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¿eWestervelt equation, which describes nonlinear acoustic wave propaga-
tion in high intensity ultrasound applications, exhibits potential degeneracy for
large acoustic pressure values. While well-posedness results on this PDE have
so far been based on smallness of the solution in a higher order spatial norm,
non-degeneracy can be enforced explicitly by a pointwise state constraint in
a minimization problem, thus allowing for pressures with large gradients and
higher-order derivatives, as is required in the mentioned applications. Using
regularity results on the linearized state equation, well-posedness and necessary
optimality conditions for the PDE constrained optimization problem can be
shown via a relaxation approach by Alibert and Raymond [Alibert and Raymond
1998].

1 introduction
¿e propagation of high intensity focused ultrasound (hifu) is o en modeled by a nonlinear
acoustic wave equation of the form

(1.1)


(1− ky)ytt − c

2∆y− b∆yt + dyt − k(yt)
2 = 0 inQ = (0, T)×Ω,

∂νy = u on (0, T)× Γ
yt + c∂νy = 0 on (0, T)× Γ̂
y = y0, yt = y

1 in {0}×Ω
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forΩ ⊆ Rn, n ∈ {1, 2, 3} (typically n = 3). Here, y is the acoustic pressure �uctuation, c > 0
is the speed of sound, b > 0, d > 0 are coe�cients for strong and weak damping, respectively
(related to the di�usivity of sound), k = 2βa/(rc

2), r > 0 is the mass density, and βa > 1
is the parameter of nonlinearity. ¿e control u acting on part of the boundary Γ models
excitation of the normal derivative of the acoustic pressure by the normal acceleration of
the piezoelectric transducers, which are typically arranged in a two dimensional array. ¿e
absorbing boundary conditions on the rest Γ̂ := ∂Ω \ Γ of the boundary are used to avoid
re�ections on the arti�cial boundary of the computational domain. For details we refer, e.g.,
to the original article [Westervelt 1963], as well as to [Clason, Kaltenbacher, and Veljovic 2009;
Kaltenbacher and Lasiecka 2009] and the references therein.
¿e Westervelt equation (1.1) is not only nonlinear but in particular exhibits potential

degeneracy due to the coe�cient (1−2ku) ofutt.¿erefore anywell-posedness proof requires
some estimate on ‖u‖L∞((0,T)×Ω so that 1 − 2ku can be guaranteed to stay bounded away
from zero. So far this has been achieved by deriving C(0, T ;H2(Ω)) bounds on u (by means
of energy estimates) and using Sobolev’s embedding H2(Ω)→ L∞(Ω). ¿e drawback of this
approach is that it requires u to be small in C(0, T ;H2(Ω)) (enforcing strong smoothness of
the pressure distribution), whereas it should be su�cient to only have pointwise boundedness
by a typically relatively large constantm < 1

2k
. ¿is is especially relevant in hifu applications.

Hence a major issue we wish to address is to improve the existing theory of C(0, T ;H2(Ω))-
small solutions and establish existence of large solutions (up to ‖y‖L∞((0,T)×Ω) <

1
2k
). ¿e

idea used here to achieve these goals is to explicitly impose the L∞ bound as a state constraint
in a minimization problem, in which the state is driven to possibly large sound pressure
levels by boundary control (i.e., excitation) of a tracking type cost functional. Of course,
minimization is not only a means for obtaining existence of large solutions, but of practical
relevance on its own.
¿is paper is organized as follows. A er introducing the precise problem formulation

and some necessary notation in the remainder of this section, we discuss well-posedness of
the state equation in Section 2. Section 3 is concerned with the existence of and �rst order
optimality conditions for solutions of the state constrained control problem.

We consider the optimal control problemmin
y,u

1

2

∫T
0

‖y(t) − yd(t)‖2L2(Ω) dt+
α

2

∫T
0

‖u(t)‖2L2(Γ) dt =: J(u, y)

s. t. (1.1).

To avoid the degeneracy at ky > 1 and control large negative pressure values, we use pointwise
state constraints:

−My 6 y(x) 6My

for

(1.2) 0 < My and 0 < My <
1

k
.
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We will assume from here on that the bounds (1.2) are satis�ed. Moreover, large values of the
quadratic term are prevented via the gradient constraint

‖yt‖LQ(0,T ;LP(Ω)) 6 my,

wheremy > 0, P,Q ∈ [1,∞] are supposed to satisfy

(1.3) my <
min{b, d}(1− kMy)Q

20CH1,L6(Q− 1)1−1/Q
and 1

3
=
1

2P
+
1

3Q
,

(e.g., P = 2,Q = 4), and CH1,L6 is the norm of the embedding H1(Ω)→ L6(Ω).
In the following, for given initial data y0, y1, we denote the control space by

U = {u ∈ H2(0, T ;H−1/2(Γ)) : u(0) = ∂νy
0}

and the unconstrained state space by

Y = {y ∈ Ỹ : y(0) = y0, yt(0) = y
1}

where

Ỹ = C(0, T ;H2(Ω)) ∩ C1(0, T ;H1(Ω)) ∩H1(0, T ;H2(Ω))

∩ C2(0, T ;L2(Ω)) ∩H2(0, T ;H1(Ω))

↪→ C(0, T ;C(Ω)).

¿e constrained state space is

YM =
{
y ∈ Y : −My 6 y(t, x) 6My, ‖yt‖LQ(0,T ;LP(Ω)) 6 my

}
For future reference, we also introduce here the spaces
(1.4)

V = W = L2(0, T ;L2(Ω)) ∩H1(0, T ; (H1(Ω))∗),

Z = C(0, T ;C(Ω)) ∩ C1(0, T ;L2(Ω)),

ZM =
{
z ∈ Z : 1+ kMy > z > 1− kMy

}
,

Y̌r = C(0, T ;H2(Ω)) ∩W1,r(0, T ;H2(Ω)) ∩ C2(0, T ;L2(Ω)) ∩H2(0, T ;H1(Ω)),

Ŷs = Ls(0, T ;H2(Ω)) ∩W1,s(0, T ;H1(Ω)),

Wr,p = Lr(0, T ;L2(Ω)) ∩W1,p(0, T ;H−2p−1p (Ω)),

P̌r,p = (Wr,p)−∗,

Pσ,θ = (Cσ(0, T ;L2(Ω)) ∩Hσ(0, T ;Hθ(Ω))) + (L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H 1
3 (Ω))),

where V−∗ denotes the predual of the normed vector space V , i.e., (V−∗)∗ = V .
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2 state equation
Similarly to Proposition 4 in [Clason, Kaltenbacher, and Veljovic 2009] or¿eorem 2.1 in
[Kaltenbacher and Lasiecka 2009], under the compatibility and smoothness conditions

(2.1)


(y0, y1) ∈ H2(Ω)×H2(Ω),

c2∆y0 + b∆y1 − dy1 + k(y1)2 ∈ L2(Ω),

∂νy
0|∂Ω = u(0)

(the last condition being already incorporated in the de�nition of the space U) one can show
a well-posedness results for the following linear problem related to (1.1) for given z,w, u:

(2.2)


zytt − c

2∆y− b∆yt + dyt +w = 0 inQ,
∂νy = u on (0, T)× Γ,

yt + c∂νy = 0 on (0, T)× Γ̂ ,
y = y0, yt = y

1 in {0}×Ω,

whose weak formulation is
(2.3)

∫T
0

{∫
Ω

(
zyttv+ c

2∇y∇v+ b∇yt∇v+ dytv+wv
)
dx+

∫
Γ̂

(cyt +
b

c
ytt)v dΓ

}
dt

=

∫T
0

∫
Γ

(c2u+ but)v dΓ dt,

y(0) = y0, yt(0) = y
1,

for all v ∈ L2(0, T ;H1(Ω)).

Lemma 2.1. For any

• r ∈ [1,∞], p ∈ [1, 2],

• z ∈ ZM,

• w ∈Wr,p,

• u ∈ U, and

• y0, y1 satisfying (2.1),

there exists a unique solution y ∈ Y̌r to (2.2).
Furthermore, there exists a C > 0 depending only on ‖z‖C1(0,T ;L2(Ω)),My,My, such that

for all suchw, u, and y0, y1 satisfying in addition c2∆y0 + b(∆y1 − y1) −w(0) ∈ L2(Ω),

(2.4) ‖y‖Y̌r 6 C
(
‖w‖Lr(0,T ;L2(Ω)) + ‖w‖H1(0,T ;(H1(Ω))∗)

+
∥∥y0∥∥

H2(Ω)
+
∥∥y1∥∥

H2(Ω)
+ ‖u‖H2(0,T ;H−1/2(Γ)

)
.
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Proof. Existence of a solution follows analogously to the proof of Proposition 4 in [Clason,
Kaltenbacher, and Veljovic 2009]. To see the energy estimate (2.4), we set v = yt in (2.3) and
use the fact that

zyttyt =
1

2

d

dt
[z(yt)

2] −
1

2
zt(yt)

2

to arrive at

(2.5) 1

2

[∥∥√zyt∥∥2L2(Ω)
+ c2 ‖∇y‖2L2(Ω) +

b

c
‖yt‖2L2(Γ̂)

]t
0

+

∫ t
0

(
b ‖∇yt‖2L2(Ω) + d ‖yt‖

2
L2(Ω) + c ‖yt‖

2
L2(Γ̂)

)
dτ

=

∫ t
0

{∫
Ω

(1
2
zt(yt)

2 −wyt

)
dx+

∫
Γ

(c2u+ but)yt dΓ
}
dτ,

where we can estimate∫
Ω

zt(yt)
2 dx 6 2ε ‖yt‖2H1(Ω) + Cε ‖yt‖

2
L2(Ω) ‖zt‖

4
L2(Ω)

with Cε = 27
32

C6
H1,L6

ε3
, ε = b

12
, b = min{b, d}, and CH1,L6 again the embedding norm (see the

proof of ¿eorem 2.1 in [Kaltenbacher and Lasiecka 2009]), as well as∫ t
0

∫
Ω

wyt dxdt 6 ‖w‖Lp(0,T ;H−2(p−1)/p(Ω))‖yt‖Lp/(p−1)(0,T ;H2(p−1)/p(Ω))

6 ‖w‖Lp(0,T ;H−2(p−1)/p(Ω))‖yt‖
(2−p)/p

C(0,T ;L2(Ω))
‖yt‖2(p−1)/pL2(0,T ;H1(Ω))

6 C̃‖w‖2Lp(0,T ;H−2(p−1)/p(Ω)) +
1− kMy

8
‖yt‖2C(0,T ;L2(Ω))

+
b

6
‖yt‖2L2(0,T ;H1(Ω))

for an appropriate constant C̃ > 0, and∫ t
0

∫
Γ

(c2u+ but)yt dΓ dτ 6
3C2tr
2b
‖c2u+ but‖2L2(0,T ;H−1/2(Γ)) +

b

6
‖yt‖2L2(0,T ;H1(Ω)),

where Ctr is the norm of the trace operator H1(Ω)→ H1/2(Γ). ¿is yields

(2.6) 1− kMy

8
‖yt‖2C(0,T ;L2(Ω)) +

c2

8
‖∇y‖2C(0,T ;L2(Ω)) +

b

4
‖yt‖2L2(0,T ;H1(Ω))

6
1

2

[∥∥∥√z(0)y1∥∥∥2
L2(Ω)

+ c2
∥∥∇y0∥∥2

L2(Ω)
+
b

c

∥∥y1∥∥2
L2(Γ̂)

]
+ C̃‖w‖2Lp(0,T ;H−2(p−1)/p(Ω)) +

3C2tr
2b
‖c2u+ but‖2L2(0,T ;H−1/2(Γ))

5



+ C b
12
‖zt‖4C(0,T ;L2(Ω))

∫ t
0

‖yt(t)‖2L2(Ω)

Moreover, we di�erentiate the PDE with respect to time and multiply with ytt to obtain

(2.7) 1

2

[∥∥√zytt∥∥2L2(Ω)
+ c2 ‖∇yt‖2L2(Ω) +

b

c
‖ytt‖2L2(Γ̂)

]t
0

+

∫ t
0

(
b ‖∇ytt‖2L2(Ω) + d ‖ytt‖

2
L2(Ω) + c ‖ytt‖

2
L2(Γ)

)
dτ

=

∫ t
0

{∫
Ω

(
−
1

2
zt(ytt)

2 −wtytt

)
dx+

∫
Γ

(c2ut + butt)ytt dΓ
}
dτ,

and proceed analogously to above to obtain

(2.8) 1− kMy

8
‖ytt‖2C(0,T ;L2(Ω)) +

c2

8
‖∇yt‖2C(0,T ;L2(Ω)) +

b

4
‖ytt‖2L2(0,T ;H1(Ω))

6
1

2

[∥∥∥√z(0)ytt(0)∥∥∥2
L2(Ω)

+ c2
∥∥∇y1∥∥2

L2(Ω)
+
b

c
‖ytt(0)‖2L2(Γ̂)

]
+ C̃‖wt‖2Lp(0,T ;H−2(p−1)/p(Ω)) +

3C2tr
2b
‖c2ut + butt‖2L2(0,T ;H−1/2(Γ)

+ C b
12
‖zt‖4C(0,T ;L2(Ω))

∫ t
0

‖ytt(t)‖2L2(Ω) ,

whichby z > 1−kMy > 0 andGronwall’s inequality gives theC1(0, T ;H1(Ω))∩C2(0, T ;L2(Ω))∩
H2(0, T ;H1(Ω)) part of the estimate.
To get regularity in space, we multiply the PDE with −∆y and obtain

(2.9) c2
∫ t
0

‖∆y‖L2(Ω) dτ+
1

2

[
b ‖∆y‖L2(Ω) + d ‖∇y‖

2
L2(Ω)

]t
0
+
d

c

∫ t
0

‖yt‖2L2(Γ̂) dτ

=

∫ t
0

{∫
Ω

(
zytt∆y+w∆ydx

)
+ d

∫
Γ

uyt dΓ
}
dτ,

hence

c2

8
‖∆y‖2L2(0,T ;L2(Ω)) +

b

8

[
‖∆y‖2C(0,T ;L2(Ω)) + ‖∇y‖

2
C(0,T ;L2(Ω))

]
6
[∥∥∆y0∥∥

L2(Ω)
+
∥∥∇y0∥∥2

L2(Ω)

]
+

1

2c2
(1+ kmax{My,My})‖ytt‖2L2(0,T ;L2(Ω))

+
1

b
‖w‖2M(0,T ;L2(Ω)) +

C2tr
2

∫ t
0

‖yt(τ)‖2H1(Ω) +
d2

2
‖u‖2L2(0,T ;H−1/2(Γ)).

Finally, resolving the PDE with respect to the strong damping term b∆yt = zytt− c2∆y+
dyt +w ∈ Lr(0, T ;L2(Ω)), we arrive atW1,r(0, T ;H2(Ω)) regularity.
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In the following we will derive some regularity results for the solution of the adjoint PDE,
which will be part of the optimality system and whose right hand side is composed of a
measure-valued part and a part in the dual ofW1,Q(0, T ;LP(Ω)).
By duality we �rst of all conclude a regularity result for the adjoint PDE with the right hand

side being measure-valued or a derivative (via the di�erential operatorD) of a measure.

Corollary 2.2. Fix r ∈ [1,∞], p ∈ [1, 2], and let D be an arbitrary bounded linear operator
D : Y̌r → C(0, T ;C(Ω)) (e.g., (−∆t,x)α with α ∈ (0, 1

4
)). For any

• z ∈ ZM,

• µ ∈M(0, T ;M(Ω)),

any solution p to

(2.10)


∫T
0

{∫
Ω

(
(zv)ttp+ c

2∇v∇p+ b∇vt∇p+ dvtp
)
dx

+

∫
Γ̂

(cvt +
b

c
vtt)pdΓ

}
dt = 〈µ,Dv〉M,C = 〈D∗µ, v〉Y̌r∗,Y̌r

for all v ∈ Y̌r is contained in the space P̌r,p de�ned as the predual ofWr,p, cf. (1.4).
Furthermore, there exists a C > 0 depending only on ‖z‖C1(0,T ;L2(Ω)),My,My, such that

for all such µ,

‖p‖P̌r,p 6 C‖µ‖M(0,T ;M(Ω)).

If some subspaceH ofWr,p is dense inD∗M(0, T ;M(Ω)) with respect to the topology of Y̌r∗,
then for all µ ∈M(0, T ;M(Ω)) a solution p ∈ P̌r,p exists.

Proof. To obtain an estimate of p in P̌r,p, we insert the solution v∗ of

(2.11)



∫T
0

{∫
Ω

(
(zv∗)ttϕ+ c2∇v∇ϕ+ b∇v∗t∇ϕ+ dv∗tϕ

)
dx

+

∫
Γ̂

(cv∗t +
b

c
v∗tt)ϕdΓ

}
dt = 〈J2(p), ϕ〉P̌r,p∗,P̌r,p ,

v∗(0) = 0, v∗t(0) = 0,

for all ϕ ∈ L2(0, T ;H1(Ω)) as a test function into (2.10), where J2 : P̌r,p → P̌r,p∗ = Wr,p is
the duality mapping with gauge function t→ 1

2
t2, i.e., such that

(2.12) ‖J2(p)‖2P̌r,p∗ = ‖p‖
2
P̌r,p

= 〈J2(p), p〉P̌r,p∗,P̌r,p

Indeed, analogously to Lemma 2.1, v∗ ∈ Y̌r and

(2.13) ‖v∗‖Y̌r 6 C‖J2(p)‖P̌r,p∗ = C‖p‖P̌r,p .
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¿erefore, by (2.10), (2.11), (2.12) and (2.13) we get

(2.14) ‖p‖2
P̌r,p

= 〈J2(p), p〉P̌r,p∗,P̌r,p = 〈µ,Dv
∗〉M,C

6 ‖D‖Y̌r→C(0,T ;C(Ω))‖µ‖M(0,T ;M(Ω))‖v∗‖Y̌r
6 C‖D‖Y̌r→C(0,T ;C(Ω))‖µ‖M(0,T ;M(Ω))‖p‖P̌r,p .

Existence of p can be obtained by considering an approximating sequence

(D∗µk)k∈N ⊆ H ⊆Wr,p

converging toD∗µ in Y̌r∗. Similarly to Lemma 2.1 one sees that for all k ∈ N a solution pk of
(2.10) with µ := µk exists, and by (2.14) the sequence (pk)k∈N is bounded in P̌r,p, which is
re�exive for p, r ∈ (1,∞). ¿us, taking limits along a weakly convergent subsequence one
arrives at a solution to (2.10).

Similarly to Corollary 2.2 we get

Corollary 2.3. Fix P,Q, r ∈ [1,∞], p ∈ [1, 2], and let D be an arbitrary bounded linear
operatorD : Y̌r →W1,Q(0, T ;LP(Ω)). For any

• z ∈ ZM,

• µ ∈W−1, Q
Q−1 (0, T ;L P

P−1 (Ω)),

any solution p to
∫T
0

{∫
Ω

(
(zv)ttp+ c

2∇v∇p+ b∇vt∇p+ dvtp
)
dx+

∫
Γ̂

(cvt +
b

c
vtt)pdΓ

}
dt

= 〈µ,Dv〉
W

−1,
Q
Q−1 (0,T ;L

P
P−1 (Ω)),W1,Q(0,T ;LP(Ω))

= 〈D∗µ, v〉Y̌r∗,Y̌r

for all v ∈ Y̌ is contained in the space P̌r,p.
Furthermore, there exists a C > 0 depending only on ‖z‖C1(0,T ;L2(Ω)),My,My, such that

for all such µ,

‖p‖P̌r,p 6 C‖µ‖
W

−1,
Q
Q−1 (0,T ;L

P
P−1 (Ω))

.

If some subspaceH ofWr,p is dense inD∗W−1, Q
Q−1 (0, T ;L P

P−1 (Ω))with respect to the topology
of Y̌r,∗, then for all µ ∈W−1, Q

Q−1 (0, T ;L P
P−1 (Ω)) a solution p ∈ P̌r,p exists.

By interpolation we obtain the following intermediate result between Lemma 2.1 and
Corollary 2.2 which will be useful for establishing regularity of the adjoint state later on.

Corollary 2.4. Fix 0 < σ < 3√
8
− 1, 0 < θ < 1√

8
, and P ∈ [1, 2],Q ∈ [1,∞] satisfying

(2.15) n

2
−
n

P
−
2

Q
6 0.

For any
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• z ∈ ZM,

• µ ∈M(0, T ;M(Ω)) +W−1, Q
Q−1 (0, T ;L P

P−1 (Ω)),

a solution p to
∫T
0

{∫
Ω

(
(zv)ttp+ c

2∇v∇p+ b∇vt∇p+ dvtp
)
dx+

∫
Γ̂

(cvt +
b

c
vtt)pdΓ

}
dt

= 〈µ, v〉M,C

for all v ∈ Y̌ exists and is contained in Pσ,θ as in (1.4).
Furthermore, there exists a C > 0 depending only on ‖z‖C1(0,T ;L2(Ω)),My,My, such that

for all such µ,

‖p‖Pσ,heta 6 C‖µ‖
M(0,T ;M(Ω))+W

−1,
Q
Q−1 (0,T ;L

P
P−1 (Ω))

.

Proof. ¿e proof is based on the exact interpolation theorem [Adams and Fournier 2003,
¿eorem 7.23], which states that boundedness of

S : X0 → Y0 and S : X1 → Y1

implies boundedness of

S : (X0, X1)θ,q → (Y0, Y1)θ,q,

where θ ∈ (0, 1), q ∈ (1,∞) (these restrictions can be relaxed to include q ∈ {1,∞} under
certain conditions, but this will not be needed here). Here X0, X1 are continuously embedded
in a common Hausdor� topological space, likewise for Y0, Y1, and the interpolation spaces
are de�ned either by the J- or by the K- method of real interpolation (see, e.g., [Adams and
Fournier 2003, Chapter 7]).
Consider now the solution operator S that maps the right hand side f to a (weak) solution

p of the adjoint equation
zptt − c

2∆p+ b∆pt − dpt = f inQ,
∂νp = 0 on (0, T)× Γ

−pt + c∂νp = 0 on (0, T)× Γ̂
p = 0, pt = 0 in {T }×Ω

(Here we take an arbitrary but �xed selection from the solution set.)
Consider �rst of all the part of µ that lies inM(0, T ;M(Ω)). Corollary 2.2 withD = DαtD

β
x ,

r =∞, and L1(0, T ;L1(Ω)) ⊆M(0, T ;M(Ω)) yields boundedness of

(2.16) S :W−α,1(0, T ;W−β,1(Ω))→ P̌∞,p = (W∞,p)−∗
⊆ (W1,p(0, T ;L2(Ω)))−∗ =W−1, p

p−1 (0, T ;L2(Ω)),
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for any p ∈ (1, 2] (so that the spaceW1,p(0, T ;L2(Ω)) on the right hand side is re�exive) and
for any

(2.17) α ∈ [0, 1), β ∈
[
0, 2−

n

2

)
.

Here, we have used Sobolev’s embedding

DY̌r ⊆W1−α,∞(0, T ;H2−β) ⊆ C(0, T ;C(Ω)).

Similarly to the lower and higher order in time energy estimates (2.6), (2.8) in the proof of
Lemma 2.1, we have boundedness of

(2.18) S :W1,p̃(0, T ;H−2 p̃−1p̃ (Ω))→ C2(0, T ;L2(Ω)) ∩H2(0, T ;H1(Ω))

for any p̃ ∈ [1, 2].
For applying interpolation to (2.16) and (2.18),we consider appropriate sub- and superspaces

in order to

• guaranteeM(0, T ;M(Ω)) ⊆ X1,

• avoid the (pre)dual of an intersection in the de�nition of Y0,

• work with Sobolev spaces instead of spaces of continuous functions, and

• match the Lebesgue space indices between spaces to be interpolated (which is required
if they have di�erent smoothness index).

Speci�cally, instead of (2.16) and (2.18) we use boundedness of

(2.19) S :W−α,p̃(0, T ;W−β,p̂(Ω))→W−1, p
p−1 (0, T ;L2(Ω))

and of

(2.20) S :W1,p̃(0, T ;W−2 p̃−1p̃ −n
2+

n
p̂ ,p̂(Ω))→W2,r̃(0, T ;L2(Ω))︸ ︷︷ ︸

a)

∩H2(0, T ;H1(Ω))︸ ︷︷ ︸
b)

for any p, p̃, p̂ ∈ (1, 2], r̃ = p
p−1

∈ [2,∞), q̃ ∈ (1,∞). ¿e exact interpolation theorem
applied to (2.19) and (2.20) then yields boundedness of

(2.21) S : B−α+θ(1+α),p̃,q̃(0, T ;B−β+θ(β+n
p̂−

n
2−2

p̃−1
p̃ ),p̂,q̃(Ω))

→ B−1+3θ,r̃,q̃(0, T ;B0,2,q̃(Ω)) ∩ B−1+3θ,2,q̃(0, T ;Bθ,2,q̃(Ω))

(where we have interpolated separately for a) and b) in (2.20)). Here Bs,p,q̃ denotes the Besov
space of order s over Lp with interpolation index q̃ in the J-method of interpolation; cf.
[Adams and Fournier 2003, Chapter 7]. ¿e choice of θ in (2.21) is dictated by the need for
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embedding M(0, T ;M(Ω)) into the preimage space of S using the continuous and dense
embeddings

Bs,
P
P−1 ,

q̃
q̃−1 (0, T) ↪→ C(0, T) for s

P

P − 1
> 1,

Bt,
Q
Q−1 ,

q̃
q̃−1 (Ω) ↪→ C(Ω) for t

Q

Q− 1
> n

which imply

B−s,P,q̃(0, T) ↪→M(0, T) and B−t,Q,q̃(Ω) ↪→M(Ω)

(cf. [Adams and Fournier 2003, ¿eorem 7.34] for the embedding result), and the restrictions
(2.17) on α,β.
Since we can let p̂

p̂−1
→ ∞, and set p̃ =

√
2, we may choose θ ∈ [1, 1√

8
) close to 1√

8
.

Indeed, �xing ε > 0 arbitrarily small, setting α = 1− ε, β = 2− n
2
− ε, p̂

p̂−1
= 1
ε
, θ = θε =

min
{
1−(
√
2+1)ε√

2(2−ε)
,
2−n

2−(n+2)ε
1√
2
−(n+1)ε

}
, we have

(α− θ(1+ α))
p̃

p̃− 1
= (1− ε− θ(2− ε))

√
2√

2− 1
>

(√
2− 1+ ε√

2

) √
2√

2− 1
> 1

and (
β− θ(β+

n

p̂
−
n

2
− 2

p̃− 1

p̃
)

)
p̂

p̂− 1
=

(
2−

n

2
− ε− θ(

1√
2
− (n+ 1)ε)

)
1

ε

= n+ 1 > n.

Putting this together, we get from (2.21) that for all ε > 0, r̃ ∈ [2,∞), q̃ ∈ (1,∞)

S : M(0, T ;M(Ω))→ B−1+3θε,r̃,q̃(0, T ;B0,2,q̃(Ω)) ∩ B−1+3θε,2,q̃(0, T ;Bθε,2,q̃(Ω))

is bounded.
Similarly as for the part of µ inW−1, Q

Q−1 (0, T ;L P
P−1 (Ω)), Corollary 2.3 withD = DαtD

β
x ,

r =∞, yields
S :W−(1+α), Q

Q−1 (0, T ;W−β, P
P−1 (Ω))→ P̌∞,p ⊆W−1, p

p−1 (0, T ;L2(Ω))

for any p ∈ (1, 2] and for any

α ∈ [0, 1], β = 0,

usingDY̌r ⊆ DC2(0, T ;L2(Ω)) ⊆W1,Q(0, T ;LP(Ω)). Hence with p̂ = P
P−1

,α = 1, p̃ = Q
Q−1

we get, in place of (2.21), boundedness of

S : B−2+3θ, Q
Q−1 ,q̃(0, T ;Bθ(

n(P−1)
P −n

2−
2
Q ),p̂,q̃(Ω))

→ B−1+3θ,r̃,q̃(0, T ;B0,2,q̃(Ω)) ∩ B−1+3θ,2,q̃(0, T ;Bθ,2,q̃(Ω)).

11



¿us we have with θ = 1
3
, for any r̃ ∈ [2,∞], q̃ ∈ (1,∞], that

S : B−1, Q
Q−1 ,q̃(0, T ;B0, P

P−1 ,q̃(Ω))→ B0,r̃,q̃(0, T ;B0,2,q̃(Ω)) ∩ B0,2,q̃(0, T ;B 1
3 ,2,q̃(Ω))

is bounded provided (2.15) holds.

For the nonlinear model we will not show existence of a solution, since this would require
a smallness condition on u, which – as opposed to [Clason, Kaltenbacher, and Veljovic
2009; Kaltenbacher and Lasiecka 2009] – we do not want to impose here. We rather prove a
regularity result provided that a solution exists and satis�es the state constraints.

Lemma 2.5. Fixmy, P,Q satisfying (1.3). ¿en for any weak solution y to (1.1) with −My 6
y 6My, ‖yt‖LQ(0,T ;LP(Ω)) 6 my, u ∈ U, and y0, y1 satisfying (2.1), we have y ∈ Y.
Furthermore, there exists a C > 0 depending only onMy,My,my, such that for all u ∈ U,

y0, y1 with (2.1), any such weak solution y to (1.1) satis�es

(2.22) ‖y‖Y 6 C
(∥∥y0∥∥

H2(Ω)
+
∥∥y1∥∥

H2(Ω)
+ ‖u‖H2(0,T ;H−1/2(Γ)

)
.

Proof. Setting

(2.23) z = (1− ky), w = −k(yt)
2

in (2.5), we get

1

2

[∥∥∥√1− kyyt∥∥∥2
L2(Ω)

+ c2 ‖∇y‖2L2(Ω) +
b

c
‖yt‖2L2(Γ̂)

]t
0

+

∫ t
0

(
b ‖∇yt‖2L2(Ω) + d ‖yt‖

2
L2(Ω) + c ‖yt‖

2
L2(Γ)

)
dτ

= k

∫ t
0

{∫
Ω

1

2
(yt)

3 +

∫
Γ

(c2u+ but)yt dΓ
}
dτ

6
1

2
kmy‖yt‖2

L
2Q
Q−1 (0,T ;L

2P
P−1 (Ω))

+
3C2tr
2b
‖c2u+ but‖2L2(0,T ;H−1/2(Γ) +

∫ t
0

b

2
‖yt‖2H1(Ω) dτ.

To control the �rst term on the right hand side by the �rst and the fourth term on the le 
hand side, we use interpolation

(2.24) ‖f‖Lr 6 ‖f‖θLp‖f‖1−θLq with 1

r
=
θ

p
+
1− θ

q

between L∞(0, T ;L2(Ω)) and L2(0, T ;L6(Ω)), i.e., (2.24) with θ = 1
Q

= 1− 3
2P
, cf. (1.3), and
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the embedding H1(Ω)→ L6(Ω), which yields

(2.25) sup
t∈(0,T)

(1
2

∥∥∥√1− kyv∥∥∥2
L2(Ω)

+ b

∫ t
0

‖v‖2H1(Ω) dτ
)

>
(1− kMy)bQ

8CH1,L6(Q− 1)1−1/Q
‖v‖2θL∞(0,T ;L2(Ω))‖v‖

2(1−θ)

L2(0,T ;L6(Ω))

>
(1− kMy)bQ

8CH1,L6(Q− 1)1−1/Q
‖v‖2

L
2Q
Q−1 (0,T ;L

2P
P−1 (Ω))

for P,Q ∈ [1,∞] such that (1.3) holds, and apply this to v = yt.
Similarly, inserting (2.23) in (2.7) yields

1

2

[∥∥∥√1− kyytt∥∥∥2
L2(Ω)

+ c2 ‖∇yt‖2L2(Ω) +
b

c
‖ytt‖2L2(Γ̂)

]t
0

+

∫ t
0

(
b ‖∇ytt‖2L2(Ω) + d ‖ytt‖

2
L2(Ω) + c ‖ytt‖

2
L2(Γ) dτ

= k

∫ t
0

{∫
Ω

5

2
yt(ytt)

2 dx+

∫
Γ

(c2ut + butt)ytt dΓ
}
dτ

6
5

2
kmy‖ytt‖2

L
2Q
Q−1 (0,T ;L

2P
P−1 (Ω))

+
3C2tr
2b
‖c2ut + butt‖2L2(0,T ;H−1/2(Γ) +

∫ t
0

b

2
‖ytt‖2H1(Ω) dτ,

where we estimate the �rst term on the right hand side by means of (2.25) with v = ytt. ¿is
yields

‖y‖C1(0,T ;H1(Ω)) + ‖y‖C2(0,T ;L2(Ω)) + ‖y‖H2(0,T ;H1(Ω)) 6 C‖u‖H2(0,T ;H−1/2(Γ)).

Finally, with (2.23) in (2.9) we get

c2
∫ t
0

‖∆y‖L2(Ω) dτ+
1

2

[
b ‖∆y‖L2(Ω) + d ‖∇y‖

2
L2(Ω)

]t
0
+
d

c

∫ t
0

‖yt‖2L2(Γ̂) dτ

=

∫ t
0

{∫
Ω

(
(1− ky)ytt∆y− k(yt)

2∆ydx
)
+ d

∫
Γ

uyt dΓ
}
dτ,

hence

1

2

[
b ‖∆y‖L2(Ω) + d ‖∇y‖

2
L2(Ω)

]t
0
+
d

c

∫ t
0

‖yt‖2L2(Γ̂) dτ

6
1

2c2

(
(1+ kMy)‖ytt‖2L2(0,T ;L2(Ω)) + k

2‖yt‖2L2(0,T ;L4(Ω))

)
+
C2tr
2

∫ t
0

‖yt(τ)‖2H1(Ω) +
d2

2
‖u‖2L2(0,T ;H−1/2(Γ)).
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Resolving the PDE with respect to the strong damping term

b∆yt = (1− ky)ytt − c
2∆y+ dyt − 2k(yt)

2 ∈ C(0, T ;L2(Ω))

this time even provides C1(0, T ;H2(Ω)) regularity.

Remark 2.6. In the following we will work with homogeneous initial conditions y0 = 0,
y1 = 0, u(0) = 0, and hence linear control and state spaces U, Y. Note that this choice
automatically satis�es the compatibility conditions (2.1).
Non-vanishing (and potentially even large) initial data can be tackled by considering the

extension yext = y0 + ty1 of the initial data and the PDE

(1− k(ỹ+ yext))ỹtt − c
2∆ỹ− b∆ỹt + dỹt − k(ỹt + y

ext
t )2 = f

for ỹ = y−yext, with homogeneous initial data and inhomogeneous right hand side f(t, x) =
c2(∆y0(x) + t∆y1(x)) + b∆y1(x) − dy1(x). Lemma 2.5 easily extends to this PDE with an
additional term C

(
‖f‖Lr(0,T ;L2(Ω)) + ‖f‖H1(0,T ;(H1(Ω))∗)

)
(cf. (2.4)) on the right hand side of

the estimate (2.22). Since no smallness on f has to be imposed, this allows for large initial
data up to the L∞ constraint −My 6 y0(x) 6My.

3 state constrained optimal control
We turn to the state constrained optimal control problem

(Psc)



min
y∈Y,u∈U

J(u, y)

(1− ky)ytt − c
2∆y− b∆yt + dyt − k(yt)

2 = 0 inQ,
yt + c∂νy = 0 on (0, T)× Γ
∂νy = u on (0, T)× Γ̂ , y = yt = 0 in {0}×Ω
−My 6 y(t, x) 6My for all t, x ∈ Q, ‖yt‖LQ(0,T ;LP(Ω)) 6 my

formy, P,Q satisfying (1.3), and de�ne

G : U× YM → L2(0, T ; (H1(Ω))∗)

by the weak form of the PDEwith boundary and initial conditions on y in (Psc). HereU and Y
are de�ned as in (1.4) withy0 = y1 = 0 and are thus linear spaces.¿e case of inhomogeneous
initial data can be treated as described in Remark 2.6.
We then have the following existence result.

¿eorem 3.1. ¿ere exists a minimizer (u∗, y∗) ∈ U× YM of (Psc).
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Proof. By non-emptiness of the feasible set (u, y) (take (u, y) = (0, 0)), boundedness of J
from below, and the coercivity of the functional in u, we obtain the existence of a minimizing
sequence whose control part is bounded inU. ¿e equality and state constraints together with
Lemma 2.5 imply that the y components of the minimizing sequence are uniformly bounded
in Y. Hence, there exists a subsequence, denoted by {(un, yn)}n∈N, that weakly converges
in U × Ŷs to (u∗, y∗) ∈ U × Ŷs for s ∈ (1,∞). Due to the compact embedding of Y in Z

and the weak continuity of the mapping y 7→ k(yt)
2 from Ŷs to V, we have that along some

subsequence (ynk)k∈N,

1− kynk → 1− ky∗ in Z

k(ynkt)
2 ⇀ k(y∗t)

2 in V,

and y∗ satis�es the inequality constraints. ¿us, we can pass to the limit in (the weak formula-
tion of) G(unk , ynk) = 0 to obtain G(u∗, y∗) = 0 and therefore by Lemma 2.5, y∗ ∈ Y.

We mention in passing that the result extends to cost functions J(u, y) that are bounded
from below, weakly lower semi-continuous in U× Y, and U-coercive with respect to u.
Due to the fact that we deal with a nonlinear PDE and the control only acts on the boundary,

a regular point condition according to, e.g., [Alibert and Raymond 1998], would require
existence of (u0, y0) ∈ U× YM such that (y∗ + y0) ∈ intYM and

Gy(u
∗, y∗)y0 +Gu(u

∗, y∗)(u0 − u
∗) = 0,

where Gy denotes the Fréchet derivative of G with respect to y. ¿is seems hard or even
impossible to satisfy due to the relative low dimensionality of the control as compared to the
state. ¿erefore, as in [Clason and Kaltenbacher 2012], we introduce a relaxation according
to [Bonnans and Casas 1989], combined with a localization technique as in [Casas and
Tröltzsch 2002]. Speci�cally, we introduce new independent variablesw and z in place of the
nonlinearities k(yt)2 and (1− ky), respectively, and penalize the deviation from the original
minimizers. Taking the limit with respect to the penalty parameter in the corresponding
optimality conditions yields the optimality system for the original problem. We thus consider

(Psc,ε)



min
u∈U,w∈W,(z,y)∈ZY

Jε(u,w, z, y)

s. t. zytt − c
2∆y− b∆yt + dyt +w = 0 inQ,

∂νy = u on (0, T)× Γ,
yt + c∂νy = 0 on (0, T)× Γ̂ , y = 0, yt = 0 in {0}×Ω,
1+ kMy > z > 1− kMy > 0 for all t, x ∈ Q,
‖yt‖LQ(0,T ;LP(Ω)) 6 my

where

ZY = {(z, y) ∈ ZM × Y : zytt ∈ V},
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and Jε : U×W× ZY→ R is given by

Jε(u,w, z, y) = J(u, y) +
1

2ε

∥∥w+ k(yt)
2
∥∥2
Ŵ

+
1

2ε
‖z+ ky− 1‖2Ẑ

+
1

2δ
‖u− u∗‖2Û +

1

2δ

∥∥w+ k(y∗t)
2
∥∥2
Ŵ

+
1

2δ
‖z+ ky∗ − 1‖2Ẑ

=
1

2

∫T
0

{∫
Ω

(
(y− yd)

2

+
1

ε

2∑
i=1

(Ai(w+ k(yt)
2))2 +

1

ε

3∑
i=1

(Bi(z+ ky− 1))2

+
1

δ

2∑
i=1

(Ai(w+ k(y∗t)
2))2 +

1

δ

3∑
i=1

(Bi(z+ ky
∗ − 1))2

)
dx

+

∫
Γ

(
αu2 +

1

δ

3∑
i=1

(Ci(u− u∗))2
)
dΓ
}
dt,

with
δ <

ρ

2max{1, C} J(u∗, y∗) ,

and C as in Lemma 2.5, where

• Ŵ = H1(0, T ;L2(Ω)) with

‖w‖2Ŵ =

∫T
0

∫
Ω

(
(wt)

2 +w2
)
dxdt =:

2∑
i=1

∫T
0

∫
Ω

(Aiw)
2dxdt,

• Ẑ = H1(0, T ;H2(Ω)) ∩H2(0, T ;L2(Ω)) with

‖z‖2Ẑ =

∫T
0

∫
Ω

(
(ztt)

2 + (∆z)2 + z2
)
dxdt =:

3∑
i=1

∫T
0

∫
Ω

(Biz)
2dxdt,

• Û = H2(0; T ;L2(Γ)) with

‖u‖Û =

∫T
0

∫
Γ

(
(utt)

2 + (ut)
2 + u2

)
dxdt =:

3∑
i=1

∫T
0

∫
Ω

(Ciu)
2dxdt,

so that boundedness ofw, z,u in the spaces Ŵ, Ẑ, Û respectively, will imply their boundedness
in the spaces as needed according to Lemma 2.1.
Existence of a global minimizer to (Psc,ε) follows analogously to the proof of ¿eorem 3.1.

Lemma 3.2. ¿ere exists a minimizer (u∗ε, w∗ε, (z∗ε, y∗ε)) ∈ U×W× ZY of (Psc,ε).

16



We now derive optimality conditions for (Psc,ε), which will yield optimality conditions
for (Psc) by taking the limit ε→ 0. To this end, we de�ne

Gbil : U×W× ZY→ V

by the weak form (2.3) of the PDE with boundary and initial conditions on y in (Psc,ε). (¿e
mapping properties of Gbil can be veri�ed by inspection of (2.3).)
Lemma 3.3. Let (u∗ε, w∗ε, z∗ε, y∗ε) ∈ U ×W × ZY be a local minimizer of (Psc,ε). ¿en there
exist µ∗

ε
, µ∗ε ∈M(0, T ;M(Ω)) satisfying

(3.1)
〈
µ∗
ε
, ϕ
〉
M,C

> 0, 〈µ∗ε, ϕ〉M,C > 0 for all ϕ ∈ C0(Ω) with ϕ > 0,

λ∗ε > 0 and p∗ε ∈ V∗ such that∫T
0

{∫
Ω

(
z∗εvttp

∗
ε + c

2∇v∇p∗ε + b∇vt∇p∗ε + dvtp∗ε
)
dx+

∫
Γ̂

(cvt +
b

c
vtt)p

∗
ε dΓ
}
dt

= −

∫T
0

∫
Ω

(
(y∗ε − yd)v+

1

ε

2∑
i=1

(Ai(w
∗
ε + k(y

∗
ε,t)

2))(Ai(2ky
∗
ε,tvt))

+
1

ε

3∑
i=1

(Bi(z
∗
ε + ky

∗
ε − 1))(Bi(kv))

)
dxdt

− λ∗εQ

∫T
0

‖y∗ε,t(t)‖
Q−P
LP(Ω)

∫
Ω

|y∗ε,t|
P−1sign(y∗ε,t)vt dxdt

for all v ∈ Y,∫T
0

{∫
Ω

(1
ε

3∑
i=1

(Bi(z
∗
ε + ky

∗
ε − 1))(Biv) +

1

δ

3∑
i=1

(Bi(z
∗
ε + ky

∗ − 1))(Biv)
)
dx

+ vy∗ε,ttp
∗
ε

)
dxdt = −

〈
µ∗
ε
, v
〉
M,C

+ 〈µ∗ε, v〉M,C

for all v ∈ Z, ∫T
0

{∫
Ω

(1
ε

2∑
i=1

(Ai(w
∗
ε + k(y

∗
ε,t)

2))(Aiv) +
1

δ

2∑
i=1

(Ai(w
∗
ε + k(y

∗
t)
2))(Aiv)

+ p∗εv
)
dxdt = 0

for all v ∈W, ∫T
0

∫
Γ

(
αu∗εv+

1

δ

3∑
i=1

(Ci(u
∗
ε − u

∗))(Civ) − (c2v+ bvt)p
∗
ε

)
dΓ dt = 0

for all v ∈ U, 〈
µ∗
ε
, z∗ε − kMY − 1

〉
M,C

= 0,
〈
µ∗ε, z

∗
ε + kMY − 1

〉
M,C = 0,

λ∗ε(‖y∗ε,t‖
Q

LQ(0,T ;LP(Ω))
−mQy ) = 0.
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Proof. For the existence of Lagrangemultipliers,we appeal to the regular point condition from
[Alibert and Raymond 1998]: For any x = (u∗ε, w

∗
ε, (z

∗
ε, y
∗
ε)), there exist (u0, w0, (z0, y0)) ∈

U×W× ZY such that

Gbil,y(x)y0 +Gbil,z(x)z0 +Gbil,w(x)(w0 −w∗ε) +Gbil,u(x)(u0 − u∗ε) = 0

holds, and (z∗ε+z0, y∗ε+y0) satis�es the inequality constraints in (Psc,ε) with strict inequality.
Although the mapping Gbil is not linear but bilinear, this can be satis�ed by setting

z0 = 1− z
∗
ε, y0 = −y∗ε, u0 = 0, w0 = −(1− z∗ε)y

∗
εtt.

Indeed, obviously

w0 = z0y0,tt = z
∗
εy
∗
εtt − y

∗
εtt ∈ V+ L2(0, T ;H1(Ω)) ⊆ L2(0, T ;L2(Ω)).

Moreover, di�erentiating the PDE once with respect to time and using y∗ε ∈ Y and z∗ε ∈ Z,
we see that

w0t = (z0y0,tt)t

= z∗εty
∗
εtt −

(1− z∗ε)

z∗ε

(
−z∗εty

∗
εtt + c

2∆y∗εt + b∆y
∗
εtt − dy

∗
εtt −w

∗
εt

)
=
1

z∗ε
z∗εt︸︷︷︸

∈C(0,T ;L2(Ω))

y∗εtt︸︷︷︸
∈C(0,T ;L2(Ω))

−
(1− z∗ε)

z∗ε

(
c2 ∆y∗εt︸ ︷︷ ︸
∈C(0,T ;(H1(Ω))∗)

+b ∆y∗εtt︸ ︷︷ ︸
∈L2(0,T ;(H1(Ω))∗)

− d y∗εtt︸︷︷︸
∈C(0,T ;L2(Ω))

− w∗εt︸︷︷︸
∈L2(0,T ;(H1(Ω))∗)

)
∈ L2(0, T ; (H1(Ω))∗).

Together, we have (u0, w0, (z0, y0)) ∈ U×W× ZY.
Furthermore, surjectivity of Gbil,(z,y)(u

∗
ε, w

∗
ε, (z

∗
ε, y
∗
ε)) : ZY→ V, i.e., existence of a solu-

tion (z, y) ∈ ZY to the weak form of

(3.2)


zy∗ε,tt + z

∗
εytt − c

2∆y− b∆yt + dyt = f inQ,
∂νy = 0 on (0, T)× Γ,
yt + c∂νy = 0 on (0, T)× Γ̂ , y = 0, yt = 0 in {0}×Ω

for any f ∈ V can be deduced from Lemma 2.1 (we simply set z = 0 in (3.2)).
Existence of Lagrange multipliers

pε ∈ V∗ = L2(0, T ;L2(Ω)) +H−1(0, T ;H1(Ω))

and µ
ε
, µε ∈ C(0, T ;C(Ω))∗ now follows from [Alibert and Raymond 1998, ¿eorem 2.1].
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Finally, the explicit form of the optimality conditions can be obtained by formal di�erenti-
ation of the Lagrangian

L(u,w, z, y, p, µ, µ, λ) =
1

2

∫T
0

{∫
Ω

(
(y− yd)

2

+
1

ε

2∑
i=1

(Ai(w+ k(yt)
2))2 +

1

ε

3∑
i=1

(Bi(z+ ky− 1))2

+
1

δ

2∑
i=1

(Ai(w+ k(y∗t)
2))2 +

1

δ

3∑
i=1

(Bi(z+ ky
∗ − 1))2

)
dx

+

∫
Γ

(
αu2 +

1

δ

3∑
i=1

(Ci(u− u∗))2
)
dΓ
}
dt

−

∫T
0

{∫
Ω

(
zyttp+ c

2∇y∇p+ b∇yt∇p+ dytp+wp
)
dx

−

∫
Γ̂

(cyt +
b

c
ytt)pdΓ +

∫
Γ

(c2u+ but)pdΓ
}
dt

+
〈
µ, z− kMy − 1

〉
M,C −

〈
µ, z+ kMy − 1

〉
M,C

+ λ(‖yt‖QLQ(0,T ;LP(Ω))
−mQy )

Note that the variational inequalities〈
µ∗
ε
, z∗ε + ky− 1

〉
M,C

> 0, 〈µ∗ε, z∗ε + ky− 1〉M,C > 0

for all y ∈ YM, which can be concluded from [Alibert and Raymond 1998, ¿eorem 2.1],
imply non-negativity (3.1), as well as the complementarity conditions for µε and µε.

Similarly to [Bonnans and Casas 1989, Lemma 3] we obtain

Lemma 3.4. Let (u∗, y∗) be a local minimizer of (Psc), and let {(u∗ε, w∗ε, z∗ε, y∗ε)}ε>0 be a family
of global minimizers of (Psc,ε). ¿en we have convergence

u∗ε → u∗ in Û, w∗ε → k(y∗t)
2 in Ŵ, z∗ε → 1− ky∗ in Ẑ,

y∗ε ⇀ y∗ in Y, y∗ε → y∗ in Z

as ε→ 0.

Proof. By minimality of (u∗ε, w∗ε, z∗ε, y∗ε) and admissibility of (u∗,−k(y∗t)2, 1− ky∗, y∗) for
(Psc,ε) (note that in particular (1 − ky∗, y∗) ∈ ZY since (1 − ky∗)y∗tt = c2∆y∗ + b∆y∗t −

dy∗t + k(y
∗
t)
2 ∈ V) we have

(3.3) Jε(u
∗
ε, w

∗
ε, z
∗
ε, y
∗
ε) 6 J(u

∗,−k(y∗t)
2, 1− ky∗, y∗) = J(u∗, y∗)

hence, {(u∗ε, w∗ε, z∗ε)}ε>0 is bounded in Û×Ŵ× Ẑ and byGbil(u
∗
ε, w

∗
ε, z
∗
ε, y
∗
ε) = 0 and Lemma

2.1, {(u∗ε, w∗ε, z∗ε, y∗ε)}ε>0 bounded in Û×Ŵ× Ẑ×Y. By compactness of the embeddings Ẑ ↪→
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C(0, T ;C(Ω)),Y ↪→ Z, we can therefore extract from any subsequence of {(u∗ε, w∗ε, z∗ε, y∗ε)}ε>0
a subsequence (for simplicity denoted by {(u∗ε, w∗ε, z∗ε, y∗ε)}ε>0 again) such that

(3.4)
u∗ε ⇀ û in Û, w∗ε ⇀ ŵ in Ŵ, z∗ε ⇀ ẑ in Ẑ, y∗ε ⇀ ŷ in Y,

z∗ε → ẑ in C(0, T ;C(Ω)), y∗ε → ŷ in Z

as ε → 0, for some (û, ŵ, ẑ, ŷ) ∈ Û × Ŵ × Ẑ × Y satisfying the inequality constraints.
Moreover, taking the weak limit in the PDE, we see that Gbil(û, ŵ, ẑ, ŷ) = 0 (here we use
z∗ε → ẑ in C(0, T ;C(Ω))). ¿e uniform boundedness (3.3) and the penalty terms with factor
1
ε
in Jε imply ∥∥w∗ε + k(y∗ε,t)2∥∥Ŵ → 0, ‖z∗ε + ky∗ε − 1‖Ẑ → 0

hence by (3.4) and weak lower semicontinuity of the norm we obtain

(3.5) ŵ+ k(ŷt)
2 = 0, ẑ+ kŷ− 1 = 0,

which together with Gbil(û, ŵ, ẑ, ŷ) = 0 implies that G(û, ŷ) = 0. ¿us (û, ŷ) is admissible
for (Psc) and we can use minimality of (u∗, y∗) for this problem, relation (3.3), and weak
lower semicontinuity of J and the norms to conclude
(3.6)
J(û, ŷ) > J(u∗, y∗) > lim sup

ε→0
Jε(u

∗
ε, w

∗
ε, z
∗
ε, y
∗
ε)

> lim sup
ε→0

(
J(u∗ε, y

∗
ε) +

1

2
‖u∗ε − u∗‖

2
Û +

1

2

∥∥w∗ε + k(y∗ε,t)2∥∥2Ŵ +
1

2
‖z∗ε + ky∗ε − 1‖

2
Ẑ

)
> lim inf

ε→0
J(u∗ε, y

∗
ε)

+ lim inf
ε→0

(1
2
‖u∗ε − u∗‖

2
Û +

1

2

∥∥w∗ε + k(y∗)2∥∥2Ŵ +
1

2
‖z∗ε + ky∗ − 1‖

2
Ẑ

)
> J(û, ŷ) +

1

2
‖û− u∗‖2Û +

1

2

∥∥ŵ+ k(y∗t)
2
∥∥2
Ŵ

+
1

2
‖ẑ+ ky∗ − 1‖2Ẑ

which implies û = u∗, ŵ = −k(y∗t)
2, ẑ = 1 − ky∗, and by (3.5) therefore k(ŷt)2 = k(y∗t)2,

kŷ−1 = ky∗−1 and hence ŷ = y∗. Strong convergence of the u,w, and z components along
a subsequence immediately follows from (3.6). Using a subsequence-subsequence argument,
we arrive at the assertion.

Taking the limit as ε→ 0 in Lemma 3.3, we arrive at the following necessary optimality
conditions for solutions to (Psc).

¿eorem 3.5. Let (u∗, y∗) ∈ U×YM be a local minimizer of (Psc) with P ∈ [1, 2],Q ∈ [1,∞]

such that (1.3), (2.15) hold (e.g., P = 2, Q = 4). ¿en there exist µ∗, µ∗ ∈ M(0, T ;M(Ω))

satisfying 〈
µ∗, ϕ

〉
M,C > 0, 〈µ∗, ϕ〉M,C > 0 for all ϕ ∈ C0(Ω) with ϕ > 0,
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λ∗ > 0, p∗ ∈ Pσ,heta as in (1.4), with 0 < σ < 3√
8
− 1, 0 < θ < 1√

8
such that∫T

0

{∫
Ω

(
((1− ky∗)v)ttp

∗ + c2∇v∇p∗ + b∇vt∇p∗ + dvtp∗
)
dx

+

∫
Γ̂

(cvt +
b

c
vtt)p

∗ dΓ
}
dt

= −γ

∫T
0

∫
Ω

(y∗ − yd)v dxdt−
〈
µ∗ − µ∗, kv

〉
M,C

− λ∗Q

∫T
0

‖y∗t(t)‖
Q−P
LP(Ω)

∫
Ω

|y∗t |
P−1sign(y∗t)vt dxdt

for all v ∈ Y,∫T
0

∫
Γ

(
γαu∗v− (c2v+ bvt)p

∗
)
dΓ dt = 0

for all v ∈ U,〈
µ∗, y∗ +MY

〉
M,C = 0,

〈
µ∗, y∗ −M

〉
M,C = 0,

λ∗(‖y∗t‖
Q

LQ(0,T ;LP(Ω))
−mQy ) = 0

where γ ∈ {0, 1}, γ+ ‖p∗‖P + λ∗ > 0.

Proof. Eliminating the 1
ε
terms in Lemma 3.3 (using the fact that for any v ∈ Y we have

2ky∗ε,tvt ∈W and kv ∈ Z), yields∫T
0

{∫
Ω

(
z∗εvttp

∗
ε + c

2∇v∇p∗ε + b∇vt∇p∗ε + dvtp∗ε
)
dx+

∫
Γ̂

(cvt +
b

c
vtt)p

∗
ε dΓ
}
dt

=−

∫T
0

∫
Ω

(
(y∗ε − yd)v−

1

δ

2∑
i=1

(Ai(w
∗
ε + k(y

∗
t)
2))(Ai(2ky

∗
ε,tvt)) − p

∗
ε2ky

∗
ε,tvt

−
1

δ

3∑
i=1

(Bi(z
∗
ε + ky

∗ − 1))(Bikv) − kvy
∗
ε,ttp

∗
ε

)
dxdt−

〈
µ∗
ε
− µ∗ε, kv

〉
M,C

− λ∗εQ

∫T
0

‖y∗ε,t(t)‖
Q−P
LP(Ω)

∫
Ω

|y∗ε,t|
P−1sign(y∗ε,t)vt dxdt

for all v ∈ Y,∫T
0

∫
Γ

(
αu∗εv+

1

δ

3∑
i=1

(Ci(u
∗
ε − u

∗))(Civ) − (c2v+ bvt)p
∗
ε

)
dΓ dt = 0

for all v ∈ U,〈
µ∗
ε
, z∗ε − kMY − 1

〉
M,C

= 0,
〈
µ∗ε, z

∗
ε + kMY − 1

〉
M,C = 0,
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λ∗ε(‖y∗ε,t‖
Q

LQ(0,T ;LP(Ω))
−mQy ) = 0.

¿ederivation of the optimality conditions now goes analogously to the proof of¿eorem 2
in [Bonnans andCasas 1989]. Indeed, forp∗ε (or

p∗ε
rε
with rε = ‖p∗ε‖V+‖µ∗ε+µ

∗
ε‖M(0,T ;M(Ω))+

λ∗ε) weakly converging to p∗ in V, we get for v ∈ Y:∫T
0

∫
Ω

z∗εvttp
∗
ε dxdt→

∫T
0

∫
Ω

(1− ky∗)vttp
∗ dxdt

by strong convergence of z∗ε to 1−ky∗ inC(0, T ;C(Ω))∩C(0, T ;H1+n
4 (Ω)),vtt ∈ L2(0, T ;H1(Ω)),

(hence z∗εvtt → (1 − ky∗)vtt in L2(0, T ;H1(Ω))), and weak convergence of p∗ε to p∗ in
L2(0, T ; (H1(Ω))∗); ∫T

0

∫
Ω

p∗ε2ky
∗
ε,tvt dxdt→

∫T
0

∫
Ω

p∗2ky∗tvt dxdt

by strong convergence of y∗ε,t to y∗t in L2(0, T ;C(Ω)) ∩ L2(0, T ;W1,3(Ω)) (using bounded-
ness of y∗ε,t in H1(0, T ;H1(Ω)) ∩ L2(0, T ;H2(Ω)) ⊆ H1−θ(0, T ;H1+θ(Ω) for n

6
< θ < 1

and compact embedding), vt ∈ C(0, T ;H1(Ω)) ∩ C(0, T ;L6(Ω)) (hence y∗ε,tvt → y∗tvt in
L2(0, T ;H1(Ω))), and weak convergence of p∗ε to p∗ in L2(0, T ; (H1(Ω))∗);∫T

0

∫
Ω

(Bi(z
∗
ε + ky

∗ − 1))(Bikv)dxdt→ 0

by strong convergence ofBi(z∗ε+ky∗−1) to zero inL2(0, T ;L2(Ω)) andBikv ∈ L2(0, T ;L2(Ω));
and ∫T

0

∫
Ω

(Ai(w
∗
ε + k(y

∗
t)
2))(Ai(2ky

∗
ε,tvt))dxdt→ 0

by strong convergence of Ai(w∗ε + k(y∗t)2) to zero in L2(0, T ;L2(Ω)) and uniform bounded-
ness of Ai(2ky∗ε,tvt) in L2(0, T ;L2(Ω)). For the rest of the terms convergence is straightfor-
ward.
Observing that the right hand side term

v 7→
∫T
0

‖y∗t(t)‖
Q−P
LP(Ω)

∫
Ω

|y∗t |
P−1sign(y∗t)vt dxdt ∈ (W1,Q(0, T ;LP(Ω)))∗,

we have by Corollary 2.4 that p∗ ∈ Pσ,heta de�ned as in (1.4).

4 conclusion
Pointwise state constraints appear to be a powerful tool not only for incorporating physically
or otherwise imposed a priori bounds on the state, but also for avoiding singularities in
nonlinear PDEs without having to assume smallness in some higher order norm.
Further research in this direction will be concerned with di�erent equations of nonlinear

acoustics and their coupling to other physical �elds. In particular, the state constraint ap-
proach seems promising for problems lacking H2(Ω) smoothness due to interface coupling
of nonconvex domains.
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