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The Westervelt equation, which describes nonlinear acoustic wave propaga-
tion in high intensity ultrasound applications, exhibits potential degeneracy for
large acoustic pressure values. While well-posedness results on this PDE have
so far been based on smallness of the solution in a higher order spatial norm,
non-degeneracy can be enforced explicitly by a pointwise state constraint in
a minimization problem, thus allowing for pressures with large gradients and
higher-order derivatives, as is required in the mentioned applications. Using
regularity results on the linearized state equation, well-posedness and necessary
optimality conditions for the PDE constrained optimization problem can be
shown via a relaxation approach by Alibert and Raymond [Alibert and Raymond

1998].
1 INTRODUCTION
The propagation of high intensity focused ultrasound (H1FU) is often modeled by a nonlinear

acoustic wave equation of the form

(1 —ky)ywe — Ay — bAY + dys —k(y)? =0 inQ=(0,T) x Q,
oy y=u on(0,T)xT
i

X
(1.1)
Yyt +co,y =0 on (0,T) x

y=y% ye=y' in{0}xQ
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for O C R™, n € {1,2,3} (typically n = 3). Here, y is the acoustic pressure fluctuation, ¢ > 0
is the speed of sound, b > 0, d > 0 are coeflicients for strong and weak damping, respectively
(related to the diffusivity of sound), k = 2B,/(rc?), v > 0 is the mass density, and B, > 1
is the parameter of nonlinearity. The control u acting on part of the boundary I' models
excitation of the normal derivative of the acoustic pressure by the normal acceleration of
the piezoelectric transducers, which are typically arranged in a two dimensional array. The
absorbing boundary conditions on the rest ' := 9Q \ T of the boundary are used to avoid
reflections on the artificial boundary of the computational domain. For details we refer, e.g.,
to the original article [Westervelt 1963], as well as to [Clason, Kaltenbacher, and Veljovic 2009;
Kaltenbacher and Lasiecka 2009] and the references therein.

The Westervelt equation (1.1) is not only nonlinear but in particular exhibits potential
degeneracy due to the coefficient (1—2ku) of . Therefore any well-posedness proof requires
some estimate on ||u|| = ((0,T)x S0 that T — 2ku can be guaranteed to stay bounded away
from zero. So far this has been achieved by deriving C(0, T; H*(Q)) bounds on u (by means
of energy estimates) and using Sobolev’s embedding H?(Q) — L*®(Q). The drawback of this
approach is that it requires u to be small in C(0, T; H2(Q)) (enforcing strong smoothness of
the pressure distribution), whereas it should be sufficient to only have pointwise boundedness
by a typically relatively large constant Tt < 5. This is especially relevant in HIFU applications.
Hence a major issue we wish to address is to improve the existing theory of C(0, T; H*(Q))-
small solutions and establish existence of large solutions (up to ||y||r=((0,T)x0) < Zl_k)' The
idea used here to achieve these goals is to explicitly impose the L bound as a state constraint
in a minimization problem, in which the state is driven to possibly large sound pressure
levels by boundary control (i.e., excitation) of a tracking type cost functional. Of course,
minimization is not only a means for obtaining existence of large solutions, but of practical
relevance on its own.

This paper is organized as follows. After introducing the precise problem formulation
and some necessary notation in the remainder of this section, we discuss well-posedness of
the state equation in Section 2. Section 3 is concerned with the existence of and first order
optimality conditions for solutions of the state constrained control problem.

We consider the optimal control problem

1 T o [T
mm—j ly(®) —ya(Ola dt+—J ()2 ) dt = J(u,y)

s. t. (1.1).

To avoid the degeneracy at ky > 1 and control large negative pressure values, we use pointwise
state constraints:

—M,, <yx) <My

for

— 1
(1.2) 0<M, and 0<My <.

=~



We will assume from here on that the bounds (1.2) are satisfied. Moreover, large values of the
quadratic term are prevented via the gradient constraint

lyellieo, (o)) < My,
where my > 0, P, Q € [1, 0o] are supposed to satisfy

min{b, d}(1 —kM,)Q and 11 1

03) My = 20C1 16(Q —1)1-1/Q 379 " 3Q°

(e.g, P =2,Q =4),and Cyy1 16 is the norm of the embedding H' (Q) — L°(Q).
In the following, for given initial data y°, y', we denote the control space by

U={ueHO,T;H/2() : u(0) =3,y

and the unconstrained state space by

Y={yeY:y0)=y° y(0)=y"}
where
¥ =C(0,T;H*(Q)) N C'(0, T; H'(Q)) N H' (0, T; HA(Q))

N C2(0,T;L%(Q)) N H2(0, T; H' (Q))
— C(0,T; C(Q)).

The constrained state space is

Ym ={y eY:—M, <y(t,x) <My, [ytllico,ira) < My}

For future reference, we also introduce here the spaces

(1.4)
V=W =1200,T;L2(Q)) nH' (0, T; (H'(Q))"),

2 =C(0,T;C(Q))NC'(0,T; L*(Q)),
Zm={z€Z:1+kM, >z>1—-kM},
Yr = C(0, T; H2(Q)) nWHT(0, T; H2(Q)) N C2(0, T; L2(Q)) N H2(0, T; H' (Q)),
9 =1°(0, ;H(Q)) nW"s(0, T; H' (Q)),
WP = 17(0, T; L2(Q)) N WP (0, T; H25 (Q)),
PP = (WrP),
PO = (C°(0, T; L2(Q)) N HO(0, T; HO(Q))) + (L=(0, T; L2(Q)) N L2(0, T; H3 (Q))),

where V~* denotes the predual of the normed vector space V, i.e., (V7*)* = V.



2 STATE EQUATION

Similarly to Proposition 4 in [Clason, Kaltenbacher, and Veljovic 2009] or Theorem 2.1 in
[Kaltenbacher and Lasiecka 2009], under the compatibility and smoothness conditions

(y%,y") € H*(Q) x H*(Q),
(2.1) c2AY° +bAy' —dy' +k(y")? € 12(Q),
0 y°lon = u(0)
(the last condition being already incorporated in the definition of the space U) one can show
a well-posedness results for the following linear problem related to (1.1) for given z, w,w:
2y — C2Ay —bAYy  +dyg+w=0 inQ,
ovy=u on(0,T) xT,
Yye+cdyy=0 on(0,T) x T,
y=1y% ye=y' in{0}xQ,

(2.2)

whose weak formulation is
(2.3)

-
b
J {J (zyttv +¢*VyVv + bVy, Vv + dyev + wv) dx + J (cye + Eytt)v dr} dt
Q

0 f

.
:J J (c®u+ buy)vdr dt,
0 Jr

y(0) =y°, y.(0)=y',

forallv € L2(0, T; H' (Q)).
Lemma 2.1. For any
e T€[l,o0l,pell2]
A IVE
e we WhHP,
e uclU and
e Yo,y satisfying (2.1),

there exists a unique solution y € U to (2.2).
Furthermore, there exists a C > 0 depending only on ||z||c1 (0 1,12(0)) My M., such that
for all such w, w, and y°,y" satisfying in addition c>Ay° + b(Ay' —y') —w(0) € L?*(Q),

(2.4) lyllge < (Il ma2can + Wl om0 e

+ HyOHHZ(Q) + Hy] HHZ(Q) + ”uHHZ(O,T;H*‘/Z(FO'



Proof. Existence of a solution follows analogously to the proof of Proposition 4 in [Clason,
Kaltenbacher, and Veljovic 2009]. To see the energy estimate (2.4), we set v =y, in (2.3) and
use the fact that

1d 1
ZYuyy = za[zmt)z] — zzt(yt)z

to arrive at
t

1 2 2 b 2
@) 3 [IVEulio + € 190l + Sl |

t
+ | (B1PuelEa i + el + < lueliege) de
t
_ 1 2 2
— L{JQ <zzt(yt) — wyt) dx + L(c u+ buy )y dF} dr,

where we can estimate

2 2 4
JQ Zt(yt)z dx < 2e ||ytHH‘(Q) + Ce HytHLZ(Q) ||ZtHL2(Q)

6
with C. = 22 %ﬁ, e = 2, b = min{b, d}, and Cy;1 1 again the embedding norm (see the

proof of Theorem 2.1in [Kaltenbacher and Lasiecka 2009]) as well as

t
J J Wy dx dt < [[Wl| oo, 11-200-170 () Y el Loro-1 (0, 12010 ()

0Jo
(2—p)/ 1)/
< HWHLP(O‘T;H*Z(P*U/P HytHC opT LE HUtHszO THT;(Q))
1—-kM
CHWHLP o, TsH20-1/p(an T —y”UtHZ C(0,T;L2(Q))
5 2
+ g”y’t”LZ(O,T;H‘(Q))
for an appropriate constant C > 0, and
t 2
3Cs b
Jo Jr(c2u+ bu)ycdldr < 2b ||C u+ butHLz o, TsH-1/2(r)) T g”ytHIz_Z(O‘T;H‘(Q))a

where Cy, is the norm of the trace operator H' (Q) — H'/2(T"). This yields

(2.6) - — y||yt||C(o,T;L2(Q))+§HVUHC(0,T;L2(Q))+z”9t||L2(o,T;H1(Q))
! 1|2 2 02 b2
<3 [IVE0' L o+ 1987 iy + £ 197

Z
+ CHWH%p(o,T;HfZKpr/p(Q)) + = 2b T c? u""but”l_z 0,TsH-1/2(I"))



t
4 2
+ C% HZtHC(O,T;LZ(Q)) JO Hyt(t) HLZ(_O_)
Moreover, we differentiate the PDE with respect to time and multiply with y. to obtain
t

1 2 2 b 2
(2.7) 5 [H\/ZyttHLz(Q) +c? HVUtHLZ(Q) + c HyttHLZ(f)]
0

t
2 2 2
+ ] (o 19ust oo + sl + e Byl ) e

t 1
- J {J (_zzt(ytt)z _Wtytt) dx +J (et + b yee dF} dr,
oYJa r
and proceed analogously to above to obtain

3 . Iyeellcomizia)) + gHVUtHC(o,T;LZ(Q)) + ZHyttHLZ(O,T;H‘(Q))

< % |:H\/mytt(o)

(2.8)

VY g, + 2 e O
Ly T E VY ) T ¢ IYel®li
2

- 3C
+ CHWtH%v(o,T;Hfz(pr/p[Q)) + 21;” chut + bUttH%Z(O’T;Hq/Z(r]

t

2
+ C% HZtHA(‘:(O,T;LZ(Q)) L Hytt(t)HLz(Q) ,

whichbyz > 1-kM,, > 0and Gronwall’s inequality gives the C' (0, T; H' (Q))NC?(0, T; L2(Q))N
H2(0, T; H' (Q)) part of the estimate.

To get regularity in space, we multiply the PDE with —Ay and obtain
5 t -l 2 t d t 2
o) | 18yl vt 5 [0 1Ay laa) + AIVYIE ] + | Il o

= E{J;) (zyttAy + WAy dx) + dL Uy dF} dr,

hence

2
C 2 h 2 2
g ||Ay||L2(O,T;L2(Q)) + 3 |:HAU||C(O,T;L2(Q)) + ||Vy||C(O,T;L2(Q))]

1 _
<1890 2y + V912 | + 53 (1 + KemaxiMy, MyDlyeel2 0,z )
1 C? d?

t
2
+ 5 W + 55 | 1@ + FIelao v,

Finally, resolving the PDE with respect to the strong damping term bAy; = zy; —c?Ay +
dy. +w € L7(0, T; L?(Q)), we arrive at W7 (0, T; H2(Q)) regularity. O



In the following we will derive some regularity results for the solution of the adjoint PDE,
which will be part of the optimality system and whose right hand side is composed of a
measure-valued part and a part in the dual of WHQ(0, T; LP(Q)).

By duality we first of all conclude a regularity result for the adjoint PDE with the right hand
side being measure-valued or a derivative (via the differential operator D) of a measure.

Corollary 2.2. Fixr € [1,00], p € [1,2], and let D be an arbitrary bounded linear operator
D:Y" — C(0,T;C(Q)) (e.g., (—A¢x)* with x € (0, %)). For any

AW EVE
e ULE M(O)T>M(Q))>

any solution p to

.
J {J ((zv)ttp + c2VvWp + bV, Vp + dvtp) dx
Q

(2.10) 0

b
+ J’A(cvt + EVtt)p dF} dt = (1, Dv) i ¢ = (D 1, V) gre gr
r

for allv € Y™ is contained in the space PP defined as the predual of WP, cf. (1.4).
Furthermore, there exists a C > 0 depending only on ||z||c1 (0 1,12(0)), My My, such that
for all such p,

Ipll5re < Cllllaeo, v Q)

If some subspace H of WP is dense in D*M(0, T; M(Q)) with respect to the topology of Y7,
then for all u € M(0, T; M(Q)) a solution p € P™P exists.

Proof. To obtain an estimate of p in P™P, we insert the solution v* of

;
J {J ((zv*)ttcp +c?VwWe + bWV + dvi‘cp) dx
Q

0

2.11 * b *
() +] e vt ar dt = a(p), @)gnne gus
r

vi(0) =0, vi(0) =0,

forall ¢ € L2(0,T; H'(Q)) as a test function into (2.10), where ], : PTP — PP+ = Wrp js
the duality mapping with gauge function t — 1t i.e., such that

(2.12) 20300 = P30 = T2(P)y P grpe pror
Indeed, analogously to Lemma 2.1, v* € Y™ and

(2.13) |v*

g < CllJ2(P)llgrp- = Cllpl

Prpe



Therefore, by (2.10), (2.11), (2.12) and (2.13) we get

(2.14) P[50 = J2(P)y P)prpe drw = (1, DV e
< HD|yr—>c0Tc HHHMOTM )|V Yr
< ClDllgr~cio,mccan It mm@n P llpre-

Existence of p can be obtained by considering an approximating sequence
(D"pk)ken CSHCWHP

converging to D*jtin Y™ *, Similarly to Lemma 2.1 one sees that for all k € N a solution py. of
(2.10) with p := py exists, and by (2.14) the sequence (py)ken is bounded in PP, which is
reflexive for p,r € (1, 0o). Thus, taking limits along a weakly convergent subsequence one
arrives at a solution to (2.10). l

Similarly to Corollary 2.2 we get

Corollary 2.3. Fix P,Q,r € [1,00], p € [1,2], and let D be an arbitrary bounded linear
operator D : Y* — WHR(0, T; L (Q)). For any

s ZC ZM,
e ne W el (0, T; LT (Q)),

any solution p to

-
b
J {J <(zv)ttp + c2VvVp + bVv.Vp + dvtp> dx + J (cvy + vtt)p dF} dt
Q

0
— (1, Dv — (D1, V) g 11
=1 >w*“%(o,T;L%(Q)J,WhQ(o,T;LP(Q)J (D71, Vigre g

for allv € Y is contained in the space P™P.
Furthermore, there exists a C > 0 depending only on ||z||c1 (0 1,12(0)), My M, such that
for all such n,

HpHﬁﬁp \CHUH w ‘(OTL‘T(Q)).

Ifsome subspace H of W*P is dense in D*W ™" Qo (0, T; L¥°7(Q)) with respect to the topology
ofgr’*, then for all u € w ot (0, T; L*=1(Q)) a solution p € PP exists.

By interpolation we obtain the following intermediate result between Lemma 2.1 and
Corollary 2.2 which will be useful for establishing regularity of the adjoint state later on.

Corollary 2.4. Fix0<o< 3 —1,0<0< \/Lg, and P € [1,2], Q € [1, 0] satisfying

V8
(2.15) ———=———=x0.

For any



s ZC ZM,
e e MO, T;M(Q)) + W HaT (0, T;LeT (Q)),

a solution p to

T
b
{ J {J ((zv)ttp + CZVVVP +bVv,. Vp + dvtp> dx + JA(CW + tht)p dF} dt
0 Q r

= <H’V>M,c

forallv e Y exists and is contained in P°° as in (1.4).
Furthermore, there exists a C > 0 depending only on ||z||c1(0,1;12(0))» My, My, such that
for all such p,

o,heta < C :
||pHiP heta X HHHM(O)T;M(Q))JFW_M&T(O,T;L%(-O-))

Proof. The proof is based on the exact interpolation theorem [Adams and Fournier 2003,
Theorem 7.23], which states that boundedness of

82X0—>Yo and 82X1—>Y1
implies boundedness of
§: (XoyX1)a,q = (Yo, Y1)e,qs

where 6 € (0,1), g € (1, 00) (these restrictions can be relaxed to include q € {1, co} under
certain conditions, but this will not be needed here). Here X, X; are continuously embedded
in a common Hausdorff topological space, likewise for Yy, Y1, and the interpolation spaces
are defined either by the J- or by the K- method of real interpolation (see, e.g., [Adams and
Fournier 2003, Chapter 7]).

Consider now the solution operator § that maps the right hand side f to a (weak) solution
p of the adjoint equation

ZPptt — CZAP + bApt - dpt =f in Q,
oyp=0 on(0,T)xT
—pt+cdyp=0 on(0,T) x T
P=0,p:=0 in{T}xQ
(Here we take an arbitrary but fixed selection from the solution set.)
Consider first of all the part of p that lies in M(0, T; M(Q)). Corollary 2.2 with D = D¢DE,
r=o00,and L' (0, T; L' (Q)) C M(0, T; M(Q)) yields boundedness of
(216)  S:W (0, ;W T (Q)) — PP = (WeorP)~
C (WHP(0, T;L2(Q)) " =W 157 (0, T; T2 (Q),



forany p € (1, 2] (so that the space WP (0, T; L?(Q)) on the right hand side is reflexive) and
for any

(2.17) xel01), Be [o,z—%).

Here, we have used Sobolev’s embedding
DY S W'm(0, TsH?P) € C(0, T; C(Q)).

Similarly to the lower and higher order in time energy estimates (2.6), (2.8) in the proof of
Lemma 2.1, we have boundedness of

(2.18) S:WIP(0,T;H 2% (Q)) — C(0, T; L2(Q)) N H2(0, T; H'(Q))

for any p € [1,2].
For applying interpolation to (2.16) and (2.18), we consider appropriate sub- and superspaces
in order to

o guarantee M (0, T; M(Q)) C X;,
o avoid the (pre)dual of an intersection in the definition of Y,
« work with Sobolev spaces instead of spaces of continuous functions, and

« match the Lebesgue space indices between spaces to be interpolated (which is required
if they have different smoothness index).

Specifically, instead of (2.16) and (2.18) we use boundedness of
(2.19) S W %P0, ;W PP(Q)) - W 5710, T; L2(Q))
and of

(220)  S:W'P(O, ;W 2% ~1H5P(Q)) = W2T(0, T; 12(Q)) NH2(0, T; H' (Q))

a) b)

for any p,p,p € (1,2, = 511—1 € [2,00), G € (1,00). The exact interpolation theorem
applied to (2.19) and (2.20) then yields boundedness of

(221) S B—oc+9(1+oc),]5,€|(O’T;B—B+9(B+%—%—Zp%)‘ﬁ»q(Q))
- B*HSB’f’q(O,T;Bo’z’q(Q)) N B—1+39,2,q(0’ T; Be,z,Q(Q))
(where we have interpolated separately for a) and b) in (2.20)). Here BSP>9 denotes the Besov

space of order s over LP with interpolation index § in the J-method of interpolation; cf.
[Adams and Fournier 2003, Chapter 7]. The choice of 0 in (2.21) is dictated by the need for

10



embedding M (0, T; M(Q)) into the preimage space of S using the continuous and dense
embeddings

BSPo1atT (0, T) < C(0,T) for s5—=>1,
BL O ET(Q) < C(Q) for tQQ_] >n

which imply
B~P4(0,T) = M(0,T)  and B “4(Q) = M(Q)

(cf. [Adams and Fournier 2003, Theorem 7.34] for the embedding result), and the restrictions

(2.17) on «, .

Since we can let % — 00, and set p = /2, we may choose 8 € [1, \/Lg) close to \/Lg.

Indeed, fixing € > O arbitrarily small, settingox =1 — ¢, =2— 5 — ¢, 5‘3—1 =le0=0=

i 1—(V24+1)e 2—%—(n+2)e
mm{ V2(2—e) > H—(n+l)e },Wehave

(o —0(1+4+ «)) =
)

|
S
VR
S

|

-

m
N————
S

and

Putting this together, we get from (2.21) that forall e > 0, ¥ € [2,00), § € (1, 00)
8 : M(0, T; M(Q)) — B~ 1139740 T, BH%4(Q)) N B~ 73%24(0, T; BY=*9(Q))

is bounded.
Similarly as for the part of win W™
T = 00, yields

QT (

x 2

0, ;L7 7(Q)), Corollary 2.3 with D = D¥D#

8 Wt (0, ;W Brr(Q)) — PP C W

,p%](

0, ;L*(Q))
for any p € (1,2] and for any
X € [0)1]) B :0>

using DY" € DC2(0, T; L2(Q)) € WHR(0, T; LP(Q)). Hence withp = 52,0 = 1,p = QJQ—1
we get, in place of (2.21), boundedness of

. n(P-1) n ~
§:B 230t md(, T; B ~1-d)

— B!13004(0, T;BO24(Q)) N BT 3240, T; BO29(Q)).

11



Thus we have with 6 = £, for any € (2,00}, § € (1, 00], that
§:B a0, T;BOP14(Q)) — BOHA(0, T;BO24(Q)) N BY23(0, T; BH24(Q))

is bounded provided (2.15) holds. O

For the nonlinear model we will not show existence of a solution, since this would require
a smallness condition on u, which - as opposed to [Clason, Kaltenbacher, and Veljovic
2009; Kaltenbacher and Lasiecka 2009] — we do not want to impose here. We rather prove a
regularity result provided that a solution exists and satisfies the state constraints.

Lemma 2.5. Fix my, P, Q satisfying (1.3). Then for any weak solutiony to (1.1) with —M, <
y < My, [[Yellieorira) < My, u € W, and y°,y" satisfying (2.1), we havey € Y.

Furthermore, there exists a C > 0 depending only on M, My, my, such that for all u € 1,
y°,y' with (2.1), any such weak solution y to (1.1) satisfies

(2.22) lylly < C(HUOHHZ(Q) +ly’ HHZ(QJ T ”u”HZ(o,T;H*W(F))-
Proof. Setting

(2.23) z=(1-ky), w=—k(y)?
in (2.5), we get

t

1 1—k ’

3 [V,
¢ 2 2 2

+] (0 IVyelaia + el o + eyl ) dr

- kJ:{L %(yt)i“ +J (c?u + bu)y: dr} dt
1

km
2 yH‘JtH L3y OTLP )
2

3C3 ‘b
+ = b HC U.—i-bUtHLz o,H-1/2(m) T . 7 Hyt||H1(Q) dr.

b
2 2 2
o+ T8+ ¢ Tl

To control the first term on the right hand side by the first and the fourth term on the left
hand side, we use interpolation

- . 1T 6 1-0
(2.24) Il < TS [l with — = T

between L*(0, T; L?(Q)) and L2(0, T; L°(Q)), i.e., (2.24) with 6 = % =1—35,cf (13),and

12



the embedding H' (Q) — L°(Q), which yields

(2.25) sup (2 HM\)H J |vHH1 dT>

te(0,T)
(1 —kM 0)
- SCH] L6(Q 1 1/QH HI_°° 0,T;L2(Q H H]_Z (0,T;L6(Q))
(1—kM y)DQ

- SCHl’]_G(Q—])]il/QH HLQQT 0, TiLPT (Q))

for P, Q € [1, oo] such that (1.3) holds, and apply this to v = y;.
Similarly, inserting (2.23) in (2.7) yields

t

1 2
2 U(W ~ KV,
t

2 2 2
+ L (b IVYeellizia) + dllyeelliz o) + ¢ lyeellizry dT

2 2 b 2
o+ 19+ 2 vl |

t 5
:kJ {J zyt(yu)z dX-i—J (Czut + buit)yee dr} dt
r

5
zkmyHUttH 29
(o, TL (Q))

2

3C2 ‘o 2
Ty Il +buttHL2 o, TH-1/2(r) T 02 el @) 4T,

where we estimate the first term on the right hand side by means of (2.25) with v = yy. This
yields

Iyllcro, @)y + Yllezo,mez ) + Yz, mr @) < Clullz o, mm12(m)) -
Finally, with (2.23) in (2.9) we get
> t 1 2 t o4t 2
| 18yl dv+ 5 [0 18yl i) + AN )+ S | il e
t
= J {J ((1 — ky)yuAy — k(y)*Ay dX) + dJ uyy dF} dr,
(0] r

0

hence

1 2 t o4t 2
3 [0 1Aullo + Iyl + ¢ | ez dr
< o (04 1My + 12y )
22 ttll12(0,T;12(Q)) Yelltz(o, 114 ()

C? 2 d2
+ = | IR+ TR0 v

13



Resolving the PDE with respect to the strong damping term
bAy, = (1 —ky)ye — c?Ay + dy — 2k(y.)? € C(0, ;L*(Q))
this time even provides C'(0, T; H2(Q)) regularity. O

Remark 2.6. In the following we will work with homogeneous initial conditions y° = 0,
y' = 0,u(0) = 0, and hence linear control and state spaces U, Y. Note that this choice
automatically satisfies the compatibility conditions (2.1).

Non-vanishing (and potentially even large) initial data can be tackled by considering the
extension y** = y° + ty' of the initial data and the PDE

(T =% + YN Gee — ?AY — bAG, + dfe — k(T +y§)2 =

for §j = y—y*©**, with homogeneous initial data and inhomogeneous right hand side f(t, x) =

c?(Ay°(x) + tAy' (x)) + bAY' (x) — dy' (x). Lemma 2.5 easily extends to this PDE with an
additional term C (Hf

the estimate (2.22). Since no smallness on f has to be imposed, this allows for large initial
data up to the L* constraint —M, < y°(x) < M.

’LT(O,T;LZ(Q)) + HfHH1 (0,T;(H! (Q))*)) (Cf (24)) on the I'lght hand side of

3 STATE CONSTRAINED OPTIMAL CONTROL

We turn to the state constrained optimal control problem

min u
yemeu]( yY)

(1 —ky)yet — c*Ay — bAy; + dy; — k(y)* =0in Q,
(Pse) yi¢+cdyy=0o0n (0,T) xT
dvy=uon(0,T) xT, y=yy=0in{0} x Q

( — M, <y(t,x) <My forallt,x € Q, |[ytllieioririn) < My

for my, P, Q satisfying (1.3), and define
G:UxYu — L2(0,T; (H'(Q)")

by the weak form of the PDE with boundary and initial conditions on y in (P.). Here Uand Y
are defined asin (1.4) withy® = y' = 0 and are thus linear spaces. The case of inhomogeneous
initial data can be treated as described in Remark 2.6.

We then have the following existence result.

Theorem 3.1. There exists a minimizer (u*,y*) € U x Ym of (Psc).

14



Proof. By non-emptiness of the feasible set (u,y) (take (u,y) = (0,0)), boundedness of ]
from below, and the coercivity of the functional in u, we obtain the existence of a minimizing
sequence whose control part is bounded in U. The equality and state constraints together with
Lemma 2.5 imply that the y components of the minimizing sequence are uniformly bounded
in Y. Hence, there exists a subsequence, denoted by {(u, Yn ) Inen, that weakly converges
in U x 9s to (u*yy*) € U x Js for s ¢ (1,00). Due to the compact embedding of Y in Z
and the weak continuity of the mapping y — k(y)? from ¢ to V, we have that along some
subsequence (Yn, Jkens

1 —kyn, = 1—ky" inZ
k(yn, )2 = k(yp)?  inV,

and y* satisfies the inequality constraints. Thus, we can pass to the limit in (the weak formula-
tion of) G(un,,Yn,) = 0 to obtain G(u*,y*) = 0 and therefore by Lemma 2.5,y* € Y. [

We mention in passing that the result extends to cost functions J(u,y) that are bounded
from below, weakly lower semi-continuous in U x Y, and U-coercive with respect to .

Due to the fact that we deal with a nonlinear PDE and the control only acts on the boundary,
a regular point condition according to, e.g., [Alibert and Raymond 1998], would require
existence of (uy,yo) € U X Ypm such that (y* +yo) € intYp and

Gy (u",y*)yo + Gu(u,y*)(up —u*) =0,

where G, denotes the Fréchet derivative of G with respect to y. This seems hard or even
impossible to satisfy due to the relative low dimensionality of the control as compared to the
state. Therefore, as in [Clason and Kaltenbacher 2012], we introduce a relaxation according
to [Bonnans and Casas 1989], combined with a localization technique as in [Casas and
Troltzsch 2002]. Specifically, we introduce new independent variables w and z in place of the
nonlinearities k(y)? and (1 — ky), respectively, and penalize the deviation from the original
minimizers. Taking the limit with respect to the penalty parameter in the corresponding
optimality conditions yields the optimality system for the original problem. We thus consider

ueu,werﬁl;lvl,?z,y)ezy IE(u’W) Z’y)
s.t. zyy — Ay — bAy + dyy +w =0in Q,
ovy=uon (0,T) x T,
(Tsc,s) ~
Y¢+coyy=0o0n (0,T) xTI, y=0,y,=0in{0} x Q,
T+kM, >z>1-kMy >0 forallt,x € Q,

[Yelle(o,mier o)) < my

where

ZY ={(z,y) € Zm XY : zyyn € V},

15



and J. : U x W x ZY — R s given by

1 2 1
Je(w,w, 2,y) = J(wy) + 5- |w + k(yo)?||5 + 5 llz+ky - 13

1 w112 1 %122 1 * 2
+ﬁ]|u—u Hﬁ+ﬁHW+k(yt) Her%Herky =11z

with
p

o
= Zmax(1, CH(, y)

and C as in Lemma 2.5, where

« W=H'0,T;L%(Q)) with

T 2 T
w3, = L JQ((wt)z +w2) dx dt = 21 L JQ(Aiw)de dt,
e 2=H'(0,T;H2(Q)) N H2(0, T; L2(Q)) with
T 3 (T
2 _ 2 2 2 _. A2
zII% L JQ((Ztt) +(Az)* 4+ z ) dx dt Z]L JQ(BIZ) dx dt,
o U =H2(0;T;12(T")) with
! 2 2 2 > T 2
ullg = L Jr<(utt) + (w)* +u ) dx dt = ;L JQ(Giu) dx dt,

so that boundedness of w, z, u in the spaces W, 2,1 respectively, will imply their boundedness
in the spaces as needed according to Lemma 2.1.
Existence of a global minimizer to (P, .) follows analogously to the proof of Theorem 3.1.

Lemma 3.2. There exists a minimizer (uf, wk, (z5,y%)) € U x W x ZY of (Psc.e)-

16



We now derive optimality conditions for (Ps. ), which will yield optimality conditions
for (Ps.) by taking the limit ¢ — 0. To this end, we define

Gp: U xWx2Y >V

by the weak form (2.3) of the PDE with boundary and initial conditions on y in (Ps. ). (The
mapping properties of Gy; can be verified by inspection of (2.3).)

Lemma 3.3. Let (u, w zs,y ¥) € U x W x ZY be a local minimizer of (P ). Then there
exist p*, fry € M(0, T J\/[( )) satisfying

(3.1) (@) =0, (1, @) >0 forall g € Co(Q) with ¢ >0

’

Af > 0and pt € V* such that

N
b
J {J (z’;vttp’; + c2VVVp? 4+ bVv Vp! + dvtpj) dx + L(cvt + Evtt)pj dF} dt
o Ya

:_” ((v: —yarw+ + Z (W KT 02 (Ad(2Kky7 )

0

3
FLY (Biler +ayl — 1)(Bik)) dxdt

i=1

— A% QJ Hya t )HS;(;;) L) |Uj£,t|P71Sign(yI,t)vt dx dt

forallv €Y,

JT{J <%i ilzr +kyr —1))(Byw) +

3
Z (2 +ky" = 1) (Bew)) dx

i=1 g
+Vysttp> < )V>M,C+<rluv>3vtc
forallv € Z,
] 2 ] 2 * *\2
{ (G DA Iy DA+ 5 D (AW () (A
SR 61:1
+p:v) dx dt = 0
forallveW,
-
JOJ (ocu v+ - Z (W —u*))(Cv) — (c*v + by )p* )dth-O
forallv e U,
<u, kMY—1> =0, (W2l +kMy—1), =0,
¢ ([[ys tHLQ 0,T;LP(Q)) _myQ) =0.
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Proof. For the existence of Lagrange multipliers, we appeal to the regular point condition from
[Alibert and Raymond 1998]: For any x = (uf, w?, (z%,y?)), there exist (1o, wo, (z0,Yo)) €
U x W x ZY such that

Goil,y (X)Yo + Gpil,z (X)zo + Gpil,w (X) (Wo — WE) + Gpi,u (X) (o —u;) =0

holds, and (z% +z0, Y% +yo) satisfies the inequality constraints in (P . ) with strict inequality.
Although the mapping Gy is not linear but bilinear, this can be satisfied by setting

*

zo =1 —Z¢y Yo = —Uz» Up = O) Wo = _(1 _Z:)y:tt‘
Indeed, obviously
Wo = 2oYo,tt = ZiYi — Ui € V4 L0, TTH'(Q)) € L2(0, T;LA(Q)).

Moreover, differentiating the PDE once with respect to time and using y: € Y and z} € Z,
we see that

Wot = (Zoyo,tt)t

=ZeYerr — o (—Zity’éttJrCszit+bAy’§tt—dy’£tt—W:t)

1 * * (] - Z*) 2 * *
= Zey Yett - " s (C Ayc, +b Ay ¢
Z, —~— —~— Ze —— —
€C(0,T;L2(Q)) €C(0,T;L2(Q)) €C(0,T;(H'(Q))*) €L2(0,T;(H(Q))*)
—d Yett - Wey )

Together, we have (uy, Wy, (z0,Yo)) € U x W x ZY.
Furthermore, surjectivity of Gy, (-,yy) (uf, Wi, (25, y%)) : ZY — V, i.e,, existence of a solu-
tion (z,y) € ZY to the weak form of

2Y% ¢ + 25y — ¢? Ay — bAy, + dy, = fin Q,
(3.2) 0vy =0on (0,T) xT,
Yt +coyy =0o0n (0,T) x IA“, y=0,y,=0in{0} x Q

for any f € V can be deduced from Lemma 2.1 (we simply set z = 0 in (3.2)).
Existence of Lagrange multipliers

pe € V' =10, T;L2(Q)) + H (0, T; H'(Q))

and p_, it, € C(0,T; C(Q))* now follows from [Alibert and Raymond 1998, Theorem 2.1].

18



Finally, the explicit form of the optimality conditions can be obtained by formal differenti-
ation of the Lagrangian

-
L(u>W>Z)y>p>E)ﬁ>)\) EJ {J y_yd)z
Q

2 3
FLY (Adlw kYD) + 1Y (Bele+ by — 1))
i=1 i=1
2 3
P (Al kYD) 4 3 3 (Bilz k- 1)) dx

i=1 i=1
+ ;r(ocuz 4 % ii(ei(u—u*))Z) ar} at
rT

— {J (zyttp + c?VyVp + bVy Vp + dyp + wp) dx
JO (0]

[ b
— iA(cyt + Eytt)p dar + J (c*u+bu)p dF} dt
) r

+ <L_1,Z_ k'My - ]>M‘C
+ )\(||ytHI(_2Q(O,T;LP(Q)) -my)

— (i, z+ kM, — ]>M,C

Note that the variational inequalities

(Wozirky—=1) 20, (Ezi4+ky—1)yc >0

)

for ally € Ym, which can be concluded from [Alibert and Raymond 1998, Theorem 2.1],
imply non-negativity (3.1), as well as the complementarity conditions for {t, and [T l

Similarly to [Bonnans and Casas 1989, Lemma 3] we obtain

Lemma 3.4. Let (u*,y*) be a local minimizer of (P ), and let {(us, Wi, z5,yt)}e~o be a family
of global minimizers of (P ). Then we have convergence

u; —uin U, w? — k(yh)? in W, z; - 1—ky"in 2,
ye =y inY, yr—yinZ
ase — 0.

Proof. By minimality of (u},w?,z y*) and admissibility of (u*, —k(y¥)2, 1 — ky*,y*) for
(Psc,e) (note that in particular (1 —ky*,y*) € ZY since (1 — ky* )y}, = c?Ay* + bAy; —
dy? +k(y:)? € V) we have

(3.3) Je(wh,wizhyt) < Ju, —k(yd)A 1 —ky*y*) = J(u*,y*)

hence, {(u}, w?, z¥)}.~o isbounded i in U x \7\7 X 2 and by Gpa(ul, wi, zt,y:) =0and Lemma
2., {(ul, wi, z5 y?)}e~o bounded in UxWxZxY. By compactness of the embeddings 2 <
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C(0,T;C(Q)),Y < Z,we can therefore extract from any subsequence of {(w}, Wk, z*, y*)}e~o
a subsequence (for simplicity denoted by {(u%, W%, z¥, y¥)}.~o again) such that

*

ui
zt =+ 2inC(0,T;C(Q)), y*—{inZ

€

N A\ AY .
(3.4) —~{inl, w—=WwinW, zI—=2inZ, y:—{inY,
3.4

as ¢ — 0, for some ({1, W,2,1)) € Ul x W x 2 x Y satisfying the inequality constraints.
Moreover, taking the weak limit in the PDE, we see that Gy ({i, W, Z,{j) = 0 (here we use
zf — 2in C(0, T; C(Q))). The uniform boundedness (3.3) and the penalty terms with factor

Lin J, imply

[wi +k(yz )2l = 0, llze +ky: =1z = 0
hence by (3.4) and weak lower semicontinuity of the norm we obtain
(3.5) W+k({)* =0, Z2+k§j—1=0,

which together with Gy ({l, W, Z, {j) = 0 implies that G(1i,§j) = 0. Thus (11, {j) is admissible
for (Ps.) and we can use minimality of (u*,y*) for this problem, relation (3.3), and weak
lower semicontinuity of ] and the norms to conclude
(3.6)

J([@,9) = Ju'y') > lims;lpl e(ug, Wi, 25, yg)

E—r
> timsup (Jlut,y2) + 3 et —wd + 3w + ke 02 + 5 22 + kot = 112)
e—0

> liminf](u:,yz)
+hmmf( s — w3 + Hw +k(y HW ||z*+ky*—1H%)

> J(10,4) + Hu u”u _HW‘H(% HZ‘HOJ _wz

s

which implies i = u*, W = —k(y?)%, 2 = 1 — ky*, and by (3.5) therefore k({:)* = k(y;)?,
k—1 = ky* —1 and hence {j = y*. Strong convergence of the u, w, and z components along
a subsequence immediately follows from (3.6). Using a subsequence-subsequence argument,
we arrive at the assertion. ]

Taking the limit as ¢ — 0 in Lemma 3.3, we arrive at the following necessary optimality
conditions for solutions to (Ps.).

Theorem 3.5. Let (u*,y*) € U x Yn be a local minimizer of (Ps.) with P € [1,2], Q € [1, o0]
such that (1.3), (2.15) hold (e.g., P = 2, Q = 4). Then there exist w*,t* € M(0, T; M(Q))

satisfying

(5 @)5c 20, (B, @)y >0 forallg € Co(Q) with @ >0,
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A >0, p* € PONeta gsin (1.4), with0 < 0 < \/ig —1,0<0< \/Lg such that

T
J {J <((1 — Ky W) up* + c2VVVp* 4+ bV, Vp* + dvtp*> dx
o Ya

b
+ L(cvt + EVtt)p* dr} dt

-
— —yJ J (Y* —yq)vdxdt— <LL* —ﬁ*,kv>M c
Q )
T

Q[ IS h, | il signtyive axa
0 Q

forallv ey,

-
J J' (yocu*v —(c*v+ bvt)p*> drdt=0
oJr

forallv € U,

<E*vy* +MY>M,C =0, <ﬁ*>y* - M>M c=0

)

}\*(HUIHI?Q(O,T;LP(Q]) —mg) =0
wherey € {0, 1}, v + [|[p*[|p +A* > 0.

Proof. Eliminating the % terms in Lemma 3.3 (using the fact that for any v € Y we have
2ky; vi € Wand kv € 2), yields

.
b
J {J (z’gvttp’g + CZVvaﬁ +bVw Vpi + dvtp’;) dx + L(cvt + Evtt)pﬁ dF} dt
o Yo

T ] 2
=— L JQ ((U’E —Ya)v— 3 Z(Ai(w: + k(Y (Ai(2ky: ve)) — pi2kyl e
i=1

|
on| —
.Mw

(Bilz: + ky" — 1)) (Bikv) — kvy?,pt ) dxdt — (! — i, k)

M,C
1

,_.
I

]
“AQ j ||y:,t(t)u8p(5)j [y P Tsign(y? v, dx dt
0 Q

forallv e Y,

T * ] : * * 2 *
L Jr(ocuev + < ;(Gi(us — W) (@) — (v + bvt)ps) drdt =0

forallv e U,

<LL:,Z: KMy — 1>M’C =0, (H,zi+kMy—1), =0,
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* * 1Q
}\5 ( Hys,t LR(0,T;LP(Q))

—mQ) =

my) =0.

The derivation of the optimality conditions now goes analogously to the proof of Theorem 2
in [Bonnans and Casas 1989]. Indeed, for p (or 2= with v = [[p¥|ly [k + T a0, Tov()) +

A%) weakly converging to p* in 'V, we get forv € Y:

T T
J J Zivpr dx dt — J J (1 —ky")vup” dx dt
0Ja 0Ja

by strong convergence of z% to 1—ky* in C(0, T; C(Q))NC(0, T; H'+%(Q)), vy € L2(0, T; H'(Q)),
(hence ztviy — (1 — ky*)vy in L2(0, T; H'(Q))), and weak convergence of p* to p* in
L2(0,T; (H'(Q))*);

.

T
J J pe2ky; (Ve dxdt — J
0o Ja 0

by strong convergence of y? , to y; in L*(0, T; C(Q)) N L*(0, T; W'3(Q)) (using bounded-
ness of y? , in H' (0, T; H'(Q)) N L*(0, T;H2(Q)) € H'°(0, ;H'°(Q) for 2 < 8 < 1

and compact embedding), v¢ € C(0, T; H'(Q)) N C(0, T;L°(Q)) (hence y; (v¢ — yiv in
L2(0, T; H'(Q))), and weak convergence of p* to p* in L%(0, T; (H" (Q))*);

J P 2kyive dx dt
o

N
J J (Bi(zf +ky* —1))(Bikv) dxdt — 0
0Ja
by strong convergence of B (z*+ky*—1) tozeroin L?(0, T; L*(Q)) and Bikv € L?(0, T; L2(Q));
and

.
|| astwz ki a2z o) e 0
0Ja
by strong convergence of A; (w? + k(y})?) to zero in L?(0, T; L*(Q)) and uniform bounded-
ness of A;(2ky; (v¢) in L2(0, T; L%(Q)). For the rest of the terms convergence is straightfor-
ward.

Observing that the right hand side term

.
Vi L i (%o JQ ly; 1"~ Tsign(y;)ve dx dt € (WDR(0, T; L7 (Q)))7,

we have by Corollary 2.4 that p* € P*"¢t¢ defined as in (1.4). [

4 CONCLUSION

Pointwise state constraints appear to be a powerful tool not only for incorporating physically
or otherwise imposed a priori bounds on the state, but also for avoiding singularities in
nonlinear PDEs without having to assume smallness in some higher order norm.

Further research in this direction will be concerned with different equations of nonlinear
acoustics and their coupling to other physical fields. In particular, the state constraint ap-
proach seems promising for problems lacking H?(Q) smoothness due to interface coupling
of nonconvex domains.
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