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CONTROL OR STATE CONSTRAINTS
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A particular feature of certain microelectromechanical systems (MEMS) is the
appearance of a so-called “pull-in” instability, corresponding to a singularity in the
underlying PDE model. We here consider a transient MEMS model and its optimal
control via the dielectric properties of the membrane and/or the applied voltage. In
contrast to the static case, the control problem suffers from low dimensionality of the
control compared to the state and hence requires different techniques for establishing
first order optimality conditions. For this purpose, we here use a relaxation approach
combined with a localization technique.

1 INTRODUCTION

Consider the initial boundary value problem

t
ity +dy + pAly — Ay + lzg T(;) =0 inQ=(0,T)xQ,
y
(1) y=0,y=0 0on(0,T) x 9Q,

y=»" y=y" in{0}xQ,

for O € R", n € {1,2,3} (typically n = 2), which models the deflection of the membrane of
a microelectromechanical system (MEMS), where y is the mechanical displacement, a is the
reciprocal of the dielectric coefficient, and b is a dimensionless number proportional to the applied
voltage [Cassani et al. 2009]. The constants ¢,d > 0, p,# > 0 are material parameters, with the
term cy; modeling possible damping and the term dy potentially taking into account the reset force
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Figure 1: Schematic of a MEMS

of a spring in the system. The boundary conditions used here correspond to a clamped setting;
for a number of different possible boundary conditions we refer to [Cassani et al. 2009]. Figure 1
shows the schematic of the type of MEMS we are considering here.

The case y(t,x) = —1 corresponds to the so-called “pull-in” instability, in which the applied
voltage leads to a sufficiently large deflection of the membrane for it to touch the ground plate,
possibly damaging the device. This undesirable situation manifests itself in the equation as a
potential singularity.

In practical applications, either the dielectric properties, the applied voltage, or both are available
as design variables. Consequently, we will consider optimization problems of the form

) 1
min -

2 ¢4 2 .
Jemin o =yl + 3 iy =@, )

t d A? A pu =0
S.t. Yutcytdy+pAy—n )’+m—
yloa = dvylaa = 0, y(0) = y°, y:(0) = y".

with Y denoting the state space and the control u € U being defined by one of the following three
cases:

(i) control by dielectic properties: U = L*(Q) and B=be L2(0, T) fixed,
(ii) control by applied voltage: U = L*(0,T) and B = a € L*(Q) fixed,
(iii) control by both: U is a subspace of L2(Q2) x L*(0, T) (to be defined below) and 8 = 1.

For simplicity of exposition and since it is also of high practical relevance, we restrict ourselves to
a tracking type cost function for a prescribed target displacement y;. The existence results below
(Theorems 4.1 and 4.6) remain valid for any cost functional J(u, y) that is bounded from below,
U -coercive with respect to u (this condition may be omitted in the control constrained case), and
weakly lower semi-continuous on U and Y.

A straightforward approach to prevent instabilities such as the “pull-in” instability at y = —11is
to impose control constraints

llulles < M,



with M,, sufficiently small to indirectly — via the PDE - guarantee that the state never reaches the
critical value y = —1. However, the singularity can also be prevented by imposing pointwise state
constraints

—y(t,x) <M, <L

As already demonstrated in [Clason and Kaltenbacher 2013] for the simpler static MEMS model,
only the latter approach is able to attain states corresponding to large deflections, which is relevant
in applications for achieving a sufficiently large stroke of the device. In the transient situation with
state constraints, due to the reduced dimensionality of the control, the approach from [Alibert and
Raymond 1998] used in [Clason and Kaltenbacher 2013] is not applicable directly any more. We
therefore apply the relaxation approach from [Bonnans and Casas 1989] together with a localization
technique as in [Casas and Troltzsch 2002]. Specifically, we introduce a new independent variable in
place of the possibly singular nonlinearity and penalize the deviation from the original minimizers.
Taking the limit with respect to the penalty parameter in the corresponding optimality conditions
yields the optimality system for the original problem.

This work is organized as follows. In section 2, we provide some necessary results on the
(linearized) state and adjoint equations. Section 3 briefly discusses existence of and optimality
conditions for each of the three types of controls above in the control constrained case. The
corresponding results for the state constrained case, which form the main contribution of this
work, are given in section 4.

In the following, Cy(Q2) denotes the completion of the space of all continuous functions with
compact support in the simply connected domain QO € R" with respect to the norm [|-||¢(q), and
M() denotes the space of regular Borel measures (which can be identified with the topological
dual of Cy(Q2)). Likewise, for a Banach space X with dual X’, M(0,T; X’) denotes the dual of
C(0,T; X).

2 STATE EQUATION

We start with a well-posedness result for a linear problem related to (1.1):
yit + ¢y +dy +pA’y —nAy+w=0 inQ,
(2.1) y=0,y=0 0on(0,T) x 9Q,
y:yo’ yt:yl in {0} X Q.

For this purpose we require the following regularity and compatibility conditions on the initial
data:

(2.2) (°,y") € H(Q) x L*(Q), y’lsa = 8,3 laq = 0.

We also introduce for further reference the spaces
Y = C(0,T; HX(Q)) N C'(0, T; L(QY)),
Y = C(0, T; HA(Q)) n CY(0, T; LA(Q)) N H2(0, T; H™(Q)),
Y = C(0, T; L*(Q)) N C'(0, T; H2(Q)) N C2(0, T; H*(Q)).



Lemma 2.1. For anyw € M(0, T; L*(Q)), and y°, y* satisfying (2.2), there exists a unique solution
y € Y to (2.1). Furthermore, there exists a constant C > 0 independent of w,y°, y* such that

Iyl + cllyellzzo,rsrz)y < € (||;V0||H2(Q) + 1y Mz + ||w||M(o,T;L2(Q))) .

If additionally w € L*(0,T; H"%(Q)), then y € Y and there exists a C > 0 such that for all
w e M(0, T;L*(Q)) N L2(0, T; H~%(Q)), there holds

23) Wy +clyellzo ey < CUY Nz + 1y @) + 1wl aor2@)nrzo.ra-2qp)-

Proof. Existence of a solution can be found, e.g, in [Cassani et al. 2009], and the energy estimate
(2.3) can be obtained by means of the multiplier y; and integration by parts:

1 t t
(24) 5 [l + AYIEa g + PIAYIZ ) + VY g | + /0 eIl 0

t
= —/ /w)’tdxdt < llwllpgo,rszz)y sup yellzz -
0 Q te(0,T)

The estimate of the second-order time derivative needed to obtain y € Y forw € L2(0, T; H2(Q))
can be easily verified using

yit = —cyr — dy — pA’y + Ay —w € L*(0, T; H*(Q)). C

Since in the state constrained case the adjoint equation will have a measure-valued right hand
side, the following result will be useful for assessing regularity of the adjoint solution. It is obtained
by applying the solution operator (—A)~! of the Laplace equation with homogeneous Dirichlet
boundary conditions to both sides of the equation. The regularity and compatibility conditions on
the initial data in this case reduce to

(2.5) G0,y € LX(Q) x H*(Q), (=8)7'3,y°lsa = 0.

Corollary 2.2. For any w € M(0, T; M(Q)) and y°, y! satisfying (2.5), there exists a unique solu-
tion y € C(0,T;L*(Q)) N CY(0, T; H2(Q)) to (2.1). Furthermore, there exists a constant C > 0
independent of w,y°, y* such that

sup [1[(=8) "y (®ll2) + sup Iyl
te(0,T) te(0,T)

< C (Y2 + 1= M2y + lwllmorspma) -

Proof. We apply (—A)~! (which can be continuously extended to an operator from H™2(Q) to
L*(Q) by duality) to both sides of (2.1). For any g € C®(0, T; M(Q)) and g = -2% we can estimate

n+2
1(=A) "9l < ClI(=A)"'g()llwray < C2llg®O Mm@y,
where we have used Sobolev’s embedding W4(Q) < L*(Q) in the first inequality and [Tréltzsch

2010, Theorem 7.7] with % < 4 (for n € {1,2,3}) in the second inequality. Using this and the

density of C*(0, T; M(2)) in M(0, T; M(£2)), we get for any w € M(0, T; M(Q)) that

1(=A) " wllpo 2y < Callwlpmormo) -

Hence we can apply Lemma 2.1 to conclude the assertion. O



Similarly we obtain

Corollary 2.3. Foranyw € L*(0, T; H~2(Q)) andy°, y' satisfying (2.5), there exists a unique solution
y € Y to (2.1). Furthermore, there exists a constant C > 0 independent of w,y°, y* such that

(2.6) Iyl < C (10N + 1=A) " iz + lwll2orm-2a0)) -
Y

For the derivation of the optimality system in the control constrained case, we will rely on a
reduced approach using the control-to-state map. For this purpose we have to show well-posedness
of the PDE for all admissible controls. Here and below we will make use of the continuous lifting
from L?(Q) to Cy(Q2) via the inverse Laplacian with Dirichlet conditions, i.e., the existence of a
constant C; > 0 such that for all v € L*(Q),

(2.7) 1(=2)llc) < Crllvllzy-

In order to deal with a linear state space later on (see (4.1) below) we set — without loss of
generality - y° = ! = 0 in the following.

Theorem 2.4. There exists a constant M > 0 such that for all f € M(0, T; L*(Q)) with

Ifllpmeors1200)) < M,

there exists a unique solution y € Y to

w + oy +dy + pAZy — Ay + =0 nQ=(0,T)xQ,
b4 Vi Y+ pATY —nay

(1+y)?
y=0,y=0 on(0,T) x0Q,
y=0,y9=0 in{0}xQ.

(2.8)

Moreover, there exists an m > 0 independent of f such that

(2.9) Iyllco,rsco)y < m <1

Proof. Proceeding similarly to the static case in [Clason and Kaltenbacher 2013] (see also the
well-posedness proof in [Cassani et al. 2009]), we use Banach’s fixed point theorem. Let

W = {v W sup [vllciy < m,0v(0) = »°, v,(0) :)’1}
te(0,T)

for some m € (0,1) to be chosen below, and consider the fixed point operator T : ‘W — W,
v Tov := y, where y solves

Ve +Ccyr +dy + pAzy —-nAy = - D in Q,
y:avyzo OIl(O,T)XaQ,
y:yo,yt:yl in {0} x Q.



Well-definedness of T follows from Lemma 2.1.
To show that T is a self-mapping, consider an arbitrary v € ‘W. Then we have by (2.4) and
Young’s inequality (canceling the [|y: o 1;12(q)) terms) that

CL
sup [[(To)(Dllc@) < == lfmo razon:
te(0,T) @ \/ﬁ(l—m)z (© Q)

where Cy, is the constant in (2.7), and the right hand side is not larger than m if

Vpm(1l —m)?
(2.10) 1 T atco,r502(00) < —
L
Contractivity of T follows from the fact that for any v, w € ‘W, by the identity

11 C(+w)-(1+0v)?  Q+w+1+0)(w—0)
1+0v)?2 (+w)?  (+0)20+w)?  (+0)21+w)?

_ ! ! (- 0)
B ((1+u)2(1+w) * (1+v)(1+w)2) e
there holds

sup [[(Tv — Tw)(t)llc)
te(0,T)

Cr
< —=flimo,rsee@) sup
\p ( ( )te(O,T)

( ! ! ) (v —w)(t)

A+ 020+w) 1+ w)2+o)

C(Q)
2Cy,

< ———Wflimeo.rsz sup (v —w)(®)llc) -
Vp(l = m)? SlImoae ) reon) @

Hence contractivity holds if

V(L - 7)°

2.11 ] <
(2.11) f N aco.rs22000) 2,

The maximum over m € (0, 1) of the minimum of the two right hand sides in (2.10) and (2.11)

Vpm(1—m)? _ \pa-m)?
Cr - 2CL

can be found by equilibrating , which yields the optimal bound

|
m—3.

Therefore, a solution to (1.1) exists if

P

1f 1l Ao, m322(00) 27C;

Hence, for

2
Ds € B (0) = {f € MO, T;22(0) : IIf  meoriz < M}



with M > 0 sufficiently small, the operator

S: DS - y
f — y solving (2.8),

from which we will derive the control-to-state mapping S later on, is well-defined. For proving
smoothness of this mapping, we will consider the linearization of (2.8).

ytt+cyt+dy+pA2y—17Ay— y=w inQ,

(1+y)3
y=0,y=0 0on(0,T) x 9Q,
y=0,y»=0 1in{0} xQ,

(2.12)

for given]_" € Ds,y € M, w e M0, T; L2(Q)).

Lemma 2.5. There exists a constant M > 0 such that for all]_‘ € Dg C B]C[A(LZ)(O), y = S(j_f), and
allw € M(0,T;L*(QQ)), the linearized state equation (2.12) has a unique solution y € M, which
depends continuously on w.

Proof. By Theorem 2.4 the coefficient e = — % is contained in M(0, T; L*(Q)). Since e might
take negative values - leading to negative contributions on the left hand side of an energy estimate
obtained as in (2.4), - it is clear that we have to impose smallness of e. This can be obtained again
using Theorem 2.4 from smallness of f We can thus apply a fixed point argument as in the proof
of Theorem 2.4, this time with the (linear) fixed point operator Tji, : Win = Wiin, v = Tjin0 := ¥,
where y solves

ytt+cyt+dy+pA2y—17Ay: v+w inQ,

(1+y)3
y:avyzo On(O,T)XaQ,
y:o’yt:() 1n{0}><Q

By Lemma 2.1, the operator T is well-defined, contractive, and a self-mapping on
Win = {v €Y : sup |ollc) < R v(0) =0, v,(0) = 0}
te(0,T)
with R sufficiently large so that
2f
(1+y)3

o3
VP

From this we deduce the assertion. m]

+ lwll pmgors2(0)) < R
M(0,T;L2()))

To show weak continuity of S as needed for the existence of a minimizer later on, we will use
compactness of the embedding of Y in C(0, T; Cy(£2)). This is established in the following lemma,
which is based on the Dubinskii theorem quoted here for the sake of convenience.



Proposition 2.6 ([Vishik and Fursikov 1988, Theorem 4.1]). Assume that Ey, E, E; are reflexive
Banach spaces, with continuous embeddings Ey — E — E,, and compact embedding Ey — E,
and let1 < q,q; < co. Moreover, assume that the set M is bounded in L1(0, T; Ey) and consists of
functions u(t) equicontinuous in C(0, T; E;). Then M is relatively compact in L1(0, T; E) and in
C(O, T; El)

Lemma 2.7. Forallo € (0,1 - %) and e € (0,2(1 - § — 0)) we have
Y o WOS(0,T; We™(Q)) = C(0, T; Co(Q)),

where both embeddings are continuous and the latter is compact.

Proof. Continuity of the first embedding follows by continuity of the embeddings L*(Q) —
W="(Q) and H*(Q) — W (Q) for s = %, t=2-— % and any r € [1, 00), and by interpolation

(W0, T; WT(Q), L™(0, T; W (Q))g, = W=7 (0, T; w=1=0s+0tr (),

(Here the interpolation spaces are defined either by the J- or by the K- method of real interpolation;
see, e.g., [Adams and Fournier 2003, Chapter 7]). With r > % andf=1-o0 - %, the latter space is
continuously embedded in W (0, T; W&*(Q)) for o € (0,1 - %),e € (0,21 - § —0) - ”7” ,
where we may let r tend to infinity. Compactness of the second embedding in (4.1) can be concluded
from Proposition 2.6 applied to Ey = W&#(Q) and E; = W2P(Q) with p > max{l, ZT”} so that

E; — Co(Q)). |

Finally, we address differentiability of the control-to-state mapping, which will be needed for
deriving first order optimality conditions (see Theorem 3.1 below).

Theorem 2.8. There exists a constant M > 0 such that S : Ds — Y is globally Lipschitz continuous,
weakly continuous, and Fréchet differentiable with respect to the L*(Q) topology in preimage space.
The derivative S’ (f)(f — f) is given by the solutiony € Y to

1 .=
2 _ .
- ytt+cyt+dy+pAy—11Ay—(1+y)3y——(1+;)2(f—f) inQ,
2.1
3 y :avy =0 on (O,T) X aQ,
)’=O,)’t=0 m{O}XQ,

wherey = S(f).

Proof. Lipschitz continuity follows by applying a similar argument to the one in Lemma 2.5 to the
equation

5 fQ+y+y) 1 - .
Ztt+CZt+dZ+PAZ—1’]AZ—mZ——m(f—f) II'IQ,
z=0,z=0 on (0,T) x 9Q,
z=0,2z=0 in{0} x Q,



which is satisfied by the difference z = 7 — y between two solutions § = S(f) and y = S(f).
Weak continuity of S can be obtained by a subsequence-subsequence argument using the fact
that Y is compactly embedded in C(0, T; Cy(£2)) (see Lemma 2.7), which allows taking limits in the
nonlinear part of the PDE defining S (see the proof of Theorem 2.2 in [Clason and Kaltenbacher
2013]).
Fréchet differentiability follows from the fact that y € Y is well-defined by (2.13) due to Lemma
21,and z := S(f) = S(f) =y = 7 — ¥ — y solves

2 2 x .
Zy + czp + dz + pA*z — Az — a +j;)3z = Q +y)3(f -NG -y
f B+y-y) . 2 .
A +y)1+7)? G-y inQ
z=0,z=0 on (0,T) x 0Q),
z=0,2z=0 in {0} x Q.
The M(0, T; L*(Q)) norm of the right hand side can be estimated by a multiple of || f —]_‘ll f\/l (OTL2())
due to the Lipschitz continuity shown above, so that Lemma 2.5 yields the desired quadratic estimate
of the first order Taylor remainder. o

3 CONTROL CONSTRAINED OPTIMAL CONTROL

For comparison, we first consider the control constrained case. We distinguish between separate
control by either the dielectric properties (case (i) above) or the applied voltage (case (ii) above)
and combined control by both (case (iii) above).

3.1 CONTROL BY DIELECTRIC PROPERTIES OR VOLTAGE

Since case (i) and (ii) only differ in the domain on which the control is defined, we can treat both
using the same approach. We define the unconstrained control space as U := L*(X) with X = Q
in case (i) and X = (0,T) in case (ii) and consider the the control constrained optimal control
problem

1 o
min  J(u,y) = =lly = yall?s ) + = lull?
yesuen 0 20 7X@ T e

u
(1+y)?
y=0,y=00n(0,T) x3Q, y=y =0in{0} X Q,
llullp2) < M.

(Pe) S.t. Y+ ey +dy + pAty — nAy + =0inQ

The bound M, is chosen small enough so that ||y|lc(.7;c,(q)) < 1, which is possible due to (2.9).
The corresponding constrained control space is defined as

Uy = {ue U ullpp < M}



Since the state equation is well-posed for every u € Uy (see Theorem 2.4), we can use the
control-to-state mapping S : Uy — Y, to obtain the reduced problem

(PL) u?% J(u, S(w)).

Note that by Theorem 2.8, S is weakly continuous and Fréchet differentiable.

Since Uy is nonempty and weakly sequentially compact, S is weakly continuous for all u € Uy
by Theorem 2.8, and J is weakly Y x U lower semi-continuous and bounded from below, we
obtain the existence of a minimizer u* € Uy by standard arguments; cf., e.g., [Troltzsch 2010].

Similarly, we obtain first order necessary optimality conditions. For a local minimizer u* of
(P7) and y* := S(u*) € Y, we can introduce the adjoint state p* € Y solving

* * * 2, % * Zﬁu* * .
Pit —cpy +dp” + pATpT —nApT - a +)/*)3p =-(y-ya) inQ,
(3:) pr=ap" =0 on (0,T) x 0Q,
P =0, pr =0 in {T} x Q,

due to Lemma 2.5 with f replaced by T' — t.

Furthermore, a Slater condition is trivially satisfied for the inequality constraint (take u = 0).
From, e.g., [Bonnans and Shapiro 2000, Proposition 3.2] using differentiability of S (cf. Theorem
2.8), we thus deduce the existence of a corresponding Lagrange multiplier A* € R and hence the
following optimality system.

Theorem 3.1. Let u* € Uy be a local minimizer of (P7,), y* := S(u*) € Y, and p* € VY satisfy
(3.1). Then there exists \* € R, A* > 0 satisfying

(¢ + 21" )u™ = /Z ﬁp* ds,
A (1 gy~ M2) = 0,
withZ = (0,T)if X =Qand Z = Qif X = (0, T).
3.2 CONTROL BY DIELECTRIC PROPERTIES AND VOLTAGE
In the case (iii), we take as control variable
u(t,x) = v(x)1+ @(t)) forall (t,x) € Q.

where ¢ is normalized to have zero mean, see (3.3) below. (Note that a straightforward represen-
tation u(f, x) = v(x)g@(t), with v and ¢ elements of linear spaces, would be non-unique: For any
such pair (v, ¢) representing u and any constant ¢ # 0, the pair (cv, c~¢) would also represent u.)
Correspondingly, we define the unconstrained control space as

(3.2) U={v-(1+¢):0e L), 9 L3(0.T)},

10



where

T
(33) L3(0,T) = {Vf € L*(0,T) : / ydt = 0}
0
and 1 € L*(Q) is the constant function with value one. Furthermore, we set

(3.4) Ul = ollZ2qy + 91207

The following lemma allows us to identify U with a closed affine subspace of L>(Q) x L*(0,T),
which implies that ||u||¢, is well-defined.

Lemma 3.2. For every u € U, the representationu = v - (1+ ¢) withv € L>(Q) and ¢ € L2(0,T)
is unique. Moreover, we have

(3.5) o+ (4 972y = IollF2qy (T + 9l ) -

Proof. For proving uniqueness of the representation, assume that for v;,v, € L*(Q), @1, 02 €
L?(0, T) we have

vi(x) - L+ @1(#) = v2(x) - (1 + 92(1))
for almost all x € Q and t € (0, T). This implies that there existsa A € R, A # 0 such that

1
= sz and 1+ ¢ = A1+ ¢2),

the latter implying
(/1—1)1+/1(P2 —¢1= 0.

Taking the L?(0, T) inner product with 1 and using the normalization condition fOT ¢; dt = 0 for
i = 1,2, we easily see that this implies A — 1 = 0 and hence v; = v,, ¢ = ¢5. O

We now consider the optimization problem

. 1 5 o ’
min Ty = 1=y + 5 i
(t,x) .
2 .t dy + pAy — Ay + =22 = ¢
(P2) S.t. yutcytdy+pAy—n )’+(1+y)2 inQ
y=0,y=00n(0,T) x9Q, y=y =0in{0} X Q,
llulles < M.

The corresponding constrained control space is defined by

Uy ={uecU:|lullgy <M,}.

11



In the following we will identify U with L*(Q) x (1 + L2(0,T)), which is a closed (linear)
subspace of L*(Q) x L*(0,T), and use the topology of L*(Q) x L*(0,T) on U, i.e.,

luller = ||(U,€0)||L2(Q)><L2(0,T),
cf. (3.4). Any ball
B;L{(uo) ={u=v-1+¢)eU:|lu-uplle <r}

with 1y = vy - (1 + ¢@9) € U is then convex, (weakly) closed and weakly compact in U in the sense
that

{(v.9) € LAQ) x L2(0.T) : lI(v = v0. ¢ — @0) 20y x120m) < 7}

has these properties. Moreover, we can make use of Theorems 2.4 and 2.8, since by

llur — uall2) = llvi( + @1) — v2(1 + @212

< vl ller = @2lli20,1) + l92llz20,m lor = v21lz2 ()

smallness of ||u; — u,|¢q, implies smallness of [lu; — uz|l;2(q)-
Using these facts we can proceed as in section 3.1 to obtain existence of a minimizer and first
order optimality conditions.

Theorem 3.3. The reduced problem

uren%](u,S(u))

has a global minimizer u* = v* - (1 + ¢*) € Uy Furthermore, let y* := S(u*) € Y for any local
minimizer u*. Then there exist p* € Y satisfying (3.1) and A* € R with A* > 0 such that

T 1+§0*
0c+2/\*v*:/ —L _p*dt,
( ) 0 (1+}/*)2p

U*
(o +217) *:/— *dx,
P @t

X0 s + 197 1P 7y = M2) = 0.

4 STATE CONSTRAINED OPTIMAL CONTROL
Here we use the pointwise state constraints
—y(t,x) <M, <1 forall (t,x) € Q
to prevent the singularity of (1.1) at y(¢, x) = —1. The unconstrained state space is defined as

(4.1) Y ={ye¥:y0)=0, 0 =0}

12



where
Y < WP2(0, T; Wo(Q)) = C(0, T; Co(Q)),

foro € (0,1- %) and e € (0,2(1 - 7 — 7)), see Lemma 2.7 and note that ycl.
For M, <1, we define the constrained state space as

Yy = {y €Y :—y(t,x) < M,forall (t,x) € Q}.

4.1 CONTROL BY DIELECTRIC PROPERTIES OR VOLTAGE

We again start with cases (i) and (ii), i.e., U = L*(X) with X = Q in case (i) and X = (0, T) in case
(ii), and consider the state constrained optimal control problem

: 1 2 a2
min  J(u,y) = = - + Z||u
yed wetl ]( )/) 5 /OHJ/ yd”LZ(Q) 2 ” ”LZ(Q)

u
(Pse) s.t. yut+cy+dy+ pAzy - Ay + (lf—W =0in Q,

y=0,y=00n(0,T) x0Q, y=y =0in{0} X Q,
-y<M, inQ.

We also define

G:U x Yy - L*(0,T;H(Q))
by the weak form of the PDE with boundary and initial conditions on y in ().
Theorem 4.1. There exists a minimizer (u*, y*) € U X Yyt of (Psc).

Proof. The set of feasible pairs (u, y) satistying the equality and inequality constraints is non-empty
(take (u,y) = (0,0)). By the boundedness of ] from below and the coercivity of the functional
in u, we obtain the existence of a minimizing sequence whose u component is bounded in U.
The equality constraint G(u, y) = 0 together with Lemma 2.1 implies that the y component of the
minimizing sequence is uniformly bounded in /. Hence, there exists a subsequence, denoted by
{(t4n, Yn) }nen, that converges weakly in the reflexive space U X Y°* > U x Y to (u*,y*) € U X Y,
where

Y = L5(0, T; HA(Q)) N W0, T; L*(Q)) N W50, T; H*(QY))

with arbitrarily large s € (1, ). Due to the compact embedding of ¥ in C(0, T; Cy(€2)) and the
continuity of ¥ : r ﬁ, we have that a subsequence of % converges strongly to GWL*)Z’
with S fixed, and that y* satisfies the inequality constraint. Thus, we can pass to the limit in (the

weak formulation of) G(uy, y,) = 0 to obtain G(u*, y*) = 0, and hence by Lemma 2.1,y* € Y. O

Let again (u*, y*) denote a local minimizer of (Ps.), and let  denote the radius of the neighbor-
hood in U x Y in which (u*, y*) is optimal.
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Since the state equation is not well-posed for arbitrary u € U (i.e., it admits a solution only
for sufficiently small u; see Theorem 2.4), we cannot use a control-to-state mapping for deriving
optimality conditions. Furthermore, considering the optimization directly, i.e., without control-to-
state mapping, poses difficulties since a regular point condition according to, e.g., [Alibert and
Raymond 1998] would require existence of (ug, yo) € U X Yy such that (y* + yp) € int Yy and

Gy(u*,y" )0 + Gu(u™, y*) (o — u*) = 0,

where G, denotes the Fréchet derivative of G with respect to y. However, in the cases considered
here, uy is too low-dimensional to guarantee existence of such a y, in case y* ¢ int Y. Therefore
we follow the relaxation approach from [Bonnans and Casas 1989] combined with a localization
technique as in [Casas and Troltzsch 2002]: We introduce the independent variable w in place of

the nonlinearity (15 ;)2 and consider the family of control problems
min Je(u, w, y)
ueU yeY wel?(Q)
(P s.t. yu+cyr+dy+pAiy — Ay +w =0in Q
y=0,y=00n(0,T) x 0Q, y=y =0in{0} X Q,
-y<M, inQ,
where
1 Bu 2 5 Bu* 2
]S(u’w’ ):](u’ )+_Hw_ + —||lu —u* +—”w— 5
’ 7 149|220 | lizior + 5 A +y)P g
with
2
’
(4.2)

1)
= Tmax{l, C}2 (i, ")

Here, (u*, y*) is a fixed local minimizer of (Ps). The penalty term involving 2% will be used to

enforce convergence of minimizers (u;, w;,y;) of (Psc) to (u™, (fyL*)Z’ y*) as e — 0, while the

penalty term with the (fixed) factor 35 will ensure that (1, y;) always remains sufficiently close
to the local minimizer (u*, y*) in order to exploit its optimality property (i.e., the latter penalty
“localizes” the relaxation).

We now define

Giin : LA(Q) x Yy — L*(0, T; H*(Q)))

by the weak form of the PDE with boundary and initial conditions on y in (P%.). Similarly to
Theorem 4.1 one can then show existence of a minimizer (u;, w;, y;}).

Theorem 4.2. There exists a minimizer (u}, w?,y}) € U X L*(Q) X Yy of (Psce)-

Optimality conditions for the minimizers follow from a regular point condition. In the following,
let

P = C(0,T; L*(Q)) N CY0, T; H2(Q)
and set again Z = (0,T) incase X = Qand Z = Qin case X = (0, T).

14



Lemma 4.3. Let (u},w},y’) € U x L*(Q) x Yy be a local minimizer of (Ps..c). Then there exist
ps € M(0, T; M(Q)) and p; € P satisfying

Piy — iy +dpi + pApE = nAPE = —(vF — ya) -
1 2pu; ( . Bu; )
- w

+s(1+y§)3 BESRE
1 1 B . Bul
(4.3) au; + = (u —u*) = / L+y7)? (ws - (1+y€*)2) ds,

1 * /3145 _ * /3” *
E(“’f‘(m:ﬁ)‘ ["’ <1+y*>2]”’“

Uy =Y dmc <0 forally € Yy.

Proof. We wish to apply [Alibert and Raymond 1998, Theorem 2.1]. Due to linearity of Gy;,, the
regular point condition

Gliny(W;, ¥ )¥0 + Glinw(W;, y; ) (wo — w;) = 0
with (wo, y0) € L2(Q) X Yy such that () + yp) € int Yy can be satisfied by setting
w=-Cf €Wy, wo=(01-Cw el*Q),
with
M}’

C = . .
2sup(; yyeq Ve (£,%)

It remains to show surjectivity of the linearized equality constraint. An inspection of Case 3 in the
proof of Theorem 2.2 and of Lemma 2.3 a) in [Ahbert and Raymond 1998] shows that by linearity
of Giin,y, it suffices to assume surjectivity of Gy : Y — V, where Y is dense in a superset of V.
Setting

A

Y i={y eV : Ginyw?,y)) e QY

we have by definition that Gy, (w;, y;) : Y -V =1%Q)is surjective. Furthermore, by density
of L2(Q) in L2(0, T; H~2(€2) and the stability estimate (2.6) of Corollary 2.3,  is dense in Y/ 2 Y.
We thus obtain existence of an adjoint state in V* = L*(Q). Together with Corollary 2.2, this yields
the desired first-order optimality conditions. ]

Similarly to [Bonnans and Casas 1989, Lemma 3], one can show convergence of the regularized
solutions.

Lemma 4.4. Let (u*, y*) be a local minimizer of (Ps.), and let {(u;, w, y})}e=0 be a family of global
minimizers of (Psc). Then as e — 0,

ur > u*inlU, w; — a fb;*)z in L*(Q), yroytiny.
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Proof. By minimality of (1], w}, y}) we have
u* .
Wy

(4.4) Je(ui, wi,y7) < Je (u* ) =J(u",y").

Hence {(u},w})}eso is bounded in U x L?(Q); and thus by Gy, (w?, y?) = 0 and Lemma 2.1,
{(u:, w},y)}es0 is bounded in U X L?(Q) x Y. Moreover, due to the penalty term % lu — u* ”ng
and our choice of § according to (4.2) with (2.3), we have (u},y)) € B;u(u*) X B;y (y*) for all
€ > 0. By compactness of the embedding Y — C(0, T; Cy(£2)), we can therefore extract from any
subsequence of {(u], w;, y})}es0 a further subsequence (denoted by the same symbols) such that

ase — 0,
u; =~ uinU, w! — i in L*(Q),

(45) yr—=jinY, y: — pin C(0,T; Co(€2))

for some (i1, W, y) € B;”(u*) x L*(Q) x (B;y (y*) N Yur). Here we have used weak closedness of
BY (") and BY (y*) N Y.

Taking now the weak limit in the PDE, we see that Gy, (0, ) = 0. The uniform boundedness
(4.4) and the penalty term with factor % in J, imply that

. Bug

YT Uy

2

— 0,
L2(Q)

hence we deduce from (4.5) and the weak lower semicontinuity of the norm that

. P
.6 - =0
(4.6) b= BE
Together with Gy, (0, ) = 0, this implies that G(i1, y) = 0. Thus, (&, y) is admissible for () and
contained in B;”(u*) X (B;y (y*) N Yur). We can now use minimality of (u*, y*) in B;”(u*) X
B;y (y™) with respect to (Ps.), relation (4.4), and weak lower semicontinuity of J and the norms to
conclude

(47)  J,p) > Jw*,y*) > limsup J.(u;, w;,y,)

e—0
S 2
1 ) 1 pu
> limsup(J(ul,y)) + — ||lus —u™||5, + = |lw) -
g—>0p( ( 3 ys) 28 ” 3 ||‘L{ 2 3 (1+y*)2 12(Q)
> lim iglf](u:,y:)
£—
1 1 pu |
+liminf (= |ju’ — u*||3, + = [|w) -
e—0 (26 ¢ w2 a2 LZ(Q))
P 2
NS TN I | Bu
> J (@, 9) + o Nl = u*llg + 5 || - . :
26 27 @4y Pl
This implies that &t = u* and - by (4.6) - that Bi o~ B The uniqueness claim in Lemma 2.1

)2 7 y)*
then yields y = y™.
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Strong convergence of the # and w components along a subsequence immediately follows from
(4.7), and hence the stability estimate of Lemma 2.1 yields strong convergence of the y part. Using
a subsequence-subsequence argument, we arrive at the assertion. O

As in [Bonnans and Casas 1989, Theorem 2], we can thus take the limit as ¢ — 0 in (4.3) to
derive necessary optimality conditions for (Ps.).

Theorem 4.5. Let (u™,y*) € U X Yy be a local minimizer of (Ps.). Then there exist u* €
M(0, T; M(Q)) and p* € P satisfying

2Bu*
1 +y*)?

(4.8) . B .
yau _/z(1+)’*)2p ds,

<‘U*,)/ —)/*>M,C <0 fOI" (llly € yM,

pr — cpi +dp* + pAp* — nAp* - P ==y —ya) -

wherey € {0,1} and y + ||p*|lp > 0.

1

Proof. Eliminating the term ; (w* - L) by means of the last equation in (4.3), we obtain

€ (1+y*)2
Piy — iy +dp; + pAPpE — nApY = —(F — ya) — i

2Bu; . pu* .
+<1+y:>3( [ws <1+y*>2}”’8)’

1 ‘B ,81/1*
aug + (g —u") :/ . (— [w: - ] + ;‘) ds,
q 7 L+ y5)? L+ y*)? p
Wy =yImc <0 forally € Yy.

(4.9)

If {p;, . }e>0 has a bounded subsequence in P x M(0, T; M((2)), we can take (weak) limits in
(4.9) to obtain (4.8) with y = 1.
Otherwise,

{reYeso = {llp; llp + e mo.mm) Yeso = 0

ase — 0,and we can divide {p;, y; }¢>0 by 7 to get a bounded sequence {]_)j ﬁ: Yes0 = f;—i, ’i—i }es0-
Inserting this into (4.9) yields

* * * * * 1* *
A MR AR M L M
2pur (1], pur )
+<1+y:>3( " [ws <1+y*>2]”1e)’

l((xu: + é(u: -u")) =/ B ( l [w* ﬁi] +p*) ds,

e LAy 2\ | Qey)?] &

(67 =30) o <0 Forsly & Y
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Taking (weak) limits, we then obtain (4.8) with y = 0. To show that in this case p* # 0, we assume
that p* = 0 and note that the first line of (4.8) then yields 4 — u* = 0. By [Bonnans and Casas
—

1989, Lemma 1], we therefore have ||¢ [|p1(0.1;Mm(Q)) — 0, which implies
—

Ip e = LA - Ll -1
= Ip:lle + i Imormay ety + g limormey
in contradiction withp — p* = 0. |
—&

4.2 CONTROL BY DIELECTRIC PROPERTIES AND VOLTAGE

Finally, we consider case (iii), i.e., we use the control space U defined by (3.2) and ||u||¢, defined
by (3.4). The corresponding state constrained control problem is

. 1 2 o 2
min u,y) = - — + —||lu
min Jy) =3 /Olly allty + 5 Il

u(t, x) .
(P2) s.t. ytt+C)’t+d)’+PA2y—11Ay+m=01nQ
y=0,y=00n(0,T) Xx3Q, y=y=0in{0} x Q,

-y <M,inQ.

Proceeding as in section 4.1, we can obtain existence of a minimizer and first order optimality
conditions.

Theorem 4.6. There exists a local minimizer (u*, y*) € U x Yy of (PL) withu* = v* - (1 + ¢*).
Furthermore, there exist y* € M(0, T; M(Q)) and p* € P satisfying

* * * * * 2ﬁu* * * *
Pl — cpf +dp* + pN°p* — nip* — ml’ ==y —ya) -y
T 1+ q)*
av* = —L _p*dt,
(4.10) Y /0 ¢ +)’*)2p

o *—/Lp*dx
YT g eyt O

W'y =y Ipme <0 forally € Yy,

wherey € {0,1} and y + ||p*|lp > 0.

The proof of this theorem closely follows the proofs in section 4.1, additionally making use of
the results on U derived in section 3.2 (especially the weak closedness and weak compactness of
balls B,(” (u™) with respect to ||-]|¢,). Note that first order optimality conditions in qualified form,
i.e., with y = 1in (4.10), would require using ||-||;2(g) as a penalty term. However, the term ||-||¢,
is essential for proving existence of a minimizer, since ||-||;2(q) would not yield a U/ -coercive cost
functional, cf. (3.5). (For the control constrained case, U -coercivity was not required, but the low
dimensionality of the control still prevents optimality conditions in qualified form.)
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5 CONCLUSIONS

Using techniques from [Bonnans and Casas 1989] and [Casas and Troltzsch 2002], we have ex-
tended our results on control and state constrained optimal control of static MEMS [Clason and
Kaltenbacher 2013] to the time-dependent case, considering as practically relevant controls the
dielectric properties of the membrane and/or the applied voltage. The approach followed in this
work is able to deal with the relatively low dimensionality of the control and thus promises to
be useful for boundary control of singular PDEs (such as the Westervelt equation) arising from
high intensity ultrasound applications [Clason, Kaltenbacher, and Veljovic 2009]. Future work in
the context of MEMS applications is concerned with the design and control of devices contain-
ing magnetostrictive layers, which leads to optimal control problems for PDEs with hysteresis
properties.
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