and to automatically prune them

from the inversion procedure. The use of L' fitting has shown very promising results in a

number of practical applications [Bernstein et al. 1974; Clason, Jin, and Kunisch 2010b; Dong,
Hintermiiller, and Neri 2009]. There have been some theoretical justifications of these empir-
ical observations [Hsu, Kakade, and Zhang 2011]. They are also reflected in the optimality
system, where the dual variable acts as a noise detector (cf. Corollary 14.2.8). In contrast, L?

fitting tends to place equal weight on all data points and thus suffers from a lack of robustness:
One single outlier can exert significant influences globally, and may spoil the reconstruction

completely [Gelman et al. 2004, p. 443].

We observe that these statistical considerations are finite-dimensional in nature. Nonetheless,
they directly motivate the use of the continuous analogue, the L' model, for parameter
identification problems. We would like to note that the model considered here remains
deterministic, despite the preceding statistical motivations. In particular, we do not regard
the observational data y® as an “impulsive” type of stochastic process in function spaces,
but consider it only as a realization of such a stochastic process as is usually the case for
deterministic inverse problems [Engl, Hanke, and Neubauer 1996]. However, a stochastic
analogue of the L' model in function spaces is also of great interest. We recall that the
more conventional Gaussian model in function spaces can be modeled as a Hilbert space-
valued random variable — and more generally a Hilbert space process — whose properties are
characterized by its covariance structure (see the nice summary in [Bissantz et al. 2007, §2.5]).
It would be desirable to have analogous characterizations for the L' model. Some results in
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this direction can be found in [Lassas, Saksman, and Siltanen 2009], where Besov priors were
(formally) studied that might also be applied to impulsive noises.

14.2 L1 FITTING FOR NONLINEAR INVERSE PROBLEMS

The above considerations motivate considering the problem

(® min {9a(1w) = 3(0) =y 0 + 5 e — o3}

uelu

for the nonlinear operator S : U C X — Y satisfying assumptions (a1)-(a4) (although the
results of this and the next section only require (A1) and (a2)) and given y° € L*(D). Here,
Uy is an initial guess which also plays the role of a selection criterion.

14.2.1 EXISTENCE AND REGULARIZATION PROPERTIES

We first address the well-posedness of the problem (). In this section, we shall denote a
minimizer of the functional J, by u®, while u, will be a minimizer with y® replaced by the
exact data y'. We assume that y' is attainable, i.e., that there exists an element u’ € U such
that y' = S(uf). If u is not unique, it always refers to a wo-minimum-norm solution, i.e.,
an element minimizing ||u — ||, over the set of solutions to S(u) = y'. Throughout, C
denotes a generic constant, whose value may differ at different occurrences.

The proof of the next result is standard (cf., e.g., [Engl, Kunisch, and Neubauer 1989],[Engl,
Hanke, and Neubauer 1996, Chap. 10]) and is thus omitted.

Theorem 14.2.1. Under Assumption (A1), problem (P) is well-posed and consistent, i.e.,
(i) There exists at least one minimizer ul, € U to problem (P);

(i) For a sequence of data{y.} such thaty,, — y® in L'(D), the sequence {ul} of minimizers
contains a subsequence converging to u’;

(iii) If the regularization parameter x = x(d) satisfies

iy ol8) = liny 55y = 0

then the sequence {u3, s} has a subsequence converging to u’ as & — 0.
If we assume Lipschitz continuity of the derivative S’ and a (standard) source condition,

we have the following result on the convergence rate for the a priori parameter choice rule
o= a(d) ~ 6 forany ¢ € (0, 1) (cf. [Hofmann et al. 2007; Péschl 2009]).

Theorem 14.2.2. Let y® € Y satisfy ||[y® —yT||+ < 8 and let ul € U be a wo-minimum norm
solution of S(u) = y. Moreover, let the following conditions be fulfilled:
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(i) There exists an L > 0 such that ||S’(u!) — S'(2) |2 < Ljul —z||x forallz € U C X.
(i) There existsaw € L=°(D) N L%(D) with L ||w||,. < 1 satisfying ul —uo = S’ (uf)*w.

Then for any fixed € € (0,1), the choice « ~ 8¢ and b sufficiently small, we have the estimate

1—e

b, —ufflx < €82
Proof. By the minimizing property of u? and ||y® — y'||1 < §, we obtain
IS (we) —y° [ +—||u — o[} < 5+—HuT o[,
and hence
IS (o) —y®llur + —Hu —uffF <&+ aful —uo,ul —ug)x
Now by the source condition (ii), we obtain
53 — ¥l + s — w3 < 8+ arlw, 8'(w) (uf — i)

The Fréchet differentiability of S and condition (i) imply

S(ud) = S(uf) + S/ (uh)(ud —u) +r(ud,uh

X

5

with [|r(ud, uh)||, < 5llud —u'||%. Combining these estimates leads to

I1S(ug) —y ||u+—||LL —ul|% <8+ ofw, (y" —y°) + (Y° = S(ug)) +r(ug, ub))r
<8+ o[ wllps 8+ ol o [1S(ug) =yl

X
+ Sl — w3,

and hence
(1T — Wl IS (ud) =y +2 —Lwll2)[[ud —ulf|f <8+ a|w] .

Now the desired result follows from the condition L ||w||;> < 1 and the choice of « such that
o ||[w|{« < 1 for & sufficiently small. O

Remark 14.2.3. An inspection of the proof shows that a rate of order O(82) can be achieved
for a choice rule «(d) for which the limit o* = lims_,o x(0) satisfies a* < 1/ ||w||;~ and
o* > 0. We point out that the source condition uf —uy = S’(u’)*w might be further relaxed
by utilizing the structure of the adjoint operator; cf. [Ito and Jin 2011] for relevant discussions
in the context of parameter identification.
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The a priori choice gives only an order of magnitude for o and is thus practically inconvenient
to use. In contrast, the discrepancy principle [Morozov 1966; Jin, Zhao, and Zou 2012] enables
constructing a concrete scheme for determining the regularization parameter . Specifically,
one chooses & = «(6) such that

(14.2.1) IS(ud) —y®|lir = cb,

where ¢ > 1 is a constant. Numerically, it can be realized efficiently by either a two-parameter
algorithm based on model functions or the secant method [Jin, Zhao, and Zou 2012], but it
requires knowledge of the noise level o.

The next result shows a O(52) convergence rate. Its proof is almost identical to that of Theorem
14.2.2 (cf. [Jin, Zhao, and Zou 2012]) and hence is omitted.

Theorem 14.2.4 (discrepancy principle). Let conditions (i)-(ii) in Theorem 14.2.2 be fulfilled.
Then for the choice « determined by (14.2.1), there holds

[ud, — uf[| < C52.

The next result shows an interesting property of L' fitting (and in general, of one-homogeneous
discrepancy functionals; cf. [Burger and Osher 2004]) in the case of exact data: the regularized
solution u, coincides with the exact solution u' if the regularization parameter c is sufficiently
small. This is in sharp contrast to quadratic L? fitting, where the Tikhonov minimizer is
different from the true solution for every o > 0.

Theorem 14.2.5 (exact recovery). Let conditions (i) and (ii) in Theorem 14.2.2 be fulfilled. Then,
Uy = ul holds for o« > 0 sufficiently small.

Proof. We only sketch the proof. By the minimizing properties of u, and the source condition,
we arrive at

x /
IS(ue) =yl + EHu‘X —ul|3 < —o(w, S’ (uh) (ue —ul))pa.
As before, we obtain by the Fréchet differentiability of S that

(08
Hs(uoc) _UT”U + ZHucx _uTH§C < “<W> (UT - S(uoc)) + T'(uoc>uT)>L2

x
< oWl [1S(ue) =yl + ST w2 [ue — w3

Hence, for o < 1/ ||w||;, we have [[u, — uf||x =0, i.e. uq = ul. O
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14.2.2 OPTIMALITY SYSTEM

We next derive the necessary first-order optimality conditions for u, := u5, (slightly abusing
the notation).

Remark 14.2.6. In this work, we assume that the true solution u' of the inverse problem (and a
minimizer uy of (P)) lies in the interior U;, of U and do not explicitly enforce the constraint
u € U, in order to focus the presentation on the treatment of the nonsmoothness inherent
in the L'-fitting problem. There is no fundamental difficulty in including this constraint
in the optimization, however, in which case the first equality in the optimality conditions
(OS) should be replaced by a variational inequality. When the domain of definition is given
by box constraints (as in the model problems), the modified optimality system can still be
solved using a semismooth Newton method after applying a Moreau-Yosida regularization;
cf. [Hintermiiller, Ito, and Kunisch 2002].

Theorem 14.2.7. For any local minimizer uy € Uy C X of problem (P) there exists a p €
L®(D) with ||[p«|l;~ < 1 such that the following relations hold:

(0S) S (Ue) P + Aj(Ue — Up) =0,
(S(1a) — ¥*,p — palis <0 forall [plle < 1.

Here S’(u)* denotes the adjoint of S’ (1) with respect to L*(D), and j : X — X* is the (linear)
duality mapping, i.e., j(u) = a(% HuH%C) Note that both S(u) and y® are in L2(D), and hence
the duality pairing (S(u) —y®,p)11 1~ coincides with the standard L2-inner product.

Proof. Setting
F. X - R, u>—>%c||u—uo||%c»
G:L'(D) =R, v v,
we have that
Ja(u) = F(w) + S(S(u) —y°).

Since the operator S is twice Fréchet differentiable ((a2), which implies strict differentiability)
and § is real-valued and convex, the sum and chain rules for the generalized gradient [Clarke
1990, Thms. 2.3.3, 2.3.10] yield that for all u € X, the functional J is Lipschitz continuous
near u and the relation

0do(u) = F'(u) +8'(w)*aG(S(u) —y°)

holds. The necessary condition 0 € 9J(uy) for every local minimizer uy of J+ (cf., e.g.,
[Clarke 1990, Prop. 2.3.2]) thus implies the existence of a subgradient p, € 35(S(uq) —y®) C
[*°(D) such that

0= OC)'(‘LL(X _u0) + S,(uoc)*poc
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holds, which is the first relation of (OS). Since § is convex, the generalized gradient reduces
to the convex subdifferential (cf. [Clarke 1990, Prop. 2.2.7]), and by its definition we have the
equivalence

P« € ag(s(ucx) - yé) A S(uoc) - 95 S ag*(poc))

where G* is the Fenchel conjugate of G (cf., e.g., [Ekeland and Témam 1999, Chap. 1.4]), given
by the indicator function of the unitball B = {p € L*(D) : ||p||r~ < 1}. The subdifferential of
G* coincides with the normal cone to B. Consequently, we deduce that p, € 3G(S(wa) —y®)
if and only if

<S(uoc) - U6>p - poc>L2 < 0
holds for all p € L*°(D) with ||p||;~ < 1, which is the second relation of (OS). O

The following structural information for a solution u, of problem () is a direct consequence
of (OS) and is of independent interest.

Corollary 14.2.8. Let uy € Uiy be a minimizer of problem (P) and p, € L*(D) as given by
Theorem 14.2.7. Then the following relations hold:
S(ua) —y® =0 aeon {xeD:|ps(x) <1},
) = ]})
) =—1}.

S(ua) —Yy® =0 aeon {xeD:pyx
S(Ue) —Y° <0 aeon {xeD:pulx

This can be interpreted as follows: the box constraint on the dual solution p is active where
the data is not attained by the primal solution 1. In particular, the dual solution p acts as a
noise indicator.

By using a complementarity function [Chen, Nashed, and Qi 2000; Ito and Kunisch 2008],
we can rewrite the second relation of (OS) as

S(ucx) _yé = maX(O’ S(ucx) _96 + C(pcx - 1)) + min(ovs(ucx) _U‘S + C(pcx =+ 1))

for any ¢ > 0. This can be further discriminated by pointwise inspection to the following
three cases:

(i) (S(ua) —y®)(x) > 0and p«(x) =1,
(i) (S(ug) —y®)(x) < 0and py(x) = —1,
(iii) (S(ue) —y®)(x) =0and py(x) € [—1,1].
Consequently, we have the concise relation
Po = sign(S(ua) —y°),
from which we obtain a reduced optimality system

(0S") 0 € of(ue — o) + S (1a) " (sign(S(ua) —y®)).
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14.3 SOLUTION BY SEMISMOOTH NEWTON METHOD

In view of (OS’) and the lack of smoothness of the sign function, the optimality system (OS) is
not differentiable even in a generalized sense, which precludes the application of Newton-type
methods. Meanwhile, gradient descent methods are inefficient unless the step lengths are
chosen appropriately, which, however, necessarily requires a detailed knowledge of Lipschitz
constants. Therefore, we propose to approximate () using a local smoothing of the L' norm.
For simplicity, we will only consider uy = 0 from here on.

14.3.1 APPROXIMATION

To obtain a semismooth Newton system, we wish to replace the sign function in (OS’) by a
locally linear smoothing. We therefore consider for 3 > 0 the smoothed problem

. X
(Ps) min S(w) — y* o, + 5 ul3,

where HVHLF5 is a Huber-type smoothing of the L' norm:

v(x) — % ifv(x) > B,
||v||L}5 = J v(x)lp dx, v(x)lg =< —v(x) — % ifv(x) < —B,
¢ V)P i) < B

The existence of a minimizer ug of (P ) follows as before. Since the mapping P : R — R,
t = [tlg, is differentiable with a globally Lipschitz continuous derivative t — sign, (t),

1 ift> B,
signﬁ(t) =q—1 ift<—p,
st iflt < B,

we have that 1\ defines a differentiable Nemytskii operator from LP (D) to L*(D) for every
p = 4 (cf, e.g., [Troltzsch 2010, Chap. 4.3] and references therein) with pointwise defined
derivative sign; (v)h. We thus obtain the necessary optimality conditions for a minimizer
Up € Ui

(OSp) ocj(urg)—I—S’(u[g)*(signﬁ(S(uB)—yf’)) =0.

Remark 14.3.1. This Huber-type smoothing (which is also used in classical robust estimation
[Huber 1981]) is equivalent to an [?(Q)-penalization of the dual variable p € L>(D) in (OS).
To see this, we consider (OS) as the optimality conditions of the primal-dual saddle point
problem

. & 2
S(w) —y° >
min max (S(w) =y Pl + 5 lull,

263



14 A SEMISMOOTH NEWTON METHOD FOR NONLINEAR PARAMETER...

which makes use of the dual representation of the L'-norm. We now introduce for f > 0 the
penalized saddle point problem

: p o
min ( max (Stw) —y,phes = 5 19l ) + 5 Tl

Lel \[Iplleo<T
The corresponding optimality conditions for minimizers in Uy, are given by

{S’(uﬁ)*pﬁ + oj(ug) =0,

(1431 (S(ug) —y° = Bpp, P —Pp)i2 <O

for all p € L*°(D) with ||p||;~ < 1. By expressing the variational inequality again using a
complementarity function with ¢ = 3, we obtain by pointwise inspection that

Pp = signB(S(uﬁ) —y°).
Inserting this expression into the first relation of (14.3.1) yields precisely (OSg).
We next show the convergence of solutions to the approximating problems (P ) to a solution

to problem (P).

Theorem 14.3.2. As 3 — O, the family {ug}a~o C U of minimizers of (P) contains a subse-
quence converging in X to a minimizer of (P).

Proof. Note that for any B > 0, there holds [v(x)|s < [v(x)|, and consequently
IS (wa) =y iy < I1S(e) =P .
Now the minimizing property of ug implies
5 x 2 5 x 2
(14.3.2) ISCug) —y7 My + S lhupll < IS(ue) = Y2l + 5 luall,

from which it follows that the family {u} is uniformly bounded in U. Therefore, there exists
a subsequence, also denoted by {ug}, and some u* € U C X such that ug — u* in X. By
the strong continuity of S (cf. (A1)) we have S(ug) — S(u*) in L%, and this convergence is
pointwise almost everywhere after possibly passing to a further subsequence [Evans and
Gariepy 1992]. In addition, since [t|s — [t|as p — O foreveryt € R, we have that|S(u,)—y®lp
converges pointwise to |S(wy) —y°|. Fatou’s Lemma then implies

(14.3.3) (1S(w*) —y® || :J lim |S(ug) —y®lp dx < liminf||S(ug) —y®|l1.
D B—0 B—0 B

Meanwhile, by virtue of Lebesgue’s dominated convergence theorem [Evans and Gariepy
1992], we deduce

1 _4® 1 = —y® 1.
lim[S(ua) = y®lley = IS(ua) —v®llc
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These three relations together with the weak lower semicontinuity of norms indicate
x 2 x 2
IS =y? o + Sz < [S(we) =yl + 5wl
This together with the minimizing property of u, implies that u* is a minimizer of ().

To conclude the proof, it suffices to show that limsupg s [[ug[/xx < [[u*||x holds. To this end,
we assume the contrary, i.e., that there exists a subsequence of {up }3 -0, also denoted by {ug},
satisfying ug — u* in X and limg_,o||ug|lx = ¢ > [[u*||x. Letting uy = u* and B — O in
(14.3.2), we arrive at

: X * & *
lim supS{ug) —y Iy + 3¢ < IS(w) —yPller + 5 w3,
B—0 ‘

Le., limsupg,_,,lIS(up) —y° ey < I1S(w) — y®|lL1, which is in contradiction with the weak
lower semicontinuity in (14.3.3). This concludes the proof. O

14.3.2 SEMISMOOTH NEWTON METHOD

To solve the optimality system (OSg) with a semismooth Newton method [Kummer 2000;
Chen, Nashed, and Qi 2000; Ulbrich 2002; Hintermiiller, Ito, and Kunisch 2002], we consider
it as an operator equation F(u) =0 for F: U C X — X*,

F(u) = of(u) +S'(w)* (signg (S(w) —y®)).

We now argue the Newton differentiability of F. We recall that a mapping F : X — Y between
Banach spaces X and Y is Newton differentiable at x € X if there exists a neighborhood N(x)
and a mapping G : N(x) — L(X,Y) with

. |[F(x +h) —F(x) — G(x+h)h|,

(14.3.4) lim

— 0.
[ M lx

(Note that in contrast with Fréchet differentiability, the linearization is taken in a neighbor-
hood N(x) of x.) Any mapping DnF € {G(s) : s € N(x)} is then a Newton derivative of F at
X.

Sincet — sign (t) is a globally Lipschitz continuous mapping from R to R, the corresponding
Nemytskii operator v — sign; (v) is Newton differentiable from LP to L9 forany p > q > 1
[Ulbrich 2002; Schiela 2008], and a Newton derivative is given pointwise by

| o if v(x)| > B,
(D signg (v)h)(x) = {%h(x) if v(x)] < B.

This yields Newton differentiability of sign, from Y — L9(D), q > 2, to L2(D). By the chain
rule and the Fréchet differentiability of S, it follows that P : U — L?(D),

P(u) = Signfg(s(u) _yé))
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is Newton differentiable as well, and a Newton derivative acting on a direction v € X is given
as

DnP(wh =B~ 'xs(S(wh).

Here, x5 is defined pointwise for x € D by

1 afls(w) —y®) (¥ < By
Xg(x) =
0 else.

For a given u*, one Newton step consists in solving for the increment §u € X in
(14.3.5) o (W)du + (" (u)su) P(u*) + 'S (1) (xS (u)du) = —F(u®)

and setting u**! = u* + Su. Given a way to compute the action of the derivatives S’(u)h,
S’(uw)*hand [S”(u)h]*p for given u, p and h (given in Appendix 14.A for the model problems),
system (14.3.5) can be solved iteratively, e.g., using a Krylov method.

It remains to show the uniform well-posedness of system (14.3.5), from which superlinear
convergence of the semismooth Newton method follows by standard arguments. Since the
operator S is nonlinear and the functional is possibly non-convex, we assume the following
condition at a minimizer ug: There exists a constant y > 0 such that

(14.3.6) (8" (up)(h,h), P(up))iz + a3 > vIh%

holds for all h € X. This is related to standard second-order sufficient optimality conditions
in PDE-constrained optimization (cf,, e.g., [Troltzsch 2010, Chap. 4.10]). The condition is
satisfied for either large  or sparse residual S(ug) —y®, since

(14.3.7) (S”(up)(h,h), P(ug))iz + adl|hl% > (= Cl[P(ug)le2)lIn]I%

holds by the a priori estimate on S” (a4). In the context of parameter identification problems,
this is a reasonable assumption, since for a large noise level, « would take a large value, while
a small « is chosen only for small noise levels (which, given the impulsive nature of the
noise, is equivalent to strong sparsity of the residual). In the latter case, we observe that
P(up) = signg (S(up) — y®) can be expected to be small due to the L? smoothing of sign,
(cf. Remark 14.3.1 and note that P(ug) = pg). Condition (14.3.6) is thus satisfied if either &
or 3 is sufficiently large. However, this property depends on 3, which together with Theorem
14.3.2 motivates the use of a continuation strategy in f3; cf. section 14.3.3. We remind that in
general it is not possible to check such conditions a priori even for quadratic functionals.

Proposition 14.3.3. Let 3 > 0 be given. If condition (14.3.6) holds, then for each uw € U
sufficiently close to a solution ug € Uiy of (OSg), the mapping DNF @ X — X¥,

DnF(w) = o (u) +S"(w)*P(w) + B7'S"(w)*xiS' (w),
is invertible, and there exists a constant C > 0 independent of u such that

(DN ™Ml oer,x0) < C
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Proof. For given w € X*, we need to find du € X satisfying
(o’ (W)du + ($” (W)du) " P(w) + B8 (W) )18 (W)du, V)=, x = (W, Vo

for all v € X. Letting v = du and observing that (j'(w)v,v)x« x = ||v|\§c (since X is a Hilbert
space), we obtain

o[8[ + (8" (1) (u, 5w, P(w)) 2 + B~ [[xa S’ (w)Sullz = (w, Su)a .
Now the pointwise contraction property of the min and the max function implies

IP(ug) = P(w)flr2 < B~ '|IS(up) — S(u)|lr2
+ B~ lmax(0,S(up) —y® — B) — max(0,S(u) —y® — )12
+ B~ 'Jmin(0, S(ug) — y® + B) — min(0, S(u) —y® + B)||;2
<3RS (up) — S(u)|r2.

Consequently, by the continuity of the mapping S, for sufficiently small ||ug — ||y, we
have small ||[P(ug) — P(u)|| 2 as well. Thus, by condition (14.3.6) and the locally uniform
boundedness of S” (cf. (a4)), there exists an ¢ > 0 such that

o ||| + (S (w) (5u, Su), P(w)) 2
= oc]|ou[3 + (S (w)(du, Su), Pug)) 2 + (8" (w) (5w, du), P(w) — P(ug)) 2

2 2 Y 2
2 v [I8ulfy — Celldully > 5 fIdully

holds for all u with ||[u —ugl||x < € if € is sufficiently small.

Finally, we deduce by the Cauchy-Schwarz inequality that
Y
7 I8ulli < wl. [5u]
This implies the claim. ]

Newton differentiability and uniform boundedness of Newton derivatives immediately implies
superlinear convergence of the semismooth Newton method (14.3.5).

Theorem 14.3.4. Let B > 0 and condition (14.3.6) hold. Then the sequence {u*} of iterates in
(14.3.5) converge superlinearly to a solution ug € Uiy, of (OSp), provided that u° is sufficiently
close to ug.

Proof. The proof is standard [Kummer 2000; Chen, Nashed, and Qi 2000; Ulbrich 2002;
Hintermdiller, Ito, and Kunisch 2002] but given here for the sake of completeness. By the
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definition of the Newton step u**! = u* — (DnF(u*))"F(u¥) and F(ug) = 0, we obtain
using Proposition 14.3.3 that

T — gl = [[(DNF)) 7 ) — Flug) — DnF) (u® — )|
< C[F(u*) — Fup) — DnF(u®) (u®* — up)|x
= C||F(up + d*) — F(ug) — DnF(up + d*)d*||x-

with d* := u* —ug € X. Now the Newton differentiability of F at up implies that

k+1

" =gl = o(flu” —up ),

and thus there exists a neighborhood of ug such that

k+1

1
[ =l < 5l —upll,

from which convergence follows by induction. Applying (14.3.4) then yields the claimed
superlinear rate. ]

14.3.3 PARAMETER CHOICE

The regularized formulation (P) of the parameter identification problem S(u) = y?® requires
specifying the regularization parameter «, whose correct choice is crucial in practice. Usually,
itis determined using a knowledge of the noise level 8 by, e.g., the discrepancy principle (14.2.1).
However, in practice, the noise level 6 may be unknown, rendering such rules inapplicable.
To circumvent this issue, we propose a heuristic choice rule based on the following balancing
principle [Clason, Jin, and Kunisch 2010a]: Choose « such that

X
(14.3.8) (o= DIS(ue) =y [l = Slluallz =0

is satisfied. The underlying idea of the principle is to balance the data fitting term with the
penalty term, and the weight o > 1 controls the trade-off between them. This weight depends
on the relative smoothness of residual and parameter but not on the data realization. The
principle does not require knowledge of the noise level and has been successfully applied to
linear inverse problems with L data fitting [Clason, Jin, and Kunisch 2010a; Clason, Jin, and
Kunisch 2010b]; cf. also [Ito, Jin, and Takeuchi 2011] for relevant theoretical analysis.

We compute a solution o* to the balancing equation (14.3.8) by the following simple fixed
point algorithm proposed in [Clason, Jin, and Kunisch 2010b]:

(I 0e) ¥l

(14.3.9) o1 = (0—1 . >
EHuOCkHDC

This fixed point algorithm can be derived formally from the model function approach [Clason,
Jin, and Kunisch 2010a]. The convergence can be proved similar to [Clason, Jin, and Kunisch
2010b], by observing that the proof given there does not depend on the linearity of the forward
operator.
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Theorem 14.3.5. If the initial guess oy satisfies (0 — 1)||S(us,) — Y° [l — [ ua % < O,
then the sequence { o} generated by the fixed point algorithm is monotonically decreasing and
converges to a solution to (14.3.8).

Of similar importance is the proper choice of the smoothing parameter (3. If § is too large,
the desirable structural property of the L' model will be lost. However, the second-order
condition (14.3.7) depends on 3 and cannot be expected to hold for arbitrarily small 3. In
particular, the convergence radius for the semismooth Newton method is likely to shrink as 3
decreases to zero. These considerations motivate the following continuation strategy: Starting
with a large 3o and setting 3,1 = qf3, for some q € (0, 1), we compute the solution ug, of
(OSp) using the previous solution ug,, as an initial guess.

A crucial issue is then selecting an appropriate stopping criterion for the continuation. Since
we are most interested in the L' structure of the problem, we base our stopping rule on
the following finite termination property of the linear L' fitting problem [Clason, Jin, and
Kunisch 2010a, Prop. 3.6]: If the active sets coincide for two consecutive iterations of the
semismooth Newton method, the semismooth optimality system is solved exactly. In addition,
the convergence is usually very fast due to the continuation strategy, and the required number
of iterations is independent of the mesh size (this property is well-known as mesh independence
[Hintermiiller and Kunisch 2004]). Hence, if the active sets (cf. A% and A* in Algorithm
14.1) are still changing after a fixed number of iterations, we deduce that the semismoothness
of the operator F(u) might be lost and return the last feasible solution ug _, as the desired
approximation. In practice, we also check for smallness of the norm of the gradient to take
into account the nonlinearity of S and safeguard termination of the algorithm by stopping
the continuation if a given very small value (3., is reached.

A complete description of this approach, hereafter called path-following semismooth Newton
method, is given in Algorithm 14.1.

14.4 NUMERICAL EXAMPLES

We now present some numerical results for several benchmark parameter identification prob-
lems with one- and two-dimensional elliptic differential equations to illustrate the features
of the proposed approach. In each case, the forward operator was discretized using finite
elements on a uniform grid (triangular, in the case of two dimensions). We denote by P,
the space of piecewise constant functions (on each element), while P is the space of piece-
wise linear functions. Unless otherwise stated, the number N of grid points is 1001 in one
dimension and 128 x 128 in two dimensions.

We implemented the semismooth Newton (SSN) method as given in Algorithm 14.1. The
iteration was terminated if the active sets did not change and the norm of the gradient fell
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Algorithm 14.1 Path-following semismooth Newton method.

1: Choose B0, q <1, Bmin > 0, up € U, k* > 0,setn =0

2: repeat

3 Setu® =u,, k=0

4: repeat

5t Compute y* = S(u¥)

6: Compute active and inactive sets

AL ={xeD: (y*—y°)(x) > B}
A ={xeD: (y* -y x) <-B}
J*={xeD: |y -y )(x)| < B}

7: Compute p* = sign, (y* —y°)
: Compute F(u*) = aj(u*) + S’ (uk)*(p*)
9: Compute update du by solving

o (uF)ou + (S” () o) p* + B TS (u) xS’ (u)du = —F(u¥)

10: Set ukt! =uk 4+ du, k + k+ 1.

1: until (A% = A% " and A* = A* T and ||F(u®)|| < tol) or k = k*
12: if k < k* then

13 Setn + n+1,uy =uX, Bn =qPn_1

14: end if

15: until k = k* or B, < Brin

below 1.00 x 10, or if 20 iterations were reached. In our experiments, we consider random-
valued impulsive noise (cf. § 14.1.2): Given the true solution u' and the corresponding exact
datay' = S(u'), we set

s _ )y with probability 1 — T,
v y' + |ly'||i=& with probability r,

where the random variable ¢ follows the standard normal distribution and r € (0, 1) is the
percentage of corrupted data points. Unless otherwise noted, we take r = 0.3. The exact
noise level § is defined by § = ||[y® — yT||1. The Newton system (14.3.5) is solved iteratively
using BiCGstab (with tolerance 1.00 x 10~ and maximum number of iterations 100). The
reduction rate q is set to %

All timing tests were performed with Matlab (R2010b) on a single core of a 2.8 GHz worksta-
tion with 24 GByte of RAM. The Matlab codes of our implementation can be downloaded
from http://www.uni-graz.at/~clason/codes/l1nonlinfit.zip. To keep the presenta-
tion concise, all tables are collected in Appendix 14.B.
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14.4.1 INVERSE POTENTIAL PROBLEM

This example is concerned with determining the potential u € L?(Q) in (14.1.1) from noisy
measurements of the state y € H'(Q) in the domain Q. The discretized operator Sy, maps
up € Uy, = Py toyn € Y = Py which satisfies

(Vyh,Vvh>Lz(Q) + <uhyh,\)h>]_z(_o_) = <f,\)h>]_2(Q) for all Vi € Yh.

For the automatic parameter choice using the balancing principle, we have set the weight o
to 1.03 and the initial guess ¢ to 1.

ONE-DIMENSIONAL EXAMPLE. Here, we take Q = [—1,1], f(x) = 1 and

ul(x)=2— x| > 1.

A typical realization of noisy data is displayed in Figure 14.1a for r = 0.3 and Figure 14.1b for
T = 0.6. The fixed-point iteration (14.3.9) converged after 3 (4) iterations for r = 0.3 (r = 0.6),
and yielded the values 4.33 x 1073 (9.39 x 1073) for the regularization parameter «. The
respective reconstructions 4, shown in Figures 14.1c and 14.1d, are nearly indistinguishable
from the true solution uf. To measure the accuracy of the solution u, quantitatively, we
compute the [2-error e = ||uy — uf||;2, which is 8.65 x 10~* for r = 0.3 and 3.32 x 1073
for r = 0.6. For comparison, we also show the solution by the L? data fitting problem (solved
by a standard Newton method), where the parameter o has been chosen to give the smallest
L2 error. We observe that the L% reconstructions are clearly unacceptable compared to their
L' counterparts, which illustrates the importance of a correct choice of the noise model, and
especially the suitability of L' fitting for impulsive noise.

The performance of the balancing principle is further illustrated in Table 14.1 (cf. Appendix 14.B),
where we compare the balancing parameter «;, with the “optimal”, sampling-based parameter
«, for different noise levels. This parameter is obtained by sampling each interval [0.1 0w, ot]
and [0, 10a,] uniformly with 50 parameters and taking as «, the one with smallest L?-error
€ = ||wa, — uf|| 2. We observe that both the regularization parameters and the reconstruc-
tion errors obtained from the two approaches are comparable. This shows the feasibility of
the balancing principle for choosing an appropriate regularization parameter in nonlinear
L' models. Table 14.1 also illustrates the fundamentally different nature of impulsive noise
and L' fitting compared with Gaussian models, since the L?-error does not depend linearly
on the noise level or the percentage r of corrupted data. This can be attributed to the fact
that the structural properties of the noise (e.g., clustering of corrupted data points, which is
increasingly likely for r > 0.5) is more important than the noise percentage itself.

Next we study the convergence behavior of the path-following SSN method. First, the conver-
gence behavior in the smoothing parameter f3 is illustrated in Table 14.2 by showing for each
step in the continuation procedure the value of {3, the required number of SSN iterations and
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Figure 14.1: Results for 1d inverse potential problem. Left: v = 0.3, right: r = 0.6.

the L2-error e. The required number of SSN iterations is relatively independent of the value
of B provided it is sufficiently large. Then the semismoothness of the optimality system (OSp)
is gradually lost after the 3 value drops below 1.00 x 1077, and more and more iterations are
required for the Krylov method to solve the Newton system (14.3.5) to the prescribed accuracy.
Nonetheless, the reconstruction already represents a very reasonable approximation (in terms
of the L?-error e) at B = 1.19 x 1077. Second, we illustrate the superlinear convergence of
the SSN method by solving the optimality system (14.3.1) with fixed r = 0.3, o« = 4.00 x 103
and B = 1.00 x 10~". Table 14.3 shows the number of elements that changed between active
and inactive sets and the residual norm ||F(u*)||; 2 after the kth iteration for several problem
sizes N. The superlinear convergence as well as the mesh independence can be observed.

Finally, we demonstrate the scalability of the proposed approach. Table 14.4 summarizes the
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(a) exact data

() true solution (d) L' reconstruction (x = 1.06 x 1072)

Figure 14.2: Results for the 2d inverse potential problem with r = 0.3 (§ =2.24 x 107').

computing time for one run of the path-following SSN method and for the full fixed point
iteration. Since the computing time depends on the « value, we present the results with the
final value of « as obtained from the fixed-point iteration (14.3.9). The presented results are
the mean and standard deviation over ten noise realizations. We observe that both the fixed
point iteration and the path-following SSN method scale very well with the problem size N,
which corroborates the mesh independence of the SSN method [Hintermiiller and Kunisch
2004]. We point out that the computational cost of calculating the balancing parameter is
only two to three times that of solving the L' model with one fixed regularization parameter.
Therefore, the balancing principle is also computationally inexpensive.

TWO-DIMENSIONAL EXAMPLE. Here, we take Q = [—1,1]%, f(x7,x2) = 1 and

ul(x1,%2) = T4 cos(mx1) cOS(T%2 )X {1(x1 2 )12} = Ty
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cf. Figure 14.2¢c. The exact and noisy data (with r = 0.3) are given in Figures 14.2a and 14.2b,
respectively. The fixed point algorithm (14.3.9) converged within two iterations to the value
o, = 1.06 x 1072. The solution (with an L%-error e = 5.28 x 10~3), shown in Figure 14.2d,
accurately captures the shape as well as the magnitude of the potential u' and thus represents
a good approximation. The reconstruction by the L? model is again far from the true solution
and thus is not shown here.

14.4.2 INVERSE ROBIN COEFFICIENT PROBLEM

This example, meant to illustrate coefficient recovery from boundary data, concerns recon-
structing the Robin coefficientu € L?(T}) in (14.1.2) from noisy measurements of the Dirichlet
trace of y € H'(Q) on the boundary T.. The discretization Sy, of the forward operator S thus
maps up, € Uy, = Py(I}) to the restriction of y;, € Yy, = Py to the nodes on I, where y,
satisfies

(VYn, VVi)12(q) + (WnYn, Vi) 2ry = (fy Vi) 2(r,y  forallvy € Yi.

Here, we take the domain Q = [0, 1]?, inaccessible boundary I = {(x1,%,) € 0Q : x; = 1}
and accessible (contact) boundary I, = 0Q \ T;. Further, we set f(x1,x2) = —4 + x; and

u(xa) =1T4+x2>1.

For the automatic parameter choice using the balancing principle, we have set the weight o
to 1.03 and the initial guess «, to 1 as before.

The noisy data for r = 0.3 and r = 0.6 are displayed in Figures 14.3a and 14.3b, respectively.
The fixed point algorithm (14.3.9) converged after two iterations in both cases, giving a value
9.77 x 1072 (r = 0.3) and 2.12 x 10" (r = 0.6) for the regularization parameter . The
corresponding reconstructions 1, with respective L2-error 3.13 x 1073 and 1.05 x 1072,
are shown in Figures 14.3c and 14.3d. Overall, the approximate solutions agree well with the
true coefficient, except around the two end points, where the reconstructions suffer from
pronounced boundary effect, especially in case of r = 0.6. Again, the reconstruction by the
L2 model (with optimal choice of ) is not acceptable and is thus not shown. A comparison of
the balancing principle with the optimal choice based on sampling is given in Table 14.5. The
results by these two approaches are very close to each other. From the table, we also observe
the non-monotonicity of the error as a function of v, where the reconstruction error e shows
a noticeable jump after r = 0.5.

14.4.3 INVERSE DIFFUSION COEFFICIENT PROBLEM

Finally, we consider the problem of determining the diffusion coefficient u € H'(Q) in
(14.1.3) from noisy measurements of the solution y € H}(Q). Here we take U, = P; and
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Figure 14.3: Results for the inverse Robin coefficient problem. Left: r = 0.3, right: v = 0.6.
Y, = P1 NH}(Q) and consider the discrete operator S;, as mapping w;, € Uy, toy, € Yy
satisfying

(UnVYn, VVn)12(0) = (f,Vh)12(q) forallvy € Yj.

To accelerate the convergence of the Krylov solver, we precondition the Newton system with
the inverse Helmholtz operator (—A + 1), i.e., the gradient o(—Au + u) — Vy - Vp is
replaced by

ou—(—A+1)"'(Vy - Vp),
and similarly the action of the Hessian on du is computed as

ou— (—A+1)7(Vy - Vp + Vy - Vop).
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Figure 14.4: Results for the 1d inverse diffusion

(c) L' reconstruction

r =0.6.

(d) L" reconstruction

coeflicient problem. Left: r = 0.3, right:

For the automatic parameter choice using the balancing principle, we have set the weight o
to 1.001 and the initial guess oty to 0.1. As noted, the different weight is chosen according to
the stronger smoothness assumption on u (H' instead of L% regularization).

ONE-DIMENSIONAL EXAMPLE. Here, we take the domain Q = [0, 1] and f(x) = 1. The

exact solution u' is given by

1
= <.

2(] —X)4 5

1
5 X

ul(x) = >

Noisy data with r = 0.3 and r = 0.6 and the reconstructions (« = 3.85 x 1074, L?-error
2.77 x 107° and o = 6.90 x 10~4, L?-error 3.86 x 107°) are shown in Figure 14.4. In both
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(a) exact data (b) noisy data (r = 0.3)

0o o

() true solution (d) L' reconstruction (x = 5.14 x 107)

Figure 14.5: Results for the 2d inverse diffusion coefficient problem with r = 0.3 (&6 = 3.06 x
1072).

cases, the fixed point iteration (14.3.9) converged within two iterations. The convergence of
the path-following method and of the SSN method is similar to the inverse potential problem.
A comparison of the balancing principle with the optimal choice based on sampling is given
in Table 14.6. The results by these two approaches are very close to each other. From the table,
we also observe the non-monotonicity of the error as a function of r, where the reconstruction
error e remains almost constant for r < 0.5 and then increases quickly. Again the proposed
SSN method scales very well with the problem size, as shown in Table 14.7.

TWO-DIMENSIONAL EXAMPLE. Here, we take Q = [0, 1]%, f(x;,%2) = 1 and
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cf. Figure 14.5c. The exact and noisy data (r = 0.3) are given in Figures 14.5a and 14.5b,
respectively. The fixed point algorithm converged in seven iterations to the value oc = 5.14 x
107°. The reconstruction, shown in Figure 14.5d, agrees well with the true solution (the
L2-error being 5.63 x 10~3). The less accurate approximation around the corner might be
attributed to the fact that the true solution does not satisfy the homogeneous Neumann
conditions imposed by the Newton step. Again, we remark that the L? reconstruction (not
presented) is far from the true solution.

14.5 CONCLUSION

In this paper we have presented a path-following semismooth Newton method for the efficient
numerical solution of nonlinear parameter identification problems with impulsive noise. The
method is based on a Huber-type smoothing of the L' fitting functional, and its superlinear
convergence is proved and demonstrated numerically. Furthermore, mesh independence
of the method can be observed. Several model examples for elliptic differential equations
illustrate the efficiency of this approach.

The balancing principle is shown to be an effective parameter choice method, which re-
quired little a priori information such as the noise level, while adding only a small amount of
computational overhead over the solution of one single minimization problem.

The presented approach can be extended in several directions. As noted in Remark 14.2.6,
including constraints on the solution would be a natural progression. The extension to time-
dependent problems would be straightforward but poses interesting challenges for efficient
implementation. Finally, it would be worthwhile to consider mixed Gaussian and impulsive
noise. While such noise is challenging for either L' or L? fitting, our robust approximation
(Pg) seems to be an appropriate model [Huber 1981] (cf. also Remark 14.3.1). Then the
continuation 3 — 0 would have to be replaced by a suitable parameter choice method for
determining the optimal stopping value 3* > 0. Such an approach might also be applicable
to other non-Gaussian models like Laplace and Cauchy noise.
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14.A VERIFICATION OF PROPERTIES FOR MODEL PROBLEMS

For completeness, we collect in this section some results which verify the continuity and
differentiability properties (a1)-(a4) for our model problems. Throughout, we shall denote
by C a generic constant, which is independent of u € U.

14.A.1 ELLIPTIC POTENTIAL PROBLEM

For this model problem, S maps u € X = [?(Q) to the solutiony € Y = H'(Q) of (14.1.1),
and we take U = {u € L*°(Q) : u > c} for some fixed ¢ > 0. The verification of properties
(a1)-(a4) is analogous to [Kroner and Vexler 2009]. We therefore only give, for the sake of
completeness, the explicit form of the derivatives required for the solution of the Newton
system (14.3.5) using a Krylov subspace method.

For given u € L?(Q), F(u) is computed by the following steps:
1: Solve fory € H'(Q) in

(VY, V) 12 (0) + (WY, V) 120 = (V) 12, forallve H'(Q).
2: Solve forp € H'(Q) in
(VP VV) 120y + (Upy V) 120 = —(signg (Y —y®),V)12(q)  forallv e H'(Q).
3 Set F(u) = au + yp.

For given du € L?(Q), the application of Dy F(ut) on du is computed by:
1: Solve for 6y € H'(Q) in

2: Solve for 6p € H'(Q) in
(Vop, VV)12(q) + (WP, V) 2(0) = —(%xgéy +pdu, V)12 forallve H'(Q).

3: Set DnF(u) = adu + pdy + ydp.

14.A.2 ROBIN COEFFICIENT PROBLEM

Here, Smapsu € X = L[?(I) toylr. € Y = H2 (T.), where y is the solution to (14.1.2). Set
U ={u € L*(I}) : u > c} for some fixed ¢ > 0. We shall denote the mapping of u € U to the
solutiony € H'(Q) of (14.1.2) by y(u). The following a priori estimate follows directly from
the Lax-Milgram theorem.
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Lemma 14.A.1. For any u € U, problem (14.1.2) has a unique solution y € H'(Q) which
satisfies

Since f € H™2(T.) is fixed, the uniform boundedness of S follows from the continuity of the

trace operator. We next address the complete continuity of S.

Lemma 14.A.2. Let {u,} C U be a sequence converging weakly in L*(T}) to u* € U. Then

S(un) — S(u*)  in L*(T.).

Proof. Foru, € U, sety, =y(u,) € H'(Q). By the a priori estimate from Lemma 14.4.1,
the sequence {y,} is uniformly bounded in H' (Q) and has a convergent subsequence, also
denoted by {y,}, such that there exists y* € H' (Q) with

Yn — y*in H' (Q).
The trace theorem and the Sobolev embedding theorem [Adams and Fournier 2003] imply
Yn — Yy in LP(T,)
for any p < 4o0. In particular, we will take p = 4. Then we have
[ (un(Yn =Y ), V)2 I < iz llyn — Y s IV IlLery — 0

by the weak convergence of {u™} in L2(T}) and the strong convergence of {y,} in L*(T}).
Therefore, we have

lim <unUmV>L2(m = lim (<un(yn —U*)>V>L2(m+<uny*»V>L2(ri)) = <U*‘J*»V>L2(ri)-

n—oo n—oo

Now passing to the limit in the weak formulation indicates that y* satisfies
<VU*,V">L2(Q) + <U*U*>V>L2(m = <f,V>L2(rc) forallv € H'(Q),

ie,y* = y(u*). Since every subsequence has itself a subsequence converging weakly in
H'(Q) to y(u*), the whole sequence converges weakly. The continuity of S : w — y(u)|r,
then follows from the trace theorem and the Sobolev embedding theorem for p = 2. ]

The above two statements imply that property (a1) holds. We next address the remaining
properties.

Lemma 14.A.3. The mapping uw — y(u) is twice Fréchet differentiable from U to H' (Q), and
for everyw € U and all directions hy, h, € L?(T), the derivatives are given by

(i) y'(why € H'(Q) is the solution z of
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(Vz,VV)1200) + (Uz,V)12(r) = — (y (W, V) 2py forallv e H'(Q),
and the following estimate holds
Iy (Whillw @) < Cllha ez
(i) y”(u)(h1,h2) € H'(Q) is the solution z of
(Vz,VV)12(0) + (Uz,V)12(r) = — (iy (Whz, V)2 — (hay (Whay V)2
forallv € H'(Q), and the following estimate holds

ly” (W (hiy ha) o) < Cllha iz Thallizen-

Proof. The characterization of the derivatives follows from direct calculation. It remains to
show boundedness and continuity. By setting v = y’(u)h; in the weak formulation, Holder’s
inequality, the trace theorem and the a priori estimate in Lemma 14.A.1, we have

< Clly' (Whallpagry Mallezn
< Cly' (Whallyr o) Mallezn
< Clly'(why HH](Q) [[hy HLZ(m»

e
Iyl o)

' (Whi[F 0

from which the first estimate follows. Analogously we deduce that
ly(w+hy) _y(u)HHT(Q] < Cllhy ||L2(Fi) .
Next let w = y(u+ hy) —y(u) — y’(u)hy, which satisfies
(YW, VV)12(0) + (U, V)2 = — (i (y(u + h) —y(w), vz,
for all v € H' (Q). By repeating the proof of the preceding estimate, we deduce that
W) < Clihallizry ly(w+he) =yl ) »

from which it follows directly that y’(u)h, defined above is indeed the Fréchet derivative of
y(u) at u. By arguing similarly and using the first assertion, the second assertion follows. [

Together with the linearity of the trace operator, we obtain S’ (u)h; =y’ (u)hylr, € Hz (Te)
and S”(u)(h, h2) =y”(u)(hy, ha)lr, € Hz (T.) and thus property (a2). Finally, properties
(a3) and (a4) follow directly from the estimates in Lemma 14.A.3 and the trace theorem
[Adams and Fournier 2003].

We again give the necessary steps in a Krylov subspace method for the solution to (14.3.5).
For given u € L?(I}), F(u) is computed by the following steps:
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1: Solve fory € H'(Q) in
(VY, VV)1200) + (WY, V)12 = (V) 2, forallve H'(Q).
2: Solve forp € H'(Q) in
(VP, VV)12(q) + (UP, V)12, = —(signg (ylr., —yé),vhz(m forallv e H'(Q).
32 Set F(u) = oqu +yInplry-

For given du € L2(T}), the application of DnF(u) on du is computed by:
1: Solve for 6y € H'(Q) in

(Voy, VV)12(g) + (WY, V) 2(py = — (You,v) 2, forallve H'(Q).
2: Solve for &p € H'(Q) in
<V5P>V">L2(Q) + <UP»V>L2(ri) = —<%XJ(5U|FC)’V>LZ(FC) — (pdu, V)LZm)
forallv e H'(Q).

31 Set DNF(u) = adu + plr, (8Y)Ir, + ylr, (8p) -

14.A.3 DIFFUSION COEFFICIENT PROBLEM

In this model problem, the operator S maps u € X = H'(Q) to the solutiony € Y =
Wé’q(Q), for some q > 2, of (14.1.3), and the admissible setis U = {u € H'(Q) : A <

u < A"} for some fixed A € (0, 1). The following estimate is an immediate consequence of
Theorem 1 in [Meyers 1963], where Q > 2 is a constant depending only on A and Q. We shall

assume f € L9(Q) for some q > Q.

Lemma 14.A.4. There exists a number Q > 2 depending only on A and Q) such that for any

u € Uand q € (2,Q), problem (14.1.3) has a unique solution y € Wé’q (Q) which satisfies

Ylwraia) < Clifflaio)-

From this, the uniform boundedness of S follows since f € L9(Q) is fixed. We next address

the complete continuity of S.

Lemma 14.A.5. Let {u,} C U be a sequence converging weakly in H' (Q) to u* € W. Then

S(un) — S(u*)  inL?(Q).

282



14 A SEMISMOOTH NEWTON METHOD FOR NONLINEAR PARAMETER...

Proof. Foru, € U,sety, = S(u,) € Wé’q (Q). By the a priori estimate from Lemma 14.A.4,
the sequence {y, } is uniformly bounded in W'9(Q) and has a convergent subsequence also
denoted by {y, } such that there exists y* € Wé’q (Q) with

Yn — y*in WHa(Q).
The Rellich-Kondrachov embedding theorem [Adams and Fournier 2003, Thm. 6.3] implies
u, —»u'inLP(Q)

for any p < +o0. In particular, we will take p such that 1 + % + ﬁ = 1. Then we have

((un —u*)VUmVWLZ(Q)’ < [un —=w e ) [VYnllLs o) [VV[lz (o) = 0

by the weak convergence of {y,,} in W9(Q) and the strong convergence of {w,,} in L (Q).
Therefore, we have

7}1_{130 (UnVYyn, VV>L2(Q) = T}H}go ( (Un —u")Vyn, V">L2(Q) + (W'Vyn, VV>L2(Q) )
— <u*Vy*,Vv)L2(Q) .
Now passing to the limit in the weak formulation indicates that y* satisfies

(WVY, VV)120) = (f,V)12q) forallve H)(Q),

i.e., y* = S(u*). Since every subsequence has itself a subsequence converging weakly in
Wh4(Q) to S(u*), the whole sequence converges weakly. Applying again the Rellich-Kondrachov
embedding theorem [Adams and Fournier 2003] for p = 2 completes the proof of the
lemma. [

The above two statements imply that property (A1) holds. The next statement yields the
remaining properties (A2), (a3) and (a4).

Lemma 14.A.6. The operator S : U — W}9(Q) is twice Fréchet differentiable, and for every
u € U and all admissible directions h1, h, € H'(Q), the derivatives are given by

(i) S'(Why € W9(Q) is the solution z of
(UVz, V)2 q) = — (i VS(W), Vv) 2 o) forallv e H)(Q),
and the following estimate holds
[S"(wWh, le»q(Q) < Cllhy [y Q)+

(ii) S”(u)(hi,hy) € Wé’q (Q) is the solution z of
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(UVz, VV) 12 o) = — (M VS (Why + W VS (Why, V)2 ) forallv e HA(Q),
and the following estimate holds

157 (W) (ha, ha)llwia o) < C Ml ) halln @)

Proof. Again, the characterization of the derivatives are obtained by direct calculation. Set
y = S(u) € W(Q). By Lemma 14.4.4 and Holder’s inequality, we get

IS"(Whillwrao) < CllhiVY|laga) < [Tl @) VYl ()
< i @) VYl (o) < Clhalli o)

with q’ € (q,Q) and % = % + &, where we have used the Sobolev embedding theorem and
the estimate in Lemma 14.A.4. Analogously, we deduce that

1S(uw+hy) = S(u)|lwraca) < Cllhillura),

where the exponent { satisfies § € (q, Q). Next let w = S(u+ h;) — S(u) — S’(u)hy, which
satisfies

UVwW, V)2 q) = — (M V(S(u+hy) = S(W), V) 2o, forallve H)(Q).
Repeating the proof of the preceding estimate, we derive
Wllwie o) < Cllha i (o) IS(w+h) = Su)llwiaa)-

Combining these estimates yields the first assertion, i.e., S’(u)h; defined above is indeed
the Fréchet derivative of the forward operator S(u) : H' (Q) — WJ,»P (Q)), and it satisfies the
desired estimate. Similarly, the second assertion follows from Lemma 14.A.4 and the first
assertion. ]

We finally address the steps required in a Krylov subspace method for the solution to (14.3.5).
For given u € H'(Q), F(u) is computed by the following steps:

1 Solve fory € H(Q) in
UVY, V) 12q) = (V)12(q) forallve H)(Q).
2: Solve for p € H(Q) in
- 5 1
uVp, VW)i2q) = <51gnﬁ(y -y )’V>L2(Q) forallv € Hy(Q).

3 Set F(u) = a(—Au+u) — Vy - Vp.

For given du € H'(Q), the application of DnF(u) on du is computed by:
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1: Solve for 8y € H}(Q) in
(UVdY, VV) 12(o) = (BuVY, Vv) 2 (o) forallv e Hy(Q).
2: Solve for §p € H}(Q) in

(UVop, Vv)i2(0) = — <%Xjéy,v>u(m + (duVp, Vv)2(q) forallve Hy(Q).

3: Set DNF(u) = a(—Adu + du) — Voy - Vp — Vy - Vop.

14.B TABLES

Table 14.1: Comparison of the bal-

T ) X Xp € €

ancing principle (o,
0.1 6.46e-2 4.65e-3 1.66e-3 2.64e-4 5.90e-4 ey) with the sampling-
0.2 113e-1  5.53e-3  2.91€-3 3.49€-4 4.11€-4 based optimal choice
0.3 1.68e-1 4.17e-3 4.32¢-3 4.60e-4 5.06e-4 (o, €,) for the 1d in-
0.4 2.26e-1  3.82e-3 5.81e-3 6.26e-4 8.97¢-4 verse potential prob-
0.5 2.94e-1 3.34e-3 7.56e-3 3.54e-3 5.40e-3 lem.

0.6 3.19e-1  6.72e-3 8.20e-3 1.31e-2  2.05€-2
0.7 3.86e-1 1.35e-2 9.93¢-3 8.47¢-3 8.95e-3
0.8 4.38e-1  6.40e-3 1.13e-2 9.27e-3 1.89e-2
0.9 4.85e-1 1.51e-2 1.28e-2 2.04e-1 2.04e-1

Table 14.2: Convergence of path-following method. For each step k, the parameter 3(k),
number it(k) of SSN iterations and L?-error e(k) are shown.

B(k) 1.00e0 5.00e-1 2.50e-1 1.25e-1 6.25€-2 3.12e-2 1.56e-2 7.81e-3 3.91€-3 1.95€-3

it(k) 6 4 4 3 3 3 3 3 3 3
e(k) 1.83e-1 133e-1 1.08e-1 8.77e-2 717e-2 5.99e-2 4.63e-2 3.43€-2 2.63e-2 2.11€-2

B(k) 9.77e-4 4.88e-4 2.44e-4 1.22e-4 6.10e-5 3.05e-5 1.53e-5 7.63e-6 3.81e-6 1.91e-6

it(k) 3 3 3 3 3 3 3 3 3 4
e(k) 170e-2 1.33e-2 1.03e-2 8.06e-3 6.29e-3 4.90e-3 3.80e-3 2.94e-3 2.31e-3 1.85e-3

B(k) o9.54e-7 4.77e-7 2.38e-7 119e-7 5.96e-8 2.98¢-8 1.49e-8 7.45e-9 3.73e-9 1.86e-9

it(k) 4 5 5 9 14 20 20 20 20 20
e(k) 151e-3 1.28e-3 1.12e-3 1.00e-3 9.32e-4 9.08e-4 8.90e-4 8.66e-4 8.65e-4 8.66e-4
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Table 14.3: Convergence behavior of the SSN method (for fixed «, 3) for the 1d inverse po-
tential problem. Shown are the problem size N, the number n(k) of elements that
changed between active and inactive sets and residual norm r(k) = ||F(u)|| 2 after

each iteration k.

N k 1 2 3 4 5

‘o1 n(k) 88 o o o o
r(k) 4.40e-2 151e-2 8.62e-4 6.58¢-6 2.86e-10

1001 n(k) 791 6 5 o o}
r(k) 123e-1 178e-2 230e-3 3.53e-5 9.99e-9

L0001 n(k) 7803 91 16 1 o}
r(k) 1.21e-1 1.67e-2 1.68e-3 1.90e-5 2.47€-9

Table 14.4: Computing times (in seconds) for SSN method (t;) and fixed-point iteration
(tp) and L2-error e for the 1d inverse potential problem. Shown are the problem
size N, the mean ({ts, t,, e},) and standard deviation ({ts, t,, e};) over ten noise

realizations.
N 100 200 400 800 1600 3200 6400 12800
ts,m 1.25 1.75 5.28 12.09 19.40 29.66 55.33 107.87
s, 0.48 0.45 3.31 4.57 7.22 4.45 11.44 25.92
to,m 7.12 9.63 14.42 39.04 54.19 80.30 131.72  234.00
th,s 3.42 6.21 7.63 17.14 16.79 17.25 38.08 75.21
€m 8.98e-1  1.51e+0 2.88e-3 9.17e-4 6.22e-4 3.52e-4 2.76e-4 2.78¢e-4
€s 2.46e+0 3.16e+0 2.05e-3 5.76e-4 6.83e-4 9.36e-5 4.29¢-5 6.93e-5
R 5 X, o e e, Table 14.5: Comparison of the
balancing principle
0.1 131e+0 1.40e-1 3.38e-2 1.15e-5 4.10e-5 (o, e,) with the
0.2 2.19e+0 1.07e-1 5.62e-2 4.03e-6 1.46¢-5 sampling—based
0.3 3.41e+0 2.45e-1 8.76e-2 8.63e-4 1.22€-3 optimal choice (oo,
0.4 5.30e+0 6.27e-1 1.36e-1 2.64€-3 5.40€-3 e,) for the inverse
0.5 6.00e+0 5.01e-1 1.54€-1 4.10e-4 1.53e-3 Robin coefficient
0.6 7.31e+0 4.41e-1 1.88e-1 3.72e-2 6.30€e-2 problem.
0.7 9.13e+0 3.40e-1 2.35e-1 6.07e-3 6.36e-3
0.8 9.79e+0 2.53e-1 2.53e-1  6.59e-2  6.59e-2
0.9 116e+1 6.00e-1 3.16e-1 3.02e-1 3.37€-1
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T ) o ooy € €

0.1 2.08e-2 9.20e-5 1.52e-4 2.34e-5 2.71€-5
0.2 3.81e-2 1.43e-4 2.77€e-4 2.17e-5 2.28e-5
0.3 5.82e-2 3.41e-4 3.99e-4 2.68e-5 3.98e-5
0.4 8.54e-2 2.11e-4 5.71e-4 2.59e-5 3.84e-5
0.5 9.45¢-2 3.83¢-4 5.98¢-4 3.56e-5 4.28¢e-5
0.6 1.22e-1 1.28e-3 7.45e-4 2.82e-4 3.60e-4
0.7 1.42e-1 2.04e-3 8.35¢-4 8.01e-4 1.31e-3
0.8 1.55e-1 1.66e-3 8.71e-4 4.82¢-4 6.52e-4
0.9 1.80e-1 4.33¢-3 9.42¢-4 2.11e-3 6.49¢-3

Table 14.6: Comparison of the bal-

ancing principle (o,
ep) with the sampling-
based optimal choice
(o, €,) for the 1d in-
verse diffusion coefli-
cient problem.

Table 14.7: Computing times (in seconds) for the SSN method (t,) and fixed point iteration
(tp) and L2-error e for the 1d inverse diffusion coefficient problem. Shown are the
problem size N, the mean ({t;, ty, €},) and standard deviation ({ts, t,, e}s) over ten
noise realizations.

N 100 200 400 800 1600 3200 6400 12800
ts,m 0.70 2.19 6.49 11.46 25.48 55.34 82.38 167.71
s, 0.46 1.65 0.91 2.80 5.34 17.19 23.07 31.01
th,m 4.12 8.68 19.27 27.59 52.45 97.32 154.46  332.96
th,s 2.51 3.71 2.20 6.28 9.14 21.96 22.59 39.17
em 2.17e-1 8.03e-2 4.94e-5 3.20e-5 2.89e-5 3.33e-5 3.39€-5 3.08e-5
es 2.05e-1 1.53e-1 2.66e-5 5.86e-6 4.89e-6 6.74e-6 5.42e-6 3.25¢-6
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L>® FITTING FOR INVERSE PROBLEMS WITH
UNIFORM NOISE

ABSTRACT

For inverse problems where the data are corrupted by uniform noise such as arising from
quantization errors, the L™ norm is a more robust data fitting term than the standard L?
norm. Well-posedness and regularization properties for linear inverse problems with L data
fitting are shown, and the automatic choice of the regularization parameter is discussed. After
introducing an equivalent reformulation of the problem and a Moreau-Yosida approxima-
tion, a superlinearly convergent semi-smooth Newton method becomes applicable for the
numerical solution of L* fitting problems. Numerical examples illustrate the performance of
the proposed approach as well as the qualitative behavior of L* fitting.

151 INTRODUCTION

This work is concerned with the inverse problem
Kx =y°

for a bounded linear operator K and given data y® corrupted by uniformly distributed noise.
Apart from being often used in numerical tests of reconstruction algorithms, such noise
appears as a statistical model of quantization errors and is therefore of relevance in any inverse
problem where digital acquisition and processing of measured data plays a significant role
[Widrow and Kollar 2008; Shykula and Seleznjev 2006]. Although advances in the resolution
of analog-to-digital converters and in the floating-point precision of microprocessors have
made these concerns less important for modern measurement equipment, they have become
pertinent again in the context of wireless sensor networks. These consist of a large number of
small, low-cost, usually battery-powered, densely distributed sensors which transmit gathered
data to a central location [Gharavi and Kumar 2003; Arampatzis, Lygeros, and Manesis 2005].
Such networks have attracted increasing attention in recent years due to their wide range of
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applications, e.g., in environmental monitoring where they can be used for quickly locating
sources of a contaminant from distributed measurement of its concentration [Polastre et al.
2004; Doolin and Sitar 2005]. However, their communication is limited by their low power
and shared bandwidth, which requires the data to be highly compressed before transmission,
leading to significant quantization errors [Niu and Varshney 2006; Schizas, Giannakis, and
Luo 2007]. More robust algorithms for state estimation from quantized data would therefore
allow higher compression rates and therefore extended lifetime of the sensors. In this work,
we are thus especially (but not exclusively) interested in inverse problems where K is the
solution operator for a (linear) partial differential equation.

Since this problem is ill-posed, regularization needs to be applied. For uniform noise, the
L* norm is an appropriate term for measuring the data misfit due to its connection with the
maximum likelihood estimator for this noise type (see, e.g., [Boyd and Vandenberghe 2004,
Chapter 7.1.1]). This leads to minimizing a Tikhonov functional of the type

(15.1.1) mXinHKx—yéHLoo + o|]x||?
or — if the noise level & is known - a Morozov functional of the type
min ||xH2 subject to HKX_‘JéHLw <.
X

(These will be made precise below, see Section 15.2.) The difficulty arises from the non-
differentiability of the L norm. This may be the reason why inverse problems in L* have
received rather little attention in the mathematical literature, even though there has been
considerable recent progress in the regularization theory in Banach spaces (see, e.g., [Burger
and Osher 2004; Resmerita 2005; Resmerita and Scherzer 2006; Hofmann et al. 2007; Poschl
2009; Scherzer et al. 2009]). Numerical methods for minimizing L* functionals have been
investigated in [Williams and Kalogiratou 1993a; Williams and Kalogiratou 1993b] for curve
fitting and parameter estimation for ordinary differential equations and in [Grund and Rosch
2001; Priifert and Schiela 2009; Clason, Ito, and Kunisch 2010] for optimal control of partial
differential equations. There has also be some recent interest in L* functionals in the context
of geometric vision [Hartley and Schaffalitzky 2004; Sim and Hartley 2006; Seo and Hartley
2007].

Our main interest thus lies in deriving an efficient method for the numerical solution of
inverse problems with L* fitting. Following [Grund and Résch 2001; Priifert and Schiela
2009; Clason, Ito, and Kunisch 2010], our approach is based on an equivalent formulation of

(15.1.1):

. 2 : 5

min c+ al|x]|” subjectto HKx—y HLOO(Q) <c.
This can be interpreted as an “augmented Morozov regularization” for the joint estimation
of the unknown parameter x and the noise level & = c. (In fact, if 6 is known, the proposed

approach can be used for the numerical solution of the Morozov functional by fixing ¢ = 9,
see Remark 15.4.7 below.) For this reformulation, we derive optimality conditions, introduce a
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Moreau-Yosida approximation and show its convergence, and prove superlinear convergence
of a semi-smooth Newton method. We also address the automatic choice of the regularization
parameter o using a simple fixed-point iteration.

This paper is organized as follows. In Section 15.2, we address well-posedness and convergence
of a slight generalization of the Tikhonov functional (15.1.1). Section 15.3 is concerned with the
fixed-point algorithm for the automatic choice of the regularization parameter. The numerical
solution of the L* fitting problem is discussed in Section 15.4. Finally, numerical examples
for one- and two-dimensional model problems are presented in Section 15.5.

15.2 WELL-POSEDNESS AND REGULARIZATION PROPERTIES

We consider for 1 < p < oo the problem

] x
(P) min EHKX—yéupm(Q)‘i‘z||X_X0||§c>

where K : X — L*°(Q) is a bounded linear operator defined on the Hilbert space X, Q C R™
is a bounded domain, x, € X is given, and y® € L*°(Q) are noisy measurements with noise
level ||y —y® HLOO(Q) < & (with y = Kx being the noise-free data). If the kernel of K is

non-trivial, we denote by x' the xo-minimum norm solution, i.e., the minimizer of ||x — xo||y
over the set {x € X : Kx =y'}. Our main assumption on K (needed for convergence of the
Moreau-Yosida approximation, see Theorem 15.4.2) is that

(15.2.1) Xn = x'in X implies Kx, — Kxin L®(Q).

This holds if K is a compact operator or maps into a space compactly embedded into L*(Q)
(as is commonly the case if K is the solution operator for a partial differential equation).

The results of this section are standard (see, e.g., [Engl, Hanke, and Neubauer 1996, Chapters
5, 10], [Scherzer et al. 2009, Chapter 3.2]), and are given here to make the presentation self-
contained. The first result concerns the well-posedness of (P).

Theorem 15.2.1. For « > 0 and given y°,
(i) there exists a unique solution x%, € X to problem (P);

(ii) for a sequence of data {yn tnen such that y, — y° in L*(Q), the sequence {x&}neN of
minimizers contains a subsequence converging to x3;

(iii) if the regularization parameter o = o(d) satisfies

then the family {x%, 5 } 5., has a subsequence converging to x' as & — 0.
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Rates for the convergence in (iii) can be obtained under a source condition. Here, we assume
the following condition: There exists aw € L>°(Q)", i.e., a continuous linear functional on
L*(Q), such that

(15.2.2) x—xo = K'w.

For a discussion of source conditions and obtainable convergence rates, see [Scherzer et
al. 2009, Chapter 3.2]. More general smoothness assumptions and their relation to source
conditions are discussed in [Hofmann et al. 2007; Flemming and Hofmann 2011].

Theorem 15.2.2. If the source condition (15.2.2) holds, and o« = O(6°) with € € (0,1) in case
p=Tand = 0O(8P"") in case p > 1, then the minimizer x5, of (P) satisfies

8 ifp=1
b —xle < {7 IP=h
cdz  ifp>1.

Proof. By the minimizing property of x5, we have
1 x 1 fod
5||KX§X ~ Y [Twia) + §||X2< —xoll% < EHKXT ~ Y [wa) + §||XT —xol%
o«
< — + 5 Ixt —xol3
I =l
and hence

o oP
Slxs =XM% < ’ + o (x" —x0, xT = x4 ) x.

1
IR =y e + 5
Now by the source condition (15.2.2), we have

)
o

1
EHKXf’x—yéllpm(m +

Kx3 —yTli=(q)-

&P
< > + o[ W 1w ()

Inserting the productive zero 0 = y® — y® on the right hand side and applying the triangle
inequality yields

1 o
0523) S IKxk ~ ¥ Iega + 35— 11

Kxg —y° e (o) + Iy" =P lie(a))-

5P
< ? + o HW”LOO(Q)* (
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If p =1, we have

(1— (XHWHLOO(Q)

x
JKxe = y°lleego) + S Ixe =X N7 < (1+ [l (0)-)8s

from which the desired convergence rate follows by choosing choosing o« = O(6¢). Forp > 1,
1

we use Young’s inequality ab < JaP + ;b forp’ = Pq, a = [[Kx§, — y®[[ix(0) and
b = a||w||{ x> and rearrange terms to deduce

!

1
_96||L°°(Q) + 17(0( HWHLOO(Q)*)p .

1
—EIIKX Y’ [Feia) S —[Wllieq

Hence, by adding the last term on the right hand side to both sides of (15.2.3), we obtain

’

X s iz oF 1

Slxe = x"x < — + a|Wllio(q) & + (e |[Wll{eiq) )P -

S =X < -k el 8+ (e wlie o
Taking o« = O(8P~ ") then yields the claimed estimate. ]

We remark that for p = 1, (P) is an exact penalization, i.e., there exists &* > 0 such that for
all « < o*, the minimizer x9, of (P) with exact data y' satisfies x, = x', see [Burger and
Osher 2004; Hofmann et al. 2007].

Next we consider Morozov’s discrepancy principle [Morozov 1966], which consists in choosing
o such that

IKxe = y°llL=(0) = T8
for some T > 1.

Theorem 15.2.3. Assume that the source condition (15.2.2) holds, and that the regularization

parameter «x = () is determined according to the discrepancy principle. Then the minimizer
x5 of (P) satisfies

X%, =Xl < c82.

Proof. By the minimizing property of x5, and the choice of &, we have

Ixe —xoll% < lIxt —xoll%,
from which it follows that

%% — xT|% < 2(xT —x0,x —Xi>x = 2(K*w,x" —x3)x
<

— Kx || (0)

<2 ( f_y® & _Kx® )
< ||W||L°° - Y =Y e ) + lly XallL=(0)
< 2wl (g (1 + 18,

and hence we obtain the claimed estimate. O

Remark15.2.4. If K is an adjoint operator, i.e., there exists K, : L' (Q) — X such that (K, )* = K,
the source condition can be stated as: There exists w € L' (Q) such that x —x, = K, w.
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15.3 PARAMETER CHOICE

Morozov’s discrepancy principle requires knowledge of the noise level, which is often not
available in practice. Here, we use a heuristic choice rule derived from a balancing principle
[Clason, Jin, and Kunisch 2010a; Clason, Jin, and Kunisch 2010b; Clason and Jin 2012], which
involves auto-calibration of the noise level. Although there is no rigorous justification, we
can give a brief motivation of this principle. Recall that the Morozov discrepancy principle
chooses o such that the residual in the appropriate norm is on the order of the noise level 6. In
an iterative scheme, one would start with a large parameter and reduce it until this condition
is satisfied, making use of the fact that the norm of the residual is monotonically increasing
as a function of « (see Lemma 15.3.1 below). On the other hand, the regularization term is
monotonically decreasing; one could therefore equally choose « such that the regularization
term reaches a certain value, which is proportional to the noise level 5. If 6 is not known, the
current residual can be used in this approach to give an estimate of the noise level. If the true
data and the noise are sufficiently structurally different, it can be expected that

HKX“ _yéHLW(Q) ~ b

for a reasonable range of «. (A similar assumption can be used to show convergence of
minimization-based noise level-free parameter choice rules [Kindermann 2011].) This moti-
vates considering the following heuristic principle: Choose o > 0 such that the balancing
equation

x
(15.3.1) S lxa = Xoll3 = 0l1Kxa ~ y*llix(an

is satisfied. (Note that [[Kx" —y®||L<(q) rather than [[Kx" —y®|[V« o, is the true noise level by
definition.) Here, o is a proportionality constant which depends on K and X, but not on .

We can compute a solution «* to (15.3.1) by the following simple fixed-point algorithm
proposed in [Clason, Jin, and Kunisch 2010b]:
[KXaq, =YL (0)

3lxes = xoll%

(15-3-2) Xk+1 =0

This fixed-point algorithm can be derived formally from the model function approach [Clason,
Jin, and Kunisch 2010a]. The convergence can be proven similarly as in [Clason, Jin, and
Kunisch 2010b]. We start by arguing monotonicity of the data fitting and of the regularization
term.

Lemma 15.3.1. The functions |Kxo — Y®||1=(q) and ||xoa — Xo||x are monotonic in «, in the
sense that for oy, ¢z > 0,

(KXo, = Y®[le(a) = IKxXa, = Y®[lLe(a)) (0 — x2) =0
and

(||qu —X0\|§c — [Ixa, —X0||§c) (o —o2) <O0.
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Proof. The minimizing property of x,, and x, yields

1
,[_) HKX(X] _yéHpm(Q) + % HXOH _X0H§C < HKXOQ _yéHpoo(Q) =+ % Hxaz _ongm

==

1
Ewmfmwxm,¢§wm—mﬁ< [Kxa, =2 [V + 5 o =0l

P

Adding these two inequalities together gives the second estimate. The first one can be obtained
by dividing the two inequalities by o; and «x,, respectively, adding them together, and using
the monotonicity of t — tP forp > Tand t > 0. O

We shall denote by
5 x 2
1) = 0f[Kxa = %[l () — S lIXa = xollx

the residual in (15.3.1). The next lemma shows the monotonicity of the iteration (15.3.2).

Lemma 15.3.2. The sequence of regularization parameters {o; Jxcn generated by the fixed-point
algorithm is monotonically increasing if r(xo) > 0 and monotonically decreasing if r(xo) < 0.

Proof. We argue by induction. If r(xo) > 0, then by the definition of the iteration, we have

KX oo — Y|l
‘X]ZGH « —Y°lIL IR

3lxee = oll%

and similarly (with the opposite inequality) if r(xo) < 0. Now for any k > 1,

Kgy] — O = O (HKXM _yénl“’(ﬂ) . ||Kxak_1 _yéHLOO(Q)>
JF pr—

%chxk _XOH%C %foxk—] _XOH%C
B 20
P = xolR X, — xoll%
[1Kxee =Pl 2) (e s = %o l3 = Xes, = Xo3)
e = Xoll (KX, =P () = KXoy =¥ o)

By Lemma 15.3.1, the two terms in parentheses both have the sign of (xy — o—1), and thus
the whole sequence is monotonic. O]

Theorem 15.3.3. If the initial guess &, satisfies r(o) < 0, then the sequence { o} generated by
the fixed-point algorithm converges to a solution to (15.3.1).

Proof. By Lemma 15.3.2 and r(xo) < 0, the sequence {xy} is monotonically decreasing. Since
by definition (15.3.2) it is clearly bounded from below by zero, convergence follows. O]
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Note that Theorem 15.3.3 gives a constructive method of choosing a suitable parameter o: Set
oo sufficiently large (e.g., xp = 1) and select o small enough such that r(o) < 0 is satisfied.

Remark 15.3.4. The convergence of the fixed-point iteration solely depends on the monotonic-
ity properties of the fitting and of the regularization term. It can therefore be applied for
finding solutions to the balancing equation

aR(xq) = G&"(x“;yé)
for minimizers x4 of the Tikhonov functional
¢ (F(xy°)) + aR(x),

where ¢ is any monotone, real-valued function and R, F are arbitrary functionals for which
the minimization problem is well-posed.

15.4 NUMERICAL SOLUTION

The numerical solution of problem () is based on a sequence of Moreau-Yosida approxima-
tions of an equivalent formulation of (), which can be solved using a superlinearly convergent
semi-smooth Newton method.

15.4.1 REFORMULATION

We begin by introducing an equivalent formulation of (P) that allows making use of techniques
developed for optimization problems for partial differential equations with state constraints
(see [Grund and Rosch 2001; Pritfert and Schiela 2009; Clason, Ito, and Kunisch 2010]). Since
we wish to apply a Newton-type method, we fix p = 2 from here on (guaranteeing positive
definiteness of the Hessian; see Theorem 15.4.4). Note that the value of p only influences the
trade-off between minimizing the L* norm of the residual and minimizing the norm of x,
but not the relevant structural properties of the functional (in particular the geometry of the
unit ball with respect to ||-]|T.). Without loss of generality, we also set xo = 0 and consider

2
. C x 2 . )
P min  — + = [|x subjectto  ||Kx — <c.
( C) (x,c)EXXR 2 H ||3C ] H Yy H}_oo(Q) X
The strict convexity of the equivalent problem (P) directly yields the existence of a unique
minimizer (x*, c¢*) with x* = x5 from Theorem 15.2.1and ¢* = ||Kx5 —y® HLOO(Q)‘

For a differentiable strictly convex functional ], the minimizer x* can be found by computing
a stationary point, which satisfies the optimality condition J’(x*) = 0. For nondifferentiable
problems such as (P ), a similar equivalence holds, although the optimality conditions become
more complicated and a so-called regular point condition needs to be satisfied (see, e.g.,
[Maurer and Zowe 1979; Ito and Kunisch 2008]).
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In the following, j : X — X* denotes the (linear) duality mapping of the Hilbert space X,
ie,j(u)=0 (% HH§C> (u), and (-, )1« (q)* 1=(0) the duality pairing between L*(Q) and its

topological dual.

Theorem 15.4.1. Let (x*,c*) € X x R be the solution to (P..). Then there exist \1, A, € L®°(Q)"
with

(15.4.1) (A1, (P>]_o<>(Q)*,1_oo(Q) <0, Az, (P>L00(Q)*,Loo(g) >0

for all ¢ € L>(Q) with ¢ > 0 such that

o (x*) = K" (A1 +Az),
¢ = (A — Az, _1>L°°(Q)*,L°0(Q)’

(08) 0=(M,Kx* —y® —c*) .,

(Q)",L>(Q)?

_ * o *
0=(A,Kx*—y®+¢ >LM(Q)*)W(Q).

Proof. Let G: X x R — L*(Q) x L*(Q) be defined by

Kx —y® —c
G(X>C) = (—KX _|_yy5 . C) )

and let K denote the non-positive cone in L*(Q), i.e.,
K={yel*Q):y<0}.

With]: X x R > R,

2

c o
J(x,¢) = > t3 1%
we can express (P.) as
(15.4.2) min J(x,c) subjectto G(x,c) € K x K.

(x,c)EXXR
The regular point condition [Maurer and Zowe 1979; Ito and Kunisch 2008] for (15.4.2) is
(15.4.3) 0 €int (G(x*,¢c*) + G'(x*,¢c*)(X x R) — K x K),

where int denotes the topological interior and G’ is the Fréchet derivative of G. To verify
(15.4.3), we need to find x € X and ¢ € R such that

(Kx* —y® —c*) + Kk — ¢ < 0,
(—Kx* +y® —c¢*) —Kx —¢ < 0.

Since the minimizer (x*, c*) satisfies the L bound, the terms in parentheses are non-positive
almost everywhere, and thus these conditions are satisfied for X = 0 and arbitrary ¢ > 0.
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From [Maurer and Zowe 1979, Theorem 3.2], we then obtain the existence of (A7, —A,) in the
dual cone of K x K (i.e., satistying (15.4.1)), such that with Y := L*(Q) x L*(Q),

J'(x",¢") = (M, =A2), G' (X", ™))y y
and
<(7\1>_}\2)>G(X*>C*)>y*,y =0

hold. Inserting the explicit form of J', G, and G’ yields (OS). O

15.4.2 MOREAU-YOSIDA APPROXIMATION

To avoid dealing with the dual space of L**(Q), we consider for y > 0 the Moreau-Yosida
approximation

2
. C 0.6 2 Y 2
(Pv) (O eRxR 2 T ]Iz + 2 I max(0, Kx —y® — C)HLZ(Q)

+ % Hmin(O, Kx —y® + C)Hizm) ’

where the max and min are to be understood pointwise in Q. Since this is a strictly convex and
weakly lower semi-continuous problem in ¢ and x, there exists a unique solution (x,,cy) €
X xR.

We next address convergence of (x, ¢, ) to the solution (x*, c*) to (P.).

Theorem 15.4.2. Asy — o0, (xy, ) converges strongly to (x*,c*) in X x R.

Proof. Let
Ay,1 =7y max(0,Kx, —y® - Cy), Ay,2 =ymin(0, Kx, —y®+ Cy).
Due to the optimality of (x,, ¢, ) and the feasibility of (x*, c*), we have for all y > 0 that

(cy)? | « 2 1 2 1 2 () oy .2
; + 5 [y [[% + E [ HLZ(Q) + Z ||7\%2HL2(Q) < 2 + 7 {1

(15.4.5)

and hence that the families

-1 2 -1 2
{Xy}v>0) {Cy}y>0) {Y ||}\Y,1 |LZ(Q)}V>O’ {'Y H}\%Z LZ(Q)}Y>0

are bounded. Consequently, there exists a sequence {yy}xen and (X,¢) € X x R such that
(Xyys €y, ) converges to (X, ¢) and

|max(0, Kxy, —y® — cyk)Hiz(Q) <— =0
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for k — oo, and similarly for min(0, Kx,, —y® + ¢y, ). Since Kx,, — KX strongly in L*(Q)
by assumption (15.2.1), this implies that

HKQ_yéHLW(Q) <@

Taking the limit in (15.4.5), we thus find that (X, €) coincides with the unique solution (x*, c*)
to (P.). Due to uniqueness of (x*, c*), the whole family {(x,, cy)},~0 converges in X x R to
(x*,c*). ]

Since (P, ) is differentiable and strictly convex, straightforward computation yields the (nec-
essary and sufficient) optimality conditions

(05.) oj(xy) +vK* (max(0, Kxy —y® —cy) + min(0,Kx, —y® + ¢y)) =0,
oS
v ¢y +7v (—max(0, Kxy —y® — ¢,) + min(0,Kx, —y® + cy),1>L2(Q] = 0.

Remark 15.4.3. Similarly to [Clason, Ito, and Kunisch 2010, Theorem 3.1], one can show that
asy — oo,

—y max (0, Kx, —y® —cy) = Aq,
vy min(0, Kx, —y® +cy) = Az,

weakly-+ in L*°(Q)", with A1 and A, as given by Theorem 15.4.1.

15.4.3 SEMI-SMOOTH NEWTON METHOD

To solve the optimality system (OS, ) with a semi-smooth Newton method [Kummer 1992;
Chen, Nashed, and Qi 2000; Hintermiiller, Ito, and Kunisch 2002; Ulbrich 2002], we consider
it as an operator equation F(x,c) =0for F: X x R — X* x R,

. _{ g(x) +vyK* (max(0, Kx —y® — ¢) + min(0, Kx —y® +¢))

(o) =1, + v (— max(0, Kx — y® — ¢) + min(0, Kx —y® + c), 1>L2(Q) :
We now argue the Newton differentiability of F. Recall that a mapping F : X — Y between
Banach spaces X and Y is Newton differentiable at x € X if there exists a neighborhood N(x)
and a mapping G : N(x) — L(X,Y) with

. |JIF(x+h) —F(x) — G(x + h)h|y
lim
In]=0 Il

— 0.

(Note that in contrast with Fréchet differentiability, the linearization is taken in a neighbor-
hood N(x) of x.) Any mapping DnF € {G(s) : s € N(x)} is then a Newton derivative of F at
X.
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Now we have (e.g., from [Ito and Kunisch 2008, Example 8.14]; see also [Schiela 2008]) that
the function z — max(0, z) is Newton differentiable from LP(Q) to L9(Q) foranyp > q > 1.
Furthermore, the chain rule for Newton derivatives (e.g., [Ito and Kunisch 2008, Lemma 8.15])
yields that for a linear operator B with range contained in LP(Q)), the Newton derivative of
max(0, Bv) at v in direction dv is given pointwise almost everywhere by

(Dn max(0, Bv)&v) (t) = {(Bév)(t), ifv(t) >0,

0, ifv(t) <0.
Since for any x € X we have Kx € L*(Q)), the mapping
(15.4.6) x — max(0, Kx — yf’ —c)

for fixed c is Newton differentiable from X to L' (Q) c L*®(Q)" with Newton derivative in
direction &x € X given by (K&x)x1, where

. s
(15.4.7) xi1(t) = {] if (Kx —y® —c)(t) >0,

0 if (Kx —y® —c)(t) <0.

Similarly, the embedding that maps ¢ € R to the constant function t — ¢ € L*(Q) yields
Newton differentiability of (15.4.6) with respect to ¢ for fixed x € X from R to L' (Q) C
L*(Q)", with Newton derivative in direction 6c € R given by (—bc)x;. One proceeds
analogously for the min terms by defining

£ (K — y®
(15.4.8) Ya(t) = {] if (Kx —y® +¢)(t) <0,

0 if(Kx—y®+c)(t) > 0.

Altogether, F is Newton differentiable from X x R — X* x R with Newton derivative at
(x,c) € X x R given by

o’ (x)dx + YK*((x1 + x2)Kdx) + ydcK*(—x1 +X2)

DnF(x,¢)(dx,8c) =
) ) Y (X1 + X2, KoX) 12 () + (1 +y & +X2’]>L2(Q)> o¢

)
For given (x*, c¥), a semi-smooth Newton step consists in solving for (§x,8¢) € X x R in

(15.4.9) DnF(x*, c*)(8x,8¢) = —F(x*, c¥)

and setting x**! = x* + &x, ¥ = ¢k + 8c. It remains to show uniform invertibility of
the Newton step, which will imply local superlinear convergence of the sequence of iterates
(x¥, ).

Theorem 15.4.4. For every o,y > 0, the sequence (x*,c¥) of iterates in (15.4.9) converges
superlinearly to the solution (x,c,) to (OS,), provided that (x°, c°) is sufficiently close to

(%yyCy)-

299



15 L™ FITTING FOR INVERSE PROBLEMS WITH UNIFORM NOISE

Proof. For arbitrary (x,c) € X x Rand (dx,5c) € X x R, we have

((8%,8¢), DNF(x, €)(8%,8¢)) g, (x+ xm = & HéxHi +5¢?

+v <||(X1 +X2)K6XH%2(Q) +28¢ (—x1 +X2>K5X>L2(Q) +¢? [x1 +X2||%2(Q)> .
Since x; and . are characteristic functions of disjoint sets, we can estimate separately

HX1K6X|‘%2(Q) -2 <6CX1’K6X>LZ(Q) + [[dexa H%Z(Q) = |Ix1 (Kéx — 50)”%2((1 )

)20
||XZK6X||%Z(Q) + 2 (dcxa2, K5X>LZ(Q) + HéCXZH%Z(Q) = |Ix2(Kox + 50)”%2(;)) =0

This implies
(8%, 5¢), DNF(x, €) (8%, 8¢)) s o > 0 [|8%]|3 + 8¢

and thus that DyF(x, c) is an isomorphism independent of (x,c). The local superlinear

convergence now follows from standard results (e.g., [Ito and Kunisch 2008, Theorem 8.16]).
O

The following property (e.g., [Ito and Kunisch 2008, Remark 7.1.1]) yields an objective stopping
criterion for the semismooth Newton method. Let

Alf:{tGQ_: (Kx* —y® —c¥)(1) >O},
A ={teQ: (Kx*—y®+c")(t) < 0}.

denote the sets of points where the L* norm bound is violated in iteration k.

Proposition 15.4.5. If AX™! = A¥ and A5 = AX, then F(x**1,c**1) = 0.

To deal with the local convergence of Newtons method, we make use of a continuation strategy
in the numerical computation: Solve (OS, ) for fixed vy > 0, choose yy1 > Yyi, and compute
the next solution (x,,,,,¢y,,,) using (x,, ¢y, ) as starting point. If v, is sufficiently small
(e.g., Yo = 1), one can expect convergence of the continuation scheme for any reasonable
choice of (xo,co) (e.g., (xo0,c0) = (0,0) in the absence of a priori information). The full
procedure for computing a numerical approximation of the solution to problem () is given
as Algorithm 15.1.

Finally, we remark on how the presented approach can be simplified in special cases.

Remark 15.4.6. In the case where K is the solution operator for a linear partial differential
equation, i.e., K = A~ for a partial differential operator A : Y — Y* O X on the reflexive
Banach space Y, (OS, ) can be reformulated in a more convenient way by introducing y =
A~ 'x as an independent variable and using a Lagrange multiplier approach to enforce the
constraint Ay = x. This leads to a (semi-smooth) block optimality system, which in many
cases can again be reduced to a pair of equations for (y,c) only. Take X = L?(Q), i.e.,
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Algorithm 15.1 Semi-smooth Newton method with continuation

1: Choose (x%,¢%), v, T>1,&e >0, k*, y*;setj =0
2: repeat

3 Incrementj < j + 1

4 Setxo =x1"", k=0

5 repeat

6: Increment k < k + 1

7 Compute indicator function of active sets : x¥, x5 from (15.4.7) and (15.4.8)
8 Solve for dx, dc in (15.4.9)

9 Update x* = x*~1 + 8x, c* = c* ! + 8¢
10: until XX = x¥and x5 = x5, or k = k*

1 Setx) =xy, ¢ = ¢y

12: Sety) =1y !
13: until [|[K¥) —y®||ixq) < c+eory=v*

j(x) = x, and assume that A is an isomorphism from W = H}(Q) N H2(Q) to W*. Due to
the embedding W < C,(Q), we have that the range A~'(X) embeds compactly into L*(Q).
Insertingy, = A~ 'x, € W into the first equation of (OS, ) yields

Ay, + YA~ (max(0,yy —y® — ¢,) + min(0,y, —y°® +¢y)) = 0.

Since the term in parentheses is in L>((Q)), the mapping properties of A~* yield that Ay, € W.
We can thus apply A* to the whole equation to obtain that (y,, c, ) satisfies F(y,, ¢, ) = 0 for
F:WxR— W xR,

Fluo) = [ A AU +Y (max(0y —y® —c) + min(0,y —y* +¢))
DT e+ v (—max(0,y —y® —c) + min(0,y —y® +¢), 1) 2, )

Sincey € W, the function F is semi-smooth with Newton derivative
xA*AdY + (X1 +X2)8Y + vde(—x1 + X2)
DNF(U> C)(&J) SC) =
Y {(=X1 +X2,8Y)12(0) T (1 +v (X1 + X2, 1>L2(Q)> oc

Superlinear convergence of the semi-smooth Newton method can then be proven analogously
to Theorem 15.4.4, using the fact that A is an isomorphism from W to W*. Given y,, we
can then compute x, = Ay,. Note that due to the linearity of the operators, we can further

reformulate the Newton step in terms of the new iterate (y**', c**') only:
(ocA*A+v(Xz +x1) Y02 —x1) ) <yk“> _ <V(Xz +x1 )yf’)
Y2 =X )@ 1Y XX D)) \ e vix2 —x1)y®

Remark 15.4.7. The presented approach can also be applied to the Morozov regularization

1
min = [|x||%  subjectto ||[Kx —y®||e(q) < 8
xexz
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by fixing ¢ = & in the above derivations. Applying the same Moreau-Yosida regularization as
above yields the optimality conditions F(x,) = 0 for F: X — X*,

F(x) = oj(x) + yK* (max(O, Kx —yé —08) + min(0, Kx — y5 + 5)) ,
with Newton derivative
DnF(x)8x = (o’ (x) +vK*(x1 + x2)K) dx.

Well-posedness, convergence as y — oo and superlinear convergence of the semi-smooth
Newton method can be shown as for the Tikhonov regularization (with obvious simplifica-
tions).

15.5 NUMERICAL EXAMPLES

In this section, we illustrate the effectiveness of the L fitting approach as well as some of its
qualitative features by way of one- and two-dimensional model problems. The Matlab im-
plementation for both examples can be downloaded as http://www.uni-graz.at/~clason/
codes/linffitting.zip. All numerical tests were performed with Matlab (R2011b) on a
single core of a 3.4 GHz workstation with 16 GByte of RAM.

15.5.1 INVERSE HEAT CONDUCTION PROBLEM

We first consider as a standard benchmark example an inverse heat conduction problem,
posed as a Volterra integral equation of the first kind (problem heat in [Hansen 2007]).!
Here, Q = (0,1), X = L?(Q), and (Kx)( f 0 s) ds. Hence, K is a compact linear
operator from L%(Q) to L*®(Q). The kernel k(s,t) and the exact solution x'(t) are given by

K(s.t) = (s—t)% 1 i) = d 3T (20t=2)(3-20t) 55 <t< 5,
(s,t) = N e ) x'(t) = 3 0—2(20t-3) S<tg?
4 20 X 2)
0 otherwise.

The noisy data are generated by setting

Yo (t) =Kx'(t) +&(t),  te(0,1),

where &(t) is a uniformly distributed random value in the range [—d Ymax, d Ymax] for a noise
parameter d > 0 and Ymax = ||Kx||co-

'"MATLAB code (version 4.1) and documentation is available from http://www2.imm.dtu.dk/~pch/
Regutools.
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For the numerical solution of the inverse problem Kx = y°, we apply Algorithm 15.1 (with
T=10,k* =10, (x%¢c®%) = (0,0),v° = Tandy* = 10'?) and discretize the integral equation
using collocation and the mid-point rule at n = 300 points (unless stated otherwise). The
parameters in the fixed-point iteration for the automatic parameter choice are set to oy = 0.1
and o = 0.008. The fixed-point iteration is terminated if the relative change in o is less than
103 or after 20 iterations.

A typical realization of noisy data is displayed in Figure 15.1a for d = 0.3 and Figure 15.1¢
for d = 0.6. The fixed-point iteration (15.3.2) converged after 6 (4) iterations for d = 0.3
(d = 0.6), and yielded the values 6.50 x 1073 (1.65 x 10~2) for the regularization parameter
. The respective reconstructions x, are shown in Figures 15.1b and 15.1d. To measure the
accuracy of the solution x,, quantitatively, we compute the L*-error e = ||xo — x'||{2, which
is 2.48 x 1072 for d = 0.3 and 7.56 x 10~2 for d = 0.6. For comparison, we also show the
solution to the L? data fitting problem, where the parameter « has been chosen to give the
smallest L2 error. Clearly, the L? reconstructions are significantly less accurate than their L
counterparts, especially at the “tail”.

The performance of the automatic parameter choice is further illustrated in Table 15.1, which
compares the balancing parameter oy, with the “optimal”, sampling-based parameter «,
for different noise levels. This parameter is obtained by sampling each interval [0.1y, o]
and [a, 100,] uniformly with 51 parameters and taking as «, the one with smallest L2-
error e, = ||xq, — x'||12. Presented in each case are the mean and standard deviation over
ten different noise realizations for a given noise level. Both the regularization parameters
and the reconstruction errors agree closely, and the noise level is well estimated by the
optimal L* bound cy,. Table 15.1 also illustrates the robustness of the L* data fitting, since the
reconstruction error does not significantly increase with increasing noise level. This can be
attributed to the fact that the structural properties of the noise (e.g., sign changes of the noise,
which is neither more nor less likely for increasing d) is more important than the magnitude.

Finally, we address the performance of the semi-smooth Newton method. Table 15.2 shows
the convergence history of the Newton iteration (in terms of the number of changed points
in the active sets A, A after each iteration) for d = 0.3, fixed « computed by the balancing
principle and fixed y = 107, corroborating both the local superlinear convergence (Theorem
15.4.4) and the finite termination property (Proposition 15.4.5). The behavior of the full
continuation strategy is similarly illustrated in Table 15.3, demonstrating that a feasible solution
(i.e., one attaining the L* bound) is reached at y = 10° with comparative computational
effort.

15.5.2 INVERSE SOURCE PROBLEM IN 2D

Motivated by the problem of detecting the source of a contaminant using distributed and
quantized measurements from a sensor network, we consider the inverse source problem for
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Table 15.1: Comparison of automatic parameter choice (estimated noise level cy,, parameter oy,
reconstruction error ey, ) with sampling based optimal choice (o, €,) for different
noise parameters d and noise levels & (shown are the mean and standard deviation
over ten different noise realizations)

d ) Cp Xp ep Xo eo

mean std mean std mean std mean std mean std mean std

0.1 7.90e-3 3.7e-5 7.79e-3 1.6e-4 2.26e-3 13e-4 4.06e-2 17e-2 2.38e-3 7.9e-4 3.76e-2 1.9e-2
0.2 1.58e-2 1.0e-4 1.57e-2 5.1e-4 4.77€-3 4.7€-4 5.06e-2 8.3e-3 4.58e-3 1.8e-3 4.47e-2 1.2e-2
0.3 2.37€-2 5.4e-5 2.35e-2 2.8e-4 756e-3 7.0e-4 6.81e-2 1.6e-2 5.62e-3 3.9¢-3 6.48e-2 1.9e-2
0.4 3.16e-2 8.8e-5 3.10e-2 1.9e-4 9.66e-3 8.2e-4 6.06e-2 2.1e-2 8.49e-3 5.6e-3 5.58e-2 2.4e-2
0.5 3.96e-2 7.1e-5 3.90e-2 5.7€-4 1.25€-2 1.2e-3 6.29e-2 2.0e-2 1.15e-2 7.0e-3 6.21€-2 2.0€e-2
0.6 4.75€-2 1.2e-4 4.67e-2 4.5e-4 1.43e-2 1.8e-3 6.43e-2 3.5e-2 1.39e-2 9.4e-3 5.80e-2 2.9e-2
0.7 5.53e-2 2.1€-4 5.47€-2 4.9e-4 1.85e-2 3.4e-3 7.77€-2 3.2e-2 2.85€-2 2.4e-2 7.27€-2 3.0€-2
0.8 6.34e-2 1.8e-4 6.27e-2 8.1e-4 2.30e-2 4.6e-3 8.81e-2 3.8e-2 2.22e-2 1.2e-2 8.72¢-2 3.8e-2
0.9 713e-2 1.3e-4 7.03e-2 6.4e-4 2.60e-2 4.2e-3 1.15e-1 3.0e-2 3.07e-2 2.2e-2 1.13e-1  3.1e-2

Table 15.2: Convergence behavior of the semi-smooth Newton method for fixed y = 107

(shown are the number of points n(k) that changed in the active sets after iteration
k)

k 1 2 3 4 5 6 7 8

nk) 144 8 39 19 8 1 1 o0

Table 15.3: Convergence behavior of the semi-smooth Newton method with continuation
(shown are the number of points n(k) that changed in the active sets after iteration
k)

8% 1€0 1e1 1€2 1€3 1e4 1e5 1e6

k 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 5 1 2 3 4 1 2 1

nk) 115 25 7 o 91 35 5 o 38 15 5 0 15 8 4 2 O 5 3 1 O 1 O O
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Figure 15.1: Results for inverse heat conduction problem

an elliptic partial differential operator on the domain Q C R? with homogeneous Dirichlet

boundary conditions, i.e., K= A~1, X = L?(Q), where
Ay = —alAy + (b, VY);2(o) + Ty

fora € CO"(Q) witht > 0and a > ay > 0 pointwise, b € Co7(Q)
a=1,b=(-2,0)T, f=0,and Q = [0, 1]°. The exact solution is given by

T 1 ift] < and fto] < 4,
x'(t1,t2) = .
0 otherwise,
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(a) exact solution x (b) exact data yf

Figure 15.2: Two-dimensional test problem: exact solution x' and data y'

see Figure 15.2a. The exact data y' = A~"x' are shown in Figure 15.2b.

For the numerical solution of the inverse problem u = A~'y?®, we apply the reformulated
algorithm according to Remark 15.4.6, and discretize the differential operators using standard
finite differences on a uniform mesh of size 128 x 128. The parameters in the semi-smooth
Newton method with continuation and the fixed-point iteration are identical to the one-
dimensional case.

The first example considers data subject to (deterministic) quantization errors, where we
set

T
Ué(t) =VYs |:yy—(st):| ) Ys :nlj] <1;Iéa5( (yT(t)) —I;Iél(r)l (UT(t))> )

with ny, denoting the number of bins and [s] denoting the nearest integer to s € R (i.e.,
the data are rounded to n,, discrete equispaced values, see Figure 15.3a for n, = 10 and
Figure 15.4a for n, = 5). Again we compare the solutions to the L* fitting problem (where
the regularization parameter is chosen using the fixed-point iteration) with reconstructions
obtained from standard L? fitting (where the parameter is exhaustively selected to yield
the lowest L? error) in Figures 15.3b, 15.3c and 15.4b, 15.4c. The difference in reconstruction
artifacts can be observed clearly: The L™ artifacts are strongly localized and impulse-like,
whereas the L2 reconstruction shows typical ringing. In particular, the support of the exact
solution x is accurately captured by the L* reconstruction, whereas the L? reconstruction is
non-zero everywhere.

The second example serves as a “best-case” noise for L* fitting. Based on our observation in the
one-dimensional case, we conjecture that the reconstruction error is largest in regions where
the sign of the noise does not change. We therefore choose as additive “noise” a checkerboard
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(a) datay® (b) L* reconstruction x (c) L2 reconstruction x4

Figure 15.3: Reconstructions from quantized data (n, = 10), comparing L* and L? fitting

(a) datay® (b) L* reconstruction x (c) L2 reconstruction x4

Figure 15.4: Reconstructions from quantized data (n, = 5), comparing L and L fitting

pattern on the discrete mesh of constant magnitude and alternating sign. Specifically, let
tyy = (1,4, t2,5), 1 <1,j < 128, be the grid points of the uniform mesh and set

yé(tij) = UT(ti)‘) + (=DM d[lyfl

for a noise parameter d > 0. For data with d = 0.9 (Figure 15.5a), the L* reconstruction is able
to accurately capture support and shape of the true solution, whereas the L? reconstruction is
far from the target. The robustness of L™ fitting in this case is further illustrated by Table 15.4,
where it can be seen that the reconstruction error is virtually independent of the magnitude
of the checkerboard noise, in contrast to L? fitting.

Table 15.4: Comparison of reconstruction errors for L* fitting (e,,) and L? fitting (e;) for
checkerboard noise of different magnitude d

d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

€x 0.10961 0.1096 0.10961 0.10959 0.10963 0.10962 0.10961 0.1096 0.1096
€, 0.15625 0.19176 0.22549 0.25568 0.26619 0.26829 0.26978 0.27086 0.27173
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(a) datay® (b) L* reconstruction x (c) L2 reconstruction x4

Figure 15.5: Reconstructions from checkerboard noise (d = 0.9), comparing L* and L? fitting

15.6 CONCLUSION

For measurements subject to uniformly distributed noise, such as arising from statistical
models of quantization errors, L* fitting is more robust than standard L? fitting. The non-
differentiability can be addressed by introducing a Moreau-Yosida regularization together
with a continuation scheme, which allows application of a superlinearly convergent semi-
smooth Newton method. The regularization parameter can be chosen automatically using
a heuristic choice rule that does not require knowledge of the noise level. This approach is
useful for a wide variety of linear inverse problems.

For nonlinear problems, the extension would be straightforward (subject to a usual nonlinear-
ity and second order condition, see [Clason and Jin 2012]). By combining the methods of the
current work with those of [Clason and Jin 2012], Tikhonov functionals of L*-L" type (i.e.,
L> fitting with regularization terms of L type, also known as “Dantzig selector” [Candes
and Tao 2007]) could be treated. Finally, a stochastic analogue of the considered uniform
noise models in function spaces would be of great interest.
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APPLICATIONS IN BIOMEDICAL IMAGING



A DETERMINISTIC APPROACH TO THE
ADAPTED OPTODE PLACEMENT FOR
ILLUMINATION OF HIGHLY SCATTERING
TISSUE

ABSTRACT

A novel approach is presented for computing optode placements that are adapted to spe-
cific geometries and tissue characteristics, e.g., in optical tomography and photodynamic
cancer therapy. The method is based on optimal control techniques together with a sparsity-
promoting penalty that favors pointwise solutions, yielding both locations and magnitudes of
light sources. In contrast to current discrete approaches, the need for specifying an initial
set of candidate configurations as well as the exponential increase in complexity with the
number of optodes are avoided. This is demonstrated with computational examples from
photodynamic therapy.

16.1 INTRODUCTION

In biological and medical sciences, diagnostic and therapeutic instrumentation based on
visible, near-infrared or near-ultraviolet light (referred to as optical imaging) is of special
interest as it is often non-invasive, the cost for the equipment is moderate, and data acquisition
is usually fast (compared to, e.g., MRI). However, the high scattering coefficient of biological
tissues in the visible spectrum can be a limiting factor for this technique as it causes photons
to propagate in a non-deterministic manner. This in turn makes measurements of superficial
structures and the selective illumination of deeper regions significantly more complicated.
Due to the stochastic nature of the photon paths, the optimal placement of the optodes is not
trivial except for simple regular geometries such as cylinders or spheres.
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In recent years, there has thus been increased interest in computation-driven optimization of
optical hardware operating in strongly scattering tissues. For example, [Culver et al. 2001]
used a singular value analysis (SVA) of the sensitivity matrix (there called “weight matrix”)
to compare measurement setups which differed either in the optode spacing or the measure-
ment type (reflectance vs. transmittance setup). In [Xu, Dehghani, et al. 2003], two optode
configurations for a hybrid MRI/DOT measurement device were compared, and the number
of singular values above a certain threshold was used as a quality criterion. The work in
[Graves et al. 2004] applied the SVA approach to assess different fluorescence tomography
setups in two dimensions, while [Lasser and Ntziachristos 2007] performed comparisons of
three-dimensional setups.

A similar problem is faced in photodynamic therapy (PDT) [Dolmans, Fukumura, and Jain
2003], which is used for dermatological and oncological treatments (e.g., esophageal cancers,
especially at a stage where surgical intervention is not indicated). It appears attractive to
extend PDT to other carcinomas on epi- or endothelial surfaces, and clinical trials are carried
out for, e.g., cervix carcinomas. Some other potential candidates, like mesotheliomas of the
thoracic cavity (which are typically difficult to treat), represent a special challenge. A major
problem is the design of an appropriate light applicator. In the esophageal cavity, which has a
simple geometry, the laser light can be readily applied using a cylindrical scattering device.
In contrast, the geometry of the intrathoracic cavity is very complex. The application of a
standard esophageal applicator is not recommendable because its area of treatment is small
and curved and therefore the illumination would be inhomogeneous. Homogeneity of the
irradiation is, however, a crucial design criterion, as inhomogeneities can lead to locally
ineffective treatment on the one hand and local overdoses on the other hand. This can have
serious consequences, including lethal overdoses [Schouwink and Baas 2004].

In the past, some designs for flexible light diffusers have been proposed, where a typical
solution is to use cylindrical or spherical diffusers in a bag filled with a scattering medium.
These are applicable after pneumonectomia, if blood accumulations at the surface of the bags
are prevented by continuous rinsing [Dwyer et al. 2000; Friedberg et al. 2003; Krueger et al.
2003; Baas et al. 1997]. Some regions like the sinus diaphragmaticus are difficult to access
and have to be illuminated separately. This can be achieved with wedge-shaped illuminators
[van Veen et al. 2001]; however, positioning of these illuminators and homogenization of
the illumination is difficult. Another approach is to fill the thorax with a biologically non-
hazardous scattering medium (e.g., with intralipid), which can also be used for rinsing to
avoid blood accumulation. Typically, a spherical diffuser is used for illumination. However, it
is difficult to control the dose rate with this approach. This method has also been applied to
cases where lung tissue was not resected [Friedberg et al. 2003]. In general, both methods
try to achieve homogeneous fluence using real-time dosimetry and manual repositioning of
the light diffuser. An interesting alternative consists in textile-based diffusers, where special
optical fibers are integrated in a textile. These diffusers are very flexible but suffer from inho-
mogeneous illumination and a low transmission rate [Selm et al. 2007; Rothmaier et al. 2008].
Recently so called “light blankets” with arrays of cylindrical diffusers [Hu, Wang, and Zhu
2009] or a spirally-wound side-glowing fiber [Hu, Wang, and Zhu 2010] embedded in a bag
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filled with intralipid were presented. They are easy to fabricate but still show inhomogeneities,
especially at the corners. Due to the need for a homogeneous fluence rate, it is of great interest
to optimize the placement of these fibers to obtain improved illumination using minimal
energy.

The purpose of this work is thus to present a general approach to compute adapted optode
locations for different geometries, tissue types, and applications. The method is based on con-
sidering this task as an optimal control problem for a partial differential equation describing
the diffusion of photons in a strongly scattering medium, where the location of optodes are
modeled as a continuous “source field”. The crucial step - first proposed in [Stadler 2009] -
is to include a penalty term that favors pointwise solutions. In this way, both locations and
magnitudes of the light sources to be placed are obtained in a single step. The main advantage
of this approach over previously published - discrete — methods is that no initial maximal or
minimal configuration needs to be specified (although an allowable region can be enforced),
and that a combinatorial problem with exponential complexity is avoided. In addition, the
algorithm is not based on stochastic (e.g., Monte Carlo) methods but is fully deterministic,
which eases the verification of the outcome significantly. Finally, the approach is flexible and
can incorporate a wide variety of objective criteria (e.g., photon flux over a given boundary
section) by changing the target functional. The proposed approach is demonstrated in the
context of optimizing the illumination pattern in the photodynamic treatment of intrathoracic
cancer.

The rest of this work is organized as follows. In section 16.2.1, the specific mathematical model
for photon diffusion is given. Section 16.2.2 presents our optimal control framework for
optode placement, whose numerical solution is described in section 16.2.3. The setup of the
numerical experiments used for demonstrating our approach can be found in section 16.3,
and the results are presented in section 16.4. A discussion of the proposed method in section
16.5 concludes the work.

16.2 THEORY

During photodynamic treatment of cancer, a photosensitizer such as Photofrin is injected
intravenously. Afterwards, the cancerogeneous site is illuminated with red to near-infrared
light from sources in a diffuser which is applied directly on the region of interest, i.e., in
the intrathoracic cavity. The absorption of energy by the photo-activable drug leads to the
formation of cytotoxic singlet oxygen, which destroys cancer cells selectively. The challenge
is to homogenize the light intensity as both under- and overexposure can lead to ineffective
treatment [Henderson et al. 2000].
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16.2.1 MATHEMATICAL MODEL

We use the diffusion approximation of the radiative transfer equation to model the steady
state of light propagation in a scattering medium [Arridge 1999]. This leads to a stationary
elliptic partial differential equation for the photon distribution ¢ € H'(Q),

{—v-(K(x)w(x))+ua(x)<p(x) (x) inQ,
(16.2.1)

=q
kK(x)(x) - Vo(x)+ pe(x) =0 onT.

The geometry of the object is given by the domain Q C RY, d € {2, 3} being the number
of spatial dimensions, with boundary I' whose outward normal vector is denoted by 1. The
medium is characterized by the absorption coeflicient 114, the reduced scattering coefficient
., and the diffusion coefficient k = []5 (Mo + 1 )} ! The coefficient p models the reflection
of a part of the photons at the boundary due to a mismatch in the index of refraction. Finally,
the source term q models the light emission of the embedded optodes.

For the optimal control approach, we also require the solution p € H'(Q) of the adjoint
equation

{—vo(K(x)Vp(x))+ua(x)p(x) (x) inQ,
(16.2.2)

=f
K(x)(x) - Vp(x) + pp(x) =0 onTl

for given f € L?(Q). Both equations should be understood in the weak sense.

16.2.2 OPTODE PLACEMENT OPTIMIZATION

Since optodes act as discrete light sources, the source term can be modeled as q(x) =
ZJN:] q;d(x —x;) for q;; € Ry andx; € Q,1 < j < N, where 6 denotes the Dirac dis-
tribution (i.e., [ f d8(x) = f(0) for all continuous functions f). A straightforward approach
for optimizing the placement of the optodes (as was done, e.g., in [Freiberger, Clason, and
Scharfetter 2010]) would identify a set of M > N possible optode locations x;, ..., xnm and
chose the best N locations such that a certain performance criterion J(q) is minimized. The
corresponding optimal source magnitudes q; would then be computed in a second step.

To avoid the combinatorial complexity of this discrete approach, instead of specifying the
optode locations beforehand, we optimize the (distributed) source term q directly while
adding a penalty term that promotes sparsity of g, i.e., smallness of its support {x € Q :
q(x) # 0}. This has the added advantage that the number N of optodes need not be specified
in advance. Since we are looking for point sources, this requires searching for q in the space
of regular Borel measures (which includes the Dirac distribution). Following [Clason and
Kunisch 2011], we are thus led to the optimization problem

qeli(nQ)I(q) + | q|ls
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where M(Q) is the space of regular Borel measures, i.e., the dual of the space Cy(Q) of
continuous functions with compact support on Q, with norm

lgllac = sup \[ fdg,
feCo(Q)JQ
[[f]lc<T

which reduces to
lale = | a0l dx = gl
Q

for ¢ € L'(Q). This is related to the well-known fact that L' norms promote sparsity in
optimization. The penalty parameter « controls the sparsity of the solution: The larger «, the
smaller the support of q.

Motivated by the application in PDT, we chose as performance criterion the deviation from a
constant illumination z in an observation region w, C Q suchthat](q) := [|¢lw, —z[|% (wa)?
where @/, denotes the restriction of ¢ to w,. Due to the linearity of the forward problem,
we can take z = 1 W m~2 without loss of generality. After optimization, the magnitude of the
resultant sources can be linearly scaled to achieve the required illumination z. In addition,
we restrict the possible light source locations to a control region w, C Q, which does not
overlap with the observation region w, (i.e., Wy N @, = ), and enforce non-negativity of
the source term q (which represents the optodes). This leads to the following optimization

problem:

1
16.2. min — —z||? + o subject to (16.2.1) and g > 0.
G623)  omin S0l 2w, t@ldli,  subjectto (6:2.1) and q >

It was shown in [Clason and Kunisch 2012] that this problem has a solution q* € M(wg),
which can be approximated by a sequence of functions q, € L*(wq) fory — oo satisfying

(16.2.4) qy +ymin(0,p, + «) =0,

where p, is the solution of (16.2.2) with right hand side f := ¢, — z and ¢, is the solution of
(16.2.1) with right hand side q,. Equation (16.2.4) can be solved using a semismooth Newton
method which is superlinearly convergent; see [Clason and Kunisch 2012]. To globalize the
Newton method and closely approximate the solution q* of (16.2.3), we use a continuation
scheme in 'y where we iteratively solve the problem for an increasing sequence y,,, using the
previous solution as initial guess.

16.2.3 FINITE ELEMENT DISCRETIZATION

The discretization needs to account for the fact that the functions g, converge to measures
as y increases. We therefore employ the finite element discretization proposed in [Casas,
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Clason, and Kunisch 2012], where the photon density ¢, and the adjoint variable p., are
discretized using piecewise linear elements, while the source term q,, is discretized using
linear combinations of Dirac distributions centered at the vertices x;, 1 <1 < N(T), of the
triangulation T:

N(T)
dy = ) did(x —xi).
i=1

In practice, the number of nodes N(T) will be determined by the need to resolve the geome-
try of the domain and the required accuracy of the solution of the forward model (16.2.1).
Although further refinement of the triangulation increases the number of possible optode
locations, the sparsity-promoting property of the minimized functional discourages placing
additional optodes. In fact, it was shown in [Casas, Clason, and Kunisch 2012] that for a given
discretization of the forward model, the computed sources (for y — oo) are optimal among
all (non-discretized) measures.

Since the linear finite element basis functions form a nodal basis, the right hand side in the
weak formulation of (16.2.1) for a piecewise linear basis function e; becomes

N(T)

(dy, &) = D qi(8(x—xi),¢) = qj,

i=1

i.e., the mass matrix is the identity. Introducing the stiffness matrix A corresponding to
(16.2.1) and the observation mass matrix M, with entries M;; = fwo eie; dx, we obtain the
discrete optimality system

A(pv —(Qy = Oa
—Mo@y + ATp, = —Moz,
dy +'Ymin(0>pv|wq + a) =0,

Eliminating g, using the last equation and applying a semismooth Newton method, cf. [Cla-
son and Kunisch 2012], we have to solve for (@', p**') the block system

A Dk (pk—H B —(Xdk
(16.2.5) <_M0 A)(pk“ ={m,z2)

where Dy, is a diagonal matrix with the entries of the vector d,
(16.2.6) d;‘ _ )Y (P lwq)s )
0 else,

on the diagonal. It can be shown that the semismooth Newton method has converged once
d**! = d* holds. After the final p* has been computed, the corresponding control can be
obtained from (16.2.4).

The complete procedure is given in Algorithm 16.1.
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Algorithm 16.1 Semismooth Newton method with continuation

1 form=1,...,m*do
sety =2m=1 o®=p°=4d°=0

N

3 fork =0,...,k* do

4 solve (16.2.5) for @**1, pk+!

5: compute d“*! from (16.2.6)

6: if d“*' = d* then

7: set ™) =y min(0, p*'|, + &)
8: break

9: end if
10: end for

1: end for

16.3 MATERIALS AND METHODS

The optimization algorithm described in section 16.2.2 is implemented in Python using the
open source finite element library FEniCS [Logg, Mardal, Wells, et al. 2012]. The parameters in
Algorithm 16.1 are set to m* = 34 (such thaty* ~ 10'°) and k* = 20. To model a textile-based
diffuser, the material parameters in (16.2.1) are taken as 1, = 107*mm~", u/ = 107" mm~71,
and p = 0.1992. The influence of the parameter « is illustrated by comparing the results for

different values of « specified below.

The meshes for the light diffusers containing the optodes are created with the commercial
mesh generator Hypermesh™. To demonstrate the behavior of the optimization algorithm for
different geometries, we first consider simple two-dimensional spline models which represent
the cross-section of an infinitely long pad. This geometry mimics that of an array of parallel
cylindrical diffusers embedded in a scattering substrate. Five single-curved models and four
double-curved models with increasing curvature k were created as shown in Figure 16.1. The
dimensions correspond approximately to a width of 10 mm and height of 120 mm. In all cases,
the region w, in which the illumination should be homogenized are the left and right outer
lines (indicated in orange in Figure 16.1). The region w, where optodes are allowed to be
placed is a single line equidistant from both (indicated by a dashed line in Figure 16.1). The
meshes for the single-curved models of curvature k = 5, 10, 20, 40, and 60 consist of 61 038,
61789, 67160, 80 664, and 105 322 finite elements, respectively. The double-curved models
of curvature k = 5, 10, 15, and 20 are comprised of 62 349, 70735, 82 119, and 104 220 finite
elements, respectively.

The photodynamic treatment is simulated by embedding the light diffuser model in the
intrapleural space of a realistic three-dimensional human thorax model that is constructed
from a stack of CT images. The approximate dimensions are: height 100 mm, width 150 mm,
thickness 10 mm. The observation region w, is defined as the outer and inner surface of the
model, and w is an interior manifold equidistant from both (see Figure 16.2; w is indicated
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D\

510 20 40 60 5 10 15

(a) Single-curved models. (b) Double-curved models.

Figure 16.1: Two-dimensional model geometries (numbers denote curvature ).

in purple). The generated mesh consists of 81 770 elements.

The results are evaluated quantitatively for different values of the sparsity-controlling parame-
ter . The coefficient of variation c, of the resultant photon density ¢, over the observation
region w, and the number N of sources after the optimization procedure serve as qual-
ity measures. For the latter, the nodes in the control region w satisfying ¢, > 107'¢ are
counted. We compare the results for « € {0.1,0.01,0.001} for the two-dimensional models
and « € {0.2,0.4,...,1.8} for the three-dimensional model.

16.4 RESULTS

The quantitative results for the two-dimensional geometries are given in Table 16.1 for the
single-curved models and in Table 16.2 for the double-curved models. As can be seen by
comparing the number of active nodes N with the total number of nodes for each model,
the algorithm indeed produces discrete sources that can be used as optode positions. The
obtained coefficients of variation c, indicate that a homogeneous illumination of the desired
region is possible at least for o < 0.1, demonstrating the feasibility of the proposed approach.
The robustness of the algorithm with respect to geometry is illustrated by the fact that the
achieved variations do not depend very much on the curvature. It can also be observed how
the penalty parameter « determines the tradeoft between the number of active optodes and
the homogeneity of the illumination in the region of interest: larger values of « yield fewer
optodes but less homogeneous illumination, again independent of curvature.
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(a) Top oblique view

v

Y

—

(b) Front oblique view (c) Side oblique view

Figure 16.2: Three-dimensional model. The admissible manifold w for optodes is indicated
in purple.
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Table 16.1: Results for single-curved models. Shown are the number N of active nodes and
the coeflicient of variation c, of the photon density in the observation domain for
different curvatures « and values of «.

K 5 10 20 40 60
x 0.1 0.01 0.001 0.1 0.01 0.001 0.1 0.01 0.001 0.1 0.01 0.001 0.1 0.01 0.001
22 49 59 18 51 83 15 56 66 20 51 62 22 68 147

c, 2.52e-1 182e-2 5.40e-3 2.96e-1 2.07e-2 6.17e-3 1.78e-1 1.96e-2 795e-3 1.68e-1 2.53e-2 1.09e-2 1l.21e-1 2.02e-2 1.57€-2

Table 16.2: Results for double-curved models. Shown are the number N of active nodes and
the coefficient of variation c, of the photon density in the observation domain for
different curvatures k and values of «.

K 5 10 15 20
o 0.1 0.01 0.001 0.1 0.01 0.001 0.1 0.01 0.001 0.1 0.01 0.001
N 12 50 134 19 40 148 26 49 60 33 77 130

Cy 1L65e-1 2.48e-2 151e-2 2.03e-1 2.88e-2 2.45e-2 2.24e-1 3.27€-2 2.94€-2 4.92e-1 3.47€-2 3.09e-2

Table 16.3: Results for three-dimensional model. Shown are the number N of active nodes
and the coefficient of variation c,, of the photon density in the observation domain
for diftferent values of «.

x 18 1.6 1.4 1.2 1.0 0.8 0.6 0.4 0.2
N o 12 150 250 333 409 498 637 884
¢y — 185e+0 5.64e-1 3.59e-1 2.65e-1 2.04e-1 1.56e-1 1.13e-1 6.72e-2
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The qualitative behavior of the computed sources for each value of « is shown in Figure 16.3a
and Figure 16.3b for a representative single-curved (x = 20) and double-curved model
(k = 15), respectively, where the relative strength of the sources is coded by height. (Note
when comparing Tables 16.1 and 16.2 with Figure 16.3 that neighboring active nodes appear
as a single peak and thus can be taken as a single optode.) While for the single-curved model
and o« = 0.1, the distribution of optodes agrees well with the intuitive choice of equally spaced
optodes of approximately equal magnitude, the other values indicate that a better illumination
can be achieved with stronger sources towards the tips of the model. It should be pointed out
that even in the former case, the number of optodes to be distributed is not obvious. For the
double-curved models, the results indicate that optodes should be placed preferentially in
regions where the curvature changes.

For reference, Figure 16.4 shows the corresponding photon densities ¢, (in W m~2, nor-
malized to unit mean) plotted along part of the observation region (left line in Figure 16.1),
illustrating how the parameter « and the model geometry influence the homogeneity of
the illumination in this region. As expected, photon fluence shows the most pronounced
inhomogeneities close to the borders. In the case of the single curved model, a nearly sinu-
soidal ripple pattern arises in more than 80 % of the target region, while in the double curved
model the ripple is superimposed on a step-profile with the steps located approximately at
the zero-crossing points of the curvature. With o« = 0.1, the peak-peak fluctuations are still
around 40 % of the mean value even far away from the borders, which may be considered
as unsatisfactory. However, when decreasing alpha to 0.01 or less, the ripple remains within
a few percent, which is sufficient, especially when comparing this value to other sources of
fluctuations of the irradiation such as local absorption changes by tissue inhomogeneities,
bleeding, or inhomogeneities of the distribution of the photosensitizer.

The quantitative results for the three-dimensional model are shown in Table 16.3. For & =
1.8, no controls are placed and thus the photon density is zero. This is consistent with the
theory, which predicts that there is a threshold value for & above which the optimal control is
identically zero; cf. [Casas, Clason, and Kunisch 2012, Proposition 2.2].

Figure 16.5 shows location and magnitude (color coded) of the computed optodes and the
corresponding photon densities (in W m~2, normalized to unit mean) for o« = 1.2, « = 0.8,
and o« = 0.4. Due to the nonuniform curvature of the model, a homogeneous illumination is
harder to achieve than in the two-dimensional case, especially at the borders of the target
region. However, for « < 1.2, the inhomogeneities in the interior are usually within 10 %, and
the few hot spots of 30 % would still be acceptable. Although of course the specific placement
may be difficult to realize in practice, the qualitative distribution can be useful information
in the initial design process.
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(a) Single-curved model (k = 20)

(b) Double-curved model (k = 15)

Figure 16.3: Optode positions and relative magnitudes (height-coded) for representative
single-curved and double-curved models for three different values of alpha (from
top to bottom: o« = 0.1, & = 0.01, o« = 0.001).
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! 1
0.8
0.6 0.5
0.4
1.05
! 1
0.95
0.9 0.95
0.85
1 1.04
0.98 1.0?
0.96 0.98
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(a) Single-curved model (k = 20)

(b) Double-curved model (k = 15)

Figure 16.4: Photon densities ¢ (in W m~2, normalized to unit mean) plotted along part of

the observation region (left line in Fig. 16.1) for representative single-curved and
double-curved models for three different values of alpha (from top to bottom:
oo =0.1, x = 0.01, o« = 0.001).
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(a) optodes, . = 1.2 (b) photon density, = 1.2
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(c) optodes, o« = 0.8 (d) photon density, x = 0.8
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(e) optodes, o« = 0.4 (f) photon density, x = 0.4

Figure 16.5: Optode positions and magnitudes (left) and photon densities (right; in W m—2,
normalized to unit mean) for the three-dimensional model and three different
values of .
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16.5 DISCUSSION

The proposed approach is able to generate reasonable optode configurations adapted to specific
geometries, even in situations (such as complex three-dimensional models) where optimal
setups are not intuitively obvious. Our method also yields relative strengths of the optodes to
be placed, which would otherwise have to be computed in a separate step. Furthermore, the
algorithm is deterministic and does not require a-priori knowledge such as an initial set of
candidate locations or the number of optodes after optimization, which on the contrary is
provided by our approach. The method can be used as a tool during the initial design process
to estimate the number of sources required as well as their location and relative strengths.

By formulating the optode placement problem as a continuous optimization problem, the
combinatorial complexity inherent in discrete approaches is avoided. This is critical for
achieving an efficient optimization technique and - to our knowledge - has not been presented
before in the context of diffuse optical imaging. As an example, our Python implementation
required about three minutes on a MacBook Pro (2.16 GHz Intel Core2 Duo with 2 GB RAM)
for the single-curved model with k = 5. Our approach could therefore also be used in an
interactive setting, where the engineer will adapt design parameters, such as the optical
coefficients of the diffuser, based on the outcome of an optimization run.

While the number of desired optodes is correlated with the penalty parameter «, it is not
directly controllable. This drawback is analogous to the problem of finding the “best” regu-
larization parameter in image reconstruction (e.g., for diffuse optical tomography), where
typically the determination of the parameter is left to the user or is based on heuristics.
Certainly, one could think about finding a good parameter through successive optimization
runs, e.g., with decreasing values of « if the user specified an upper bound on the number of
optodes.

The achieved results are satisfactory from the mathematical point of view; but of course
they should also be discussed in an engineering context. In particular, it may be difficult to
place many sources in a more or less irregular pattern. The number of optodes depends on
the required uniformity of the surface fluence. A reasonable value in practice would be a
CV of 0.05. Table 1 shows CV's (for single-curved pads) below 0.03 for around 50 optodes,
but up to 0.25 for less than 25 optodes. The numbers for the double-curved pad are only
slightly greater. This means that the between 40 and 50 required sources can be expected. In
practice, such a design can be approximated comparatively easily with parallely arranged
cylindrical polymer diffusers of sufficiently small radius, which are fed by individual optical
fibers. Instead of a fixed grid of diffusers, one can imagine dense bundles of uniformly spaced
diffusers where only those close to the optimal positions are connected to the laser source.
This would allow a very flexible use and adaptive homogenization of the fluence dependent
on the individual anatomical situation (e.g., curvature), which is certainly desirable in the
context of a personalized optimization. Such a concept can be realized by using fiberoptic
switches with many channels. In three dimensions, the sources may be fiber-coupled spherical
diffusers or simply open-ended fibers. Due to the higher number of potential positions (637
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for a CV of 0.11, see Tab. 3), the construction of a flexible structure here may be difficult, and
pre-fabricated pads that are adapted to a certain anatomical target geometry appear more
realistic than a truly adaptive system.

Although a rigorous sensitivity analysis has not yet been carried out, our experience indicates
that the computed photon density distributions are relatively robust to small perturbations
of the optode locations and magnitudes. Similarly, we did not observe significant changes
in the results due to small random perturbations of the optical parameters. This can be
attributed to the linearity and the strong diffusivity of the model (16.2.1). Such robustness
is very important for practical implementations because it means that the result is not very
sensitive to manufacturing tolerances.

One of the main advantages of the optimal control approach is its flexibility. For example, it
is straightforward to extend the underlying model to include, e.g., inhomogeneous material
properties or to replace the diffusion approximation by a more complicated model such as
the radiative transfer equation. It is also possible to consider different objective criteria such
as the photon flux through a given (boundary or internal) surface by changing the functional
J(q). In principle, the approach can be applied to the problem of optimal experiment design
for optical tomography;, if the objective J(q) is based on a suitable sensitivity term. However,
this extension of our method is subject to future work.
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PARALLEL IMAGING WITH NONLINEAR
RECONSTRUCTION USING VARIATIONAL
PENALTIES

ABSTRACT

A new approach based on nonlinear inversion for autocalibrated parallel imaging with arbi-
trary sampling patterns is presented. By extending the iteratively regularized Gauss—-Newton
method with variational penalties, the improved reconstruction quality obtained from joint
estimation of image and coil sensitivities is combined with the superior noise suppression
of total variation and total generalized variation regularization. In addition, the proposed
approach can lead to enhanced removal of sampling artifacts arising from pseudorandom and
radial sampling patterns. This is demonstrated for phantom and in-vivo measurements.

171 INTRODUCTION

It was shown recently [Bauer and Kannengiesser 2007; Ying and Sheng 2007; Uecker, Ho-
hage, et al. 2008; Uecker, Karaus, and Frahm 2009] that nonlinear inversion can be applied
successfully to image reconstruction of undersampled data from multiple coils, i.e., parallel
imaging [Sodickson and Manning 1997; Pruessmann et al. 1999; Griswold et al. 2002]. The
joint estimation of images and coil sensitivities, which can be achieved with an iteratively
regularized Gauss—-Newton (IRGN) method, leads to more accurate estimation of the coil
sensitivities, and therefore yields results with improved image quality. It was also demon-
strated that this method can be extended to non-Cartesian imaging [Knoll, Clason, Uecker,
et al. 2009; Uecker, Zhang, and Frahm 2010]. In particular, radial sampling has the advantage
that the sampling pattern automatically leads to an oversampling of the central frequencies
of k-space, which eliminates the need to acquire additional reference lines when performing
auto-calibrated parallel imaging. Another important characteristic of radial sampling is the
fact that aliasing artifacts, which are introduced by undersampling, have a distinctively regular
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appearance which is usually different from the image content. For this reason, it is possible
to remove these so-called streaking artifacts during reconstruction with the integration of
suitable penalties on the reconstructed image, with total variation (TV) proving particularly
effective in the radial case [Chang, He, and Fang 2006; Block, Uecker, and Frahm 2007].
Successful application of TV regularization to conventional Cartesian subsampling had been
reported as well [Liu et al. 2009]. This interest in total variation-type regularization has been
stimulated by the success of compressed sensing [Candes, Romberg, and Tao 2006; Donoho
2006] in MRI [Lustig, Lee, et al. 2005; Lustig, Donoho, and Pauly 2007; Gamper, Boesiger,
and Kozerke 2008], which is often used in combination with pseudorandom sampling (i.e.,
randomly selecting sampling points from a regular Cartesian grid); see also [Xiang 2005]
for a related idea. Recently, compressed sensing has also been used for parallel imaging with
unkown coil sensitivies by formulating the reconstruction as a low-rank matrix completion
problem [Lustig and Pauly 2010a].

The purpose of this work is to demonstrate that the formulation of autocalibrated parallel
imaging as a nonlinear inverse problem yields a general framework that allows the joint
estimation of coil sensitivities and image content in combination with arbitrary sampling
patterns and variational penalties. This is illustrated via the integration of a TV penalty in the
IRGN method. The immediate benefit is that TV regularization helps to suppress the noise
amplification [Rudin, Osher, and Fatemi 1992] that seriously limits parallel imaging with
conventional methods (for linear reconstruction methods, the effect of noise suppression due
to regularization is well known [Liang et al. 2002; Lin et al. 2004; Hoge et al. 2004; Hoge et al.
2005]). When applied to data sets obtained with radial or pseudorandom sampling patterns,
TV also leads to enhanced removal of artifacts. The flexibility is further shown by replacing
TV with a different convex regularization functional that is more suitable in cases when the
assumption of piecewise constant images is not reasonable: total generalized variation (TGV)
of second order [Bredies, Kunisch, and Pock 2010; Knoll, Bredies, et al. 2010]. A similarly
general approach in terms of sampling patterns and variational penalties is followed in SPIRiT
[Lustig and Pauly 2010b], which can also be formulated as a nonlinear minimization problem.
In contrast to the approach considered here, calibration is carried out in a separate step,
and the corresponding variant with non-quadratic regularization (L1 SPIRIT) is based on
compressed sensing using a wavelet transform.

172 THEORY

Mathematically, parallel MR imaging can be formulated as a nonlinear inverse problem where
the sampling operator Fs (defined by the k-space trajectory, e.g., Fourier transform followed
by multiplication with a binary mask in the case of standard Cartesian subsampling) and the
correspondingly acquired k-space data g = (g1,...,gn)" from N receiver coils are given,
and the spin density u and the unknown (or not perfectly known) set of coil sensitivities
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c = (c1,...,cn) " have to be found such that
F(u,¢) == (Fs(u-c1),...,Fs(u-en))' =g

holds. As was shown in [Uecker, Hohage, et al. 2008; Knoll, Clason, Uecker, et al. 2009],
this problem can be solved using the iteratively regularized Gauss—-Newton (IRGN) method
[Bakushinsky and Kokurin 2004; Engl, Hanke, and Neubauer 1996; Blaschke, Neubauer, and
Scherzer 1997; Hohage 1997], i.e., computing in each step k for given x* := (u*,c*) the
solution &x := (du, dc) of the minimization problem

(17.2.1) ngin%HF’(xk)éx + F(x*) —g]* + %W(ck +5¢) 4 BrR(u* + du)
for given oy, Bk > 0, and then setting x*™' := x* + 8%, o1 = quox and Byi1 = qpPx

with 0 < qu, qp < 1. Here, F/(x*) is the Fréchet derivative of F evaluated at x*. The term
W(c) = [Wc||?> = ||w - Fc]|? is a penalty on the high Fourier coeflicients of the sensitivities
and R is a regularization term for the image. So far, the application of the IRGN method
to parallel imaging has been formulated with a conventional L? penalty [Uecker, Hohage,
et al. 2008; Knoll, Clason, Uecker, et al. 2009] (i.e., R(u) = J|[u[?). As demonstrated in
this work, the IRGN method can also be used with other regularization terms, which can be
chosen dependent on the application. For example, the stability of the method with respect
to noise can be improved: Since &y and (i are decreasing during the iteration, the problem
in (17.2.1) will become increasingly ill-conditioned. This leads to noise amplification, which
can be counteracted by using a regularization term with stronger noise removal properties
than the L? penalty. A possible choice is the total variation (TV) of the image, i.e.,

R(u) = jwz ax,

where | - |, denotes the Euclidean norm in R?. To calculate the solution of (17.2.1), we make
use of the dual characterization of the TV semi-norm:

B J |Vul; dx = sup (u,—divp),

peCp
where p = (p1,p2)", divp = 0xp1 + dyp2 with appropriate boundary conditions and
Cp ={p € L*(Q;C?) : divp € L*(Q;C), [p(x)], < P for almost all x € Q}.
The problem in (17.2.1) then becomes a non-smooth convex-concave saddle-point problem,

Xy

1
min max = |[F/(x*)éx + F(x*) — g||? + = W(c* + &c) + (u* + du, — divp),

du,6c peCp, 2

which can be solved efficiently using a projected primal-dual extra-gradient method [Pock
et al. 2009; Chambolle and Pock 2010], given as Algorithm 17.1. Since this requires only
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Algorithm 17.1 Solution of TV sub-problem (17.2)

1 function TVsoLvE(u,c, g, «, )

2 du, du, d¢, d¢, p + 0, choose o, T > 0

3 repeat

4 p  projg (p + TV (u + 8u))

5: dUorg < du, dcqoiq + OC

6: du <+ du — O'(ZiN:1 et FH(Fe(u- by +ci - du) + F(u,c) — g) —divp)
7 ¢ + 8¢ — o(u - FH(Fg(w- 8¢i +cq - du) + F(u,c) — g) + aW*W(cq + 8¢y))
8 du «— 26u — dola

9 6_(: <+ 26c — 5C01d

10: until convergence

11 return du, dc

12: end function

application of F/(x*) and its adjoint F/(x*)*, the algorithm can be implemented efficiently on
modern multi-core hardware such as graphics processing units (GPUs). Due to the bilinear
structure of F, the action of F/(x*) and F/(x*)* can be calculated explicitly in terms of the
subsampling operator Fs and its adjoint F§. The projection onto the convex set C can be
calculated pointwise by setting for all x € Q

_ q(x)
max (1,3 (|q(x)]2)"

proj (q)(x)

Since TV regularization is known to introduce staircasing artifacts if the penalty parameter is
large, we also consider second order total generalized variation (TGV), which is a generaliza-
tion of TV that avoids the staircasing in regions of smooth signal change [Bredies, Kunisch,
and Pock 2010; Knoll, Bredies, et al. 2010]. This amounts to setting

BR(u) = inf B[ Vu—v]| + 2B &v]]

where &v = (Vv + VvT) denotes the symmetrized gradient of the complex-valued vector
field v € @'(Q; C?). We refer to [Bredies, Kunisch, and Pock 2010; Knoll, Bredies, et al. 2010]
for a detailed description of this functional and an explanation of its properties. Using again
the dual representation of the norms, the Gauss—-Newton step (17.2.1) is equivalent to the
saddle point problem

1
_min  max ZHF/(xk)éx +F(x) —g|* + %W(ck +8¢) + (Vur + du—wv,p) + (&v, q),
u,oc,v pelp,

2
qaeCd,

where

€3 ={a€€cl0,872): (lan(X)P+lanP +2qP)* <2p vx e 0}
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Algorithm 17.2 Solution of TGV sub-problem (17.2)

1 function TGVsoLve(y,c, g, &, )
du, du, 8¢, d¢, v, ¥, p, q < 0, choose 0, T > 0
repeat
p  projg (p + T(V(u + du) —v))
q + projz(q + T(&v))
6u01d — 5LL, 5C01d «— SC, Vold <V
du <+ du — O'(Z?; et - T (Fo(u- by +ci - du) + F(u,c) — g) —divp)
5¢ + dc — o(u* - F*(F(w- dci + ¢ - du) + Flu,c) — g) + aW*W(c; + ¢i))
vv—o(—p+Eq)
6_LL — 26u— 6u01d
dc < 28¢ — d¢Corq
V< 2v—v,14
13: until convergence
14: return du, o6c
15: end function

L 2N 2 B @« N

—
—
= O

-
N

and 822 denotes the set of symmetric complex matrices. The corresponding extra-gradient
method is given as Algorithm 17.2, where the projection projf5 onto C can again be computed
pointwise.

1723 MATERIALS AND METHODS

17.3.1 DATA ACQUISITION

Experiments were performed for 3D pseudorandom as well as 2D radial sampling patterns.
All measurements were performed on a clinical 3 T system (Siemens Magnetom TIM Trio,
Erlangen, Germany). Written informed consent was obtained from all volunteers prior to the
examination.

Accelerated acquisition with pseudorandom sampling was tested with phantom experiments.
A receive-only 12-channel head coil was used, and an SVD based coil compression [Buehrer et
al. 2007] was applied to reduce the data to 8 virtual channels. Measurements were performed
with a 3D FLASH sequence with the following sequence parameters: TR 20 ms, TE 5 ms,
flip angle 18°, matrix size 256 x256x256. The pulse sequence was modified to include a
binary 2D mask defining the subsampling of both phase-encoding directions. A resolution
of Tmmx T mmx5 mm was used. Raw data was exported from the scanner, a 1D Fourier
transform was performed along the readout direction, and partitions orthogonal to this axis
were reconstructed.
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Additionally, a fully sampled T, weighted 2D turbo spin echo data set of the brain of a
healthy volunteer was acquired with a 32-channel receive coil. The data was compressed to 12
virtual channels. Sequence parameters were TR 5000 ms, TE 99 ms, turbo factor 10, matrix
size 256 X256, slice thickness 4 mm and an in-plane resolution of 0.86 mm x0.86 mm. Raw
data was exported from the scanner and then subsampled retrospectively with an adapted
pseudorandom sampling pattern [Lustig, Donoho, and Pauly 2007], where sampling points
on a regular Cartesian grid are randomly selected according to a specified probability density
function which is based on the energy distribution in k-space of medical images [Knoll,
Clason, Diwoky, et al. 2011].

For comparison, conventional TV filtering was applied to the magnitude images obtained
from standard IRGN reconstruction of the T, weighted data set of the brain. This experiment
was repeated for an accelerated pseudorandom in-vivo measurement of the brain of a different
volunteer. The same experimental setup was used as in the accelerated phantom experiments,
except that 9 SVD compressed virtual channels were used and an isotropic spatial resolution
of 1 mm was achieved.

Radial sampling experiments were performed with an rf-spoiled radial FLASH sequence
with sequence parameters TR=2.0 ms, TE=1.3 ms, and a flip angle of 8°. Images of a water
phantom and of the heart of a healthy volunteer were made. In-vivo data was acquired with a
32-channel body array coil, and data acquisition was performed with a protocol designed for
real-time imaging [Frahm, Haase, and Matthaei 1986; Riederer et al. 1988; Wright et al. 1989]
without cardiac gating and during free breathing [Zhang, Block, and Frahm 2010]. After the
acquisition, the data was compressed to 12 virtual channels for the in-vivo experiments and 8
virtual channels for the phantom experiments. An in-plane resolution of 2 mmx2 mm and a
slice thickness of 8§ mm was used in combination with 128 x128 image matrices. Due to the
two-fold oversampling, this resulted in 256 sample points for each radial spoke.

17.3.2 NONLINEAR RECONSTRUCTION

All reconstructions were performed offline using a Matlab (rR2010a, The MathWorks, Natick,
MA, USA) implementation of the described nonlinear inversion method. For the reconstruc-
tion of radial data sets, Fessler and Sutton’s NUFFT [Fessler and Sutton 2003] code was used.
To facilitate comparison, the solution of (17.2.1) with R(v) = J||v||* was computed using
the same extra-gradient scheme, which can be obtained from Algorithm 17.1 by removing
step 4 and replacing the term “— divp” with “+Bu + du” in step 6. In the following, we will
refer to the Gauss—-Newton reconstruction using an L?-penalty simply as IRGN, while the
reconstruction using TV and TGV penalties will be denoted by IRGN-TV and IRGN-TGYV,

respectively.
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17.3.3 PARAMETER CHOICE

The parameters in Algorithm 17.1 were chosen according to the convergence theory for the
projected extra-gradient scheme. The step lengths o and T were selected such that otl? < 1

holds, where L is the Lipschitz constant of the gradient of the functional to be minimized. This
constant depends on the subsampling strategy and the iterates u*, c*, but can be estimated
using a few iterations of the power method to approximately compute the norms of the
partial Fréchet derivatives of the linearized operator F/(x). As the norm of the finite difference
approximation of the divergence and gradient operators with mesh size 1is v/8, we sett = o =
(8 + 2max(|L,|,|Lc]))~"/? in Algorithm 17.1, where L,,, [ are the estimates from the power
method. The step lengths in Algorithm 17.2 were set to T = 0 = (12 4+ 2 max(|L.|, |Lc|))~"/2

based on the norm of the linear operator involving the symmetrized derivative. The iteration
was terminated after a fixed number of iterations, since the efficiency estimate for the extra-
gradient method gives an upper bound on the required number of iterations to achieve a given
accuracy. Since a high accuracy is not necessary during the initial Gauss—-Newton iterations
with large penalties, we started with Ny = 20 iterations and set Ny = 2N, ;. These choices
were stable and yielded good results for all data sets.

The parameters in the Gauss—Newton iteration were chosen according to a quasi-optimality cri-
terion. The initial penalties oo, o were chosen such that the norm of the residual ||F(u',c')—
g|| after the first iteration was roughly 3/4 of the initial residual, and the reduction factors
q«, qp were set such that each further iteration roughly reduced the residual by a factor of
1/2. The iteration was terminated once the achieved reduction factor fell below 3 /4. This lead
to the choice o = 1, Bo = 2, q« = qp = 1/10, and 5 Gauss-Newton iterations for the radial
data set. For the pseudorandom data set, 3o = 1, qg = 1/5 and 6 Gauss-Newton iterations
were used.

Since the TV regularization parameter is continually decreased during the Gauss—Newton
iteration, the final reconstruction will typically not show strong signs of TV filtering such
as a cartoon-like appearance. A more pronounced TV effect can be achieved if the decrease
of the regularization parameter is stopped at the desired level. To illustrate this, we will also
show reconstructions where we have set By, 1 = max(Bmin, 45 Bx) With Bmin =5- 1073 for
L2, TV and TGV regularization (with otherwise unchanged parameters).

Due to the difference in functionals and normalization of raw data and reconstructed mag-
nitude images, it is not sensible for comparison purposes to use the above values of 3 in
as regularization parameters for TV filtering. Instead, based on visual inspection, an opti-
mal parameter was chosen for each data set. For the subsampled data with R = 6, this was
B3 =5-1073, while the accelerated in-vivo data with R = 4 required 3 = 1.5 - 1072.
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17.4 RESULTS

Figure 17.1 shows a partition of a water phantom reconstructed with IRGN and IRGN-TV
from pseudorandomly subsampled 3D data using acceleration factors R = 4 and R = 10.
The reduced noise amplification and artifact removal characteristics of IRGN-TV are clearly
visible for both acceleration factors. In the case of moderate acceleration with R = 4, the final
TV regularization parameter (3., was set to zero. For R = 10, Bin =5 - 10~3 was used to
achieve a stronger TV regularization and a better removal of artifacts. It must be noted that
the phantom only consists of regions that are piecewise constant, and therefore the underlying
assumption of the TV penalty is fulfilled. However, in the case of R = 10 with increased TV
regularization, staircasing artifacts can be observed in regions where modulations caused by
the inhomogeneity of the coil sensitivities affect the reconstructed image.

The above findings are confirmed for in-vivo conditions. IRGN and IRGN-TV reconstructions
(with Bmin = 0) of the retrospectively pseudorandomly subsampled T2 weighted data of the
brain are displayed in Figure 17.2, together with a sum-of-squares image obtained from the
fully sampled data. Shown are results for acceleration factors of R = 4,R = 6 and R = 8
(defined as the ratio of total to acquired points on the underlying Cartesian sampling grid) as
well as difference images to the fully sampled SOS image. With larger acceleration factors, an
increasing amount of noise amplification and residual incoherent aliasing can be observed
in the IRGN reconstructions, while this effect is reduced with IRGN-TV. The difference is
especially noticeable in the magnified details shown in Figure 17.3.

The comparison of IRGN-TV with IRGN followed by TV filtering of the reconstructed
magnitude image is shown in Figure 17.4. The conventional IRGN reconstruction of the
T2 weighted brain data with R = 6 (see Figure 17.2) was postprocessed with a TV filter,
where an optimal TV parameter was chosen based on visual inspection. To illustrate the
robustness of IRGN-TV with respect to different data sets, this procedure was repeated
for the accelerated brain scan obtained with the same FLASH sequence as in the phantom
experiments (Figure 17.1) with R = 4. Although postprocessing using an optimal TV parameter
yields results that are comparable to IRGN-TYV, it can be seen that this parameter value is
specific to each data set: The optimal value 3% = 5 - 103 for the subsampled data set (left
column in Figure 17.4) results in insufficient filtering for the accelerated in-vivo scan, while
the optimal choice B3 = 1.5 - 102 for the in-vivo scan (middle column in Figure 17.4)
already leads to over-regularization when applied to the first data set. In contrast, the results
with IRGN-TV (right column) were obtained using the same parameter set — most notably
Bmin = 0 — in both cases.

Figure 17.5 shows two slices of a water phantom acquired with subsampled radial measure-
ments and reconstructed with IRGN and IRGN-TV. Here, 25 spokes were acquired to re-
construct a 128 x 128 matrix, corresponding to an undersampling factor of approximately
R = 8 in comparison to a fully sampled radial data set (128 - 5 ~ 201 spokes). Because of
the high undersampling, an increased value of B, = 5 - 1073 was used in this example.
Both slices show reduced noise and streaking artifacts when IRGN-TV is used. However, one
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of the images (top row in Figure 17.5) again exhibits staircasing artifacts for the IRGN-TV
solution.

Reconstructions of real-time images of the beating heart are displayed in Figure 17.6 together
with plots of the signal intensities across an indicated horizontal line. Results for 25 (R ~ 8.0),
21 (R = 9.6),and 19 (R =~ 10.6) acquired spokes are shown, corresponding to image acquisition
times of 50 ms, 41 ms, and 38 ms. For all reconstructions, Bmin = 5 - 1073 was used. The
image reconstructed from the 25 spokes data set does not show streaking artifacts for both
IRGN and IRGN-TV. However, noise amplification is much stronger for IRGN. In contrast,
reconstructions from 21 and 19 spokes show residual streaking artifacts due to increased
subsampling, which are again reduced in the images reconstructed with IRGN-TV.

The effect of TGV regularization is demonstrated in Figure 17.7. It shows highlighted regions
of both phantom images affected by staircasing artifacts (pseudorandom and radial sampling,
see Figs. 17.1 and 17.5) using TV as well as TGV regularization, both with By, = 51073,
The staircasing artifact is completely removed in the reconstruction with the IRGN-TGV
method.

17.5 DISCUSSION

The results from this work demonstrate that pronounced improvements in reconstruction
quality of parallel imaging with nonlinear inversion can be achieved with TV and TGV
based regularization instead of a simple L? penalty. If moderate acceleration is used (e.g.
Figure 17.1, case of R = 4), TV serves as a stabilization term against noise amplification, which
otherwise limits the practical use of parallel imaging to low acceleration factors. In cases where
acceleration is pushed to its limits (Figure 17.1, case of R = 10; Figs. 17.5 and 17.6), TV also
leads to an additional removal of undersampling artifacts when combined with trajectories
that produce incoherent aliasing. However, it must be noted that in this case, small image
features with low contrast may also be removed during the reconstruction. This effect can
be observed for some smaller structures, which are highlighted in Figure 17.6. It can be seen
in the top row that structures with low signal, which are still visible in conventional IRGN
reconstructions, are removed when TV is applied. However, as indicated by the highlights in
the middle row, objects with a slightly higher signal intensity, even though of same size, are
preserved in both reconstructions. These effects are also represented in the cross-sectional
plots. The elimination of structures like noise or residual streaking artifacts is visible as a
reduced amount of high frequency oscillations in the IRGN-TV plots. Note that due to the
nature of TV, blurring of sharp edges does not occur. This can be observed, e.g., at the sharp
border of the ventricle, which is preserved equally well with IRGN and IRGN-TV.

As can be seen from Figure 17.4, the results of IRGN-TV are comparable to those achievable
by TV filtering, since the regularization term is the same in both cases. However, this requires
(manual) parameter tuning in the case of TV filtering, even though the data sets were very
similar in terms of anatomy, sampling pattern and normalization. In contrast, IRGN-TV
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performed similarly well on both data sets for the same choice of parameters, which can be
attributed to the fact that the data fitting term in IRGN-T'V considers only the actually acquired
k-space coefficients. This allows more accurate discrimination between image content and
reconstruction artifacts. On the other hand, the data fitting term in TV filtering is based
solely on image-space contrast. Furthermore, due to the iterative nature of the IRGN method,
the noise suppression properties of strong TV regularization can take effect even for a small
final regularization parameter value.

Our Matlab implementations reconstructed a single slice in a few minutes, where IRGN-TV
took roughly 10% more time than IRGN (and similarly, IRGN-TGV was about 10% slower
than IRGN-TV). It is possible to exploit the differentiability of the data consistency term to
apply more efficient minimization algorithms such as the method of conjugate gradients in
the case of IRGN or order optimal convex minimization methods such as those investigated
in [Chambolle and Pock 2010] for IRGN-TV and IRGN-TGV. Because this work focused on
the effect of the different regularization techniques on image quality, the same primal-dual
extra-gradient method was used as inner algorithm in all cases to allow a direct comparison
for identical parameter choices. In this context, it should be noted that the parameters for the
iteratively regularized Gauss—Newton method were independent of the chosen regularization
term, and only depended on the trajectory type. Similarly, since the norm of the forward
operator is estimated in the algorithm, the fixed parameters for the primal-dual extra-gradient
methods were independent of the data set.

In this work, the flexibility to include different regularization terms was demonstrated on 2D
examples, where each image (slice, i.e., 2D partition of a 3D data set, or frame of a time series)
was reconstructed individually. While computationally more demanding, the extension of
the penalties into a third space or a time dimension should further improve the image quality
due to temporal redundancies in dynamic sequences — an effect that is well described in the
literature [Madore, Glover, and Pelc 1999; Kellman, Epstein, and McVeigh 2001; Tsao, Boesiger,
and Pruessmann 2003; Xu, King, and Liang 2007]. For example, earlier work has shown that
residual streaking artifacts in radial imaging can be removed with the use of a median filter
in the time dimension when using an interleaved k-space sampling scheme [Uecker, Zhang,
Voit, et al. 2010]. Since the median filter can be interpreted as solving an L' minimization
problem, it is expected that the inclusion of a corresponding penalty - either in the form of an
L' penalty on the difference between the current and previous slice or frame, or of a higher-
dimensional T(G)V penalty on the full data set — will yield even better results. The resulting
convex minimization problems can be solved using the same primal-dual extra-gradient
method as employed in this work.

Another possible extension of this work is the integration of additional information about the
physical signal model into the functional in (17.2.1). An important application is mapping of
relaxation parameters in multi echo sequences [Block, Uecker, and Frahm 2009; Doneva et al.
2010]. Here, the framework of nonlinear inverse problems makes it straightforward to perform
parameter identification during the reconstruction. Since the parameters are thus estimated
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directly from the raw data, instead of from reconstructed images, better quantification is
possible.

176 CONCLUSIONS

This work describes an approach to include additional variational penalties in parallel imaging
with nonlinear inversion. The presented algorithms combine the advantages of nonlinear
inversion, i.e., improved image quality through a better estimation of the coil sensitivities, with
the advantageous properties of TV-based regularization terms. In addition to reducing the
noise, the regularization is able to remove undersampling artifacts when combined with sam-
pling strategies that produce incoherent aliasing, such as radial and pseudorandom sampling.
The approach has the additional benefit that the inclusion of physiological parameters, either
as additional penalties or as unknown parameters to be reconstructed, is straightforward.
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IRGN IRGN TV

Figure 17.1: Comparison of IRGN (left) and IRGN-TV (right) for pseudorandom subsampling
of a water phantom. Top: acceleration factor R = 4, f,;, = 0; bottom: R = 10,
Bmin =5-1073.
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Original

IRGN

IRGN TV

Original - IRGN

Original - IRGN TV

Figure 17.2: Comparison of IRGN (first row) and IRGN-TV (second row) for retrospective
pseudorandom subsampling (Bmin = 0). From left: fully sampled acquisition,
acceleration factors R = 4, R = 6, R = 8. Difference images to the fully sampled
SOS reconstruction are shown for IRGN (third row) and IRGN-TV (fourth row)

and are rescaled individually for IRGN and IRGN-TV to allow better depiction
of the pixel differences.
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Original R=4 R=6 R=8

IRGN

IRGN TV

Original - IRGN TV  Original — IRGN

Figure 17.3: Magnified detail of Figure 17.2.
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TV Filter §*, TV Filter f*, IRGN-TV

R=6

R=4

Figure 17.4: Comparison of IRGN-TV to TV filtering of conventional IRGN reconstructions
for pseudorandom subsampling with R = 6 (top, same data as Figure 17.2) and
accelerated in-vivo imaging with R = 4 (bottom). For TV filtering, optimal
regularization parameters were identified by visual inspection: 35 = 51073
(left, for T2 weighted TSE data) and 3 = 1.5- 102 (middle, for FLASH data).
Both results for IRGN-TV (right) were obtained using the same parameter set,

esp. Bmin = O.
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IRGN IRGN TV

Figure 17.5: Comparison of IRGN (left) and IRGN-TV (right) for radial sampling of a phantom
(25 spokes, Bmin = 5 - 1073). Shown are two slices.
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Figure 17.6: Comparison of IRGN (left) and IRGN-TV (middle) for radial sampling of a
human heart (Bmin = 5 1073). Top: 25 spokes. Highlighted are structures with
little signal intensity that can be lost due to strong TV regularization. Middle:
21 spokes. Highlighted are structures of similar size but slightly higher signal
intensity that are preserved even in case of TV regularization. Bottom: 19 spokes.
The plots on the right show signal intensities across a horizontal line, indicated
in the top row of the reconstruction results. The ability of IRGN-TV to preserve
sharp edges is highlighted in the plot of the reconstruction from 19 spokes. The
arrow marks the sharp boarder of the ventricle, which is depicted equally well
with IRGN and IRGN-TV. The undesired loss of a small structure is highlighted
in the plot of the reconstruction from 21 spokes. The plot crosses two adjacent
vessels, which are both represented in the IRGN solution, but only the left one
appears in the IRGN-TV reconstruction.
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IRGN TV IRGN TGV

Figure 17.7: Comparison of IRGN-TV and IRGN-TGV for phantom data (top: pseudoran-
dom sampling; bottom: radial sampling; both: B, =5 - 1073). Left: IRGN-TV
(magnified details from Figures 171, R = 10 and 17.5). Modulations from the
coil sensitivities lead to pronounced staircasing artifacts from TV regulariza-

tion. Right: IRGN-TGV. Staircasing artifacts are completely removed for TGV
regularization.
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