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OPTIMAL CONTROL OF THE PRINCIPAL COEFFICIENT IN A
SCALAR WAVE EQUATION

Christian Clason” Karl Kunisch™ Philip Trautmann¥

Abstract  We consider optimal control of the scalar wave equation where the control enters as
a coeflicient in the principal part. Adding a total variation penalty allows showing existence of
optimal controls, which requires continuity results for the coefficient-to-solution mapping for
discontinuous coefficients. We additionally consider a so-called multi-bang penalty that promotes
controls taking on values pointwise almost everywhere from a specified discrete set. Under
additional assumptions on the data, we derive an improved regularity result for the state, leading to
optimality conditions that can be interpreted in an appropriate pointwise fashion. The numerical
solution makes use of a stabilized finite element method and a nonlinear primal-dual proximal
splitting algorithm.

1 INTRODUCTION

This work is concerned with an optimal control problem for the scalar wave equation where the control
enters as the spatially varying coefficient in the principal part. Informally, we consider the problem

1 2
min EIIBy = yallp + R(w)

o) sty —div(uVy) = £, y(0) = 70,89(0) = %,
u<u<u almosteverywhere (a.e.),

where y; is a given (desired or observed) state, B is a bounded linear observation operator mapping
to the observation space O, R is a regularization term, 0 < u < u are constants, and f, y, and y; (as
well as boundary conditions) are given suitably. A precise statement is deferred to Section 2. Such
problems occur, e.g., in acoustic tomography for medical imaging [6] and non-destructive testing
[34] as well as in seismic inversion [46]. In the latter, the goal is the determination of a “velocity
model” (as described by the coefficient u) of the underground in a region of interest from recordings
(“seismograms”, modeled by y,) of reflected pressure waves generated by sources on or near the surface
(entering the equation via f, yo, y1, or inhomogeneous boundary conditions). If the region contains
multiple different materials like rock, oil, and gas, the velocity model changes rapidly or may even
have jumps between material interfaces.

In the stationary case, the question of existence of solutions to problem (1.1) under only pointwise
constraints and regularization has received a tremendous amount of attention. However, it was an-
swered in the negative in [40]; this and subsequent investigations led to the concept of H-convergence
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and, more generally, to homogenization theory; see, e.g., [33, 41, 47, 48, 49]. The use of regularization
terms or constraints involving higher-order differential operators would certainly guarantee existence
but contradicts the goal of allowing piecewise continuous controls u. Such considerations suggest
the introduction of total variation regularization in addition to pointwise constraints. In this case,
existence can be argued. However, this leads to difficulties in deriving necessary optimality condi-
tions since the sum rule of convex analysis can only be applied in the L= (Q) topology, which would
lead to (generalized) derivatives that do not admit a pointwise representation. This difficulty can be
circumvented by replacing the pointwise constraints by a (differentiable approximation of a) cutoft
function applied to the coefficient in the equation and by using improved regularity results for the
optimal state that allow extending the Fréchet derivative of the tracking term from L (Q) to L*(Q)
for s < oo sufficiently large. Together, this allows obtaining derivatives and subgradients in L" (Q) for
some r > 1, which can be characterized in a suitable pointwise manner. This was carried out in [16],
which considered for R a combination of total variation and multi-bang regularization; the latter is a
convex pointwise penalty that promotes controls which take values from a prescribed discrete set (e.g.,
corresponding to different materials such as rock, oil, and gas); see also [17, 18, 15].

In the current work, we extend this approach to optimal control and identification of discontinuous
coeflicients in scalar wave equations by deriving under additional (natural) assumptions on the data
the adapted higher regularity results for the wave equation based on elliptic maximal regularity theory
[31]; see Assumption 1 and Proposition 3.6 below. We also address a suitable discretization of the
problem using a stabilized finite element method [56] and its solution by a nonlinear primal-dual
proximal splitting method [51, 20, 19].

Let us briefly comment on related literature. As there is a vast body of work on control and inverse
problems for the wave equation, we focus here specifically on the identification of discontinuous (and,
in particular, piecewise constant) coefficients. This problem has attracted strong interest over the last
few decades, mainly due to its relevance in seismic inversion. Classical works are mainly concerned
with the one-dimensional setting — as a model for seismic inversion in stratified or layered media -
which allows making use of integral transforms to derive explicit “layer-stripping” formulas; see, e.g.,
[9, 35, 1, 44]. Regarding the numerous works on wave speed identification in the multidimensional
wave equation for seismic inversion, we only mention exemplarily [45, 11, 28]; see also further literature
cited there. The use of total variation penalties for recovering a piecewise constant wave speed in
multiple dimensions has been proposed in, e.g., [23, 10, 24, 53, 26], although the earlier works employed
a smooth approximation of the total variation to allow the numerical solution by standard approaches
for nonlinear PDE-constrained optimization. Finally, joint multi-bang and total variation regularization
of linear inverse problems and its numerical solution by a primal-dual proximal splitting methods were
considered in [21]. We also mention that multi-bang control is related to (but different from) switching
controls, where at each instant in time, one and only one from a given set of time-dependent controls
should be active; see, e.g., [32].

This work is organized as follows. In the next Section 2, we give a formal statement of the optimal
control problem (1.1) and recall the relevant definitions and properties of the functional. We then derive
in Section 3 the results on regularity, stability, and a priori estimates for solutions of the state equation
that will be needed in the rest of the paper. In particular, in Proposition 3.6 we show a Groeger-type
maximal regularity result for the wave equation under additional assumptions on the data. Section 4 is
devoted to existence and first-order necessary optimality conditions for optimal controls, where we
use the mentioned maximal regularity result to show that the latter can be interpreted in a pointwise
fashion. We then discuss the numerical computation of solutions using a stabilized finite element
discretization (see Section 5.1) together with a nonlinear primal-dual proximal splitting method (see
Section 5.2). This approach is illustrated in Section 6 for two examples: a transmission setup motivated
by acoustic tomography and a reflection setup modeling seismic tomography.
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2 PROBLEM STATEMENT

Let Q c RY, d € {2,3}, be a bounded domain with C?! regular boundary 9Q and outer normal v. For
brevity, we introduce the notation H := L?(Q) and V := HY( Q) and set I := (0, T). Then we consider
for f € L>(1,V), yo € V, and y, € H the weak solution y € C(I,V) N C (I, H) to

oy —div(uVy) = f inQ:=(0,T) XQ,
(2.1) 2y y=0 onX:=(0,T) x 9Q,
y(0) = yo, 9;y(0) =y, onQ.

This choice of Neumann boundary conditions corresponds, e.g., for acoustic waves to the situation
of reflection at a sound-hard obstacle and for elastic waves to the absence of external forces at the
boundary (which is a natural setting for seismic imaging via interior sources). We will discuss existence
and regularity of solutions to (2.1) in the following Section 3.

The salient point is of course the coefficient u in the principal part, which we want to control on
an open subset w. C Q, which is assumed to have a C?! regular boundary. For constants u, u with
0 < u < u < oo we define the set of admissible coefficients

(2.2) U= {u €eL®(Q):u<u(x)<u forae xe€ Q}

and pick a reference coefficient &t € U. To map a control u defined on w, to a coefficient defined on Q,
we introduce the affine bounded extension operator

(23) B2 (wr) —» I2(Q),  [Bul(x) =

u(x) +u(x) forx € w,,
u(x) forx € Q\ w..

The set of controls that can be extended to admissible coefficients is then given by
(2.4) U={uel”(w) :tUmin < u(x) < upax forae x € w.l,

where Umin < Umax are such that u < infye,,, 4(x) + tmin < sup,¢ w0 2(x) + Umax < u. In particular, for
4 = u, we have upi, = 0 and Uy = u — u.

Moreover, we introduce the observation space O which is assumed to be a separable Hilbert space
as well as a linear and bounded observation operator B € L(L?(Q), Q) with adjoint B* € L(O, L*(Q)).

We then consider the optimal control problem

. 1 - 9
(25) pestin EIIBy(Eu) = yallp +aG(u) + BTV (u),

where y(u) is a weak solution to (2.1), G is the multi-bang penalty from [17, 18], TV denotes the total
variation, and « and f are positive constants. In the remainder of this section, we recall the definitions
and properties of the total variation and the multi-bang penalty relevant to the current work.

Total variation We recall, e.g., from [3, 27, 55] that the space BV (w,) is given by those functions
v € LY (w,) for which the distributional derivative Do is a Radon measure, i.e.,

BV () = {v € L'(@¢) : Dol pt(w) < o0}

The total variation of a function v € BV (w,) is then given by

TV(v) = IDol| m(we) = | dIDolz,

Wc
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i.e., the total variation (in the sense of measure theory) of the vector measure Dv € M(w.; R?) =
Co(we; RY)*. Here, | - |; denotes the Euclidean norm on R%; we thus consider in this work the isotropic
total variation. For v € L(w.) \ BV (w.), we set TV (v) = oo. It follows that BV (w.) embeds into L (w,)
continuously for every r € [1, %] and compactly if r < %; see, e.g., [3, Cor. 3.49 together with
Prop. 3.21]. In addition, the total variation is lower semi-continuous with respect to strong convergence
in LY(w,), i.e., if {tn}nen € BV (w¢) and u, — u in L'(w,.), we have that

(2.6) TV(u) < liminf TV (uy),
n—oo
see, e.g., [55, Thm. 5.2.1]. Note that this does not imply that TV(u) < co and hence that u € BV («w,)

unless {TV(u,) }nen has a bounded subsequence. From (2.6), we also deduce that the convex extended
real-valued functional TV : L? (w.) — R U {co} is weakly lower semi-continuous for any p € [1, oo].

Multi-bang penalty Let upmin < 43 < -+ < Uy, < Unmax be a given set of desired coefficient values. The
multi-bang penalty G is then defined similar to [18], where we have to replace the box constraints
u(x) € [uy, up] by a linear growth to ensure that G is finite on L™ (w.), r < oco. For simplicity, we
assume in the following that 4 = uyin = 0 and uy, = Umax = ¥ — u (i.e., 4 = u) and define

G:LYw.) — R, G(u) = / g(u(x)) dx,

where g : R — R is given by

—umt t < Uy,
(2.7) g(t) =1 3 ((wi + uis)t — wiuzr) £ € [upuial, 1<i<m,
Ut — %ufn t > Up,.

This definition can be motivated via the convex envelope of &[4, 4, (t) + %|t|2 (where & denotes the
indicator function in the sense of convex analysis), see [18]; note however that here (as in [16]) g is
defined to be finite for every ¢t € R, while the convex envelope is only finite for t € [u;, u;]. We also
remark that for m = 2, this reduces in the current setting to the well-known sparsity penalty (i.e.,
G(u) = ||ull11(y,) for any u € U).

It can be verified easily that g is continuous, convex, and linearly bounded from above and below,
ie.,

1
5u2|t| < g(t) < uplt| forall t € R.

Since g is finite (and hence proper), convex, and continuous, the corresponding integral operator
G : L"(w;) — R is finite, convex, and continuous (and hence a fortiori weakly lower semi-continuous)
for any r € [1, 00]; see, e.g., [4, Prop. 2.53]. Also, the properties of g imply that

(61) G(v) > G(0) =0 forallv € L'(w,) \ {0},

(c2) %u2||v||L1(Q) < G(0) < umllollpi(w,) for allo € L' (o).

3 THE STATE EQUATION

We first consider the state equation for a fixed coefficient u € U (i.e., defined and uniformly bounded
on the full domain Q and satisfying u < u < u almost everywhere). For given u € U, f € L*(I, H),
yo € V,and y; € H, we call y = y(u) a (weak) solution to (2.1) if y € W := L*(I, V) n W*?(I, H) and

T T
/O Oy 00 + (WY Y(D), Vo)), 2yt = fo (F(1),o(8)adt + (31,00,

y(0) = yo,

(3-2)
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for all v € W with o(T) = 0. We then have the following existence and natural regularity result.

Lemma 3.1. For every u € U_and (f, y0, y1) € L*(I,H) x V X H, there exists a unique (weak) solution
y =y(u) € Z := C(V) N CY(H) to (2.1) satisfying

(3:2) IVllce + 10yl e + N0uylizay < Cllllfllz @ + lyollv + 1yillz)

for a constant Cy independent of (f, yo, y1) € L*(I, H) x V x H andu € U.

Proof. Except for the estimate on ||9;; || 2(1,v+), the claim follows from [36, Theorem 3.8.2, page 275],
where we observe that due to our assumption on u € U, the energy is coercive with respect to the
seminorm in V; see also [45, Theorem 2.4.5]. The constant C; depends on u and u, but is otherwise
independent of u € U.

To verify the missing estimate, we use from (3.2) that

||)/||L2(I,V) < C1(||f||L2(I,H) +[[yollv + lInllg)-
Since u € U, we deduce that
| div(uVy)liczvey < Cillllfllee e + 1vollv + 1lla)-
We further deduce from the state equation that
N0 Yl vy < él(”f“LZ(I,H) +[lyollv + lyvillm)s
with C; = C +1. .

By the change of variables t — T — t, we can also apply Lemma 3.1 to the dual problem

T T
/0 (9. 00 + (1), Vo) eyt = /0 (9(1), 0(1)sedt + (o1(T), o(T)),

o(T) = @oinV,

(3-3)

for any g € L*(I, H), o € V, ¢; € H, and any v € W with 0(0) = 0.
Corollary 3.2. For everyu € U and g € L*(I,H), ¢, € V, and ¢, € H, there exists a unique solution ¢ € Z
to (3.3) satisfying

lollevy + 0eelleqm + N0u@llizayy) < Clllgllizm + loollv + [lorllz)-

Using this result, we can apply an Aubin—Nitsche trick or duality argument to show Lipschitz
continuity of u — y(u) € L2(I, H), which we will need to show differentiability of the tracking term
later.

Lemma 3.3. There exists a constant L > 0 such that the mapping u — y(u) satisfies
1y (u1) - J/(“z)HLZ(I,H) < Llluy - u2||L°O(Q) foralluy,uy € U.

Proof. Let uy, u; € U be arbitrary and set $u := u; — uy and 8y := y(u;) — y(u,). Subtracting the weak
equations for y(u;) and y(u,), we have that §y € Z satisfies §y(0) = 0 and

T T
(3.4) / —(0¢6y, 0:0) + (U1 VY, Vou) 2 (q)dt = —/ (6uVy(uy), Vo) 2(q)dt
0 0

for allv € W with o(T) = 0.
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Let now g € L?(I, H) be arbitrary and consider the corresponding solution @g € W of (3.3) for u = uy,
go = 0,and g; = 0. Noting that v = ¢, is a valid test function for (3.4) and w = Jy is a valid test function
for (3.3), we obtain that

(6%, Pz .y = —(9:6Y, 0:0g) 1211y + (W1VEY, V@) 12(112(0)) = (SuVy(uz), Vog)r2(r12(q)-
Using that du € L™ (Q) together with Lemma 3.1 and Corollary 3.2, this implies that

(53/,9)L2(1,H) < ||5u||L°°(Q)||)’(u2)||L2(1,V)||(Pg||L2(1,V)
< 6ull=)Crllf 2.y + Iyollv + N yillen) gz ()

for all g € L%(I, H). Since L(I, H) is a Hilbert spaces, taking the supremum over all g € L(I, H) yields
the claim. O

In stronger norms, we only have the following weak continuity result, which will be used repeatedly.

Lemma 3.4. Let {u,, }nen C U bea sequence with u, — u in L"(Q) for somer € [1,00). Thenu € U and
y(un) — y(u) in L2(I, V) N WY2(I, H) N W?2(I, V*). Furthermore, y(u,) — y(u) in H pointwise for all
t €[0,T].

Proof. The first assertion follows from the fact that U is closed in L" (Q). From u,, € U and Lemma 3.1,
the corresponding sequence {y(u,)},en of solutions to (3.1) is well-defined and bounded in L2(I, V) N
WL2(I, H) n W2%(1,V*). By passing to successive subsequences (which we do not distinguish), we
thus obtain that

yn =y weaklyin L*(I,V) n W™ (I, H) N W>2(I, V*).

From (3.1), we in particular have that

T T
/O —(8tyn(t),8t¢(t))H+(unVyn(t),pr(t))U(Q)dt=/0 (f (@), (D) dt + (y1, 9(0)r

for arbitrary ¢ € W N L3(I, H*(Q)) with ¢(T) = 0. Since u, — u strongly in L (Q) and u,,u € U C
L*(Q), we have for r € [1,2]

r/2
L7(Q)

(2-r)/2
L®(Q)

r/2

lun — ulle < llun — ull lun = ull) o) < Cllun —ull

and thus for all r € [1, o)

T
/ (unVyn —uVy,Vo)2(q)dt
0

< +

T
/ (V(9n = 7).tV )20 dt
0

T
/ ((tn — )V, V) 2oy
0

— 0.

T
/ (Y (3 = 9). uVg)rz(ey dt
0

< Cllyallzz ) ltn = wllr 19012y +
Then we can pass to the limit in the weak formulation to obtain
T
/ = (2:9(8), 0rp (1)) + (uV (1), Vo(t))u — (f (1), ¢(8))r dt — (y1,0(0)) = 0
0
for all such ¢. Since u € U and since the set of functions with 0 € WNLA(I,H*(Q)) and ¢(T) = 0 is

dense in {¢ € W : ¢(0) = 0}, the last equation also holds for all v € W with (T) = 0. The density can
be shown by adapting the density argument of C*(Q) in V; see, e.g., [8, Cor. 9.8].
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It remains to show that the limit y satisfies the initial condition y(0) = y,. First, for each v € H we
have (ya(), o)1 — (3(), 0) in W2(I). Hence

(yn(),0) = (§(),0)m  in C(I).

due to the compact embedding of W' (I) to C(I). In particular this implies that (y,(0), )y = (y0,0)g =
(9(0),0)y for all v € H. Since v € H was arbitrary, this implies that y(0) = yp. This implies that
vy = y(u), and since the solution of (3.1) is unique, a subsequence-subsequence argument shows that
the full sequence converges weakly to y(u). By a similar argument, y,(t) — y(t) inH forallt € I. O

Stronger continuity of u — y(u) can be shown with respect to the L™ topology for the controls.

Lemma 3.5. Assume that f € L*(I, V) and let {up}nen C U be a sequence with u, — u in L*(Q). Then
y(un) = y(u) in LX(L V) N WH(L H).

Proof. First, the embedding L*(Q) c L"(Q), r € [1, o), for bounded Q together with Lemma 3.4 shows
that y, := y(u,) — y(u) in L*(I, V) N WY (I, H) N W32(I,V*).
We now introduce for u € U and y := y(u) the energy

1 1 1
Eult) 1= 5 (uVY(0), Ty (Dyx() + 510y Ol + Iyl forae.tel

By the Lions-Magenes Lemma ([36, Lem. 8.3], cf. also [45, (2.24), p. 24]), we have that

CEu(0) = (F(1,(W) + (YD, 03y in 1'(D),

and thus by the fundamental theorem of calculus we find that
t
(3:5) Eu(t) = E4(0) +/ (f(5):0:y(s)) g + (¥(s), 0 y(s)) yy ds.
0

We now define forv € V
loll}, = (uVo, Vo)y2(q) + llolI7

which is an equivalent norm on V for any u € U. Subtracting (3.5) for &, and &y, and adding the
productive zero then yields for almost every ¢ € I that

59 IO, + 51Ol - (SR, + > laom @I,
= (=0T, Tz + 5 (= ) V30 Ty
[ F61.3505) = 6D+ (56) = 10,10+ (51 9,3(6) = (s
and hence that

2

< ”un - u”L‘X’(Q) “y"“C(T,V)

1 1 1 1
IO, + 210008, - (1m0, + So 01

+ (If vy + lvnllzv)0ey = S yulliz vy + 10 vlle e |y = Ynllz (my -

We know from Lemma 3.4 that y, — y in L>(I, V) n W2(I, H) N W%2(I, V*). Thus the Aubin-Lions
Lemma and the compactness of the embeddings V < H and H — V* imply that y, — yin
L2(I,H) n W*2(1,V*). Thus we have

T T
(3.7 / (DI, + 12 ym (D11 df — / ly(OIE, + 12:y(B)I d.
0 0
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Since || - ||y, is an equivalent norm on V, we have that the normed vector space V,, := (V.|| - ||y, ) is
equivalent to V and hence that L2(I, V,,) N WY2(I, H) ~ L*(I, V) N W*2(I, H). This implies that y,, — y
also in L(I, V,,) N\W'2(I, H), and together with (3.7) the Radon-Riesz property of Hilbert spaces implies
that y, — y strongly in L?(I, V,,) N WY2(I, H). Appealing again to the equivalence of V and V,, then
yields the claim. O

Under additional assumptions, we can show an improved regularity result.
Assumption 1. The data satisfy f € L?(I; V) and (yy, y1) € H?(Q) X H'(Q) with 9, y, = 0. Furthermore,

(i) # is constant on Q \ w. and
(i) yo is constant on w, and w; C Q.

The following result will be used to show Fréchet differentiability of the tracking term in Lemma 4.2
below.

Proposition 3.6. Let u € U and Assumption 1 hold. Then there exists g > 2 and a constant C independent
of u such that y(u) € L* (I, W*4(Q)) and for allu € U,

(38) Iyl awiacay < (I3l + Iollir oy + 112y )

Proof. We proceed in two steps.
Step 1. First we assume that additionally

(3.9) fe WZ’Z(I, V), Yo € H3(Q) with 9,y =0, and y € HZ(Q).

Letu € U and approximate u by {u,} ¢ C®(Q) N U with u, — u in L"(Q) for some r € [1, o) with
up = 1 in Q \ w,. Such a sequence can be found by first approximating u by i, € C*°(R¢) and @i, = il
in Q \ w¢; this sequence in turn is constructed by first introducing an intermediate approximation of
functions @, with the property that lim,_,e @, = v in L"(Q) and @, = @ in Q \ &, where the closure
of &, is contained in w. and 0 < dist(dw, d¢n) < n~L. Then we use convolution by mollifiers of the
functions 7, to obtain functions i, € C®(R%) that satisfy lim, e i, = u in L' (Q), see e.g. [29, page
132], and 4, = 4 in Q \ w.. Next we choose functions ¢" and ¢, in C*(R) with a Lipschitz constant L
and such that u < ¢", 9, < 4, and ¢"(s) — max(y,s), ¢,(s) — min(%,s) for all s € R; see [29, page
125). We then set u, = @, (¢"(@i,)), and estimate

lu = unllLr (@) < llu=@,(¢" W)lLr (@) + 110, (" (W) — @, (0" (un))llLr (o)
< lu =9, (" @)l + L*|lu = tinllLr (o) = O,
using Lebesgue’s bounded convergence theorem.

We replace u in (2.1) by u,. Due to the regularity assumptions (3.9) and the assumption that y; is
constant on w,, we have

yo € H3(Q), y € HXQ), f£(0)+div(unVyo) €V, f/(0)+div(u,Vy) € H.

Together with 9,y = 0 and f € W2%(I, V) c W%%(I, H), these properties allow applying Theorem 30.3
(with k = 3) and Theorem 30.4 in [52], which guarantee that y, = y(u,) € W*(I, H*(Q)) N W*%(I, V)
and 9, y,(t) = 0 on 9Q for t € I. Then we multiply (2.1) with —a; div(u,Vy,(t)) and integrate over Q.
Integrating by parts on the right-hand side and using that 9,9, y, = 0 on 9Q, we obtain

1 .
(nVor yn (1), Voryn (i) + S ol div(un Vyn (D)l = (VF (1), un VO yu()i2 ()
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and thus

ANV 30y (1) 122 ) + el div (un Ty (D) < VGV FONZ2 ) + 1VERT v (DI .

Integrating this expression on (0, t), we find for ¢ € (0, T] that

INERY 0y (D122 g + | div (¥ yu (D)1

t t
< NIV I g + [l div (V) [ + / INERY £ ()2 ds + / INERY 0%y ()22 g ds.
0 0

Gronwall’s inequality then implies that for each ¢ € (0, T,

) divn ¥y (DI < (INERT 312 ) + 1l div(nV yo) 3+ T ) €T

Since y; € H2(Q), it follows that {+/u,;Vyi}nen is bounded in L(Q). Moreover, div(u,V y0)|o\w, =
div(@Vyo)lovw, = #AYolo\w, and div(u,Vyo)|e. = 0. Hence {div(u,Vyo) }nen is bounded in H. We
can thus conclude that {div(u,Vyy,)}nen is bounded in L™ (I, H).

Our next aim is to obtain L® (I, W4(Q)) regularity and boundedness for y, for some q > 2. For this
purpose, we define for some A > 0

(3.10) gn = —div(u,Vy,) + Ay,

and note that {g,},en is bounded in L® (I, H). Furthermore, Sobolev’s embedding theorem implies
that W' (Q) < L2(Q) for every s’ > 1in case d = 2, and for every s’ > g in case d = 3. Following
the notation of [31], we denote by W~%(Q) the dual space of W' (Q) with s the conjugate of s”. Then
we have H — W™5(Q), where s € [1,00) ford = 2 and s € [1, 6] for d = 3. It follows that {g, } sen is
bounded in L® (I, W™5(Q)). Considering now (3.10) (together with homogeneous Neumann boundary

conditions) for a.e. t € I as an equation for y,(t), this implies that there exists some g > 2 such that

(3:1) 1 (Ollwraay < Cligallr < € (Il + Iyols ey + 11 g, ).

where the constant C depends only on u, u and ¢, but not on ¢; see [31, Thm. 1]. Hence { y, } nen is bounded
in L®(I, W4 (Q)). Since L}(I) and W'9(Q) are separable with the latter being reflexive, L (I, W4(Q))
is the dual of a separable space; see, e.g., [22, Thm. 8.18.3]. Hence there exists a subsequence with
Yo =" 7€ LS(LWH(Q),

Finally, from Lemma 3.4 we also have that y, — y(u) in L?>(I,V) N W*2(I,H) and hence, by
uniqueness of y(u), that y(u) = y € L®(I, W*9(Q)). Using weak* semi-continuity of norms (cf., e.g.,
(8, p. 63]), we can now pass to the limit in (3.11) to obtain (3.8), for those (v, ¥1, f) which satisfy the
additional regularity assumption (3.9).

Step 2. We relax the requirements on the problem data and choose an arbitrary (yo, y1, f) € X :=
H?*(Q)xHY(Q) xL*(I; V), with 9,y = 0. Then there exists (y{, y, f") € H*(Q) xH*(Q)xW**(L; V),
with 9, y¢ = 0 such that lim, .. (yg, 1. f") = (30, y1, f) in X. As this is standard for the second and
third component, we only address the first one. Let w¢ = Q \ @.. By assumption, 9Q N dw. = 0;
in addition, Q and o, are C>! domains, and thus we is a C%! domain as well. It is in this step that
the C%! regularity of the domains is used. Since y, € H*(Q), we have yo|oq € H*?(aQ). Moreover,
Yolow. =: Ye is constant and 9, Yo|owe = dvYolow.uaa = 0. Let 0, € HS/Z(aQ) be such that 9, — yo|s0
in H2(aQ). Accordingly let v, € H*(¢) with v,]50, = Ve, v0nlawg = 0, dx;x;0nlow, = 0, vnlaq = On,
and v,, — v in H? (wg), where v € H? () satisfies v|aw, = Ve, dv0|owg = 0,and v]y0 = Yo|aq. Denoting
by vp.ext and vex; the extensions of v, and v by the constant y, on @., we have v, ext — Vet € H*(Q),
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OvUnextlog = 0, Unextlw. = Vextlw. = Ve, and Upext € H3(Q), where we use that 3x,—xj0n|aa)c = 0. Next,
observe that yy — v € HZ(w¢). This implies the existence of functions w, € C®(w¢) with compact
support in @¢ such that w, — y, — v in H*(); see, e.g., [30, pp. 17 and 31]. Denoting the extension by
zero to w. of Wy, by Wpext, we have wyext € H>(Q), Wnext — Yo — Oext in H2(Q), and 8, Wpext = 0]aq.
Finally, the sequence y;' = 0y ext + Wn,ext defines the desired approximation of y, such that yi'|., = e,
dvynloa =0, and yi — yo in H*(Q).

We next define y" as the solution to (2.1) with data (yg, yf', f*). From Lemma 3.1 and (3.8) for the
smooth data (y7, y7, f") we deduce that y” — yinL*(I, V)NW"*(I, H) and y" —* yin L™ (I, W*(Q)),
where y is the solution of (2.1) with data (yy, y1, f), and

15" oy < € (1971 + 13 e + 1" 22 )
for all n. Passing to the limit as n — oo, we obtain (3.8) for (yo, y1, f) € X with 9,y = 0. O

Remark 3.7. If Assumption 1 holds, the requirement in Lemma 3.5 on the convergence of u, can be

9
relaxed to u, — u in L92(Q), where ¢ is the exponent from Proposition 3.6. In this case, the first term
on the right-hand side in (3.6) can be estimated by Ho6lder’s inequality as

q-2

2 2
/Q = IV 3O e < Nty =l 10Ol pgna ) = O

where we used Proposition 3.6. Then again y(u,) — y(u) in W.

Remark 3.8. In Assumption 1 (ii), the requirement o, C Q was only used in Step 2 of the proof of
Proposition 3.6. It it is not necessary if instead y, € H>(Q) is assumed.

4 EXISTENCE AND OPTIMALITY CONDITIONS

Deriving useful optimality conditions requires replacing the pointwise control constraints with a
differentiable approximation of a cutoff function. We thus introduce the superposition operator

O, :Ll(wc) - U, [@c(w)](x) = Qoe(u(x))’

where @, : R — [tmin, Umax] is such that @, is Lipschitz continuous from L"(w.) — L (w,.) for every
r € [1,00] and ¢ > 0 and Fréchet differentiable from L™ (w.) — L*(w,) for € > 0 (and thus ensuring
Fréchet differentiability of the tracking term; see Lemma 4.2 below). The construction of such a ¢, and
the characterization of the Fréchet derivative of ®, via pointwise a.e. multiplication can be carried out
in the same way as in [16, § 2.3].

We then consider for ¢ > 0 the reduced, unconstrained optimization problem

(4.1) pomin Je(u)

for
Jew) 5= S IBy(E, ) = yallb + aG(w) + BTV (1)

for some y; € O and @, § > 0, where u — y(u) denotes the solution mapping of (3.1) introduced in
the previous section and E is the affine extension operator from w, to Q defined in (2.3). We point out
that the role of ¢ is not that of a smoothing parameter for the optimization problem, which remains
nonsmooth for ¢ > 0 due to the presence of G and TV; it merely influences the behavior of the cutoff
function near the upper and lower values of the pointwise bounds for the coefficient.

Existence of optimal controls now follows analogously to [16, Prop. 3.1].
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Proposition 4.1. For every e > 0, there exists a global minimizeri € BV (w.) NU of J.

Proof. Since J, is bounded from below, there exists a minimizing sequence {u,},en € BV (w,). Fur-
thermore, we may assume without loss of generality that there exists a C > 0 such that

C (”unHLl(wc) +TV(up)) < Je(un) < J:(0) forallneN,

and hence that {u, },en is bounded in BV (w,). By the compact embedding of BV (w,) into L'(w,) for
any d € N, we can thus extract a subsequence, denoted by the same symbol, converging strongly in
LY(w,) to some @i € L'(w,). Due to the continuity of ®, as well as of E, we have E@E(un) — E(I)E(L_l) eU
in LY (o).

Lower semi-continuity of G and TV with respect to the strong convergence in L'(«w,) and the weak
convergence y(Eq)g(u,,)) — y(E(DE(ﬂ)) in L?(Q) from Lemma 3.4 yield that

Je(@) < liminf J,(u,) < Jeo(u) for all u € BV (w,)

and thus that @ € BV (w,) is the desired minimizer.
The fact that % € U then follows by a contraposition argument based on Stampacchia’s Lemma for
BV functions and the pointwise definition of G; see [16, Prop. 3.2]. O

The convergence of minimizers of (4.1) as ¢ — 0 can be shown along the same lines as indicated at

the end of [16, § 3].

We now derive first-order optimality conditions for the solution of (4.1). To this end, we first show
Fréchet differentiability of the tracking term

(42) Fol®(@0 2R, Fulw) = 2 By(Eee(w) - ally

as in [16, Lem. 4.1] by using for given u € L*(w,) and y € W the definition of the adjoint equation

T T
/ (0. 01011 + (V. V)2 df = / (B*(By - ya). )u db,
0 0

p(T)=0inV,

(4-3)

for any ¢ € W with ¢(0) = 0, which admits a unique solution p € W by Lemma 3.1. In the following,
we use the regularity of solutions to identify the derivative in L*(w,)* with its representation in
LY(w,), considered as a subset of L (w,.)*. Since the extension operator E is affine, we also introduce
the corresponding linear extension operator Eo = E’ : L?(w.) — L*(Q).

Lemma 4.2. For every ¢ > 0, the mapping F. defined in (4.2) is Fréchet differentiable in everyu € L (w,),
and the Fréchet derivative is given by

T
(49 R =£ ([ vy vpar) el e o0
0
where y = y(Eng(u)) is the solution of (3.1), p is the solution of (4.3), and E; 1 L2(Q) — L?(w,) is the

restriction operator.

2,
If Assumption 1 holds, F/(u) € L7 (wc) for the q > 2 given in Proposition 3.6.
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Proof. We first show directional differentiability. Let w, h € L*(w,) and p > 0 be arbitrary. We define
y(w) := y(P.(w)). We now insert the productive zero By(w) — By(w) in F.(w + ph) and expand the
square to obtain

@) Felw+ph) = Fo(w) = ZIBG(w+ ph) = 5w) + (BIw) = va) 5 = 21B7(w) = yall
= ZIBH(w + ph) = SO + (BH(w + ph) = 5. BF(w) = yo.

For the first term, we can use Lemma 3.3, the boundedness of B and the Lipschitz continuity of ®, to
estimate

1 . ~
(4.6) B (w -+ ph) = SIS < Co Il

For the second term in (4.5), we introduce the adjoint state p(w) and use the fact that §y := y(w+ph) —
y(w) € W with §y(0) = 0. Testing (4.3) with ¢ = dy, and using (3.1) for y = y(w) and y = y(w + ph),
each time with v = p(w), and inserting a productive zero, we find

(67 B (BY(w) = ya))12() = = (@rp(w). 287z g + (E@elw)Vp(w). ¥3y)

_ ((E¢g(w + ph) — B, (w))Vi(w + ph), Vp(w))Lz(LU(Q)) .
By Lemma 3.3 we have that y(w + ph) — y(w) in L?(I, V) as p — 0*. Moreover, since ¢ > 0 we have
that E®, is Frechet differentiable in L (w.) with Eq®.(w), E¢®.(w + ph) € L*(Q). Hence, dividing
(4.5) by p > 0 and passing to the limit p — 0 implies in combination with (4.6) that

’ . 1 ’ Fysk T ~
Fo(w;h) = phr{)g /—)(Fg(w +ph) — Fe(w)) = (h, ®,(w)Eq / Vy(w) - Vp(w) dE)re (w,), L1 () -
- 0

Since the mapping h +— F/(w; h) is linear and bounded, EZ (fOT Vy(w)-Vp(w) dt) ®,(w) is the Gateaux
derivative of F, at w. Thus, F, is Giteaux differentiable in L (w,).
It remains to show that this is also a Fréchet derivative. From the above, we have that

|[Fe(w +h) = Fo(w) = F/(w)h| < Cllhll}w

+ ((Etbg(w +h) — EQ(w))VF(w +h) — Eg®,(w)hV (w), VP(W))LZ(I,[LZ(Q))

< ClIEe gy + (B + ) = EDe(w) = B (W)l ) 195w + )l 112
HIEo@L (W)l (w0 V(W + h) — Vﬁ(W)IILZ(I,LZ(Q))) IVo(W) Iz (12 ()
and hence that
|F€(W +h) - FE(W) - Fg’(w)h|
1Al L (o)

— 0 for ||h|lg=(w,) — 0

since y(w + h) — y(w) in L2(I, V) by Lemma 3.5.
The regularity follows from j(w), p(w) € L2(I,V) together with the properties of the norm in
Bochner spaces, cf. [54, Cor. V.1]. If Assumption 1 holds, Proposition 3. 6 ylelds y(w) € L¥(I, W (Q))

for some g > 2 and hence E (/ Vi(w) - Vp(w) dt) /L (w) € L(1, L2+f1 (we)). O

We can now proceed exactly as in [16] to obtain first-order necessary optimality conditions.

Clason, Kunisch, Trautmann Optimal control of the principal coefficient in a scalar wave....


https://arxiv.org/abs/1912.08672v3

ARXIV: 1912.08672V3, 2020-11-12 page 13 of 28

Theorem 4.3 ([16, Thm. 4.2]). If ¢ > 0 and Assumption 1 holds, every local minimizer i € BV (w.) to (4.1)
satisfies

(4.7) — F(@) € 2 9G(@) + BITV(a) € L (),

2q
where G and TV are considered as extended real-valued convex functionals on L972 (w,).

Introducing explicit subgradients for the two subdifferentials, we obtain primal-dual optimality
conditions.

2
Corollary 4.4 ([16, Cor. 4.3]). For any local minimizer i € BV (w,.) to (4.1), there exist § € L7 (w.) and
_ 2
e L%(wc) satisfying
0 = F/(@) + aq + &,
(4.8) g € oG (u),
£ € oTV(a).

These conditions can be further interpreted pointwise. First, using the characterization of Lemma 4.2,
we can identify the first term in the first equation with the L'*®(w,) function given by

T
[/ Vy(u) - Vp(u) dt| (x)®.(a(x)) forae. x € w,.
0

Second, using the characterization of 9G from [16, § 2], we have that

{—um} a(x) < u,
[—tdm, 5 (ur +us)] a(x) = wu,
i {3 (i +uin)} u(x) € (wisuiy), 1<i<m,
) € [%(ui—l +u;), %(Uz‘ +ui+1)] a(x) = u, 1<i<m,
[%(um—l + Upm), Um] u(x) = um,
Um a(x) > up.

The interpretation of the final term is more delicate. Informally, £(x) corresponds to the mean curvature
of @(x) (if @ is smooth at x) or the signed normal to its jump set (if @ has a jump discontinuity across
a measurable curve of d — 1-dimensional Hausdorff measure greater zero). This can be made more
precise using the notion of the full trace from [7]; see also [13].

5 NUMERICAL SOLUTION

In this section, we address the numerical solution of (4.1) using a stabilized space-time finite element
discretization for second-order hyperbolic equations [56] and a nonlinear primal-dual proximal splitting
algorithm [51, 20, 19]. Since we now consider a finite-dimensional optimization problem, we can include
the constraint u € U directly via the multi-bang penalty instead of enforcing it inside the state equation.
In this and the following section, we will therefore omit ®, from the discretized tracking term (and,
with it, ¢ in general) and define the multi-bang penalty with dom g = [u;, u4] as in [18]; see (5.7) below.

5.1 DISCRETIZATION

We consider a mesh 7}, consisting of a finite set of triangles or tetrahedra T with a mesh size h. Then
we introduce the space Dy, € H'(Q) N C(Q) of linear finite elements based on the triangulation 75,. A
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basis of this space is given by the standard hat functions ¢; associated with nodes x;,i = 1,..., Ny, of
the triangulation 7;,. Next we discretize the time interval I uniformly by 0 =ty < --- <ty =T and
grid size of 7. Similarly, we define the space D, c H!(I) N C (I) of piecewise linear and continuous
functions with respect to these grids. Furthermore we consider the hat functions e;, i = 0,. .., N, with
e;(t;) = 8;; which form a basis of D;. We assume that w, can be represented by the triangulation 7,
exactly and introduce the space

Dj, = {un € Dy | suppun € o} = span{gila; | xi € oc}.
Moreover we introduce the space C; of piecewise constant functions on the triangles in «,. In the

following we also identify D; with R¥e for dim D; = N and C}, with RMe for dim C; = M_. Finally we
define J := (r, h) > 0 and introduce the stabilization parameter o > 0.

Definition 5.1. We call yy € Dy := Dy, ® D, a discrete solution of (3.1) if yg satisfies
T A A
(5.1) / —(0¢y9,00)g — (0 — é)rz (EupVarys, Voro)i2(q) + (EupVyy, Vo) 2(q) dt
0

T
~ no@)a+ [ (o
0
for all v € Dy with v(T) = 0 and initial condition yg(0) =S¢y, defined via

(Soyo, )i = (y0,. ) Yo € Dy,

This is a space-time finite element discretization with piecewise linear elements in space and in
time. The additional o-term in (5.1) serves as a stabilization term, which vanishes for ¢ — 0 and is
connected to the error term in the trapezoidal rule for the time integral of the third bilinear form in
(5.1). The stability depends significantly on the value of ¢ with the method being more stable for larger
o; e.g., for 0 > 1/4, the method is unconditionally stable and convergent while for 0 < ¢ < 1/4, a
CFL-like condition has to be satisfied to ensure stability as well as convergence; see [56, Thms. 2.1,
3.1] for homogeneous Dirichlet boundary conditions. At the same time, (5.1) can be formulated as the
following time-stepping scheme: Set yg = Soyo and

1 0
Y™,
(5.2a) ( —0

+7(EupV(oy, + (3 = 0)y)), Vo)i2(q)
L3(Q)
5]
= (Y @)z + (/ feo dt,qo) ,
0 L2(Q)

,qo) +7 (EuhV(ay,‘;“ +(1-20)y, +oy; ), V<p)
L2(Q)

Vi =2+ Yy

T

(5.2b) (

L2(Q)

tiv1
:( fel-dt,(p) , 1<i<N; -1
tig L2(Q)

for all ¢ € Dy. For ¢ = 1/4, this method is equivalent to the implicit, unconditionally stable, and
convergent Crank—Nicolson scheme, while for o = 0, the method is explicit if the spatial mass matrix is
lumped. The main benefit in our context is that this is an adjoint-consistent discretization and therefore
can be used to obtain a conforming discretization of (2.5) in a straight-forward manner.

Next we introduce the discrete control-to-observation operator Sg: UND; — O defined by u — By,
where yy is the solution of (5.1) for the coefficient u € U N D;. Let § > 0. Then the implicit function
theorem implies that Sy is Fréchet differentiable on the open subset

{u € L%(we) : _xigff (%) + Umin < U(x) < umax +6 forae x € wc} N D;.
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This set contains U N Dy. The implicit function theorem is applicable since the following linearized
discrete state equation is well-posed in the variable §y € Dy for every duj, € Dy :

T
(53) / —(8t5y3, atZ))H - (O' - %)TZ(EUhvat(syg, Vatl))[LZ(Q) + (EUhV5y,9, VU)[LZ(Q) dt
0

T
= / (o — DT (ESupVorys, V)2 (o) — (ESupVys, Vo)2(q) dt
0
for allv € Dy with o(T) = 0 and initial condition §y5(0) = 0 as well as yg = Sg(u). Thus the derivative

of Sy at u is given by §’(up): D; — O, Sup, — Bdys where §yg solves (5.3) for uy,. Its adjoint (with
respect to the L?(Q) and O inner product) is given by

T
S'(up)*: O — C¢, o (‘/0 (é - O')Tzvatyg -Vorps +Vys - Vpy dt)

W

where yg = Sy(u) and pg solves the discrete adjoint equation

T T
(54) / —(8;0, 8tp3)H - (O'— %)T2 (Euhvaﬂ), Vatp,j))[LZ(Q) + (EUhVU, Vpg)[LZ(Q) dt = / (B*O, U)H dt
0 0

forallv € Dy withv(0) = 0 and initial condition py(T) = 0, which can be formulated as a time-stepping
scheme similar to (5.2).
We now introduce the variables y;, and p, defined by

N, N,
o(t,x) = Z Yh(x)ei(t),  pa(t,x) = _Zp;;<x>e,-<t>.

Thus (S5 (up)) o with o € O has the representation

(5:5) (Sy(un))*0 = Vy, KVpp,

where K is given by

with the temporal mass matrix M; and stiffness matrix A;. For ¢ = 0, K is a diagonal matrix.

We now address the discretization of the control costs in the optimization (2.5). Since a function uy, €
Dy is an element of H 1(w.) and thus its weak derivatives are piecewise constant on the triangulation
of w., we have

TV () = Vinllpy = D, 1(Vun)lila:
KeTpNwe
We furthermore approximate the integral in definition of G by the trapezoidal rule to obtain the discrete
multi-bang penalty G,: Dy — R. Using these definitions, we obtain the fully discrete optimization
problem

59) min =155 (un) = yalll, + @G () + BTV (uy).

up EchlﬂU
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Note that although (5.6) is discrete, it is still formulate in function spaces. To apply a minimization
algorithm, we now reformulate it in terms of the coefficient vectors for the finite-dimensional functions.
First, D; N U can be identified with the set

Up={ueRN|0<w <up Vi=1...,N.}

through uy = ¥, <5 w;e;. Next we introduce the finite-dimensional subspace O, = B(Dy) of O and
the discrete control-to-observation on U, by Sg: RNe — RNe with N, = dim(0}) defined by Ss.
Moreover we define the matrix My € RNo*No by the mapping (01,02) + (01,02)0 for 01,0, € Op.
Thus the inner product and the norm of O in Oy, can be identified with (04, 0;)0, = 0] Mpo, and
llollo, = ((o, 0)0,1)1/2 for o, 05, 0, € RNe. We denote the orthogonal projection onto Oy, by 7. The
operator B restricted to Dy can be identified with a matrix B, € RNe*No for Ny = dim(Dy). Thus B*
can be identified with B;. With these identifications, the adjoint operator S (up,)* for uy € U N Dj,
acting on Oy, can similarly identified with S’ (u)*: RNe — RMe for some u € U,. Moreover we define
the matrix Ay € R4MxNe representing the bilinear form (Vup, &,);2(q)e for up € Dy and &, € (C’Cl)d.
Thus we have

V() = Y. [(Vawlkla= ». (Al = [lAsulell = TVA(w).

KeTpNwe KeTpNo,

Finally, the trapezoidal rule in the definition of G, can be expressed in the form of a mass lumping
scheme, i.e.,

Gu(up) = ) dig(u;) =: Gp(w)

Xi€We
where
() < u,
(5.7) 9(t) = 15 (Wi +up)t —wiuin) ¢ € [upuiml, 1<i<m,
o0 t> U,

is the scalar multi-bang penalty including the box constraints from [18] and d; = fw @; dx are the
diagonal entries of the lumped mass matrix; see [12, 42, 50, 43].
Using these notations, we can write (5.6) equivalently in the form

1
(5.8) min =S5 () — 7o yallp, + @Gr(w) + fTV,(u).
uely 2 A

5.2 PRIMAL-DUAL PROXIMAL SPLITTING

To solve (5.8), we extend the approach in [21] by applying the nonlinear primal-dual proximal splitting
method from [51, 20, 19] together with a lifting trick. For this purpose, we write (5.8) (omitting the
bold notation and the subscripts denoting vectors and discretizations from now on and assuming that
va € Op) as

1 2
min —1S(w) = yall} + Bl Anulzll + aG(w).

Setting

1
F:RNe x R*Me 5 R, () = Elly—ydllé+/3|||1//|zlll,
K:U — (RNe x R?Me), u = (S(u), Apu),
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we can apply the nonlinear primal-dual proximal splitting algorithm

u* = prox, o0, (4~ voK ()" &)

(5_9) ﬁkﬂ — 2uk+1 _ uk

g = Prox,, (§k + yFK(ﬁk+1))

for step sizes yr, yg > 0 satisfying yryg||K’(u)*|| < 1. Convergence can be guaranteed under a second-
order type condition for K and possibly further restrictions on the step sizes, whose (very technical)
verification is outside the scope of this work. Instead, we restrict the discussion here on deriving the
explicit form of (5.9) in the present setting.

First, we endow (R™e x R?M¢) with the sum of the inner product induced by My (for RNe) and the
Euclidean inner product (for R?M¢). With respect to this inner product, we obtain the adjoint Fréchet
derivative

K'(u)' (r,§) = S'(w)" () + ATy,

where S’ (u)* is the fully discrete operator corresponding to (5.5) with right-hand side r € O for the
adjoint equation.

The proximal point mapping for the (scaled) multi-bang penalty can be obtained by straightforward
calculation based on a case differentiation in the definition of the subdifferential, see [21, Prop. 3.6]; for
the sake of completeness, we give the short derivation here in full. By the definition of the proximal
mapping, w = prox,,(0) = (Id+ydg) ~(v) holds for any v € R ifand only ifo € {w}+ydg(w). Recalling
from [15, § 2] that

(=00, (1 + )] 0=u,

{3 (i +uin)} 0 € (U uj1), 1<i<m,
(5.10) 09(0) = 4[5 (i +wi), 3 (ui +ua] v =w;, 1<i<m,

[5 (Um-1 + i), ) 0= U,

0 otherwise,

we now distinguish the following cases for w:
(i) w = uy: In this case,

ve{wh+y (-0, 2w +up)| = (=00, (1+ Dy + Luy].

(ii) w € (u;, uiy1) for 1 < i < m: In this case,
veE{wt+ }’{%(ui +Uit1) }»
which first can be solved for w to yield
w=0- %(ui +Ujy1);
inserting this into w € (u;, u;41) and simplifying then gives

(IS ((1 + %)ui + )E/um, )E/ui + (1 + %)um) .

(iii) w = u;, 1 < i < m: Proceeding as in the first case, we obtain

vE [%ui—l, (1+ )E/)ui, (1+ )E/)ui + )g/um] .
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Figure 1: Illustration of the proximal point mapping prox,, of the scalar multi-bang penalty g for
(u1, up,us) = (0,1,2) and y = 0.2

(iv) w = uy,: Similarly, this implies that

vE [gum_l, (1+ g)um, ) .

Since this is a complete and disjoint case distinction for v € R, we obtain the proximal mapping for
the scalar penalty g; see Figure 1. By a standard argument, the proximal point mapping for Gy, is thus

given componentwise by
vj — %(ui + ui_l) iij € ((1 + %) Uj—1 + %ui, (1 + %) u; + %ui_l) s
u; ifo; € [(1+%)u,~+%ui_1, (1+ %)ui+%u,~+1],

[prox g, (0)]; = {

where we have set uy = —o0 and u,4; = o0 to avoid the need for further case distinctions. (Note that
we compute the proximal mapping with respect to the inner product induced by the lumped mass
matrix such that the weight d; cancels.)

Finally, for #, we first compute the Fenchel conjugate on RNe x R?Me (with respect to the same
inner product as above) as

(19 = 3l + (0 + g1, ()

to obtain the proximal point mapping (again, with respect to this inner product)

L(r—yy9)
— 1+)/
prox, g (r,1) (Pfoj {|¢|zsﬁ}(¢)) |

where the projection can be computed elementwise for each K € 7 N w, as

. __ bk
Proj iy, <p (Wi = Ty

With these, (5.9) becomes the following explicit algorithm:

uk*! = ProX, g, (uk — y6S (k) rk - yGAZgbk) ,

k+1 _ k

ak+1 u®,

=2u
yk+1 — S(ﬁk+1),
1
k+1 k k+1 d
= + — s
r 1+ YF (r YF(y Y ))
g = yF + ypARa*t,

Yo = projjy,<p) (V).
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Note that this requires two solutions of the forward wave equation (as well as one solution of the
adjoint equation) in each iteration, since y**! is based on the extrapolated vector @**!, while the state
vector y required for the computation of $’(u**')*#**! in the following iteration is based on the original
update u**1,

The iteration is terminated based on the residual norm in an equivalent reformulation of the
optimality conditions for (5.6). Combining the approach of Section 4 with standard results from convex
analysis (see, e.g, [5, 14]), any local minimizer # of (5.6) together with the corresponding Lagrange
multiplier ¢/ and the residual 7 := S(i) — y4 can be shown to satisfy

i = ProX, ,q, (ﬁ —yGS'(a)F — y(;AZlﬁ) ,
1
1+ Yr
¥ = projyiy, <y ()

(F+yr(S(@) = ya))

For the first equation, which holds in Uy, we measure the residual in the discrete norm induced by
the lumped mass matrix as in the definition of Gj. The second equation holds in Oy, and hence we
measure the residual in the norm induced by the corresponding mass matrix Mp. Finally, the last
equation holds in R?Me so we use the standard Euclidean norm. The iteration is terminated once the
sum of these residuals drops below a given tolerance. For the implementation, note that the residual in
the first equation for (uk, rk, lﬁk) reduces to u¥ — u**1. On the other hand, the residual in the second
equation requires an additional solution of the state equation since here S is applied to u* instead of
the extrapolated @*. In practice, we thus do not evaluate the stopping criterion in every iteration.

6 NUMERICAL EXAMPLES

We now illustrate the above presented approach with two numerical examples. The first is a transmission
problem (where waves produced by external forcing pass through the control domain before being
observed) loosely motivated by acoustic tomography. The second is a reflection problem (where
only reflected, not transmitted, waves are observed) that more closely models seismic inversion. The
implementation in Python (using DOLFIN [38, 39], which is part of the open-source computing platform
FEniCS (2, 37]) used to generate the following results can be downloaded from https://github.com/
clason/tvwavecontrol.

6.1 A MODEL ACOUSTIC TOMOGRAPHY PROBLEM

For the first example, we take Q = (—1,1) X (-=1,2) and T = 3 and define the control and observation
domains

we = {(x,x2) € Q| x2 € (0,1)}, Wo = {(x,x2) € Q| x3 € (1,2)};

correspondingly, the observation operator is taken as the restriction operator By := y|o to the obser-
vation space O := (0,T) X w,. The initial conditions are chosen as (yy, y1) = (0, 0), thus satisfying As-
sumption 1. We now aim to recover a piecewise constant coefficient u, with u.(x) € {1.0,1.1,1.2,1.3,1.4}
almost everywhere; see Figure 2. Accordingly, we set 4 = 1.0 and u; = (i —1)/10,i = 1,...5 from
noisy observations of the state in O. These observations are generated using a source term f that is
constructed as a linear combination of point sources which act as Ricker wavelets in time, i.e.,

9
_ _ 2
FGet) = > (8o (%) + S0 054if10,-8/10) (x))2(1 = 2(57(t = 0.1))%)e” 70",
i=—9

Clason, Kunisch, Trautmann Optimal control of the principal coefficient in a scalar wave....


https://arxiv.org/abs/1912.08672v3
https://github.com/clason/tvwavecontrol
https://github.com/clason/tvwavecontrol

ARXIV: 1912.08672V3, 2020-11-12 page 20 of 28

[‘0.4 - -_0.4
1 F0.3 |

) 0.3

Il 0.2

ll

0.1 10.2

0.0
2.0 - 10.1

-1.0

-0.5 0.0 0.0 70.0

05 10 -1.0 210 -05 00 05 1.0

Figure 2: transmission example, exact coefficient u,

(The number and location of source points as well as the amplitude and frequency of the wavelet
are chosen such as to obtain a complex enough wave pattern to recover the lateral and depth-wise
variations in the coefficient.) The discretization is performed using 64 nodes in each space direction
and 128 nodes in time, corresponding to h ~ 0.056 and 7 ~ 0.23. The stabilization constant is set to
o = 1/4. The discretized exact solution is then perturbed componentwise by 10% relative Gaussian
noise, i.e., we take

ya = B(y(u)) + 0.1||B(y(u)) |l

where ¢ is a vector of independent normally distributed random components with mean 0 and variance
1.

We now compute the reconstruction using the algorithm described in Section 5.2, comparing the
effects of the total variation and the multi-bang penalty by taking & € {0,107} and $ € {0,107}. In
each case, we set the step sizes to yr = 10~! and yg = 10% and terminate when the residual norms
(evaluated every 10 iterations) drop below 107°. Again, these parameters are chosen to achieve a
reasonable reconstruction in as few iterations as possible. (A proper parameter choice rule depending
on the noise level and the discretization is left for future work.) The results can be seen in Figure 3.
The case of pure multi-bang regularization (¢ = 10> and f = 0, 3680 iterations); see Figure 3a) shows
that indeed u(x) € {uy,...,us} almost everywhere; however, there is a clear lack of regularity of
the reconstruction, which is not surprising as the original function-space problem is not well-posed
for f = 0. In contrast, the reconstruction case of pure TV regularization (¢ = 0 and f = 107%, 1100
iterations; see Figure 3b) shows a much more regular reconstruction that is constant on large regions;
however, these constants are not necessarily from the admissible set {u, ..., us}. Finally, combining
both multi-bang and total variation regularization (& = 107> and = 107%, 600 iterations; see Figure 3c)
allows recovering more admissible values at the price of penalizing the magnitude of the coefficient
value, which prevents the largest value us = 0.4 from being attained. It is also noteworthy that in this
case the tolerance for the residual norm is reached after significantly fewer iterations.

To illustrate the effects of variation of the desired values u; on the reconstruction, we recompute the
last example with the same parameters a, f but 10% increased values, i.e., u; = 1.1(i —1)/10,i =1,...,5.
The results are shown in Figure 4, where we repeat the exact coeflicient from Figure 2 with adjusted
labels in Figure 4a for better comparison. As can be seen from Figure 4b, the reconstruction is similar
to that for ¢ = 0. In particular, the total variation penalty prevents the misspecified desired values
from being enforced strongly. This demonstrates that while misspecified values clearly do not have
the same positive influence on the reconstruction, they at least do not have a negative influence.
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-1.0 -0.5 0.0 0.5 1.0
(a) @ = 1075, B = 0, 3680 iterations

-1.0 -0.5 0.0 0.5 1.0
(b) @ =0, B =107*%, 1100 iterations

-1.0 -0.5 0.0 0.5 1.0
() a=107%, p= 1074, 600 iterations

Figure 3: transmission example, effect of multi-bang penalty (@) and total variation penalty (f) on the
reconstruction
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(b) u; € {0,0.11,0.22,0.33,0.44}, & = 1075, B = 1074, 820 iterations

Figure 4: transmission example, effect of variation of u; on reconstruction

6.2 A MODEL SEISMIC INVERSE PROBLEM

We next consider an example which is inspired from seismic tomography. We assume that the data is
given in the form of a time series of mean values of the reflected waves y over certain spatial regions
O;. Thus we define the observation space O = L?(I)™ for m € N and the observation operator

.72 N — ! ' '
B:1%(Q) > 0, (|Oi|‘/oiy(,x)dx)i=l,

where the O; C Q are the m spatial observation patches. Furthermore we assume that seismic sources
are given by s point sources located on the surface Iy C 9Q2 whose magnitudes are time dependent
and follow a Ricker wavelet of the form

ﬁc(t) — ak(l _ zﬂ_zhi(t _ tk)Z)e—n'zhi(t—tk)z
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with h, a,t € R®. This leads to the modified state equation

8”)/ - le(uVy) =0 in Q’
S
oy = Zﬁc(sxk on (0,T) x T,
k=1
dyy =0 on (0,T) x 9Q \ T,
y(0)=0, 9;y(0)=0, onQ

with (xx)i_, € Is, (fi)i_, L%*(I), and 8y, the Dirac measure supported on x. In our concrete example,
we chose Q = (-1,1)2, T; = (=1,1) X {1}, and T = 3. We set Q. = (=1,1) x (—=1,0.7). The observation
patches are chosen as

0; = (01,0, +0.2) X (0.8,1) with o0; € {—1,—0.8,—0.6, 0.4, —0.2,0,0.2, 0.4, 0.6, 0.8}.

The sources are located at x = (-1+k - 0.1,1) with k = 0,.. ., 20. The parameters of the Ricker wavelet
are set to ag = 2, hy = 5 and #; = 0.1. The offset & has the constant value 1. Finally, the exact velocity
model is given by

x € (0.4,0.6) X (0.1,0.4),
x € (=0.8,-0.5) X (0.2, 0.6),
x € (=0.2,0.2) x (0.3,0.5),

else,

Ue =

S = N W

for the constant reference coefficient @ = 1, cf. Figure 5a.

The recorded data for our experiments are generated by solving the state equation with the exact
velocity model u, resulting in the exact state y.. Then we set y; = By, + dn with § € [0,1]. The
function n € L*(I)™ is a disturbance which models measurement errors and exterior influences. In
our case we use a function of the form

M
m.
ni(t) = nerk = nx Z —lf’k cos(4mt — s; k),
=1

where M € N, ;. = %, and m; g, s; x are uniform random numbers in [0, 1]. Here we take
M =10.

For the discretization, we take a tensorial-based triangular mesh with Nj, = 129%, N, = 129, and
o = 1/4. The relative noise level is § = 0.05. An appropriate regularization parameter is given by
B = 107%; for simplicity, we set @ = 0. The iteration is initialized with uy = 0 and the stepsizes
are again chosen as yr = 107! and yg = 10°. The iteration is stopped if the absolute residuum is
smaller than 107*%; in this experiment, this was reached after 1068 iterations. Figure 6 shows the exact
and noisy observations on O;, Os and Oyy. At the onset, we note two high spikes (a negative and a
positive one) which are caused by the source wave initiated on boundary points I;. The remaining
oscillations are caused by the reflection waves originating from the discontinuities of u, and from the
reflecting boundary; only these carry information about the coefficient, which makes the reconstruction
challenging. The results are shown in Figure 5b, where each color map is scaled individually to show
more details. We observe that the positions of the discontinuities in u, that are close to the observation
patches are well approximated in # and that the corresponding interfaces are quite sharp. However,
the approximation quality of the discontinuities becomes worse farther away from the observation
region. This is caused by the fact that reflected waves from lower sections of the discontinuities are
more dispersed than the reflected waves from the upper sections of the discontinuities.
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Figure 5: reflection example: results for @ = 0, 8 = 107%, 1068 iterations (note the different color bars)
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Figure 6: reflection example: exact and noisy observations on O;, i = 1,5,10

7 CONCLUSION

We showed existence of solutions to an optimal control problem for the wave equation with the control
entering into the principal part of the operator using total variation regularization and a reformulation
of pointwise constraints using a cutoff function. Preferential attainment of a discrete set of control
values is incorporated through a multi-bang penalty. We also derived an improved regularity result for
solutions of the wave equation under additional natural assumptions on the data and the control, which
(for smooth cutoff functions) allows obtaining necessary optimality conditions that can be interpreted
in a suitable pointwise fashion. Finally, we demonstrated that the optimal control problem can be
solved numerically using a combination of a stabilized finite element discretization and a nonlinear
primal-dual proximal splitting algorithm.

This work can be extended in several directions. Besides applying the proposed approach to more
realistic models of acoustic tomography or seismic imaging for practical applications, it would be
worthwhile to consider the case of boundary observations of the state [25], which however may lead
to an unbounded observation operator B. A further challenging goal would be deriving sufficient
second-order conditions. Such conditions could then be used for obtaining discretization error estimates
for the optimal controls or for showing convergence of the nonlinear primal-dual proximal splitting
algorithm based on the “three-point condition” on S from [19].
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